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TO HIS MOST SERENE HIGHNESS
THE PRINCE AND LORD
CHARLES WILLIAM FERDINAND
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most exalted name; a sacred duty of gratitude binds me to offer it to You. For
if YOUR favour, Most Serene Prince, had not first opened the way to learning for
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attained the honour I desired above all others

MOST SERENE PRINCE

Brunswick, July 1801.

Your Highness’s most devoted servant
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PREFACE:

The investigations in this work belong to the part of mathematics that deals with
integers; fractions are mostly excluded, and irrational quantities always are. What
is called indeterminate or Diophantine analysis, which teaches us to select, from the
infinitely many solutions of an indeterminate problem, those expressed by integers
or at least by rational numbers (usually with the further condition that they be
positive), is not this discipline itself but a very special part of it. Its relation to the
discipline is much like that of the art of reducing and solving equations (Algebra)
to the whole of Analysis. Just as all investigations into the general properties of
quantities belong to the domain of Analysis, so integers (and fractions insofar as
they are determined through integers) are the proper subject of ARITHMETIC. But
what is usually taught under the name of Arithmetic hardly goes beyond the art
of writing numbers and calculating (that is, representing numbers by suitable signs,
for example in the decimal system, and carrying out arithmetical operations). Some
further matters are added that either do not belong to Arithmetic at all (such as
the theory of logarithms), or at least are not specific to integers but apply to all
quantities. So it seems useful to distinguish two parts of Arithmetic: to assign these
matters to elementary Arithmetic, and to reserve all general investigations into the
properties specific to integers for Higher Arithmetic, which alone concerns us here.

Higher Arithmetic includes the matters that Euclid presented in Book VII and
the following books of the Elements, with the elegance and rigour usual among the
ancients; they are, however, confined to the very beginnings of this science. The
celebrated work of Diophantus, devoted entirely to indeterminate problems, contains
many questions whose difficulty and subtle methods inspire considerable respect for
the author’s ingenuity and insight, especially when we consider how few resources
were available to him. But these problems call for dexterity and skilful handling
rather than deeper principles; they are also too special and rarely lead to more general
conclusions. So this book seems to mark an epoch in the history of mathematics more
because it contains the first traces of symbolic notation and Algebra than because
it enriched Higher Arithmetic with new discoveries. By far the greater part is owed
to more recent scholars. Among them a few men, but men of immortal glory—P.
DE FERMAT, L. EULER, L. LA GRANGE, A. M. LE GENDRE (to pass over a few
others)—opened the way into the inner sanctuary of this divine science and revealed
the riches it holds. I will not recount here which discoveries came from each of
these mathematicians. These can be learned from the prefaces to the Additions with
which the distinguished La Grange enriched Euler’s Algebra, and to the work recently
published by the distinguished Le Gendre that I will mention shortly. Most are also
cited in their proper places in these Arithmetical Investigations.

The purpose of this work, which I publicly promised to publish five years ago, was
to make known my investigations in Higher Arithmetic, some undertaken before that
time and some afterwards. To explain why the science is taken up here almost from
its beginnings, and why many investigations to which others have already devoted
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their efforts are taken up again, I thought I should point out that, when I first turned
to this kind of investigation at the beginning of 1795, I knew nothing of what more
recent scholars had accomplished in this field and had no means of learning about it.
While occupied with another task, I happened upon a remarkable arithmetical truth
(unless I am mistaken, it was the theorem of article 108). I found it very beautiful in
itself and suspected that it was connected with greater things, so I worked as hard
as I could to understand its principles and find a rigorous proof. When I finally
succeeded as I had hoped, these questions had so caught my interest that I could not
leave them. As one thing kept opening the way to another, most of what is presented
in the first four Sections of this work was completed before I had seen anything of
the similar work of other mathematicians. Later, when I had the opportunity to read
the writings of these great minds, I recognised that most of my thinking had been
spent on matters long since settled. But following in their footsteps, I worked all the
more eagerly to develop Arithmetic further; this led to various investigations, some of
which are presented in Sections V, VI and VII. When, after some time, I decided to
publish the fruits of my nightly work, I let myself be persuaded—all the more readily
because several people wished it—to keep even the earlier investigations. At that time
there was no book from which one could learn the work of other mathematicians
on these subjects, scattered through the Transactions of Academies; many of my
investigations were entirely new and most used new methods; and, finally, all were
so closely connected with one another and with the later investigations that even the
new material could not be explained conveniently enough without taking up the rest
from the beginning.

Meanwhile an excellent work appeared by a man who had already done much
for Higher Arithmetic: Le Gendre, Essai d’une théorie des nombres, Paris, year VI.
He not only carefully collected and arranged everything accomplished so far in this
science, but also added a great many new discoveries of his own. This book reached
me late, after most of my work had already been printed, so I could not mention
it wherever the similarity of the subjects might have provided an opportunity. It
seemed necessary to add in the Additions some observations on just a few passages;
I hope that this most courteous and fair-minded man will take them kindly.

During the printing of this work, repeatedly interrupted and prolonged by various
obstacles into a fourth year, I continued investigations I had already begun but had
decided to publish later to keep the book from becoming too large, and also began
several new ones. Several others that, for the same reason, I had only touched on
briefly, since a fuller treatment seemed less necessary (for example, those in articles
37, 82 and following, and elsewhere), were later taken up again and led to more
general investigations that seem well worth publishing (compare also what is said
in the Additions about article 306). Finally, the book grew far larger than I had
expected, especially because of the length of Section V, so several things originally
intended for it had to be cut, including the whole eighth Section (already mentioned
at various places in this volume, and containing a general treatment of algebraic
congruences of any degree). All this will easily fill a volume as large as the present
one, and will be published as soon as an opportunity arises.

In several difficult questions I have used synthetic proofs and left out the analysis

vi



Arithmetical Investigations

by which they were found. The main reason was the need for brevity, which I had to
consider as far as possible.

The theory of the division of the circle, or of regular polygons, treated in Section
VII, does not itself, in its own right, belong to Arithmetic; its principles, however,
must be drawn solely from Higher Arithmetic. This may be as unexpected to mathe-
maticians as I hope the new truths drawn from this source will be welcome to them.

These are the matters I wished to explain to the reader in advance. It is not
for me to judge the work itself. My greatest wish is that what fills gaps that have
remained until now, or opens the way to new discoveries, may please those who have
the advancement of the sciences at heart.

vii
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ARITHMETICAL INVESTIGATIONS.

FIRST SECTION
ON
THE CONGRUENCE OF NUMBERS IN GENERAL.

Congruent numbers, moduli, residues and nonresidues.

1.

If the number a divides the difference between the numbers b, ¢, b and c are said to
be congruent with respect to a; otherwise, incongruent: we call a itself the modulus.
Each of the numbers b, ¢ is called a residue of the other in the former case, but a
nonresidue in the latter.

These notions apply to all integers, both positive and negative*), but are not to be
extended to fractions. For erample, —9 and 416 are congruent with respect to the
modulus 5; —7 is a residue of +15 with respect to the modulus 11, but a nonresidue
with respect to the modulus 3. Also, since every number divides zero, every number
is regarded as congruent to itself modulo any modulus.

2.

All the residues of a given number a with respect to the modulus m are contained
in the formula a + km, where k denotes an indeterminate integer. The simpler
propositions that we will give later can be proved from this without difficulty; but
anyone can see their truth just as easily by inspection.

From now on we will denote the congruence of numbers by the sign =, adding the
modulus in parentheses where necessary, —16 = 9 (mod. 5). —7 = 15 (mod. 11)).

3.

THEOREM. Given m successive integers
a, a+1l,a+2 ....a+m—1

and another integer A, exactly one of the former is congruent to the latter modulo
m.

If % is an integer, then a = A; if it is a fraction, let the next greater integer (or,
when it is negative, the next smaller, disregarding the sign) be = k. Then A + km
will fall between a and a + m, and so is the required number. It is clear that all the
quotients %, %, % etc. lie between k — 1 and k + 1; so no more than one
of them can be an integer.

“The modulus must always be taken absolutely, that is, without any sign.

“'We have adopted this sign because of the close analogy between equality and congruence. For the
same reason, the distinguished Le Gendre, in the paper we will often cite below, kept the equality sign
itself for congruence; we have hesitated to follow him, to avoid ambiguity.
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Least residues.

4.
Every number will therefore have a residue both in the series 0,1,2,...m — 1 and
in the series 0, —1,—2, .... — (m — 1), which we will call least residues. It is clear

that, unless 0 is a residue, there are always two, one positive, the other negative. If
they are unequal in magnitude, one will be < %; otherwise both will be = 7, without
regard to sign. So every number has a residue not exceeding half the modulus, which
will be called the absolutely least residue.

E.g. —13, modulo 5, has the least positive residue 2, which is also the absolutely
least residue, while —3 is the least negative residue; +5, modulo 7, is its own least

positive residue, while —2 is the least negative and also the absolutely least residue.

Elementary propositions concerning congruences.

5.

With these notions established, let us collect the properties of congruent numbers
that are immediately apparent.

Numbers congruent modulo a composite number are also congruent modulo any
divisor of it.

If several numbers are congruent to the same number modulo the same modulus,
they will be congruent to one another (modulo that same modulus).

The modulus is also understood to be the same in the statements that follow.

Congruent numbers have the same least residues; incongruent numbers have dif-
ferent ones.

6.

If there are any number of integers A, B,C' etc. and as many others a,b,c etc.,
congruent to them modulo any modulus,

A=a, B=betc., then A+B+C+etc.=a+b+c+ ete.

IfA=a,B=0b, then A— B=a-—0.
7.

If A= a, then also kA = ka.

If k£ is a positive number, this is just a particular case of the proposition in the
preceding article, with A = B = C etc., a = b = ¢ etc. If k is negative, —k will be
positive, so —kA = —ka, and then kA = ka.

If A=a,B =0, then AB = ab. For AB = Ab = ba.

8.

If there are any number of integers A, B,C etc. and as many others a,b,c etc.
congruent to them, A = a,B = b etc., the products of each set will be congruent,
ABC etc. = abe etc.

By the preceding article, AB = ab, and for the same reason ABC = abc; in the
same way, any number of further factors may be added.
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If all the numbers A, B, C' etc. are taken to be equal, and likewise the correspond-
ing numbers a, b, ¢ etc., we have this theorem: If A = a and k is a positive integer,
then AF = aF.

9.

Let X be an algebraic function of the indeterminate x, of the form
Az® + Bab + Oz + ete.

where A, B,C etc. denote any integers, and a,b, c etc. denote non-negative integers.
Then, if values congruent modulo any modulus are assigned to the indeterminate x,
the resulting values of the function X will be congruent.

Let f,g be congruent values of . Then, by the preceding article, f* = ¢* and
Af* = Ag®, and in the same way Bf® = Bg® etc. Hence

Af*+ Bft + Cf¢+etc. = Ag® + Bg® + C¢g¢ 4+ ete. Q. E. D.

It is also easy to see how to extend this theorem to functions of several indetermi-
nates.

10.

So, if all consecutive integers are substituted for x, and the values of the function
X are reduced to least residues, these will form a series in which the same terms
recur after an interval of m terms (where m denotes the modulus); in other words,
the series will be formed from a period of m terms repeated infinitely often. Let, for
example, X = 23 — 8z + 6 and m = 5; then, for z = 0,1,2, 3 etc., the values of X
yield the least positive residues 1,4,3,4,3,1,4 etc., where the first five, 1,4, 3,4, 3,
repeat indefinitely. And if the series is continued backwards, that is, negative values
are assigned to x, the same period appears with the order of its terms reversed. This
makes it clear that no terms other than those in this period can occur anywhere in
the series.

11.

In this example, then, X can be neither = 0 nor = 2 (mod. 5), much less = 0 or
= 2. It follows that the equations z® — 8z + 6 = 0 and 2> — 8¢ + 4 = 0 cannot be
solved by integers and consequently, as is well known, cannot be solved by rational
numbers. In general it is evident that the equation X = 0, where X is a function of
the unknown z, of the form

2"+ A" '+ Bx" % +ete. + N

with A, B,C etc. integers and n a positive integer (a form to which, as is known,
all algebraic equations can be reduced), has no rational root if the congruence X =
0 cannot be satisfied modulo some modulus. But this criterion, which has arisen
naturally here, will be treated more fully in Sect. VIII. This example can certainly
give at least some idea of the usefulness of these investigations.
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Some applications.

12.

Many things usually taught in arithmetic books rest on the theorems given in this
chapter, for example the rules for testing whether a proposed number is divisible by
9, 11, or other numbers. Modulo 9 all powers of the number 10 are congruent to
one. Thus, if the proposed number has the form a + 10b + 100c + etc., it will give
the same least residue modulo 9 as a + b + ¢ + etc. So, if the individual digits of a
number written in decimal notation are added without regard to the positions they
occupy, this sum and the proposed number give the same least residues. So the given
number is divisible by 9 if the sum is divisible by 9, and conversely. The same also
holds for the divisor 3. Since, modulo 11, 100 = 1, we have in general 10%* = 1.
10%*+1 = 10 = —1, and a number of the form a + 10b 4+ 100c + etc. gives the same
least residue modulo 11 as a — b+ ¢ etc.; the familiar rule follows at once. All similar
rules are readily deduced from the same principle.

The preceding results also explain the rules usually recommended for checking
arithmetic operations. When other numbers are to be obtained from given numbers
by addition, subtraction, multiplication, or raising to powers, the given numbers are
replaced by their least residues modulo an arbitrary modulus (usually 9 or 11, since
in our decimal system residues for these moduli can be found so easily, as we have
just shown). The numbers arising from this must be congruent to those derived from
the proposed numbers; if they are not, we conclude that an error has crept into the
calculation.

But these and similar matters are well known, so there is no need to spend more
time on them.
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SECTION TWO
ON

CONGRUENCES OF THE FIRST DEGREE.

Preliminary theorems on prime numbers, factors, etc.

13.

THEOREM. The product of two positive numbers smaller than a given prime number
is not divisible by that prime.

Let p be prime, and a positive and < p: then there will be no positive number b
smaller than p such that ab =0 (mod. p).

Proof. If anyone denies this, let us suppose that there are numbers b, ¢, d etc., all
< p, such that ab = 0, ac = 0, ad = 0 etc. (mod. p). Let b be the smallest of all,
so that all numbers smaller than b lack this property. Clearly b > 1: for if b = 1,
we would have ab = a < p (hyp.), so it would not be divisible by p. So p, being
prime, cannot be divided by b, but will fall between the two nearest multiples of b,
mb and (m + 1)b. Let p — mb = b; then &’ will be a positive number and < b. Now,
since we have supposed that ab = 0 (mod. p), we also have mab = 0 (art. 7), and
s0, subtracting this from ap = 0, we obtain a(p — mb) = ab’ = 0; that is, b’ must be
included among the numbers b, ¢, d etc., although it is smaller than the least of them,
b. Q. E. A.

14.

If neither a nor b can be divided by the prime number p: their product ab likewise
cannot be divided by p.

Let the least positive residues of the numbers a, b, with respect to the modulus
p, be a, 3, neither of which will be 0 (hyp.) Now if ab = 0 (mod. p), then, because
ab = af, we would also have a8 = 0, which is incompatible with the preceding
theorem.

A proof of this theorem was already given by Euclid, El. VIIL. 32. Nevertheless, we
did not wish to omit it, both because several more recent writers have either passed
off vague reasoning as a proof or omitted the theorem altogether, and because this
simpler case makes it easier to understand the method used here, which we will use
later to resolve much deeper matters.

15.

If none of the numbers a,b,c,d etc. can be divided by the prime number p, their
product abed ete. likewise cannot be divided by p.

By the preceding article, ab cannot be divided by p; therefore neither can abc;
hence neither can abed etc.

16.

THEOREM. Any composite number can be decomposed into prime factors in only
one way.



Arithmetical Investigations

Proof. That every composite number can be decomposed into prime factors is
known from the elements, but it is generally, and improperly, assumed without saying
so that this cannot be done in several different ways. Let us suppose that a composite
number A, which is = a®bP¢? etc., where a, b, ¢ etc. denote distinct prime numbers,
can be decomposed into prime factors in yet another way. First, it is evident that no
primes other than a, b, c etc. can enter this second system of factors, since any other
prime cannot divide the number A composed of these. Likewise, none of the primes
a, b, c etc. can be absent from this second system of factors, since otherwise it would
not divide A (preceding art.). Thus these two decompositions into factors can differ
only in that some prime occurs more often in one than in the other. Let p be such
a prime, occurring m times in one decomposition, but n times in the other, and let
m > n: now remove the factor p from each system n times, so that in one it still
remains m —n times, while from the other it has entirely disappeared. That is, there
are two decompositions of the number 4 into factors, one of which is wholly free of
the factor p, while the other contains it m — n times, contrary to what we have just
proved.

17.

If, therefore, a composite number A is the product of B, C, D etc., it is clear that
among the prime factors of the numbers B, C, D etc. there can be none except those
that are also among the factors of the number A, and that each of these factors
must occur in B, C, D etc., taken together, as often as in A. From this we obtain a
criterion for whether the number B divides another number A or not. It will do so
if B contains neither other prime factors nor any one of them more often than A; if
either of these conditions fails, B will not divide A.

It can easily be derived from this, with the aid of counting combinations, that if
A = a“bP¢Y ete., where, as above, a, b, ¢ etc. denote distinct prime numbers: A has

(a+1)(8+1)(y+1) etc.

distinct divisors, including 1 and A.
18.

If, then, A = a®bP¢? etc., K = k"I*m* etc., and the primes a, b, ¢ etc., k, 1, m etc.
are all distinct, it is clear that A and K have no common divisor except 1, or are
coprime.

Given several numbers A, B, C etc., their greatest common divisor is determined
as follows. Decompose them all into their prime factors, and select from these those
that are common to all the numbers A, B, C etc. (if there are no such factors, no
divisor will be common to all). Then record how often each of these prime factors is
contained in each of A, B, C etc., or what exponent each has in the individual numbers
A, B, C etc. Finally, assign to each prime factor the least of all the exponents it has
in A, B, C etc., and form their product, which will be the common measure sought.

But when the least common multiple of the numbers A, B, C etc. is desired, pro-
ceed as follows. Collect all the primes that divide any one of the numbers A, B, C
etc., assign to each the greatest of all the exponents it has in the numbers A, B,C
etc., and thus form the product of them all, which will be the multiple sought.
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Example. Let A = 504 = 23327, B = 2880 = 2325; C = 864 = 2°33. To find the
greatest common divisor we have the prime factors 2,3, to which the exponents 3, 2
are to be assigned; hence the result is = 2332 = 72; but the least common multiple
will be 26335.7 = 60480.

We omit the proofs because they are easy. Moreover, how these problems are to
be solved when the resolution of the numbers A, B, C etc. into factors is not given
is known from the elements.

19.

If the numbers a,b, c etc. are coprime to another number k, their product abc etc.
s also coprime to k.

For since none of the numbers a, b, ¢ etc. has a prime factor in common with k,
and the product abc etc. cannot have prime factors other than those that are factors
of one of the numbers a, b, ¢ etc., the product abc etc. will likewise have no prime
factor in common with k. So, by the preceding article, k is coprime to abc etc.

If the numbers a,b, c etc. are pairwise coprime, and each divides another number
k: their product will also divide the number k.

This follows just as easily from arts. 17, 18. For let any prime divisor of the
product abc etc. be p, occurring in it 7 times, and it is clear that one of the numbers
a,b,c etc. must contain this same divisor 7 times. Therefore k£ also, which this
number divides, contains m copies of the divisor p. The same holds for the remaining
divisors of the product abc etc.

So if two numbers m,n are congruent with respect to several moduli a, b, c etc. that
are pairwise coprime, they will also be congruent with respect to their product. For
since m — n is divisible by each of a, b, ¢ etc., it can also be divided by their product.

Finally, if a is coprime to b and ak is divisible by b, then ak will also be divisible
by b. For since ak is divisible both by a and by b, it can also be divided by ab; that
is, ‘;—]g = % will be an integer.

20.

When A = a®bP¢7 etc., where a,b, ¢ etc. denote distinct prime numbers, is some
power, say = k™: all the exponents o, 3, etc. will be divisible by n.

For the number &k contains no prime factors other than a,b, ¢ etc. Let it contain
the factor a exactly o' times; then k™, or A, will contain this factor na’ times; so
no’ = a, and ¢ is an integer. Similarly, g etc. are shown to be integers.
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21.

If a,b, c etc. are pairwise coprime, and their product abc etc. is a power, say = k",
then each of the numbers a,b,c etc. is a power of the same kind.

Let a = IPm#*p™ etc., where [, m, p etc. are distinct prime numbers. By hypothesis,
none of these is a factor of b, ¢ etc. So the product abc etc. contains the factor [ A
times, the factor m pu times, etc. It follows from the preceding article that A, u, w etc.
are divisible by n, and so

A s
"o =lnmn pn etc.

is an integer. The same holds for the remaining numbers b, ¢ etc.
These facts about prime numbers were needed first; we now turn to matters more
directly connected with our aim.

22.

If the numbers a,b, both divisible by a number k, are congruent modulo a number
m coprime to k, then ¢ and % are congruent modulo the same number.

For a — b is clearly divisible by k, and also by m (by hypothesis). So, by Article
19, aT_b is divisible by m, that is, ¢ = % (mod. m).

If, with the other conditions unchanged, m and k have greatest common divisor
e, then ¢ = % (mod. 2). For g and 7 are coprime. Now a — b is divisible by both
k and m, so “?_b is divisible by both % and “*, and therefore by l‘;—? In other words,
aT_b is divisible by =, or £ = % (mod. 7).

23.

If a is coprime to m, and e, f are incongruent modulo m, then ae,af are also
incongruent modulo m.

This is simply the converse of the theorem in the preceding article.

It follows that, if a is multiplied by every integer from 0 to m — 1 and the products
are reduced to their least residues modulo m, all these residues are distinct. None of
these residues is > m, and there are m of them, just as many as the numbers from 0
to m — 1. So none of these numbers can be missing from the residues.

24.

The expression ax + b, where a,b are given numbers and z is an indeterminate or
variable number, can be made congruent to any given number modulo a number m
coprime to a.

Let ¢ be the number to which the expression is to be congruent, and let the least
positive residue of ¢ — b modulo m be e. By the preceding article, there must be a
value of x < m for which the least residue of the product ax modulo m is e. Call
this value v. Then av =e=c¢—b, so av+b=c (mod. m). Q. E. F.

25.

By analogy with equations, we call an expression that states that two quantities
are congruent a congruence. If it contains an unknown, we say that it is solved when
a value of the unknown satisfying the congruence has been found (a root). This
also explains what is meant by a solvable congruence and an unsolvable congruence.
Finally, we can readily see that distinctions similar to those for equations apply here.
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Examples of transcendental congruences will occur below. Algebraic congruences are
divided into those of the first, second and higher degrees, according to the highest ex-
ponent of the unknown. We can also consider several congruences containing several
unknowns, and investigate their elimination.

Solving congruences of the first degree.

26.

So, by Article 24, the congruence of the first degree ax 4+ b = c¢ is always solvable
when the modulus is coprime to a. If v is a suitable value of z, or a root of the
congruence, then clearly every number congruent to v modulo the modulus of the
given congruence is also a root (Article 9). It is just as easy to see that every root
must be congruent to v: if ¢ is another root, then av + b = at + b, so av = at, and
therefore v = t (Article 22). Thus the congruence z = v (mod. m) gives the complete
solution of the congruence ax + b = c.

Solutions of a congruence obtained from congruent values of x are immediately
apparent, and in this respect congruent numbers are to be regarded as equivalent.
We will therefore count such solutions as one and the same. Since our congruence
ax + b = ¢ has no other solutions, we will say that it is solvable in only one way, or
that it has only one root. For ezample, the congruence 6z +5 = 13 (mod. 11) has no
roots other than those that are = 5 (mod. 11). Things are different for congruences
of higher degrees, and even for congruences of the first degree when the unknown is
multiplied by a number that is not coprime to the modulus.

27.

We still need to say something about how to find the solution of such a congruence.
First, a congruence of the form ax+t = u, whose modulus we assume to be coprime to
a, depends on the congruence ax = +1: if z = r satisfies the latter, then z = +(u—1t)r
satisfies the former. The congruence ax = +1, with its modulus denoted by b, is
equivalent to the indeterminate equation ax = by + 1. How to solve this is already
well known, so it will be enough to give the computational algorithm here.

If the quantities A, B,C, D, E etc. depend on «, 3,7, d etc. through the relations

A=«a, B=pBA+1, C=~4B+A, D=6C+B, E=¢eD+C etc.
we use the following notation for brevity:
A:[a]7 B:[a718]7 C:[a7577]7 D:[a7187’)/75:| etc'*)

Now consider the indeterminate equation ax = by £ 1, where a, b are positive. We
may assume that a is not < b. Following the familiar algorithm for finding the

“This relation can be studied much more generally, which we may take up on another occasion. Here
we add only two propositions useful in the present investigation:

1% o, Byye N plBy v A = e By A[Byy - A p] = £
where the upper sign is taken when the number of terms «, 5,7 ... A, i is even, and the lower sign when
it is odd.
2°. The order of the numbers «, 3,7 etc. can be reversed: [, B,y... A\, u] = [u,A....7,8,q].
We omit the proofs here; they are not difficult.
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greatest common divisor of two numbers, form the equations by ordinary division:
a=ab+c, b=pc+d, c=~yd+eetc.

Here o, 3,y etc. and ¢, d, e etc. are positive integers, and b, ¢, d, e decrease successively
until we reach m = un + 1, as we know must eventually happen. Then

a=np,....v,0,a], b=[nu....v,p|

and, on setting
l':[/‘"""%ﬁ], y:[Ma'---%ﬂva]

we have ax = by + 1 when the number of terms «, 8,7 . ... u,n is even, or ax = by — 1
when it is odd. Q. E. F.

28.

The distinguished Euler was the first to give the general solution of indeterminate
equations of this kind, in Comment. Petrop. T. VII, p. 46. His method substitutes
other unknowns for x,y and is now well known. The distinguished La Grange ap-
proached the matter somewhat differently. The theory of continued fractions shows

that, if the fraction 3 is converted into the continued fraction

1

o+

B+

+ etc. +
Y Lt E

n

and, after its last part 7 has been removed, the result is converted back to an ordinary
fraction £, then ax = by + 1, provided that a is coprime to b. Both methods lead to
the same algorithm. La Grange’s investigations appear in Hist. de I’Ac. de Berlin
Année 1767, p. 175, and, together with others, in the Supplements added to the
French translation of Fuler’s Algebra.

29.

The congruence ax + t = u, whose modulus is not coprime to a, is easily reduced
to the preceding case. Let the modulus be m, and let the greatest common divisor
of a,m be . First, every value of = satisfying the congruence modulo m clearly also
satisfies it modulo § (Article 5). But we always have ax = 0 (mod. §), since ¢ divides
a. So the given congruence is not solvable unless ¢ = u (mod. §), that is, unless ¢t —u
is divisible by 9.

Now put a = de, m = §f, t—u = dk; then e is coprime to f. The given congruence
dex + 0k = 0 (mod. df) is then equivalent to ex + k = 0 (mod. f). In other words,
every value of x satisfying the latter also satisfies the former, and conversely. For
ex + k is clearly divisible by f whenever dex 4 0k is divisible by d f, and conversely.
We have already shown how to solve the congruence ex + k = 0 (mod. f). This also
shows that, if v is one value of z, then x = v (mod. f) gives the complete solution of
the given congruence.

10
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30.

When the modulus is composite, the following method is sometimes preferable.

Let the modulus be = mn and the given congruence ax = b. First solve this
congruence modulo m, and suppose that it is satisfied when = v (mod. %), where
6 denotes the greatest common divisor of m,a. Every value of z satisfying the
congruence ax = b modulo mn clearly also satisfies it modulo m, and so has the
form v + %', where 2’ is an indeterminate number. Conversely, however, not every
number of the form v + %2’ satisfies the congruence modulo mn. To determine 2’
so that v 4 %2’ is a root of the congruence ax = b (mod. mn), we can solve the
congruence %z’ + av = b (mod. mn), which is equivalent to §z’ = b*# (mod. n).
Thus the solution of any congruence of the first degree modulo mn can be reduced
to the solution of two congruences modulo m and n. If n is itself a product of
two factors, the solution of the congruence modulo n similarly depends on solving
two congruences whose moduli are those factors. In general, solving a congruence
with any composite modulus depends on solving other congruences whose moduli
are factors of that number. These factors can always be chosen to be primes, if that
seems convenient.

Ezample. Consider the congruence 19z = 1 (mod. 140). First solve it modulo
2, giving © = 1 (mod. 2). Put 2 = 1 + 22/; then 382" = —18 (mod. 140), which is
equivalent to 192/ = —9 (mod. 70). If this is again solved modulo 2, we get 2’ =
1 (mod. 2). Setting 2’ = 14+22" gives 382" = —28 (mod. 70), or 192" = —14 (mod. 35).
Solving this modulo 5 gives #” = 4 (mod. 5), and substituting z” = 4 + 52" gives
952" = —90 (mod. 35), or 192" = —18 (mod. 7). Finally, this gives 2" = 2 (mod. 7),
and on setting 2" = 2 4+ 72" we obtain x = 59 4+ 1402"”. So z = 59 (mod. 140) is
the complete solution of the given congruence.

31.

Just as the root of the equation ax = b is expressed by %, we will denote any root of
the congruence ax = b by g, adding the modulus to distinguish the congruence. For
example, % (mod. 12) denotes any number that is = 11 (mod. 12)"). In general, what
precedes shows that ¢ (mod. c) represents nothing real (or, if one prefers, something
imaginary) if a, ¢ have a common divisor that does not divide b. Except in this case,
the expression g (mod. ¢) always has real values, and indeed infinitely many. These
are all congruent modulo ¢ when a is coprime to ¢, or modulo § when d is the greatest
common divisor of ¢, a.

The calculation rules for these expressions are much like those for ordinary frac-
tions. Here are a few properties that follow easily from what precedes.

1. If, modulo ¢, a = a, b = f3, then the expressions § (mod. ¢) and § (mod. c)

are equivalent.

2. ‘;—g (mod. ¢6) and § (mod. c) are equivalent.

3. g—]]z (mod. ¢) and ¢ (mod. ¢) are equivalent when £ is coprime to c.
Many other similar propositions could be given. But they present no difficulty

and are not especially needed for what follows, so we move on.

“which, by analogy, can be denoted by L (mod. 12).

11
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Finding a number congruent to given residues modulo given numbers.

32.

The problem of finding all numbers that give specified residues modulo any number
of given moduli will be very useful later, and is easily solved using what precedes.
First let there be two moduli A, B, for which the number we seek, z, is to be congruent
to a,b, respectively. All values of z therefore have the form Az + a, where x is
indeterminate but must satisfy Az + a = b (mod. B). If the greatest common
divisor of A, B is d, the complete solution of this congruence has the form x =
v (mod. %), or equivalently x = v+ %, where k is an arbitrary integer. The formula
Av+a+ MTB therefore includes all values of z, that is, z = Av + a (mod. %) is the
complete solution of the problem. If the moduli A, B are joined by a third, C, for
which the desired number z is to be = ¢, we clearly proceed in the same way, since
the first two conditions have already been combined into one. Specifically, if the
greatest common divisor of %3. and C is = ¢, and the congruence %m + Av+a =
¢ (mod. C) has solution z = w (mod. %), then the congruence z = Af% + Av +
a (mod. %) solves the problem completely. We proceed similarly however many
moduli are given. Notice that %, A%C are the least common multiples of A, B
and A, B, C, respectively. So, for any number of moduli A, B, C etc., if their least
common multiple is M, the complete solution has the form z = r (mod. M). If
any of the auxiliary congruences is unsolvable, we must conclude that the problem
is impossible. Clearly this cannot happen when all the numbers A, B,C etc. are
pairwise coprime.

Example. Let A, B,C and a, b, ¢ be 504, 35,16 and 17, —4, 33. The two conditions
that z be = 17 (mod. 504) and = —4 (mod. 35) are equivalent to the single condition
that it be = 521 mod. 2520). Combining this with z = 33 (mod. 16) gives z =
3041 (mod. 5040).

33.

When the numbers A, B, C' etc. are pairwise coprime, their product is known to
be their least common multiple. In that case, all the congruences z = a (mod. A),
z = b (mod. B) etc. are clearly equivalent to the single congruence z = r (mod. R),
where R is the product of A, B, C etc. Conversely, the single condition z = r (mod. R)
can therefore be split into several. If R is factored in any way into pairwise coprime
factors A, B, C etc., the conditions z = r (mod. A), z = r (mod. B), z =r (mod. C)
etc. meet the requirement in full. This observation gives us a way not only to
detect immediately any impossibility in the given conditions, but also to make the
calculation more convenient and orderly.

34.

As above, let the given conditions be z = a (mod. A), z = b (mod. B), z =
¢ (mod. C). Factor each modulus into pairwise coprime factors: A into A’A” A"
etc., B into B'B" B’ etc., and so on. Choose these so that the numbers A’, A” etc.,
B’, B” etc. are primes or powers of primes. If one of the numbers A, B,C etc. is
already a prime or a power of a prime, it needs no factorization. What precedes
shows that we can replace the given conditions by z = a (mod. A’), z = a (mod. A”),

12
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z = a (mod. A”) etc., 2z = b (mod. B’), 2 = b (mod. B”) etc. Now, unless all the
numbers A, B, C' etc. are pairwise coprime, for example if A is not coprime to B, the
prime divisors of A, B clearly cannot all be different. Among the factors A’, A”, A”
etc., at least one must have an equal, a multiple or a divisor among B’, B”, B"” etc
First, if A’ = B’, the conditions z = a (mod. A’), 2 = b (mod. B’) must be identical,
that is, a = b (mod. A" or B’), so either can be discarded. If a = b (mod. A’) does
not hold, the problem is impossible. Second, if B’ is a multiple of A’, the condition
z = a (mod. A’) must be included in z = b (mod. B’). In other words, the condition
2z = b (mod. A"), which follows from the latter, must be identical to the former. So
the condition z = a (mod. A’) can be discarded unless it conflicts with the other
condition, in which case the problem is impossible. After all redundant conditions
have been discarded in this way, all the remaining moduli among A’, A”, A" etc.,
B', B”, B" etc. are clearly pairwise coprime. We can then be sure that the problem
is possible and proceed by the rules already given.

35.

Ezample. 1If, as above, we require z = 17 (mod. 504), = —4 (mod. 35) and
= 33 (mod. 16), these conditions can be split into z = 17 (mod. 8), = 17 (mod. 9),
= 17 (mod. 7), = —4 (mod. 5), = —4 (mod. 7), = 33 (mod. 16). We can discard
z = 17 (mod. 8), z = 17 (mod. 7), since the former is included in z = 33 (mod. 16),
and the latter is identical to z = —4 (mod. 7). This leaves

17 (mod. 9)
_}J —4 (mod. 5) _
ZEQ (mod. 7) so z = 3041 (mod. 5040).
33 (mod. 16)

It is usually more convenient to recombine separately those remaining conditions
that came from the same original condition, since this is easily done. For example, if
some of the conditions z = a (mod. A), z = a (mod. A”) etc. have been discarded, the
condition reconstructed from the rest is 2 = a modulo the product of all the remaining
moduli among A’; A”, A” etc. Thus, in our example, the conditions z = —4 (mod. 5),
z = —4 (mod. 7) immediately give back the condition z = —4 (mod. 35) from which
they came. This also shows that, as far as shortening the calculation is concerned, it
does matter which redundant conditions we discard. But explaining this and other
practical devices, which are learned much more easily through use than through rules,
is not our purpose here.

36.

When all the moduli A, B, C, D etc. are pairwise coprime, the following method is
often preferable. Find a number « that is congruent to unity modulo A and to zero
modulo the product of the other moduli. Equivalently, let o be any value (usually
the least) of the expression gz (mod. A), multiplied by BCD etc. (see Article
32). Similarly, let § =1 (mod. B) and = 0 (mod. ACD etc.), vy =1 (mod. C') and
= 0 (mod. ABD etc.), etc. Then, if we seek a number z congruent modulo A, B, C, D
etc. to a,b, c,d etc., respectively, we can put

13
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z = aa + b+ ye+ dd etc. (mod. ABCD etc.).

For clearly aa = a (mod. A.), whereas the remaining terms b, yc etc. are all
= 0 (mod. A), so z = a (mod. A). The proof is similar for the other moduli. This
solution is preferable to the earlier one when several such problems must be solved
with the same moduli A, B, C' etc., since the numbers «, 3,7 etc. then have constant
values. This occurs in the chronological problem of finding which year in the Julian
Period has a given indiction, golden number and solar cycle. Here A =15, B = 19,
C = 28. Since the value of the expression {555 28 (mod. 15), or 5—§2 (mod. 15), is 13, we
have a = 6916. Similarly, for 8 we find 4200, and for -y, 4845. The desired number
is therefore the least residue of 6916a + 42006 4+ 4845¢, where a denotes the indiction,
b the golden number and c the solar cycle.

Linear congruences with several unknowns.

37.

This is enough about congruences of the first degree with one unknown. We still
have to consider congruences involving several unknowns. A fully rigorous treatment
of every detail would require a lengthy account, and our purpose here is to give
only what seems most worth attention, rather than to exhaust the subject. So we
restrict the investigation to a few observations, leaving a fuller treatment for another
occasion.

1) As with equations, we see that here too there must be as many congruences as
unknowns to be determined.

2) So let the given congruences be

ar + by + cz. f (mod. m) e (A)
ax—l—b’y—i—cz Ef Ce (A"
d'z+Vy+d'z... = f" e (A")

etc.

as many in number as the unknowns z,y, z etc.
Now determine numbers &, &', £” etc. such that

bE + BE + B'E" + ete. = 0
ck+dE+E +ete. =0
etc.
and so that they are all integers with no common factor. The theory of linear
equations shows that this is possible. Similarly, determine v,v’,v” etc., (,{’, (" etc.,
and so on, such that

av+adv' +ad"v" +etc. =0
cv+cv' + " +etc. =0
etc.

14
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al +ad'{’ +d"¢" +etc. =0
b+ +b'¢" +etc. =0
etc. etc.

3) Clearly, if the congruences A, A’; A” etc. are multiplied by &,&’, £ etc., then by
v,v’,v”, etc., and so on, and the results are added, we obtain the congruences

(a€ +d'& +a"" +etc)x = fE+ f/€ + " + ete.

(bv + bV + """ +ete.)y = fo+ flv' + [0 + ete.

(cC+ ¢+ """ +ete)z= fCH+ /¢ + f'C" + ete.
etc.

which we write for brevity as

Y(a&)x = 3(fE), X(bv)y =X(fv), X(c()z=X(f() ete.

4) We must now distinguish several cases.

First, when all the coefficients of the unknowns, 3(a), ¥ (av) etc., are coprime
to the modulus m, these congruences can be solved by the rules already given, and
the complete solution of the problem is expressed by congruences of the form z =
p (mod. m), y = g (mod. m) ete.)For ezample, consider the congruences

r+3y+z=1, dr4+y+52=7, 2x+2y+z=3 (mod.8)

We find £ =9, ¢ =1, " = —14, giving —15x = —26, so x = 6 (mod. 8). Similarly,
we find 15y = —4, 15z = 1, and therefore y = 4, z = 7 (mod. 8).

5) Second, suppose not all the coefficients ¥(af),¥(bv) etc. are coprime
to the modulus. Let «, (3,7 etc. be the greatest common divisors of m with
Y(a&), X (bv),X(cC) etc., respectively. The problem is clearly impossible unless
these divide X(f¢),X(fv), X(f() etc., respectively. If these conditions hold, the
congruences in (3) are completely solved by x = p (mod. %), y = ¢ (mod. %),
z = r (mod. %) etc. Or, if one prefers, there are « distinct values of x (that is,

incongruent modulo m, namely p,p+ 2 ...p + (O‘_al)m), B distinct values of y etc.

satisfying those congruences. Clearly every solution of the given congruences, if there
are any at all, will be found among these. But we cannot reverse this conclusion. In
general, not every combination of all « values of x with all values of y and all values
of z etc. satisfies the problem. Only some combinations do, and their connection can
be expressed by one or more congruences serving as conditions. A complete solution
of this problem is not needed for what follows, so we will not pursue it further here,
but will be content to give some idea of it through an example.
Let the given congruences be

3r+by+z2=4, 2x+4+3y+22=7, br+y+32=6 (mod. 12)

This conclusion needs a proof, which we omit here. Strictly speaking, our analysis shows only that
the given congruences cannot be solved by other values of the unknowns x, y etc.; it does not show that
these values satisfy them. There might be no solution at all. A similar error in reasoning is often made
in accounts of linear equations.

15
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Here &£,¢,¢", v,0', 0", ¢, (', (" are respectively = 1,-2,1, 1,1,—-1, —13,22, -1,
giving 4o = —4, Ty = 5, 282 = 96. These give four values of x, namely = 2,5, 8. 11,
one value of y, namely = 11, and four values of z, namely = 0,3,6,9 (mod. 12). To
find which combinations of values of x and z are allowed, we substitute for z,y, z in
the given congruences, respectively, 2 + 3¢, 11, 3u. They become

574+ 9t+3u=0, 30+6t+6u=0, 15+ 15t+ 9u=0 (mod. 12)

which are easily seen to be equivalent to

19+43t+u=0, 104+2t+2u=0, 5+5t+3u=0 (mod. 4)

The first clearly requires u =t + 1 (mod. 4). Substituting this value in the other
congruences shows that they too are satisfied. So the values of z, namely 2,5,8,11
(obtained by setting ¢ = 0. 1,2,3), must be combined with the values of z, namely
z=3,6,9,0, respectively. Thus there are four solutions in all:

x= 2, 5 8, 11 (mod. 12)
y=11, 11, 11, 11
2= 3, 6, 9, 0

16
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These investigations have achieved the aim of this section. We add a few more
propositions based on similar principles, which we will often need later.

Various theorems.

38.

PROBLEM. Find how many positive numbers are smaller than a given positive
number A and coprime to it.
For brevity, let the symbol ¢, placed before a given number, denote the number
of positive numbers coprime to it and smaller than it. We therefore seek ¢A.
I. When A is prime, clearly all numbers from 1 to A — 1 are coprime to A. So in
this case
pA=A—-1

IT. When A is a power of a prime, say = p™, none of the numbers divisible by p
are coprime to A, whereas all the others are. So, from the p™ — 1 numbers, we must
discard p, 2p, 3p....(p™ ! —1)p. This leaves p™ —1— (p™~! —1), or p™ }(p—1). Thus

p™ =p" Hp—1)

III. The remaining cases are easily reduced to these by the following proposition:
If A is resolved into pairwise coprime factors M, N, P etc., then

A = ¢M.$N. oD etc.

The proof is as follows. Let the numbers coprime to M and smaller than M be
m,m’.m” etc., so their number is = ¢M. Similarly, let the numbers coprime to
N, P etc., respectively, and smaller than them be n,n’,n” etc., p,p’,p” etc., whose
numbers are ¢N, ¢ P etc. Every number coprime to the product A is also coprime
to each of its factors M, N, P etc., and conversely (Article 19). Also, every number
congruent to one of m, m’,m” etc. modulo M is coprime to M, and conversely; the
same holds for N, P etc. So the question becomes: how many numbers below A
are congruent, modulo M, to one of m,m/,m” etc., modulo N, to one of n,n’, n”
etc., and so on? By Article 32, all numbers giving specified residues modulo each
of M, N, P etc. are congruent modulo their product A. So below A there is just
one number congruent to given residues modulo each of M, N, P etc. The number
we seek is therefore the number of combinations of each of m,m’,m” with each of
n,n’,n” and each of p,p’, p” etc. The theory of combinations shows that this number
is = ¢M.pN.pP etc. Q. E. D.

IV. It is now easy to see how to apply this to the case in question. Resolve A into
its prime factors, or write it in the form a®b?¢? etc., where a,b, ¢ etc. are distinct

primes. Then
DA = pa®. pb®. pc7 ete.

= a* N a -1 (b-1) e —1) ete.

or, more neatly,

a—1b—-1 ¢c—1
a b ¢

A=A

etc.
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Ezample. Let A = 60 = 22.3.5, so that ¢A = £.2.2.60 = 16. The numbers
coprime to 60 are 1,7,11,13,17,19, 23,29, 31, 37,41, 43, 47 49,53. 59.

The first solution of this problem appears in the distinguished Euler’s paper the-
oremata arithmetica nova methodo demonstrata, Comm. nov. Ac. Petrop. VIII,
p- 74. The proof was later repeated in another paper, Speculationes circa quasdam

insignes proprietates numerorum, Acta Petrop. VIII, p. 17.
39.

If we define the symbol ¢ so that ¢A gives the number of numbers coprime to A
and not greater than A, then clearly ¢1 is no longer = 0, but = 1. All other cases
remain unchanged. Adopting this definition, we have the following theorem.

If a,d’,d” etc. are all the divisors of A, including unity and A itself, then

da+ ¢a’ + ¢pa” + etc. = A

Example. Let A = 30; then ¢1 + ¢2 + ¢3 + @5 + ¢6 + ¢10 + ¢15 + 30 =
1+14+24+4+2+44+848=30.

Proof. Multiply all the numbers coprlme to a and not greater than a by 2 <, and
likewise all those coprime to @’ by 4 £, and so on. This gives ¢a + ¢a’ + gi)a” + etc.
numbers, none greater than A. Now

1) these numbers are all distinct. Those generated from the same divisor of A are
clearly distinct. If equal numbers were generated from different divisors M, N and
numbers pu, v coprime to them, respectively, that is, if —u = Nl/ then uN = v M.
We may assume M > N. Since M is coprime to p and divides puV, it also divides N:
the greater divides the smaller. Q). F. A.

2) These numbers include every one of 1,2,3....A. Let any number not exceeding
A be t, and let the greatest common divisor of A,¢ be §. Then 4 5 is a divisor of A
coprime to . Clearly the number ¢ is among those generated from the divisor %.

3) So the number of these numbers is A, and therefore

da+ ¢a’ + pa” +etc. = A. Q. E. D.

40.

If the greatest common divisor of A, B, C, D etc. is = u, numbers a, b, c,d etc. can
be found such that
aA+bB + cC + etc. =

Proof. First consider just two numbers A, B, with greatest common divisor = \.
The congruence Az = A\ (mod. B) is then solvable (Article 30). Let a root be = a,
and put % = . Then aA + BB = ), as required.

On adding a third number C, let the greatest common divisor of the numbers A, C
be = ). This is also the greatest common divisor of A, B, C". Find numbers k,~y
such that kX +~C = X; then kaA + kBB +~+C = X.

IFor N clearly divides all of A, B,C. If it were not the greatest common divisor, that divisor
would be greater than \. But, since this greatest common divisor divides A, B, C, it also divides
kaA + kBB + ~C, that is, \': the greater divides the smaller. Q. E. A. — This follows even more
easily from Article 18.
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On adding a fourth number D, let the greatest common divisor of X, D, which is
easily seen to be also the greatest common divisor of A, B,C, D, be = \”, and put
KN+ 6D = )\'. Then kk'aA+ kk'SB + k'vC + 6D = \'.

We can proceed in the same way however many other numbers are added.

So, if the numbers A, B, C, D etc. have no common divisor, we can clearly obtain

aA+bB+cC +etec.=1

41.

If p is prime and there are p objects, any number of which may be equal, provided
they are not all equal, then the number of permutations of these objects is divisible
by p.

FEzxample. The five objects A, A, A, B, B can be arranged in ten different ways.

This theorem is easily proved from the familiar theory of permutations. Suppose
there are a equal objects = A, then b equal objects = B, then ¢ equal objects = C,
and so on, where any of the numbers a, b, ¢ etc. may also be unity, so that

a+b+c+etc.=p

The number of permutations is

_ 1.2.3...p
T 1.2.3...a.1.2..b.1.2..c etc.

The numerator of this fraction is clearly divisible by the denominator, since the
number of permutations must be an integer. The numerator is divisible by p, whereas
the denominator, being composed of factors smaller than p, is not divisible by p
(Article 15). So the number of permutations is divisible by p (Article 19).

We hope, though, that some readers will also enjoy the following proof.

Call two permutations similar when the order of their objects differs only in this
way: the object occupying the first position in one occupies another position in the
other, while the remaining objects follow in the same order, and the object that was
first follows the one that was last”). Thus, in our example, the permutations ABAAB
and ABABA are similar, since the objects in the first, second, etc. positions of the
former occur in the third, fourth, etc. positions of the latter, in the same order.

Each permutation contains p objects, so we can obtain p — 1 similar permutations
by moving the object that was first to the second, third, etc. positions. If no two
of these can be identical, then the total number of permutations is clearly divisible
by p, since it is p times the number of mutually dissimilar permutations. So suppose
that two permutations

PQ...TV...YZ;, V..YZPQ...T

obtained from each other by shifting the terms are identical, that is, P = V etc. Let
the term P, which is first in the former, occupy position n + 1 in the latter. Then, in

J1f we imagine similar permutations written around a circle, with the last object next to the first,
they do not differ at all, since no position can be called first or last.
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the latter sequence, the term in position n + 1 equals the first, that in position n + 2
equals the second, and so on. Thus the term in position 2n + 1 again equals the first,
and the same holds for 3n + 1 etc. In general, the term in position kn + m equals
that in position m. Here, if kn 4+ m exceeds p, either the sequence V... YZPQ...T
is to be repeated from the beginning, or we subtract from kn+m the nearest smaller
multiple of p. If we now choose k so that kn =1 (mod.p), which is possible because
p is prime, it follows in general that the term in position m equals that in position
m + 1. Thus every term equals the next, that is, all terms are equal, contrary to the
hypothesis.

42.
If the coefficients A,B,C'....N, a,b,c....n of two functions of the form

2™+ Azl 4 Bam 2 4 Ca™ 3L +N . . .. (P)
ot +axt 4 bt et 3L +no. . (Q)

are all rational, but not all integers, and the product of (P) and (Q) is

= Mt 4 YT L B2 4 efe 4+ 3

then its coefficients A, B ....3 cannot all be integers.

Proof. Express all fractions among the coefficients A, B etc., a,b etc. in lowest
terms, and choose any prime p dividing one or more of their denominators. We
may assume that p divides the denominator of a fractional coefficient in (P). If (Q)
is divided by p, then (%) clearly also has at least one fractional coeflicient whose

denominator contains the factor p, namely the first coefficient %.

There is clearly a fractional term in (P) whose denominator contains a higher
power of p than the denominators of all preceding fractional terms, and a power no
lower than the denominators of all following terms. Let this term be = Gz9, and let
the number of factors of p in the denominator of G be = t. There is a similar term
in (%; let it be = I'z”, and let the number of factors of p in the denominator of I"
be = 7. Clearly t + 7 is at least = 2. With these preparations, the term 2977 in
the product of (P) and (Q) has a fractional coefficient whose denominator contains
t + 7 — 1 factors of p. The proof is as follows.

In (P), let the terms preceding Gz9 be 'Gz9+!, "Gx9%2 etc., and those following
it G'z9~1, G"x97? etc. Similarly, in (%, let I'zY be preceded by "'z, "I'a7+2 etc.
and followed by I"2z7~!, I'"27=2 etc. Then, in the product of (P), (%), the coefficient
of 2977 is

=GI' +'GI" +"GI" + etc.
+' TG +"IG" + etc.
The term GI' is a fraction whose denominator, in lowest terms, contains ¢ + 7
factors of p. If fractional, the other terms have fewer factors of p in their denominators,
since each is a product of two factors, one involving no more than ¢ and the other

fewer than 7 factors of p, or one no more than 7 and the other fewer than ¢. Thus
GI has the form fpt%’ and the sum of the remaining terms has the form W#,g,
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where 0 is positive and e, f, f' are free of the factor p. Their total sum is therefore
_ ef'+efp°
o ffpttT
t + 7 such factors in the denominator. The coefficient of z9%7 in the product of

(P), (Q) is consequently

. Its numerator is not divisible by p, so no reduction can leave fewer than

_ef' e
- f f/pt—i-r—l '
that is, a fraction whose denominator contains ¢ + 7 — 1 factors of p.

Q. E. D.
43.

A congruence of degree m

Az™ + Ba™ '+ C2™ % + ete. + Mz + N =0

whose modulus is a prime p not dividing A cannot be solved in more than m different
ways, or have more than m roots incongruent modulo p (see Articles 25, 26).

If anyone denies this, suppose that there are congruences of various degrees m,n
etc. having more than m,n etc. roots, and let the smallest such degree be m, so that
all such congruences of lower degrees satisfy our theorem. Since it has already been
proved for the first degree (Article 26), m must be = 2 or greater. The congruence

Az™ + Be™ Y+ etc. + Mz + N =0

therefore has at least m + 1 roots, say © = a,z = 3,2 = v etc. We may suppose all
the numbers «, 5,7 etc. positive and smaller than p, with « the least. Substitute for
x the expression y + «, so that the given congruence becomes

Aly™ 4 B/ym_1 + C"ym_2.... +My+N =0

Clearly this is satisfied by setting y = 0, or = 8 — «, or = v — «, etc. All these
roots are distinct, and their number is = m + 1. Since y = 0 is a root, N’ must be
divisible by p. So the expression

y(A'y™ 1 + B'y™ 2 + ete. + M') is =0 (mod.p),

when y is assigned one of the m values 8 — a,y — « etc., all of which are > 0 and
< p. In each of these cases, therefore, we also have

A/ym—l + B/ym—2 + ete. + M'is =0 (Article 22)

that is, the congruence Alym™ 1 4 Bly™=2 fete. + M' =0
of degree m — 1 has m roots and so contradicts our theorem. For A’ is clearly = A
and therefore not divisible by p, as required. Yet we assumed that every congruence
of degree lower than m satisfies the theorem. Q. F. A.

44.

Although we assumed here that the modulus p does not divide the coefficient of
the highest term, the theorem is not restricted to this case. If the first coefficient, or
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even some of the following ones, were divisible by p, these terms could be discarded,
eventually lowering the degree of the congruence until its first coefficient was no
longer divisible by p. This holds unless all the coefficients are divisible by p, in which
case the congruence is an identity and the unknown is entirely unrestricted.

The distinguished La Grange was the first to state and prove this theorem (Mém.
de I’Ac. de Berlin, Année 1768, p. 192). It also appears in the distinguished Le
Gendre’s paper Recherches d’Analyse indéterminée, Hist. de I’Acad. de Paris 1785,
p. 466. The distinguished Euler proved in Nov. Comm. Ac. Petr. XVIII, p. 93
that the congruence ™ — 1 = 0 cannot have more than n distinct roots. Although
this is a special case, the method used by this great man is easily adapted to all
congruences. He had previously dealt with an even more restricted case in Comm.
nov. Ac. Petr. V, p. 6, but that method cannot be applied generally. In Section
VIII below we will prove the theorem in yet another way. However different all these
methods may appear at first, those familiar with the subject who compare them will
easily see that they all rest on the same principle. Since we consider this theorem
here only as a lemma, and a full treatment does not belong here, we will not discuss
composite moduli separately.
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SECTION THREE
ON

RESIDUES OF POWERS.

The residues of the terms of a geometric progression beginning with unity form a periodic
sequence.

45.

THEOREM. In every geometric progression 1,a,aa,a® etc., besides the first term
1, there is another term al congruent to unity modulo a number p coprime to a, with
exponent t < p.

Proof. Since the modulus p is coprime to a, and therefore to every power of a, no
term of the progression is = 0 (mod.p). Each is congruent to one of the numbers
1,2,3....p — 1. There are p — 1 such numbers, so if more than p — 1 terms of the
progression are considered, they cannot all have distinct least residues. Thus at
least two of the terms 1,a,aa,a®....aP~! are congruent. Let a™ = a”, with m > n.
Dividing by a™ gives ¢~ ™ =1 (Article 22), where m —n < p and > 0.

Q. E. D.

FEzample. In the progression 2,4, 8 etc., the first term congruent to unity modulo
13 is 2'2 = 4096. But modulo 23, the same progression gives 2'! = 2048 = 1.
Similarly, the sixth power of 5, namely 15625, is congruent to unity modulo 7, and
the fifth power, 3125, modulo 11. So in some cases a power with exponent less than
p — 1 is congruent to unity; in others we must go as far as the power with exponent

p—1.

46.
If the progression is continued beyond a term congruent to unity, the residues
from the beginning occur again. If a* = 1, then a'*! = a,a'*? = aa etc., until the

term a?! is reached. Its least residue is again = 1, and it starts the period of residues

once more. Thus there is a period containing ¢ residues, which always repeats from
the beginning as soon as it ends. No residues other than those in this period occur
anywhere in the progression. In general, ¢™ = 1 and ™" = a", which in our
notation is expressed as follows:

If r=p (mod.t), then a" =a” (mod.p).

47.

This theorem gives a shortcut for finding residues of powers, however large their
exponents, once a power congruent to unity is known. For example, to find the
residue obtained by dividing 3'°% by 13, we have, since 3> = 1 (mod. 13), t = 3.
Since 1000 = 1 (mod. 3), it follows that 319 = 3 (mod. 13).
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48.

If a! is the lowest power congruent to unity, apart from a® = 1, which we leave out
of consideration here, the ¢ terms making up the period of residues are all distinct, as
the proof of Article 45 readily shows. We can then reverse the proposition of Article
46: if a™ = a" (mod.p), then m = n (mod.t). For if m,n were incongruent modulo ¢,
their least residues p, v would differ. But o = a™,a” = a™, so a* = a”: that is, the
powers below a' would not all be incongruent, contrary to the hypothesis.

So, if a* =1 (mod.p), then k = 0 (mod.t), that is, k is divisible by t.

So far we have considered any moduli, provided they are coprime to a. We will
now consider prime moduli separately, and later build a more general investigation
on this foundation.

First we consider moduli that are prime numbers.

49.

THEOREM. If p is prime and does not divide a, and a® is the lowest power of a
congruent to unity modulo p, then the exponent t is either = p — 1 or a divisor of
that number.

Compare the examples in Article 45.

Proof. We have already shown that ¢ is either = p — 1 or < p — 1. It remains to
prove that in the latter case t always divides p — 1.

I. Take the least positive residues of all the terms 1, a, aa....a’! and denote them
by a,a’,a” etc., so that & = 1,0/ = a,a” = aa etc. They are clearly all distinct:
if two terms a™,a™ gave the same residue, then, assuming m > n, we would have
a™ " =1withm —n <t, Q. E. A., since no power below a’ is congruent to unity
(by hypothesis). All the numbers a, o/, etc. are in the sequence 1,2,3...p — 1, but
do not exhaust it, since ¢ < p — 1. Denote the collection of all a, o/, a” etc. by (A).
Thus (A) contains ¢ terms.

II. Choose any number ( from 1,2,3...p — 1 that is absent from (A). Multiply
B by all of a,d/,a” etc., and let the resulting least residues be 3,3, 3” etc. Their
number is again . These residues are distinct both from each other and from all
of a,a/,a” etc. If the first assertion were false, we would have 8a™ = Ba", and
division by S would give o™ = a", contrary to what we just proved. If the second
were false, we would have Sa™ = a”. When m < n, this gives 8 = o™ ™, that is,
would be congruent to one of a, o', @ etc., contrary to the hypothesis. When m > n,
multiplication by a=™ gives Bal = a!t"™™
contradiction. Denote the collection of all 3, /', 3" etc., whose number is = ¢, by
(B). We now have 2t numbers from 1,2,3...p — 1. If (A) and (B) include all these
numbers, then % = t, and the theorem is proved.

III. If some numbers are still missing, let v be one of them. Multiply all of «, &/, o
etc. by it, and let the least residues of the products be 7,v',7” etc. Denote their
collection by (C. Then (C) contains ¢ numbers from 1,2,3...p — 1, all distinct from
each other and from the numbers in (A) and (B). The first two assertions are proved
as in II; the third as follows. If ya™ = Ba™, then v = Sa" ™ or = Ba’*"~ ™, according
as m < n or > n. In either case v would be congruent to a member of (B), contrary

t

, or, since a' = 1, B = a!™ ™, the same
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to the hypothesis. We thus have 3t numbers from 1,2, 3...p — 1. If none are missing,
= %, and the theorem is proved.
IV. If some numbers are still missing, proceed in the same way to a fourth collection
(D), and so on. Since there are only finitely many numbers 1,2,3....p — 1, they must
eventually be exhausted. Their number is therefore a multiple of ¢, so t divides p — 1.

Q. E. D.

Fermat’s theorem.

50.

Since p;—l is an integer, raising both sides of the congruence a' = 1 to the power
with exponent % gives a?~' = 1. In other words, a?~' — 1 is always divisible by p
when p is prime and does not divide a.

This theorem deserves close attention for both its elegance and its exceptional
usefulness. It is usually called Fermat’s theorem, after its discoverer; see Fermatii
Opera Mathem. Tolosae 1679, fol. p. 163. He gave no proof, though he said he
had one. The distinguished Euler was the first to publish a proof, in his paper The-
orematum quorundam ad numeros primos spectantium demonstratio, Comm. Acad.
Petrop. T. VIII'). It rests on expanding (a + 1)P. The form of the coefficients readily
shows that (a+1)? —a” — 1 is always divisible by p. So (a+1)? — (a+ 1) is divisible
by p whenever aP — a is divisible by p. Since 17 — 1 is always divisible by p, so is
2P — 2, and therefore 3P — 3 etc., and in general a? — a. If p does not divide a, then
aP~! — 1 is also divisible by p. This is enough to show the character of the method.
The distinguished Lambert gave a similar proof in Actis Erudit. 1769, p. 109. But
expanding a binomial power seemed rather foreign to number theory, so the distin-
guished Euler sought another proof. It appears in Comment. nov. Petr. T. VII,
p. 70, and entirely agrees with the proof we gave in the preceding article. We will
meet some further proofs later. Here we may add one based on principles similar to
those of Euler’s first proof. The following proposition, of which our theorem is only
a special case, will also be used in other investigations below.

51.

The polynomial a + b+ c+ etc., raised to the power with exponent p, is, modulo p,

=aP + b + P + etc.

provided that p is prime.

Proof. The power with exponent p of the polynomial a + b + ¢ + etc. consists of
terms of the form sa®b?c” etc., where oo+ 5+ etc. = p, and s denotes the number
of permutations of p objects, of which «, 8,7 etc. are respectively = a,b,c etc. In

Yn an earlier paper this great man had not yet reached his goal: Comm. Petr. T. VI, p. 106. — In
the famous controversy between Maupertuis and Konig, which began over the principle of least action
but soon turned to unrelated matters, Konig said he possessed a manuscript in Leibniz’s own hand
containing a proof of this theorem entirely agreeing with Euler’s: Appel au public. p. 106. Although
we do not wish to deny the credibility of this testimony, Leibniz certainly never published his discovery.
Compare Hist. de I’Ac. de Prusse, A. 1750, p. 530.
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Article 41 we showed that this number is always divisible by p, unless all the objects
are equal, that is, unless one of the numbers «, 5,7 etc. is = p and the others = 0.
So all terms of (a + b+ ¢ + etc.)P, except aP,bP, P etc., are divisible by p. When
considering congruence modulo p, we can therefore discard them, giving

(a+b+c+etc.)P=ad? +0P +cP +etc. Q. E. D.

If all the quantities a, b, ¢ etc. are now set = 1, and their number = k, this gives
kP = k, as in the preceding article.

How many numbers give periods whose number of terms is a given divisor of p — 1.

52.

Only divisors of p—1 can be the exponents of the lowest powers to which numbers
are raised to become congruent to unity. So we ask whether all divisors of p — 1
can occur, and how many numbers belong to each exponent when all numbers not
divisible by p are classified according to the exponent of their lowest power congruent
to unity. We should first note that it is enough to consider the positive numbers from
1 to p — 1. Congruent numbers clearly have to be raised to the same lowest power
to become congruent to unity, so any number belongs to the same exponent as its
least positive residue. We must therefore find how, in this respect, the numbers
1,2,3....p — 1 are distributed among the individual factors of p — 1. For brevity, if
d is a divisor of p — 1, including 1 and p — 1, let ¥d denote the number of positive
numbers smaller than p whose lowest power congruent to unity has exponent d.

53.
To make the investigation easier to follow, we give an example. For p = 19, the
numbers 1,2,3....18 are distributed among the divisors of 18 as follows:

1| 1.

2| 18.

3| 7, 11

6| 8, 12.

9| 4, 5.6, 9, 16, 17.
18 2, 3, 10, 13. 14, 15.

Thus, in this case, Y1 =1, Y2 =1, Y3 = 2, Y6 = 2, Y9 = 6, 18 = 6. A little
attention shows that as many numbers belong to each exponent as there are numbers
no greater than it and coprime to it. So, at least in this case, using the notation of
Article 39, ¥d = ¢d. We prove that this observation holds generally as follows.

I. Suppose we have a number a belonging to exponent d, that is, whose power
with exponent d is congruent to unity, while all lower powers are incongruent to it.
All its powers aa,a’,a*....a%, or their least residues, also have the first property:
their powers with exponent d are congruent to unity. We can also say that the least
residues of a,aa,a®....a%, all distinct, are roots of the congruence z¢ = 1. Since
this congruence cannot have more than d distinct roots, no numbers other than the

least residues of a,aa,a®....a% exist between 1 and p — 1, inclusive, whose powers
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with exponent d congruent to unity. Thus all numbers belonging to exponent d are
among the least residues of a,aa,a®....a?. We determine which ones they are, and
how many, as follows. If k is coprime to d, no power of a® with exponent < d is
congruent to unity. For let ; (mod.d) = m (see Article 31); then a*™ = a. If the
power with exponent e of a¥ were congruent to unity with e < d, we would also have
a*m¢ = 1, and therefore a® = 1, contrary to the hypothesis. So the least residue
of a* clearly belongs to exponent d. If, however, k has a common divisor § with d,
the least residue of a* does not belong to exponent d, since its power with exponent

% is already congruent to unity. For % is divisible by d, or = 0 (mod. d), and so

a’s = 1. Thus as many numbers belong to exponent d as there are numbers among
1,2,3....d coprime to d. But remember that this conclusion assumes we already
have one number a belonging to exponent d. It remains uncertain whether there
could be an exponent to which no number belongs at all. The conclusion is therefore
limited to saying that 1d is either = 0 or = ¢d.

54.

II. Let all the divisors of p — 1 be d,d’,d” etc. Since all numbers 1,2,3....p — 1
are distributed among these, we have

pd +pd +pd” +ete.=p—1
But in Article 40 we proved that

¢d + ¢d + ¢pd” +etc. =p—1

The preceding article shows that d is equal to or smaller than ¢d, and cannot be
larger. The same holds for 1d’ and ¢d’, etc. If any of 1d,d’,d" etc. were smaller
than the corresponding term among ¢d, ¢d’, ¢d”, or if several were, the two sums
could not be equal. We finally conclude that d is always equal to ¢d, and therefore
does not depend on the size of p — 1.

55.

One special case of the preceding proposition deserves particular attention: there
are always numbers for which no power with exponent below p — 1 is congruent to
unity. There are as many of them between 1 and p — 1 as there are numbers below
p—1 coprime to p—1. The proof of this theorem is far from as obvious as it may seem
at first. Because of its importance, we may add another proof somewhat different
from the preceding one: different methods often do much to clarify more difficult
matters. Resolve p— 1 into its prime factors, writing p—1 = a®b’¢? etc., where a, b, ¢
etc. are distinct primes. We will complete the proof by establishing the following:

I. We can always find a number A, or several, belonging to exponent a®, and
similarly numbers B, C' etc. belonging to exponents b?, ¢7 etc., respectively.

IT. The product of all the numbers A, B, C etc., or its least residue, belongs to

exponent p — 1. We prove these as follows.
p—1

I. Let g be one of the numbers 1,2,3...p—1 not satisfying the congruence " « =
1 (mod. p), since these numbers cannot all satisfy a congruence of degree < p — 1. 1
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claim that, if the power with exponent ’;—_al of g is set = h, this number, or its least
residue, belongs to exponent a®.

For the power with exponent a® of h is clearly congruent to the power with expo-
nent p — 1 of g, that is, to unity. But the power with exponent a®~! of h is congruent
to the power with exponent % of g, that is, it is incongruent to unity. Still less can
the powers with exponents a® 2, a® 2 etc. of h be congruent to unity. Yet the expo-
nent of the lowest power of h congruent to unity, or the exponent to which h belongs,
must divide a® (Article 48). Since a® is divisible only by itself and lower powers of
a, a® must be the exponent to which h belongs. . E. D. The same method proves
the existence of numbers belonging to exponents b?, ¢ etc.

I1. Suppose the product of all A, B,C etc. belongs not to exponent p — 1 but to
a smaller exponent ¢. Then ¢ divides p — 1 (Article 48), so % is an integer greater
than unity. This quotient is clearly either one of the primes a,b, c etc. or at least
divisible by one of them (Article 17), for example by a; the reasoning is similar for
the others.

So t divides %, and the product ABC etc. is also congruent to unity when
raised to the power with exponent % (Article 46). Each of B, C etc., excluding A,
is clearly congruent to unity when raised to the power with exponent %, since the
exponents b?, ¢7 etc. to which they belong divide p%l. Thus

p—1

Apa;lB%C a etc. = A% =1.

So the exponent to which A belongs must divide Z’a;l (Article 48), that is, ;%11 must
be an integer. But 5&111 = bﬁcle“' cannot be an integer (Article 15). We must
therefore conclude that our assumption is impossible, that is, the product ABC etc.
really does belong to exponent p — 1. Q. E. D.

The second proof seems somewhat longer than the first; the first, on the other

hand, is less direct than the second.

56.

This theorem is a striking example of the care often needed in number theory to
avoid taking things for certain when they are not. The celebrated Lambert mentions
this proposition in the paper cited above, Acta Erudit. 1769, p. 127, but does not
even touch on the need for a proof. No one attempted a proof except the great Euler:
Comment. nov. Ac. Petrop. T. XVIII, for 1773, Demonstrationes circa residua ex
divisione potestatum per numeros primos resultantia, p. 85 onwards. See especially
Article 37, where he discusses the need for a proof at greater length. But the proof
given by this most perceptive man has two gaps. First, in Article 31 and the following
articles, he tacitly assumes that the congruence z" = 1, expressing his reasoning in
our notation, really has n distinct roots, though previously he had shown only that it
cannot have more. Second, he derived the formula in Article 34 by induction alone.
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Primitive roots, bases, indices.

57.

Following the distinguished Euler, we call numbers belonging to exponent
p — 1 primitive roots. If a is a primitive root, the least residues of the powers
a,aa,a’...aP~" are all distinct. So they must include all the numbers 1,2,3,...p—1,
since there are just as many of these as of the least residues. In other words, every
number not divisible by p is congruent to a power of a. This remarkable property
is very useful, and greatly eases the arithmetic of congruences, much as logarithms
ease ordinary arithmetic. We choose any primitive root a as a base, to which we
refer all numbers not divisible by p. If a® = b(mod.p), we call e the indezx of b.
For example, for modulus 19, taking the primitive root 2 as base gives the following
correspondence:

7.8.9.10. 11. 12. 13. 14. 15. 16. 17. 18.
6.3.8. 17.12.15. 5. 7.11. 4.10. 9.

numbers

1.2. 3.4.
indices 0.1.13.2

5. 6.
. 16. 14.

1
For a fixed base, each number clearly has several indices, but they are all congruent
modulo p — 1. Whenever we discuss indices, those congruent modulo p — 1 will

therefore be regarded as equivalent, just as numbers themselves are regarded as
equivalent when congruent modulo p.

Calculation with indices.

58.

The theorems on indices are entirely analogous to those on logarithms.

The indezx of a product of any number of factors is congruent to the sum of the
indices of the individual factors modulo p — 1.

The index of a power of a number is congruent to the product of the index of the
given number and the exponent of the power, modulo p — 1.

We omit the proofs because they are easy.

So, in constructing a table from which the indices of all numbers can be found for
different moduli, we can omit both numbers greater than the modulus and composite
numbers. A specimen is appended at the end of this work, Table I. Its first vertical
column lists the primes and prime powers from 3 to 97, to be taken as moduli, with
the chosen base beside each. The indices of successive primes follow, separated into
groups of five by a small gap, with the primes arranged above in the same order.
Thus the index of a given prime for a given modulus can be found easily and reliably.

For example, if p = 67, the index of 60, with 12 as base, is

=2Ind.2 + Ind. 3 4+ Ind. 5 (mod. 66) = 58 + 9 + 39 = 40

59.
a

The index of any value of the expression §(mod.p.), (Article 31) is congruent
modulo p—1 to the difference between the indices of the numerator a and denominator
b, provided that the numbers a,b are not divisible by p.
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For let any such value be ¢. Then be = a (mod. p), so
Ind. b+ Ind. ¢ = Ind. a (mod.p — 1)

and therefore
Ind.c=Ind.a — Ind.b

If we have a table giving the index of each number for any prime modulus, and
another giving the number belonging to a given index, every congruence of the first
degree can be solved very easily, since all can be reduced to congruences with prime
moduli (Article 30).

For example, given the congruence

29z +7=0(mod.47) then z= ;—g(mod. 47)

we obtain
Ind. z = Ind. —7 — Ind. 29 = Ind. 40 — Ind. 29 = 15 — 43 = 18(mod. 46)

The number with index 18 is 3, so z = 3 (mod.47). — We have not supplied the
second table, but another can take its place, as we will show in Section VI.

Roots of the congruence x™ = A.

60.

As in Article 31, where we introduced notation for roots of congruences of the
first degree, we will now also use a symbol for roots of pure congruences of higher
degrees. Just as ™/A means a root of the equation z" = A, adding a modulus gives
"/A (mod.p) to denote any root of the congruence z" = A (mod.p). We say that
the expression "\/A (mod. p) has as many values as it has values incongruent modulo
p, since all values congruent modulo p are to be regarded as equivalent (Article
26). If A, B are congruent modulo p, the expressions "/A,™/B (mod. p) are clearly
equivalent.

If we put /A = x (mod.p), then nlnd.z = Ind. A (mod.p — 1). The rules of
the preceding section give the values of Ind. z from this congruence, and from them
the corresponding values of x. Clearly z has as many values as the congruence
nInd.xz = Ind. A (mod.p — 1) has roots. Thus "\/A has just one value when n is
coprime to p — 1. If, however, the numbers n,p — 1 have greatest common divisor ¢,
then Ind. x has ¢ values incongruent modulo p — 1, and ™\/A has just as many values
incongruent modulo p, provided that Ind. A is divisible by §. If this condition fails,
/A has no real value.

Example. Find the values of '%/11 (mod.19). We must solve the congruence
15Ind. z = Ind. 11 = 6 (mod. 18), giving the three values Ind.z = 4, 10, 16 (mod. 18).
The corresponding values of = are 6,9, 4.
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61.

However convenient this method is when the necessary tables are available, we
must not forget that it is indirect. So it is worth investigating how much direct
methods can achieve. Here we will give what can be drawn from the preceding
results, leaving other matters that require deeper considerations for Section VIII.
We begin with the simplest case, where A = 1, that is, where we seek the roots of
the congruence 2 = 1(mod.p). Taking any primitive root as the base, we must
then have nInd.z = 0(mod.p — 1). When n is coprime to p — 1, this congruence
has just one root, namely Ind.z = 0 (mod.p — 1). Thus in this case "/1 (mod. p)
has a single value, namely = 1. If, however, the numbers n,p — 1 have greatest
common divisor d, the complete solution of the congruence nInd.z = 0 (mod.p — 1)
is Ind. z = 0 (mod. I)E—l) (see Article 29). In other words, Ind. x must be congruent
modulo p — 1 to one of the numbers

p—1 2(p—-1) 3(p-1) (-Dp-1)
T s tIT 5

0,

or have § values incongruent modulo p—1. So z also has § different values in this case
(incongruent modulo p). It follows that the expression °/1 also has & different values,
whose indices agree exactly with those just given. Thus the expression 5\/ 1 (mod. p)
is entirely equivalent to ™/1 (mod. p): the congruence 2% = 1 (mod. p) has the same
roots as " = 1 (mod. p). The former has lower degree if § and n are unequal.

Example. '5/1 (mod. 19) has three values, since 3 is the greatest common divisor
of 15,18, and these are also the values of 3/1 (mod. 19). They are 1,7, 11.

62.

This reduction therefore saves us from having to solve any congruences of the form
" = 1 except those in which n divides p — 1. Below we will show that congruences
of this form can always be reduced further, although the preceding results are not
enough for this. One case can already be settled here, namely n = 2. The values of
2,/1 are clearly +1 and —1, since there cannot be more than two, and +1 and —1 are
always incongruent unless the modulus is = 2. In that case it is clear in itself that
2,/1 can have only one value. It follows that +1 and —1 are also the values of 2"/1
when m is coprime to %. This always happens when the modulus is such that p%l
is a prime number (unless p — 1 = 2m, in which case all the numbers 1,2,3....p—1
are roots), for example when p = 3,5,7,11,23,47,59,83,107, etc. As a corollary,
note that the index of —1 is always = pgl (mod. p — 1), whichever primitive root is
taken as the base. For 2Ind.(—1) = 0(mod.p — 1). Thus Ind.(—1) is either = 0 or
= % (mod.p —1). But 0 is always the index of +1, and +1 and —1 must always
have different indices (apart from the case p = 2, which need not concern us here).

63.

In Article 60 we showed that the expression "\/A (mod. p) has § different values or
none at all, if § is the greatest common divisor of n,p — 1. Just as we have shown
that /A and %/A are equivalent when A = 1, we will now prove more generally that
the expression ™\/A can always be reduced to another, 5\/B , to which it is equivalent.
Denote any value of the former by x; then ™ = A. Now let ¢t be any value of
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%(mod. p — 1), which clearly has real values by Article 31. Then x'® = A?, while
2™ = 29 because tn = § (mod. p — 1). So x° = A?, and every value of /A is also a
value of %/A!. Whenever ™/A has real values, it is therefore entirely equivalent to
0/ At, since it has neither other values nor fewer. Yet when "/A has no real value,
0,/ At may still have real values.

Ezample. If we seek the values of 21,/2 (mod. 31), the greatest common divisor
of 21 and 30 is 3, and one value of % (mod. 30) is 3. So if 21,/2 has real values, it
is equivalent to 3,/23, or 3/8. Indeed, the values of the latter expression, namely
2,10.19, are found to satisfy the former as well.

64.

To avoid the risk of carrying out this operation for nothing, we need a rule that
lets us decide at once whether ™\/A has real values. If a table of indices is available,
this is straightforward: Article 60 shows that real values exist if the index of A, with
any primitive root taken as the base, is divisible by §, and otherwise do not exist.
But this can also be determined without such a table. For if we set the index of A

equal to k, then, if it is divisible by ¢, @ is divisible by p—1, and conversely. Now

the index of A" is @. So if /A (mod. p) has real values, A% s congruent
to unity; otherwise it is not. Thus in the example of the preceding article we have
210 = 1024 = 1 (mod. 31), from which we conclude that 21,/2 (mod. 31) has real values.
Similarly, this tells us that %/—1 (mod.p) always has two real values when p is of
the form 4m + 1, but none when p is of the form 4m + 3, because (—1)?™ = 1 and
(—1)2m+1 = 1. This elegant theorem, usually stated as follows: If p is a prime of
the form 4m+1, a square aa can be found such that aa+1 is divisible by p; but if p is
of the form 4m — 1, no such square exists, was proved in this way by Euler in Comm.
nov. Acad. Petrop. T. XVIII, p. 112, for the year 1773. He had given another proof
much earlier, in Comm. mnov. T. V, p. 5, which appeared in 1760. In an earlier
paper, Comm. nov. T. 1V, p. 25, he had not yet completed the matter. Later La
Grange also gave a proof of the theorem, Nouveauxr Mém. de [’Ac. de Berlin A. 1775,
p. 342. We will give yet another proof in the next section, where this subject will be
treated in its own right.

65.

Having shown how to reduce all expressions "\/A (mod.p) to ones in which n
divides p — 1, and having obtained a test for whether real values exist, we will
examine more closely expressions ™/A (mod. p) in which n divides p — 1. First we
will show how the individual values of an expression are related; then we will give
some methods that often allow one value to be found.

First, when A = 1 and r is one of the n values of "\/1 (mod.p), so that r" =
1 (mod. p), all powers of r are also values of that expression. The number of different
values among them equals the exponent to which r belongs (Article 48). So if r is
a value belonging to the exponent n, the powers of r, namely r,72,73....7" (the
last of which may be replaced by wunity), include all the values of ™/1 (mod. p). In
Section VIII we will discuss more fully the methods available for finding such values
belonging to the exponent n.

Second. When A is incongruent to unity and one value of ™/A (mod. p), say z, is
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known, the others are obtained as follows. Let the values of "/1 be

1, r r2. .t

as just shown. Then all the values of "\/A are

z, zr, 2t .zl

For all these satisfy " = A: if any one of them is put = zr¥, its power with
exponent n, namely 2”7 because of 7™ = 1 and 2" = A, is congruent to A. Article
23 readily shows that they are all different; and there cannot be more values than
these, whose number is n, for the expression "\/A. Thus, for example, if one value of
2,/A is z, the other is —z. Finally, we must conclude that all values of /A cannot
be found unless all values of "\/1 are also known.

66.

Our second aim was to show when one value of "\/A (mod. p) can be found directly,
assuming that n divides p—1. This happens when some value is congruent to a power
of A. Since this case occurs quite often, it is worth spending some time on it. Let
such a value, if one exists, be z, so that z = A* and A = 2™ (mod. p). It follows that
A = A, So if we have a number k such that A = A", then A* is the value sought.
But this condition is equivalent to 1 = kn (mod. t), where ¢ denotes the exponent to
which A belongs (Articles 46, 48). For this congruence to be possible, n must be
coprime to ¢. In that case k = % (mod.t). But if ¢t and n have a common divisor
other than unity, no value z can be congruent to a power of A.

67.

Since this solution requires us to know t, let us see how to proceed when that
number is unknown. First, it is easy to see that ¢ must divide p;—l if /A (mod. p)
has real values, as we always assume here. For let y be any value. Then both y?~! =1
and y" = A (mod. p) hold. Raising both sides of the latter congruence to the power
with exponent % gives A = 1, so % is divisible by t (Article 48). Now if
pT_l is coprime to n, the congruence kn = 1 of the preceding article can also be
solved modulo %. Any value of k satisfying the congruence for this modulus clearly
satisfies it also modulo ¢, which divides pn;l (Article 5). We have then found what
was sought. But if p—;l is not coprime to n, remove from % all its prime factors that
also divide n, taking them out of p;—l. This gives a number % coprime to n, where
q denotes the product of all the prime factors removed. If the condition reached in
the preceding article holds, namely that ¢ is coprime to n, then ¢ is also coprime to g,
and therefore divides % as well. So if we solve kn = 1 (mod. %) (which is possible

because n is coprime to pn;ql), the value of k will also satisfy the congruence modulo
t, as required. The whole method consists in finding a number that can take the
place of the unknown ¢. But we must remember that when p%l is not coprime to
n, we have assumed the condition of the preceding article to hold. If it fails, all the
conclusions will be wrong. If, by following the rules given without regard to this, we
find a value for z whose power with exponent n is not congruent to A, that tells us
that the condition fails and this method cannot be used at all.
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68.

Even in this case, however, the work may often prove useful. It is worth investi-
gating how this false value is related to the true ones. Suppose, then, that k, z have
been duly determined, but z™ is not = A (mod. p). If we can determine the values of
"\/ (mod. p), multiplying each of them by z gives the values of ™\/A. For if v is a
value of "/, then (vz)" = A. But "/Z is simpler than "/A in that % (mod. p)
usually belongs to a smaller exponent than A. More precisely, if the greatest com-
mon divisor of ¢, ¢ is d, then 4 2+ (mod. p) belongs to the exponent d. This is proved

as follows. Substltutmg the value of z gives z’i = A,Wll r (mod. p). Now k:n —1is
divisible by Z— (precedlng article), while pn—l is divisible by ¢ (1b1d ), n d by

But Z is coprlme to 4 by hypothe51s so =

kn — 1" is also d1v1s1ble by %, and (kn — l)d by t. Hence A(kn— 1)d = 1(mod.p). It
readily follows that =, ralsed to the power with exponent d, is congruent to unity.
It is also easy to prove that —n cannot belong to an exponent smaller than d, but
since this is not needed for our purpose, we will not dwell on it. We can therefore be
certain that zAn (mod. p) always belongs to a smaller exponent than A, with just one
exception: when t divides ¢, so that d = t.

But what do we gain from zAn belonging to a smaller exponent than A? More

numbers can occur as A than as ZA". When several such expressions /A have to
be evaluated for the same modulus, this lets us obtain several from the same source.
Thus, for ezample, we can always determine at least one value of %4/A (mod. 29), pro-
vided that the values of %2/—1 (mod.29) (which are +12) are known. The preceding
article readily shows that one value of such expressions can always be determined
directly when ¢ is odd, and that d is = 2 when ¢ is even. But no number except —1
belongs to the exponent 2.

Examples. Find 3/31 (mod.37). Here p — 1 = 36, n = 3, % = 12, and so
g = 3. We must therefore have 3k = 1 (mod. 4), which is obtained by putting k& = 3.
Hence z = 312 (mod. 37) = 6, and indeed we find 63 = 31 (mod. 37). If the values of
3/1 (mod. 37) are known, the remaining values of 3/6 can also be determined. The
former are 1,10, 26; multiplying 6 by them gives the remaining values = 23 and 8.

If, instead, we seek a value of %/3 (mod. 37), then n = 2, pT = 18, and there-
fore ¢ = 2. We must have 2k = 1(mod.9), giving £ = 5(mod.9). Thus z =
3% = 21 (mod.37). But 217 is not = 3, but = 34. Now - (mod.37) = —1 and
2,/—1 (mod. 37) = +6, giving the true values +6.21 = +15.

This is about as much as we can give here on evaluating such expressions. Direct
methods will clearly often turn out to be rather lengthy. But this drawback affects
almost all direct methods in number theory, and we did not think it a reason to omit
showing what they can achieve here. We should also note that explaining individually
the special devices that often suggest themselves to someone experienced is outside
our purpose.

is also divisible by Ti» O nq Lyt 5. Thus
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Relations between indices in different systems.

69.

We now return to the roots we called primitive. We showed that, with any primi-
tive root taken as the base, all numbers whose indices are coprime to p — 1 are also
primitive roots, and no others. This at once gives the number of primitive roots;
see Article 53. In general, we may choose whichever primitive root we wish as the
base. So here too, as in calculations with logarithms, there can be several systems,
so to speak’). Let us see how they are connected. Let a,b be two primitive roots
and m another number. When « is taken as the base, let the index of b be = 3, and
that of m be = p(mod.p — 1). When b is taken as the base, let the index of a be
= q, and that of m be = v (mod.p — 1). Then af = 1(mod.p — 1). For a® = b,
so a® = b* = a(mod. p) by hypothesis, and hence o = 1 (mod.p — 1). Similar
reasoning gives v = ap and p = v (mod.p — 1). So a table of indices constructed
for the base a can easily be converted into one with base b. For if, for the base a, the
index of b is = 3, then for the base b the index of a is = % (mod. p — 1). Multiplying
all the indices in the table by this number gives all the indices for the base b.

70.

Although a given number may have several indices when different primitive roots
are taken as the base, they all agree in having the same greatest common divisor
with p — 1. For suppose the index of the given number for the base a is m, and for
the base b is n. Suppose their greatest common divisors with p — 1, namely pu, v, are
unequal. One is then larger, say u > v, so u does not divide n. But if the index
of a when b is taken as the base is denoted by «, then, by the preceding article,
n = am (mod.p — 1). Thus p also divides n, contrary to the assumption.

That this greatest common divisor of the indices of a given number and p — 1
is independent of the base also follows from its being equal to p%l, where t is the
exponent to which the number whose indices we are considering belongs. For if the
index for any base is k, then ¢ is the smallest number which, multiplied by &, gives a
multiple of p—1, excluding zero (see Articles 48, 58). In other words, it is the smallest
value of % (mod. p—1) other than zero. That this equals the greatest common divisor

of k and p — 1 follows readily from Article 29.
71.

It is also easy to prove that the base can always be chosen so that a number
belonging to the exponent ¢ has any given index whose greatest common divisor with
p—1is= %. Denote this divisor briefly by d, and let the desired index be = dm.
When any primitive root a is taken as the base, let the index of the given number
be = dn. Then m,n are coprime to %, or t. Now if ¢ is a value of j—% (mod.p — 1)
and is also coprime to p — 1, then a° is a primitive root. Taking it as the base
gives the number in question the index dm, as required (for a®*™™ = a" = the given
number). That C‘l% (mod. p— 1) has values coprime to p — 1 is proved as follows. This

expression is equivalent to > (mod. %), or = (mod.t); see Article 31, 2. All its

“They differ, however, in that the number of systems for logarithms is infinite, while here it equals
the number of primitive roots. Congruent bases clearly generate the same system.
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values are coprime to t. For if a value e had a common divisor with ¢, this divisor
would also have to divide me, and therefore n, to which me is congruent modulo ¢.
This contradicts the hypothesis that n is coprime to t. So when every prime divisor
of p—1 also divides ¢, all values of > (mod. ¢) are coprime to p —1, and their number
is = d. But if p — 1 has other prime divisors f, g, h, etc., that do not divide ¢, choose
any value, writing 7= (mod.t) = e. Since t, f, g, h, etc., are all pairwise coprime, a
number £ can be found that is congruent modulo ¢ to e and, modulo f, g, h, etc., to
any numbers respectively coprime to them (Article 32). Such a number is divisible
by no prime factor of p — 1, and is therefore coprime to p — 1, as required. Finally,
the theory of combinations readily gives = 2 _l'éf}:g__}i_' 3:1 °C for the number of
such values. But to keep this digression from growing too long, we omit the proof,
since it is not particularly needed for our purpose.

Bases suited to particular uses.

72.

Although the choice of a primitive root as the base is generally entirely arbitrary,
some bases can sometimes offer particular advantages over others. In Table I we
always took 10 as the base when it was a primitive root. Otherwise we always chose
the base so that the index of 10 was as small as possible, that is, = %, where t
denotes the exponent to which 10 belongs. In Section VI we will show what this
gains us, when the same table is put to other uses as well. But since some choice
may still remain here, as the preceding article shows, we adopted a fixed rule: among
all primitive roots meeting the requirement, we always chose the smallest as the base.

72

Thus for p = 73, where t = 8 and d = 9, a° has 8%'32, that is, 6 values, namely

5,14, 20, 28, 39, 40. So we took the smallest, 5, as the base.
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A method for finding primitive roots.

73.

Methods for finding primitive roots rely largely on trial. Comparing what we gave
in Article 55 with what we will give below on solving the congruence z" = 1 provides
almost everything that direct methods can achieve. Euler admits, in Opusc. Analyt.
T. 1, p. 152, that finding these numbers seems extremely difficult, and that their
nature must be counted among the deepest mysteries of numbers. But they can be
determined quite readily by trial, as follows. With experience, one learns to shorten
the lengthy work by various special devices; these are learned much faster through
practice than through rules.

19, Take any number coprime to p (we always use this letter for the modulus),
say a. It usually shortens the calculation to choose as small a number as possible,
for example 2. Determine its period (Article 46), that is, the least residues of its
powers, until a power a? is reached whose least residue is 17). If ¢ = p — 1, then a is
a primitive root.

20, But if ¢t < p — 1, take another number b not contained in the period of a, and
find its period in the same way. Denote the exponent to which b belongs by u. It
is easy to see that u can neither equal ¢ nor be a proper divisor of it: in either case
we would have b = 1, which is impossible, since the period of a includes all numbers
whose power with exponent ¢ is congruent to unity (Article 53). If u is = p — 1, then
b is a primitive root. If u is not = p — 1 but is a multiple of ¢, we have gained a
number belonging to a larger exponent, and have moved closer to our aim of finding
a number belonging to the largest exponent. If u is neither = p — 1 nor a multiple of
t, we can still find a number belonging to an exponent larger than ¢, u, namely the
least common multiple of ¢, u. Let this be = y, and factor y into two coprime factors
m,n, one dividing ¢ and the other u). Now take the power with exponent % of a,
putting it = A, and the power with exponent * of b, putting it = B (mod.p). The
product AB will be a number belonging to the exponent n. For A clearly belongs
to the exponent m, and B to n. So the product AB belongs to mn, since m,n are
coprime. This can be proved in exactly the same way as in Article 55, II.

30, If now y = p — 1, then AB is a primitive root. Otherwise, as before, another
number not in the period of AB must be used. This is either a primitive root, or
belongs to an exponent larger than y, or at least allows us, as before, to find a number
belonging to an exponent larger than y. Since the numbers obtained by repeating
this operation belong to continually increasing exponents, we must eventually find
one belonging to the largest exponent, that is, a primitive root, as required.

“One readily sees that the powers themselves need not be known, since the least residue of each can
easily be obtained from the least residue of the preceding power.

D Article 18 readily shows how this can be done. Factor y into distinct primes or powers of distinct
primes. Each factor divides one of the numbers ¢, u, or both. Assign each to ¢ or u, according to which
it divides; if it divides both, either assignment may be made. Let the product of those assigned to ¢ be
= m, and the product of the rest = n. It is then easy to see that m divides ¢, n divides u, and mn = y.
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74.

An example will make these rules clearer. Let p = 73, and seek a primitive root
for it. First try 2, whose period is

1. 2. 4. 8. 16. 32. 64. 55. 37. 1 etc.
0.1.2.3. 4. 5 6. 7. 8 9 etc.

Since the power with exponent 9 is already congruent to unity, 2 is not a primitive
root. Try another number not in the period of 2, for example 3, whose period is

1. 3.9. 27. 8. 24. 72. 70. 64. 46. 65. 49. 1 etc.
0.1.2. 3.4 5 6. 7. 8 9.10. 11. 12 etc.

So 3 is not a primitive root either. But the least common multiple of the exponents
to which 2,3 belong, that is, of 9,12, is 36. By the rules of the preceding article, this
factors into 9 and 4. We must therefore raise 2 to the power with exponent g, that is,
keep 2 itself, and raise 3 to the power with exponent 3. Their product is 54, which
therefore belongs to the exponent 36. Finally, calculating the period of 54 and again
trying a number not in it, for example 5, will show that this number is a primitive
root.

Various theorems on periods and primitive roots.

75.

Before leaving this subject, we will give a few propositions whose simplicity seems
to make them worth attention.

The product of all the terms in the period of any number is = 1 when their number,
or the exponent to which the number belongs, is odd, and = —1 when that exponent
18 even.

FEzxample. For the modulus 13, the period of 5 consists of 1,5, 12, 8, whose product
is 480 = —1 (mod. 13).

For the same modulus, the period of 3 consists of 1,3,9, whose product is 27 =
1 (mod. 13).

Proof. Let the exponent to which the number belongs be ¢, and its index %.
This is always possible with a suitable choice of base (Article 71). Then the index of

the product of all terms of the period is

p—1_(t-Dp-1)
t 2

that is, = 0 (mod.p — 1) when ¢ is odd, and = % when ¢ is even. Thus in the

first case the product = 1(mod.p), and in the second = —1 (mod.p) (Article 62).
Q. E. D.

=(1+2+3+etc. +t—1)

76.
If the number in the preceding theorem is a primitive root, its period includes all
the numbers 1,2,3...... p — 1, whose product is therefore always = —1 (for p — 1 is

always even, apart from the single case p = 2, where —1 and +1 are equivalent). This
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elegant theorem, usually stated as follows: the product of all numbers smaller than a
given prime, increased by unity, is divisible by that prime, was first stated by Waring
and attributed to Wilson, Esq., Meditt. algebr. Ed. 3, p. 380. But neither could
prove it. Waring admits that the proof seems all the harder because no notation
can be devised to express a prime number. — In our view, however, truths of this
kind should be drawn from concepts rather than notations. Later La Grange gave a
proof, Nouv. Mém. de I’Ac. de Berlin, 1771. It rests on considering the coefficients
obtained by expanding the product

z+l.z+2.24+3....z+p—1
Namely, if this product is put

=Pl + AxP™2 4+ BaP 3 +etc. + Mx + N

the coefficients A, B, etc., M will be divisible by p, while N will be =1.2.3.... p—1.
Now for = 1 the product is divisible by p, but is then =1+ N (mod.p). So 1+ N
must be divisible by p.

Finally, Euler gave a proof in Opusc. analyt. T. 1, p. 329, agreeing with the one
we have given here. If such men thought this theorem worth their consideration, we
hope readers will not mind if we add another proof.

7.

When modulo p the product of two numbers a, b is congruent to unity, let us follow
Fuler in calling the numbers a,b partners. By the preceding section, every positive
number smaller than p has exactly one positive partner smaller than p. It is easy
to prove that among 1,2,3.... p— 1, only 1 and p — 1 are their own partners. For
numbers that are their own partners are roots of zz = 1, which, being of the second
degree, cannot have more than two roots, that s, any besides 1 and p — 1. Removing
these, the remaining numbers 2.3.... p — 2 are paired off. Their product is therefore
= 1, so the product of all the numbers 1,2,3...p—1lis=p—1,or =—-1. Q. E. D.

For example, for p = 13 the numbers 2,3,4.... 11 are paired as follows: 2 with
7; 3 with 9; 4 with 10; 5 with 8; 6 with 11. Namely, 2.7 = 1; 3.9 = 1, etc. So
2.3.4.... 11 =1, and therefore 1.2.3.... 12 = —1.

78.

Wilson’s theorem can be stated more generally as follows. The product of all
numbers smaller than any given number A and coprime to it is congruent modulo A
to unity, taken either negatively or positively. Unity is to be taken negatively when
A has the form p™ or 2p™, where p denotes a prime other than 2, and also when
A = 4; positively in every other case. The theorem as stated by Wilson is included
in the first case. — For example, for A = 15 the product of 1,2,4,7,8,11,13,14 is
= 1 (mod. 15). For brevity we give no proof. We only note that it can be carried
out as in the preceding article, except that z& = 1 may have more than two roots,
requiring some special considerations. A proof could also be obtained by considering
indices, as in Article 75, together with what we will soon give on nonprime moduli.
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79.

We return to listing other propositions (Article 75).

The sum of all terms in the period of any number is = 0, as in the example of
Article 75, 1+ 5+ 124 8 = 26 = 0 (mod. 13).

Proof. Let the number whose period is in question be = a, and the exponent to
which it belongs = ¢t. The sum of all terms of the period is then

at — 1

El+a+aa+a3+etc.+at_1z 7
a/_

(mod. p)

But a® — 1 = 0, so this sum is always = 0 (Article 22), unless a — 1 is divisible by p,
or a = 1. We must therefore exclude this case if we wish to call even a single term a
period.

80.

The product of all primitive roots is = 1, with the single exception p = 3, when
there is just one primitive root, 2.

Proof. With any primitive root taken as the base, the indices of all primitive roots
are the numbers coprime to p — 1 and smaller than it. The sum of these numbers,
that is, the index of the product of all primitive roots, is = 0 (mod.p — 1), so the
product = 1 (mod. p). For if k is coprime to p — 1, clearly p — 1 — k is also coprime to
p — 1. Thus the numbers coprime to p — 1 pair off into sums divisible by p — 1. (But
k can never equal p — 1 — k, apart from the case p — 1 = 2, or p = 3, which we have

excluded: in every other case p-l g clearly not coprime to p — 1.)

2
81.

The sum of all primitive roots is either = 0 (when p — 1 is divisible by a square)
or = £1 (mod.p) (when p — 1 is a product of distinct primes; take the positive sign
if their number is even and the negative sign if it is odd).

Examples. 19 For p = 13, the primitive roots are 2,6,7,11, whose sum is 26 =
0 (mod. 13).

20 For p = 11, the primitive roots are 2,6, 7,8, whose sum is 23 = +1 (mod. 11).

3% For p = 31, the primitive roots are 3,11,12,13,17.21,22,24, whose sum is
123 = —1 (mod. 31).

Proof. We showed above (Article 55, II) that if p — 1 is = a®b’¢?, etc. (where
a,b, ¢, etc., denote distinct primes), and A, B,C, etc., are any numbers belonging
respectively to the exponents a®,b?, ¢, etc., all products ABC, etc., are primitive
roots. It is also easy to prove that every primitive root can be represented by such a
product, and in only one way ).

So these products can take the place of the primitive roots themselves. Since in
these products every value of A must be combined with every value of B, etc., the

Determine the numbers a,b, ¢, etc., so that a = 1 (mod.a®) and = 0(mod.b?cYetc.); b =
1 (mod. b?) and = 0 (mod. a%c"etc.), etc. (see Article 32). Then a + b 4 ¢ + etc. = 1 (mod.p — 1)
(Article 19). Now if any primitive root r is to be represented by a product ABC, etc., take
A =7r"B =r"C = r° etc. Then A belongs to the exponent a®, B to the exponent b, etc.
The product of all A, B,C, etc., is = r (mod. p). Finally, it is easy to see that A, B, C, etc., cannot be
determined in any other way.
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sum of all the products equals the product of the sum of all values of A, the sum
of all values of B, the sum of all values of C, etc., as is known from the theory of
combinations. Denote all values of A; B, etc., by A, A", A”, etc.; B, B’, B”, etc., etc.
Then the sum of all primitive roots

= (A+ A" +etc.) (B + B + etc.)etc.

Now I say that if the exponent o is = 1, the sum A + A’ + A” + etc. will be =
—1(mod. p); but if « is > 1, this sum will be = 0. The same applies to the other
exponents (3,7, etc. Once this is proved, the truth of our theorem will be evident.
For when p — 1 is divisible by a square, one of the exponents «, 3,7, etc., exceeds
unity. So one of the factors whose product is congruent to the sum of all primitive
roots is = 0, and therefore so is the product itself. But when p — 1 is divisible by
no square, all the exponents «, 3,7, etc., are = 1. The sum of all primitive roots is
then congruent to a product with as many factors, each = —1, as there are numbers
a, b, c, etc. It is therefore = +1, according to whether their number is even or odd.
The claims are proved as follows.

1. When o = 1 and A is a number belonging to the exponent a, the other
numbers belonging to this exponent are A%, A3.... A%~!. But

1+ A+ A2+ 43 4 A
is the sum of a complete period, and therefore = 0 (Article 79). So
A+ A2+ A3 1A =1

20, But when o > 1 and A is a number belonging to the exponent a®,
the other numbers belonging to this exponent are obtained by removing from
A% A3 A% . A% the terms A%, A%%, A3¢ etc.; see Article 53. Their sum is

therefore
=14+ A+A% 4 AT (14 AT A% 4 AT
that is, congruent to the difference of two periods, and thus = 0. Q. E. D.

Moduli that are powers of primes.

82.

Everything given so far rests on the assumption that the modulus is prime. We
still have to consider the case where a composite number is taken as the modulus.
But the properties here are neither as elegant as in the previous case, nor do they
require subtle devices to find them. Rather, almost everything can be drawn simply
from applying the preceding principles. Going through every detail would therefore
be unnecessary and tedious. So we will briefly give what this case shares with the
previous one and what is particular to it.
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83.

The propositions of Articles 4548 have already been proved in general. But the
proposition of Article 49 must be modified as follows:

If f denotes how many numbers are coprime to m and smaller than m, that is, if
f = ¢m (Article 38), the exponent t of the lowest power of a given number a coprime
to m that is congruent to unity modulo m is either = f or a proper divisor of that
number.

The proof in Article 49 also applies here if we replace p everywhere by m, p—1 by
f, and the numbers 1,2,3,....p — 1 by the numbers coprime to m and smaller than
m. We therefore refer the reader there. The other proofs mentioned there (Articles
50, 51) cannot be applied to this case without considerable complications. — But
for the following propositions, Article 52 onward, a major difference appears between
moduli that are powers of primes and those divisible by several primes. So we will
consider moduli of the first kind separately.

84.

If the modulus m = p", where p is prime, then f = p" !(p — 1) (Article 38).
Applying the investigations of Articles 53, 54 to this case, with the changes prescribed
in the preceding article, shows that everything proved there also holds here, provided
we have first proved that a congruence of the form z! — 1 = 0 (mod. p™) cannot have
more than t different roots. For a prime modulus we derived this from the more
general proposition of Article 43. But that proposition, in its full extent, holds only
for prime moduli, and so cannot be applied here. Nevertheless, we will prove the
proposition for this particular case by a special method. Below, in Section VIII, we
will show how to reach the same result more easily.

85.

We set out to prove the following theorem:

If the greatest common divisor of t and p"~'(p — 1) is e, the congruence z' =
1 (mod.p™) has e different roots.

Let e = kp¥, where k does not contain the factor p, and therefore divides p — 1.
Then the congruence ! = 1 has, modulo p, exactly k different roots. Denote these
by A, B,C, etc. Any root of the same congruence modulo p™ must be congruent
modulo p to one of A, B,C, etc. We will now show that 2! = 1. (mod. p") has p”
roots congruent to A, as many congruent to B, etc., modulo p. The total number of
roots will then be kp”, or e, as asserted. We will arrange the proof as follows. First,
we show that if « is a root congruent to A modulo p, then

a+p" a+2p"Y, a4+ 3", ca+ (PP = 1)p" Y

are also roots. Second, among numbers congruent to A modulo p, no numbers
besides those of the form « + hp"~" (where h is any integer) can be roots. This
clearly gives p” different roots and no more. The same holds for roots congruent to
each of B, etc. Third, we show how a root congruent to A modulo p can always
be found.
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86.
THEOREM. If, as in the preceding article, t is divisible by p* but not by p**, then

(a + hp")t — of = 0 (mod.p't),
but = o' hptt (mod.pt Tt
The latter part of the theorem does not hold when both p =2 and pu = 1.
We could prove this theorem by expanding the power of the binomial and showing
that every term after the second is divisible by p#*t**1. But examining the denom-
inators of the coefficients leads to some complications, so we prefer the following

method.
First suppose p > 1 and v = 1. Because

2

o=yt = (z —y) (@ + 22y + 23y Fete. + )

we have

(a+ hp)' = ol = hp"((a + hp")' ™
+ (a4 hp") 20 + ete. + oY)

But o + hpt = a(mod.p?), so each term (a + hp*)'~L, (a + hp*)i—2a, etc., is
= o'/~ !(mod. p?). Thus their sum is = ta‘~!(mod. p?), or of the form ta!~! + Vp?,
where V is some number. Hence (o + hp*)! — o' has the form

o thptt 4+ VipHt2,
that is, = o' Lhptt(mod.p**?) and = 0 (mod.p*t).
So the theorem is proved in this case.

Now if the theorem failed for other values of v, still with u > 1, there would
necessarily be a boundary up to which it was always true and beyond which it was
false. Let the smallest value of v for which it is false be = ¢. We readily see that if ¢

is divisible by p¥~! but not by p?, the theorem is still true, but becomes false when
t is replaced by tp. So we have

(o + hp)t = of + o' hpHt(mod. p*T¥)
or =al+ o Thptt 4+ upht?

where u is an integer. But since the theorem is already proved for v = 1, we have
(! + o Lhptt + up TP = P 4 P~ thpttl
+ /P typhtett (mod. p’”“”“)
and therefore also
(a + hp,u)tp = atP + atpflhputp (mod_pu+¢+1)

that is, the theorem is true even when t is replaced by tp, that is, for v = ¢, contrary
to the hypothesis. Thus the theorem is true for all values of v.
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87.

The case p = 1 remains. By a method entirely like the one used in the preceding
article, without the binomial theorem, we can show that

(a+ hp)t=t = o 2(t —1)hp  (mod. p?)

)T =«
ala+hp)2=a"t 4ol (t - 2)hp
)t73 atfl 4 at72(t _ 3)hp

ao(a + hp
etc.

so their sum, since the number of terms = ¢, is
=t + @atﬂhp(mod.pg)

Since t is divisible by p, is also divisible by p in every case except p = 2, as

already noted in the preceding article. In the other cases (t;ﬁat”hp = 0 (mod. p?),
so that sum is also = ta’~!(mod. p?), as in the preceding article. The rest of the
proof proceeds exactly as there.

We therefore conclude in general, with the single exception p = 2, that

(o + hp")t = o' (mod. p**7)

and (a + hp?*)t not = o' for any modulus that is a higher power of p than ptt”,
provided h is not divisible by p and p” is the highest power of p dividing ¢.

The first and second propositions we set out to prove in Article 85 follow at once:

first, if ' =1, then also (o + hp™" )" = 1 (mod. p");

second, suppose a number o/, congruent to A and therefore also to o modulo p,
but not congruent to the latter modulo p" ™, satisfied ' = 1 (mod. p"). Put o’ equal
to = a + Ip*, with [ not divisible by p. Then A < n — v, and (a + [p*) is congruent
modulo p** to at, but not modulo p™, which is a higher power. So o’ cannot be a
root of z! = 1.

88.

The third task was to find a root of 2! = 1 (mod. p") congruent to A. Here we
show only how this can be done if a root of the same congruence modulo p”~!
already known. This clearly suffices: starting with the modulus p, for which A is a
root, we can pass to the modulus p? and then to every successive power.

So let o be a root of x' = 1 (mod. p"~!), and seek a root of the same congruence
modulo p”. Put this root = o + hp"¥~!; the preceding article shows that it must
have this form. (The case v = n — 1 will be considered separately later; n — 1 cannot
be exceeded by v.) We must therefore have

is

(a4 hp" "1t = 1(mod. p" 1)

But (a+hp" v Ht = ol + o' thtp™ ! (mod. p")
So if h is chosen so that 1 = af + o'~ thtp" ¥~ (mod. p™), or, since by hypothesis
t

1 t
1) and ¢ is divisible by p”, so that “—— + o' 'h— is divisible by

1 = af(mod. p
( prt p
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p, the requirement is met. The preceding section shows that this is always possible,
since we assume here that ¢ cannot be divided by a power of p higher than p”, and

t . .
SO at*17 1s coprime to p.
p

But if v = n—1, that is, t is divisible by p"~! or even by a higher power of p, every
value A satisfying 2! = 1 modulo p also satisfies it modulo p™. For let ¢t = p"~'7;
then t = 7(mod. p—1). Since A® = 1 (mod. p), we therefore also have A™ = 1 (mod. p).
Put A7 = 1+ hp; then A* = (14 hp)?" "' = 1(mod. p™) by Article 87.

89.

Everything derived in Article 57 onward with the help of the theorem that a2 = 1
cannot have more than ¢ different roots also holds for a modulus that is a power of a
prime. If we call the numbers belonging to the exponent p"~!(p — 1) primitive roots,
or equivalently the numbers whose periods contain all numbers not divisible by p,
primitive roots exist here too. Everything given above on indices and their use, and
on solving 2! = 1, can also be applied here. Since there are no difficulties in doing so,
repeating everything from the beginning would be unnecessary. We have also shown
how to derive the roots of ' = 1 modulo p™ from those of the same congruence
modulo p. But we must add a few things about moduli that are powers of 2, since
they were excluded above.

Moduli that are powers of two.

90.

If a power of 2 higher than the second, say 2", is taken as the modulus, the
power with exponent 22 of any odd number is congruent to unity. For ezample,
3% = 6561 = 1 (mod. 32).

Every odd number has one of the forms 1 + 4h or —1 4 4h, so the proposition
follows at once from the theorem of Article 86.

Since the exponent to which any odd number belongs modulo 2" must divide 272,
it belongs to one of 1,2,4,8....2?"2, Which one can be decided easily as follows.
Let the given number be = 4h=+1, and the exponent of the highest power of 2 dividing
h be = m (which may also be = 0, namely when h is odd). Then the exponent to
which the given number belongs is = 2"~"~2, provided n > m + 2. But if n = or
< m+2, the given number is = %1, and so belongs either to the exponent 1 or to the
exponent 2. For a number of the form +1 + 2" "2k (equivalent to 4h + 1), raised to
the power with exponent 2"~™ 2, is congruent to unity modulo 2", but is not when
raised to a power whose exponent is a lower power of 2. This follows readily from
Article 86. So any number of the form 8k + 3 or 8k + 5 belongs to the exponent 2772,

91.

Thus there are no primitive roots here in the sense used above: no numbers whose
periods include all numbers smaller than the modulus and coprime to it. Yet an
analogue is easy to see. A power of a number of the form 8k + 3 with odd exponent is
always of the form 8k 4 3, while one with even exponent is always of the form 8k 4 1.
So no power can have the form 8k + 5 or 8k 4+ 7. Now the period of a number of the
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form 8k + 3 contains 272 different terms, each of the form 8k+3 or 8k+ 1, and there
are no more than 272 such numbers smaller than the modulus. Thus every number
of the form 8k + 1 or 8k + 3 is congruent modulo 2" to some power of any number of
the form 8k + 3. Similarly, the period of a number of the form 8k +5 can be shown to
contain all numbers of the forms 8k + 1 and 8k + 5. So if a number of the form 8k + 5
is taken as the base, all numbers of the forms 8k 4+ 1 and 8k + 5, taken positively,
and all numbers of the forms 8k + 3 and 8k + 7, taken negatively, acquire real indices.
Indices congruent modulo 27"~2 must here be treated as equivalent. This is how to
understand our Table I, where for the moduli 16, 32 and 64 (no table is needed for
the modulus 8) we always took 5 as the base. For example, the number 19, which is
of the form 8n + 3 and must therefore be taken negatively, has, for the modulus 64,
the index 7. This means 5° = —19 (mod. 64).

But numbers of the forms 8n + 1, 8n + 5, taken negatively, and those of the forms
8n + 3, 8n + 7, taken positively, would have to be assigned imaginary indices, so
to speak. Introducing these reduces the calculation of indices to a very simple algo-
rithm. But a fully rigorous treatment would take us too far afield, so we leave it for
another occasion, when we may undertake a fuller account of the theory of imagi-
nary quantities. In our view, no one has yet reduced that theory to clear concepts.
Those with experience will readily find this algorithm for themselves. Those with
less practice can still use the table just as people use logarithms without knowing
recent authors’ discussions of imaginary logarithms, provided they have a good grasp
of the principles established above.

Moduli composed of several primes.

92.

For a modulus composed of several primes, almost everything about residues of
powers can be derived from the general theory of congruences. But below we will
show more fully how to reduce any congruence for such a modulus to congruences
whose moduli are prime or powers of primes, so we need not spend much time on this
here. We only note that the very fine property holding for the other moduli, namely
that there always exist numbers whose periods include all numbers coprime to the
modulus, fails here. There is just one exception: when the modulus is twice a prime
or twice a power of a prime. For if the modulus m is put in the form A*B?C*, etc.,
where A, B, C, etc., are distinct primes, and A%~ (A —1) is denoted by o, B>~1(B—1)
by f, etc., and finally z is coprime to m, then 2% = 1 (mod. A%). 2 = 1 (mod. B?),
etc. So if p is the least common multiple of a, 3,7, etc., then z# = 1 for all the
moduli A%, B?, etc., and therefore also modulo m, their product. But except when
m is twice a prime or twice a power of a prime, the least common multiple of «, 3,7,
etc., is smaller than their product, since «, 5,7, etc., cannot be pairwise coprime, but
certainly have the common divisor 2. So no number’s period can contain as many
terms as there are numbers coprime to the modulus and smaller than it, since their
number equals the product of «, 3,7, etc. Thus, for example, for m = 1001 any
number coprime to m, raised to the power with exponent 60, is congruent to unity,
since 60 is a common multiple of 6,10,12. — But the case where the modulus is
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twice a prime or twice a power of a prime is entirely similar to the case of a prime
or a power of a prime.

93.

We have already mentioned here and there the writings in which other mathemati-
cians treated the subject of this section. But readers wanting some matters explained
more fully than our wish for brevity allowed are referred particularly to the following
papers by Euler. They are especially recommended for the clarity in which this great
man always excelled above all others.

Theoremata circa residua ex divisione potestatum relicta Comm. nov. Petr. T.
VII, p. 49 onward.

Demonstrationes circa residua ex divisione potestatum per numeros primos resul-
tantia.

Ibid. T. XVIII, p. 85 onward.
To these may be added Opusculorum analyt. T. I, papers 5 and 8.
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FOURTH SECTION
ON
CONGRUENCES OF THE SECOND DEGREE.

Quadratic residues and nonresidues.

94.

THEOREM. For any number m taken as modulus, among the numbers
0,1,2,3....m — 1, at most %m + 1 can be congruent to a square when m is even, and
at most %m + % when m is odd.

Proof. Since the squares of congruent numbers are congruent, any number that
can be congruent to a square will also be congruent to a square whose root is < m.
So it is enough to consider the least residues of the squares 0,1,4,9....(m — 1)2. But

we readily see that (m —1)2 =1, (m —2)%? = 22, (m —3)? = 32, etc. Thus, when m is
even, the squares (3m — 1) and ($m +1)2, (2m —2)% and ($m +2)2, etc. have the

same least residues; when m is odd, the squares (3m — 3)? and (m+1)2, (3m—32)?
and (%m + %)2, etc. are congruent. So no numbers other than those congruent to
one of the squares 0,1,4, 9(%m)2 can be congruent to a square when m is even;
when it is odd, every number congruent to a square must be congruent to one of
0,1,4, 9(%m — %)2 There are therefore at most %m + 1 distinct least residues in
the first case, and %m + % in the second. Q. E. D.

FEzxample. Modulo 13, the squares of the numbers 0, 1, 2, 3...6 have the least residues
0,1,4,9,3,12,10; after these, the same residues recur in reverse order, 10,12, 3, etc.
So any number congruent to none of these residues, or equivalently congruent to one
of 2,5,6,7. 8,11, cannot be congruent to a square.

Modulo 15 we find the residues 0,1,4,9,1, 10, 6,4, after which the same residues
recur in reverse order. Here the number of residues that can be congruent to a
square is even smaller than %m + %, since they are 0,1,4,6,9,10. The numbers
2,3,5,7,8,11,12,13, 14, and those congruent to any one of them, cannot be congruent

to a square modulo 15.
95.

It follows that, for any modulus, all numbers can be divided into two classes: one
contains the numbers that can be congruent to a square, and the other those that
cannot. We will call the former quadratic residues of the number taken as modulus”,
and the latter its quadratic nonresidues, or simply residues and nonresidues whenever
there is no risk of ambiguity. It is enough to classify all the numbers 0,1,2...m — 1,
since congruent numbers must belong to the same class.

Strictly speaking, we are using the genitive here in a different sense from before. We should say
that 7 is a residue of the square aa modulo m when r = aa (mod. m); but for brevity, throughout this
section we call r a quadratic residue of m itself, without any risk of ambiguity. From now on we will
not use the word residue to mean a congruent number, except when speaking of least residues, where
no doubt can arise.
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In this investigation too, we will begin with prime moduli; this is to be understood
even when we do not say so explicitly. The prime number 2 must, however, be
excluded: we will consider only odd primes.

When the modulus is prime, there are as many residues smaller than it as nonresidues.

96.

Taking the prime number p as modulus, half the numbers 1,2,3....p — 1 are
quadratic residues, and the rest are nonresidues; that is, there are %(p — 1) residues
and just as many nonrestdues.

For it is easy to prove that all the squares 1,4,9... %(p — 1)? are incongruent.
If rr = 7'r'(mod. p) were possible with the numbers 7,7’ unequal and no greater
than %(p — 1), then, taking r > r/, as we may, (r — 7’)(r + ') would be positive
and divisible by p. But both factors r — v’ and r + 7’ are smaller than p, so this
assumption is impossible (Article 13). Thus there are 5(p — 1) quadratic residues
among the numbers 1,2,3....p—1. There cannot be more, since adding the residue 0
gives %(p—i— 1), and the total number of residues cannot exceed this. So the remaining
numbers are nonresidues, and their number is = %(p —1).

Since zero is always a residue, we exclude it and numbers divisible by the modulus
from these investigations. This case needs no explanation and would only spoil the
neatness of the theorems. For the same reason we have excluded the modulus 2.

97.

Several results that we will present in this section can also be derived from the
principles of the previous section. Since it is useful to examine the same truth by
different methods, we will show this connection. We readily see that all numbers
congruent to a square have even indices, while those that cannot be congruent to any
square have odd indices. Since p — 1 is even, there are as many even indices as odd
ones, namely %(p — 1), and therefore as many residues as nonresidues.

Examples. The residues for the following moduli are

3 ... 1.

5 ... 1,4.

7o 1,2,4

11 ... 1,3,4,5,9.

13 ..... 1.3.4,9,10,12.

17 ..., 1,2,4,8,9,13,15,16.
ete.

The other numbers smaller than these moduli are nonresidues.
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Whether a composite number is a residue or a nonresidue of a given prime depends on its
factors.

98.

THEOREM. The product of two quadratic residues of the prime number p is a
residue; the product of a residue and a monresidue is a nonresidue; and the product
of two nonresidues is a residue.

Proof. 1. Let A, B be residues arising from the squares aa, bb, so that A = aa,
B = bb. Their product AB is congruent to the square of ab, and is therefore a residue.

II. When A is a residue, say = aa, and B is a nonresidue, AB is a nonresidue.
For suppose, if possible, that AB = kk, and let g(mod.p) = b. Then aaB = aabb,
so B = bb: that is, B is a residue, contrary to the hypothesis.

Another proof. Multiply all the residues among 1,2,3....p—1 (whose number is
= %(p—l)) by A. All the products are quadratic residues, and they are all incongruent.
If we now multiply the nonresidue B by A, the product will be congruent to none
of those already obtained. If it were a residue, there would therefore be %(p +1)
incongruent residues, not yet including the residue 0, contrary to Article 96.

III. Let A, B be nonresidues. Multiply all the residues among 1,2,3....p — 1
by A; we obtain 3(p — 1) mutually incongruent nonresidues (II). The product AB
cannot be congruent to any of them; so if it were a nonresidue, there would be
%(p + 1) mutually incongruent nonresidues, contrary to Article 96. So the product,
etc. Q. E. D.

These theorems follow still more easily from the principles of the previous section.
The indices of residues are always even, and those of nonresidues odd; so the index
of the product of two residues or of two nonresidues is even, and the product itself is
a residue. In contrast, the index of the product of a residue and a nonresidue is odd,
so the product itself is a nonresidue.

Both methods of proof can also be used for the following theorems: The value of
the expression § (mod. p) is a residue when the numbers a,b are both residues or both
nonresidues; it is a nonresidue when one of the numbers a,b is a residue and the
other a nonresidue. These also follow by reversing the preceding theorems.

99.

In general, a product of any number of factors is a residue both when all the
factors are residues and when an even number of them are nonresidues. When an
odd number of the factors are nonresidues, the product is a nonresidue. So we can
readily decide whether a composite number is a residue if we know the character of
each of its factors. For this reason, we have included only prime numbers in Table
II. The table is arranged as follows. The moduli are placed in the margin”), and the
successive prime numbers in the body of the table. When one of these primes is a
residue of a modulus, a short line is placed in the corresponding space; when the
prime is a nonresidue of the modulus, that space is left empty.

“'We will soon show how we can also dispense with composite moduli.
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Composite moduli.

100.

Before moving on to more difficult matters, we must add a few observations about
nonprime moduli.
If, for a prime number p, a power p™ is taken as modulus (where we assume that
p is not 2), half the numbers not divisible by p and smaller than the modulus are
1

residues, and half are nonresidues; that is, the number of each is = 5(p — 1)pn1L.

For if r is a residue, it is congruent to a square whose root does not exceed half
1

the modulus; see Article 94. We readily see that there are 5(p — 1)p™~! numbers
not divisible by p and smaller than half the modulus. It remains to prove that their
squares are all incongruent, or give distinct quadratic residues. If the squares of two
numbers a, b, not divisible by p and smaller than half the modulus, were congruent,
then aa — bb, or (a — b)(a + b), would be divisible by p" (taking a > b, as we may).
This is possible only if either one of the numbers a —b. a + b is divisible by p™, which
is impossible since each is < p™, or one is divisible by p™ and the other by p"~™,
so both are divisible by p. But this too is impossible. Their sum and difference, 2a
and 2b, would then also be divisible by p, and therefore so would a and b, contrary
to the hypothesis. — We conclude that, among the numbers not divisible by p and
1

smaller than the modulus, there are 5(p — 1)p"~! residues; the remaining numbers,

of which there are just as many, are nonresidues. . E. D. — This theorem can also
be derived by considering indices, much as in Article 97.
101.

FEvery number not divisible by p that is a residue of p is also a residue of p"; every
nonresidue of p is also a nonresidue of p".

The latter part of this proposition needs no proof. If the first part were false, then
among the numbers smaller than p™ and not divisible by p, more would be residues
of p than of p™, that is, more than %p"_l(p —1). But we readily see that the number
of residues of p among these numbers is exactly = %p”_l(p -1).

It is just as easy to find an actual square congruent to a given residue modulo p™,
if a square congruent to it modulo p is known.

If we have a square aa congruent to the given residue A modulo p*, we can derive
a square congruent to A modulo p¥ (where we assume v > p and = or < 2u) as
follows. Put the root of the required square = +a + xp*, a form that it must clearly
have. We must then have aa + 2axp* + xzp** = A(mod.p”), or, since 2u > v,
A — aa = F2axp* (mod. p¥). Let A — aa = ptd; then z is the value of the expression
:I:% (mod. p”~*), which is equivalent to j:‘;‘;p%“ (mod. p¥).

So a square congruent to A modulo p gives a square congruent to A modulo p?;
from here we can move up to the modulus p?, then to p%, etc.

FEzxample. Given the residue 6, congruent modulo 5 to the square 1, we find the
square 92 to which it is congruent modulo 25, then 16 to which it is congruent
modulo 125, etc.
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102.

As for numbers divisible by p, their squares are clearly divisible by pp. So all
numbers divisible by p but not by pp are nonresidues of p™. In general, given a
number p* A where A is not divisible by p, we must distinguish the following cases:

1) When k = or > n, we have p*A = 0 (mod. p"), a residue.

2) When k < n and the exponent is odd, pF A is a nonresidue.

For if pfA = p?*T1 A = 55 (mod. p"), then ss would be divisible by p?**+1, which is
possible only if s is divisible by p**!. But then ss would also be divisible by p?**2,
and therefore (since 2x 4 2 is certainly no greater than n) so would pFA, that is,
p?*t1A. Thus A would be divisible by p, contrary to the hypothesis.

3) When k < n and the exponent is even. Then p*A is a residue or a nonresidue
of p™ according as A is a residue or a nonresidue of p. For when A is a residue of p,
it is also a residue of p"~*. If A = aa(mod.p"*), then Ap* = aap® (mod. p"), and
aap”® is a square. But when A is a nonresidue of p, p*A cannot be a residue of p".
For suppose pFA = aa (mod. p™); then aa must be divisible by p®. The quotient is a
square congruent to A modulo p"~*, and therefore also modulo p; that is, A would
be a residue of p, contrary to the hypothesis.

103.

Since we excluded the case p = 2, we must now say something about it. When
the modulus is 2, every number is a residue, and there are no nonresidues. When the
modulus is 4, all odd numbers of the form 4k + 1 are residues, and all those of the
form 4k + 3 are nonresidues. Finally, when the modulus is 8 or a higher power of 2,
all odd numbers of the form 8k + 1 are residues, and the others, those of the forms
8k 4+ 3, 8k + 5, 8k + 7, are nonresidues. The latter part of this proposition is clear,
since the square of any odd number, whether of the form 4k 4+ 1 or 4k — 1, has the
form 8k 4+ 1. We prove the first part as follows.

1) If either the sum or the difference of two numbers is divisible by 277!, their
squares are congruent modulo 2. For if one is put = a, the other has the form
211 4 a, whose square is = aa (mod. 2").

2) Every odd number that is a quadratic residue of 2" is congruent to a square
whose root is odd and < 2772, Let aa be any square congruent to that number, and
let a = +a(mod. 2"71), with o no greater than half the modulus (Article 4). Then
aa = aa, so the given number is also = aa. Both a and « are clearly odd, and
a < 2",

3) The squares of all odd numbers smaller than 2"~2 are incongruent modulo 2".
For let r and s be two such numbers. If their squares were congruent modulo 2", then
(r — s)(r + s) would be divisible by 2" (taking r > s). But the numbers r — s, r + s
clearly cannot both be divisible by 4; so if one is divisible only by 2, to make their
product divisible by 27, the other would have to be divisible by 2"~ 1. Q. E. A. since
both are < 2772,

52



Arithmetical Investigations

4) Finally, reduce these squares to their least positive residues. We obtain 273
distinct quadratic residues smaller than the modulus”, each of the form 8k + 1. But
there are exactly 2”2 numbers of the form 8k + 1 smaller than the modulus, so they
must all occur among those residues. Q. E. D.

To find a square congruent to a given number of the form 8k + 1 modulo 2", we
can use a method like that of Article 101; see also Article 88. — Finally, what we
said in general in Article 102 also applies to even numbers.

104.

The following facts about the number of distinct values (that is, values incongruent
modulo the given modulus) admitted by an expression such as V = /A (mod. p"),
when A is a residue of p", follow easily from what precedes. (As before, we assume
that p is prime, and for brevity include the case n = 1 from the outset.) 1. If A is not
divisible by p, V has one value for p = 2, n = 1, namely V = 1; two when p is odd,
and also for p = 2, n = 2: if one is put = v, the other is = —v; four for p =2, n > 2:
if one is put = v, the others are = —v, 2" ! + v, 27~1 — . IL If A is divisible by p
but not by p”, let the highest power of p dividing A be p?* (its exponent must clearly
be even), and let A = ap?*. All values of V are then clearly divisible by p#, and the
quotients are values of the expression V' = y/a (mod. p"~2#). So all distinct values
of V are obtained by multiplying all values of the expression V' lying between 0 and
p"H by p*. They are therefore given by

vpt,  opt +p"TH, wpt 2" TR uph + (P - 1)p"TH

where v stands in turn for all distinct values of the expression V’. Their number
is thus p#, 2p* or 4pH, according as the number of the latter values (by case I) is 1, 2
or 4. III. If A is divisible by p", put n = 2m or = 2m — 1 according as it is even or
odd. We readily see that all numbers divisible by p™, and no others, are values of V.
So all its distinct values are 0,p",2p" ... (p"~™ — 1)p™, and their number is p"~"™.

105.
There remains the case where the modulus m is composed of several primes. Let
m = abc. .., where a,b,c, etc. denote distinct primes or powers of distinct primes.

If n is a residue of m, then n is clearly also a residue of each of a,b,c, etc.; so n is
certainly a nonresidue of m if it is a nonresidue of any of a, b, ¢, etc. Conversely, if n
is a residue of each of a, b, ¢, etc., it is also a residue of their product m. For suppose
n = A2, B2, C?, etc. modulo a,b,c, etc., respectively. Find a number N congruent
to A, B,C, etc. modulo a, b, ¢, etc., respectively (Article 32). Then n = NN modulo
all these moduli, and therefore modulo their product m. — We readily see that
combining any value of A, or of the expression y/n (mod.a), with any value of B,
with any value of C, etc., gives a value of N, or of the expression /n (mod.m);
that distinct combinations give distinct values of N; and that all the combinations
give all the values. So the number of all distinct values of N equals the product of
the numbers of values of A, B,C, etc., which we showed how to determine in the
preceding article. — Furthermore, if one value of the expression /n (mod.m), or of

“Since the number of odd numbers below 272 is 273,
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N, is known, it is also a value of all of A, B, C, etc. Since all the other values of these
quantities can then be derived by the preceding article, all the other values of N can
readily be obtained from one.

FEzample. Let the modulus be 315, and ask whether 46 is a residue or a nonresidue
of it. The prime divisors of 315 are 3,5,7, and 46 is a residue of each of them, so
it is also a residue of 315. Furthermore, since 46 = 1 and = 64(mod.9); = 1 and
= 16 (mod. 5); = 4 and = 25 (mod. 7), we find the roots of the squares to which 46 is
congruent modulo 315: 19,26, 44, 89, 226, 271, 289, 296.

A general criterion for deciding whether a given number is a residue or a nonresidue of a
given prime.

106.

It follows from what precedes that, if we can always decide whether a given prime
number is a residue or a nonresidue of a given prime, all other cases can be reduced
to this one. We must therefore make every effort to find reliable criteria for this
case. Before starting that investigation, we give a criterion drawn from the previous
section which, though of almost no practical use, deserves mention for its simplicity
and generality.

Any number A not divisible by the prime 2m + 1 is a residue or a nonresidue of
that prime according as A™ = +1 or = —1 (mod. 2m + 1).

For the modulus 2m + 1, let the index of A in any system be a. Then a is even
when A is a residue of 2m + 1, and odd when A is a nonresidue. The index of A™ is
ma, that is, = 0 or = m (mod. 2m), according as a is even or odd. Thus A™ is = +1
in the first case, and = —1 (mod. 2m + 1) in the second. See Articles 57 and 62.

Example. 3 is a residue of 13 because 3% = 1 (mod. 13), while 2 is a nonresidue
of 13 because 26 = —1 (mod. 13).

But whenever the numbers to be tested are even moderately large, this criterion
is quite useless because of the enormous amount of calculation.

Investigations of the primes for which given numbers are residues or nonresidues.

107.

Given a modulus, it is very easy to specify all the numbers that are its residues
or nonresidues. Put that number = m. We must determine the squares whose roots
do not exceed half of m, or numbers congruent to these squares modulo m (still
quicker methods are available in practice). Then all numbers congruent to one of
them modulo m are residues of m, and all numbers congruent to none of them are
nonresidues. — But the inverse question, given a number, to specify all numbers of
which it is a residue or a nonresidue, calls for a much deeper investigation. We will
therefore examine this problem, on whose solution the one proposed in the preceding
article depends, starting with the simplest cases.
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The residue —1.

108.

THEOREM. For every prime of the form 4n + 1, —1 is a quadratic residue; for
every prime of the form 4n + 3, it is a nonresidue.

Ezxzample. —1 is a residue of the numbers 5,13, 17,29, 37,41, 53,61.73, 89, 97, etc.,
arising respectively from the squares of 2,5,4,12,6,9,23,11,27,34, 22, etc.; it is a
nonresidue of the numbers 3,7,11,19, 23, 31,43,47,59,67,71,79, 83, etc.

We already mentioned this theorem in Article 64. Its proof follows easily from
Article 106: for a prime of the form 4n + 1 we have (—1)?" = 1, and for one of the
form 4n + 3 we have (—1)2"*! = —1. This proof agrees with the one given there.
But the theorem is so elegant and useful that another proof will not be out of place.

109.

Denote the collection of all residues of the prime p that are smaller than p, exclud-
P

ing the residue 0, by the letter C. Their number is always = %1, so it is even when
p has the form 4n + 1, and odd when p has the form 4n + 3. As in Article 77, where
we considered numbers in general, call residues partners when their product is = 1
(mod. p); for if r is a residue, 1 (mod. p) is clearly a residue too. Since a residue
cannot have more than one partner among the residues C, all the residues C can
be divided into classes, each containing two partner residues. If no residue were its
own partner, that is, if each class contained two unequal residues, the total number
of residues would be twice the number of classes. But if some residues are their own
partners, that is, if some classes contain only one residue, or, if preferred, the same
residue twice, let the number of these classes be = a, and that of the remaining
classes = b; then the number of all residues C' is = a + 2b. So when p has the form
4n+1, a is even; when p has the form 4n + 3, @ is odd. But no numbers smaller than
p other than 1 and p — 1 can be their own partners (see Article 77), and the first, 1,
certainly occurs among the residues. So in the first case p — 1 (or, equivalently here,
—1) must be a residue, and in the second a nonresidue; otherwise in the former case
we would have a = 1, and in the latter = 2, which is impossible.

110.

This proof too is due to the distinguished Euler, who also first found the earlier
one. See Opusc. Anal. Vol. I, p. 135. — It is easy to see that it rests on principles
like those of our second proof of Wilson’s theorem in Article 77. But if we assume
that theorem, we can give an even easier proof. Among the numbers 1,2,3...p—1
there are % quadratic residues of p and just as many nonresidues; so the number
of nonresidues is even when p has the form 4n + 1, and odd when p has the form
4n + 3. Thus the product of all the numbers 1,2,3...p — 1 is a residue in the first
case and a nonresidue in the second (Article 99). But this product is always = —1

(mod. p); so —1 too is a residue in the first case and a nonresidue in the second.
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111.

So if r is a residue of a prime of the form 4n+ 1, —r is also a residue of that prime,
while all the nonresidues of such a prime remain nonresidues when their signs are
reversed”). The opposite happens for primes of the form 4n + 3: reversing the sign
turns residues into nonresidues and vice versa. See Article 98.

We also readily derive the general rule: —1 is a residue of every number divisible

neither by 4 nor by any prime of the form 4n + 3, and a nonresidue of every other
number. See Articles 103 and 105.

S0 when we speak of any number as a residue or a nonresidue of a number of the form 4n + 1, we
can disregard its sign altogether, or even give it the double sign =+.
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The residues +2 and —2.

112.

We move on to the residues +2 and —2.

Collecting from Table II all the primes for which +2 is a residue gives
7,17,23,31,41,47,71,73,79.89,97. We readily notice that none of them have either
the form 8n + 3 or the form 8n + 5.

Let us see whether we can turn this observed pattern into a certainty.

First, every composite number of the form 8n 4 3 or 8n 4+ 5 must have a prime
factor of one of the forms 8n + 3 or 8n + 5. For primes of the forms 8 + 1, 8n + 7
alone can produce only numbers of the form 8n + 1 or 8n + 7. So if our observation
holds in general, there is no number at all of the form 8n + 3, 8n + 5 for which 42
is a residue. Certainly no such number below 100 has +2 as a residue. If there are
such numbers beyond this bound, let the smallest be = ¢. Then t has either the form
8n + 3 or 8n + 5; +2 is a residue of it, but a nonresidue of all smaller numbers of
these forms. Put 2 = aa (mod. t). We can always choose a odd and < ¢ (for a has
at least two positive values smaller than ¢ whose sum is = ¢, so one is even and the
other odd; see Articles 104 and 105). Then let aa = 2 + tu, or tu = aa — 2. Now aa
has the form 8n + 1, so tu has the form 8 — 1, and u has the form 8n + 3 or 8n + 5,
according as t has the latter or the former form. But the equation aa = 2 + tu also
gives 2 = aa (mod. u), that is, 2 is also a residue of u. We readily see that u < t, so
t is not the smallest counterexample to our observation, contrary to the hypothesis.
Thus the pattern we found by inspection holds in general.

Combining this with the proposition of Article 111 gives the following theorems.

I. For every prime of the form 8n + 3, +2 is a nonresidue and —2 a residue.

II. For every prime of the form 8n + 5, both +2 and —2 are nonresidues.

113.

Similarly, inspection of Table II gives the following primes for which —2 is a residue:
3,11,17,19, 41,43, 59,67, 73,83,89,97"). None have the forms 8n + 5, 8n + 7; let us
see whether this observation too can be established as a general theorem. As in the
preceding article, every composite number of the form 8n + 5 or 8n + 7 has a prime
factor of the form 8n+5 or 8n 4 7. So if our observation holds in general, —2 cannot
be a residue of any number of the form 8n + 5 or 8n + 7. If such numbers exist, let
the smallest be = ¢, and put —2 = aa — tu. Choose a odd and smaller than ¢, as
above; then u has the form 8n + 5 or 8n 4 7, according as ¢ has the form 8n + 7
or 8n + 5. From aa + 2 = tu and a < ¢ we readily find that u is also smaller than
t. Finally, —2 is a residue of u too; that is, t is not the smallest counterexample to
our observation, contrary to the hypothesis. So —2 must be a nonresidue of every
number of the forms 8n + 5, 8n + 7.

Combining this with the proposition of Article 111 gives these theorems:

1. For every prime of the form 8n + 5, both —2 and 42 are nonresidues, as we
already found in the preceding article.

II.  For every prime of the form 8n + 7, —2 is a nonresidue and +2 a residue.

By considering —2 as the product of +2 and —1; see Article 111.
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In both proofs we could also have chosen an even value of a. We would then have
had to distinguish the case where a has the form 4n + 2 from the case where a has
the form 4n. The argument proceeds just as above, without any difficulty.

114.

One case remains: the prime has the form 8n 4+ 1. The preceding method does
not handle this case, which requires quite different devices.

For the prime modulus 8n+1, let a be any primitive root. Then (Article 62) a*" =
—1 (mod. 8n+1). This congruence can also be written (a?"+1)? = 2a?" (mod. 8n+1),
or (a®® —1)? = —2a". So both 2a*" and —2a®" are residues of 8n + 1. Since a®" is
a square not divisible by the modulus, both +2 and —2 are residues as well (Article
98).

115.

It will be useful to add another proof of this theorem, related to the preceding
one as the second proof of the theorem of Article 108 (Article 109) is related to the
first (Article 108). Readers familiar with these matters will then see more easily that
neither pair of proofs is as different as it may seem at first sight.

I. For any prime modulus of the form 4m + 1, among the smaller numbers
1,2,3...4m, there are m that can be congruent to a fourth power, while the re-
maining 3m cannot.

This follows easily from the principles of the previous section, but a proof without
them is not difficult either. We proved that, for such a modulus, —1 is always
a quadratic residue. So let ff = —1. If z is any number not divisible by the
modulus, the fourth powers of the four numbers +z, —z, + fz, — fz (which are clearly
incongruent) are congruent to one another. The fourth power of a number congruent
to none of these four cannot be congruent to their fourth powers: otherwise the
congruence z? = 2%, of the fourth degree, would have more than 4 roots, contrary
to Article 43. Thus all the numbers 1,2,3,...4m give only m incongruent fourth
powers; among those same numbers, m are congruent to them, and the rest cannot
be congruent to any fourth power.

II. For a prime modulus of the form 8n + 1, —1 can be congruent to a fourth
power (—1 is a biquadratic residue of that prime).

For the number of all biquadratic residues smaller than 8n + 1 (excluding zero) is
= 2n, that is, even. Also, if r is a biquadratic residue of 8n + 1, it is easy to prove
that the value of the expression %(mod. 8n + 1) is one too. So all the biquadratic
residues can be divided into classes as we divided the quadratic residues in Article
109; the rest of the proof proceeds in exactly the same way as there.

III. Now let g¢* = —1, and let h be the value of the expression %(mod. 8n +1).
Then

(g h)?=g*+h?>+2gh=g*>+h*£2

(because gh = 1). But ¢g* = —1, so —h? = g*h? = ¢?, and finally ¢ + h?> = 0 and
(g £ h)? = £2; that is, both +2 and —2 are quadratic residues of 8n + 1. Q. E. D.
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116.

The preceding results also readily give this general rule: +2 is a residue of every
number divisible neither by 4 nor by any prime of the form 8n + 3 or 8n + 5; it is
a nonresidue of all the others (for example, all numbers of the forms 8n + 3, 8n + 5,
whether prime or composite).

—2 is a residue of every number divisible neither by 4 nor by any prime of the
form 8n+5 or 8n + 7, and a nonresidue of all the others.

These elegant theorems were already known to the perceptive Fermat, Op.
Mathem., p. 168. But he never communicated the proof he claimed to have.
Later the distinguished Euler repeatedly sought it in vain; the distinguished La-
grange was the first to find a rigorous proof, Nouv. Mém. de I’Ac. de Berlin, 1775,
pp. 349, 351. Euler seems still to have been unaware of this when he wrote the paper
preserved in Opusc. Analyt., Vol. 1, p. 259.

The residues +3 and —3.

117.

We move on to the residues +3 and —3, starting with the latter.

From Table IT we find the following primes for which —3 is a residue: 3, 7. 13, 19,
31, 37, 43, 61, 67, 73, 79, 97. None have the form 6n + 5. We prove as follows that
there are no primes of this form for which —3 is a residue beyond the table’s range
either. First, every composite number of the form 6n + 5 must have a prime factor
of the same form. As long as no primes of the form 6n + 5 have —3 as a residue, no
such composite numbers occur either. If there are such numbers beyond the table’s
range, let the smallest be = ¢, and put —3 = aa — tu. Choosing a even and smaller
than ¢, we have u < ¢, and —3 is a residue of u. If a has the form 6n + 2, then tu
has the form 6n + 1, so v has the form 6n + 5. . E. A. For we assumed that ¢ was
the smallest counterexample to our observation. If a has the form 6n, then tu has
the form 36n + 3, so %tu has the form 12n + 1, and %u has the form 6n + 5. But —3
is clearly also a residue of %u, and %u <t, Q. E. A. Thus —3 cannot be a residue of
any number of the form 6n + 5.

Every number of the form 6n 4 5 has either the form 12n + 5 or 12n + 11, the
former being included in 4n + 1 and the latter in 4n + 3. So we obtain the following
theorems:

I.  For every prime of the form 12n + 5, both —3 and +3 are nonresidues.

II.  For every prime of the form 12n 4+ 11, —3 is a nonresidue and +3 a residue.

118.

From Table II we find the following numbers for which 43 is a residue: 3, 11,
13, 23, 37, 47, 59, 61, 71, 73, 83, 97. None have the form 12n + 5 or 12n + 7.
That no numbers at all of the forms 12n + 5, 12n + 7 have +3 as a residue can be
proved in exactly the same way as in Articles 112, 113 and 117, so we omit this work.
Comparing with Article 111 gives the theorems:

I.  For every prime of the form 12n + 5, both +3 and —3 are nonresidues (as we
already found in the preceding article).

II.  For every prime of the form 12n + 7, +3 is a nonresidue and —3 a residue.
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119.

This method gives no result for numbers of the form 12n + 1, which therefore
require special devices. Inspection readily suggests that +3 and —3 are residues of
every prime of this form. We need only prove that —3 is a residue of such numbers,
since then +3 must be one too (Article 111). We will prove more generally that —3
is a residue of every prime of the form 3n + 1.

Let p be such a prime, and let a, for the modulus p, belong to the exponent 3
(such numbers exist by Article 54, since 3 divides p — 1). Then a® = 1 (mod. p), that
is, a® — 1, or (a® + a + 1)(a — 1), is divisible by p. But a cannot be = 1 (mod. p),
since 1 belongs to the exponent 1. So a — 1 is not divisible by p, but a® + a + 1 is,
and therefore so is 4aa + 4a + 4; that is, (2a + 1)? = —3 (mod. p), or —3 is a residue
ofp. Q. E. D.

This proof, which is independent of the preceding ones, also covers the primes of
the form 12n + 7 already dealt with in the preceding article.

We also note that this argument could be presented along the lines of the method
used in Articles 109 and 115, but for brevity we do not pursue this.

120.

The preceding results readily give the following theorems (see Articles 102, 103
and 105).

I. =3 is a residue of all numbers divisible neither by 8, nor by 9, nor by any prime
of the form 6n + 5, and a nonresidue of all the others.

II. +3 is a residue of all numbers divisible neither by 4, nor by 9, nor by any prime
of the form 12n + 5 or 12n+ 7, and a nonresidue of all the others.

Keep this particular case especially in mind:

—3 is a residue of all primes of the form 3n + 1, or equivalently all those that are
residues of 3; it is a nonresidue of all primes of the form 6n + 5, or, excluding 2, all
those of the form 3n + 2, that is, all those that are nonresidues of 3. All the other
cases clearly follow from this.

The propositions concerning the residues +3 and —3 were already known to Fer-
mat, Opera Wallisii, Vol. 11, p. 857. But the distinguished Euler first gave proofs,
Comm. nov. Petr., Vol. VIII, p. 105 ff. It is all the more surprising that proofs of
the propositions concerning the residues +2 and —2, based on entirely similar devices,
always escaped his insight. See also the paper by the distinguished Lagrange, Nouw.
Mém. de l’Ac. de Berlin, 1775, p. 352.

60



Arithmetical Investigations

The residues +5 and —5.

121.

Inspection suggests that +5 is a nonresidue of every odd number of the form 5n+-2
or 5n + 3, that is, of every odd number that is a nonresidue of 5. We prove that this
rule has no exceptions as follows. Let the smallest exception, if there is one, be = t.
It is therefore a nonresidue of 5, while 5 is a residue of ¢t. Let aa = 5 + tu, with a
even and smaller than ¢. Then u is odd and smaller than ¢, and +5 is a residue of
u. If a is not divisible by 5, neither is u. But tu is clearly a residue of 5, so, since ¢
is a nonresidue of 5, u is a nonresidue too. That is, there is an odd nonresidue of 5,
of which 45 is a residue, smaller than ¢, contrary to the hypothesis. If a is divisible
by 5, put a = 5b and u = 5v; then tv = —1 = 4 (mod. 5), that is, tv is a residue of 5.
The rest of the proof proceeds as in the first case.

122.

Thus, for all primes that are nonresidues of 5 and have the form 4n + 1, that is,
all primes of the form 20n + 13 or 20n + 17, both +5 and —5 are nonresidues. For
all primes of the form 20n + 3 or 20n + 7, 45 is a nonresidue and —5 a residue.

In just the same way we can prove that —5 is a nonresidue of all primes of the
forms 20n + 11, 20n + 13, 20n + 17, 20n + 19. It follows that +5 is a residue of all
primes of the form 20n + 11 or 20n 4+ 19, and a nonresidue of all those of the form
20n + 13 or 20n + 17. Every prime except 2 and 5 (of which +5 is a residue) has
one of the forms 20n+1,3,7,9,11,13,17,19, so we can now decide every case except
those of the form 20n + 1 or 20n + 9.

123.

Inspection readily suggests that +5 and —5 are residues of all primes of the form
20n + 1 or 20n + 9. If this holds in general, we have the elegant law that +5 is a
residue of every prime that is a residue of 5 (these have one of the forms 5n + 1 or
5n 4+ 4, or one of 20n + 1,9,11,19; the third and fourth of the latter have already
been dealt with), but a nonresidue of every odd number that is a nonresidue of 5, as
we proved above. This theorem is enough to decide whether +5 (and therefore —5,
considered as the product of +5 and —1) is a residue or a nonresidue of any given
number. Finally, note the analogy between this theorem and the one concerning the
residue —3 in Article 120.

But proving this observed pattern is not so easy. For a prime of the form 20n + 1,
or more generally of the form 5n + 1, we can proceed much as in Articles 114 and
119. For the modulus 5n + 1, let a be any number belonging to the exponent 5; such
numbers exist by the previous section. Then a® =1, or (a—1)(a*+a®+a?+a+1) =
0 (mod.5n+1). Since we cannot have a = 1, and therefore cannot have a—1 = 0, we
must have a* +a®+a?+a+1=0. Thus 4(a* +a*+a? +a+1) = (2aa+a+2)? —5a?
is also = 0, that is, 5ba? is a residue of 5n + 1, and so is 5, since a? is a residue not
divisible by 5n + 1 (for a is not divisible by 5n + 1 because a® = 1). Q. E. D.

The case of a prime of the form 5n + 4, however, requires subtler methods. The
propositions used to resolve it will be treated more generally later, so we touch on
them only briefly here.
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I. If p is a prime and b a given quadratic nonresidue of p, the value of the expression

(24 VB — (= o]
Vb
(from whose expansion the irrationality clearly disappears) is always divisible by p,

whatever number is substituted for z. Inspection of the coefficients in the expansion
of A shows that all terms from the second to the next-to-last, inclusive, are divisible

(A)...

by p, so A = 2(p+ 1)(aP + xb%) (mod. p). Since b is a nonresidue of p, we have
b = —1 (mod.p) (Article 106), while zP is always = x (previous section). So
A=0. Q. E. D.

II. In the congruence A = 0 (mod. p), the indeterminate = has degree p, and all

the numbers 0,1, 2....p — 1 are roots. Let e be a divisor of p+ 1. Then the expression

(24 Vb)° — (@ — V/b)"
Vb
(which we denote by B) is free of irrationality when expanded, and the indeter-
minate x has degree e — 1 in it. Elementary analysis tells us that A is divisible by
B identically. I now say that there are e — 1 values of & which, substituted into B,
make B divisible by p. For put A = BC. Then z in C has degree p — e + 1, so
the congruence C' = 0 (mod. p) has at most p — e + 1 roots. Thus all the remaining
numbers among 0, 1,2, 3....p— 1, whose number is = e— 1, are roots of the congruence
B=0.
III. Now let p have the form 5n + 4, let e = 5, let b be a nonresidue of p, and
determine a so that

(a+vb)® —(a—b)°
NG

is divisible by p. This expression becomes

= 10a* 4 20aab + 2bb = 2((b + 5aa)? — 20a*)

So (b + 5aa)? — 20a* too is divisible by p, that is, 20a* is a residue of p. Since 4a*
is a residue not divisible by p (we readily see that a cannot be divisible by p), 5 is
also a residue of p. Q. E. D.

Thus the theorem stated at the beginning of this article holds in general. —

We also note that the proofs for both cases are due to the distinguished Lagrange,
Mém. de l’Ac. de Berlin, 1775, p. 352 ff.
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On =£7.

124.

By a similar method we prove that

—7 is a nonresidue of every number that is a nonresidue of 7.

Inspection suggests, on the other hand, that

—7 is a residue of every prime that is a residue of 7.

But no one has yet proved this rigorously. For those residues of 7 that have the
form 4n — 1, the proof is easy: a method already familiar from what precedes shows
that +7 is always a nonresidue of such primes, and so —7 a residue. But this gains
us little, since the remaining cases cannot be treated by this method. We can handle
one more case much as in Articles 119, 123. If p is a prime of the form 7n + 1, and
a, for the modulus p, belongs to the exponent 7, then

7
4(2_11) = (2a®* + a® —a —2)* + 7(a* + a)?

is clearly divisible by p, so —7(a? + a)? is a residue of p. But (a? + a)?, being a
square, is a residue of p, and is not divisible by p. For since a is assumed to belong
to the exponent 7, it can be neither = 0 nor = —1 (mod. p); that is, neither a nor
a + 1 is divisible by p, and neither is the square (a + 1)?a®. Thus 7 too is clearly
a residue of p. Q. E. D. — But primes of the form 7n 4+ 2 or 7n + 4 resist all the
methods given so far. This proof too was first found by the distinguished Lagrange at
the cited place. — In Section VII below we will show in general that the expression
% can always be reduced to the form X2 F pY? (taking the upper sign when
p is a prime of the form 4n + 1, and the lower when it has the form 4n + 3), where
X, Y denote rational functions of z, free of fractions. Lagrange did not carry out this

decomposition beyond the case p = 7; see the cited place, p. 352.

Preparation for the general investigation.

125.

The preceding methods do not suffice to establish general proofs, so it is time to
present another that is free of this defect. We begin with a theorem whose proof
eluded our efforts for quite some time, although at first sight it seems so obvious
that some have not even seen the need for a proof. It is this: Every number, except
squares taken positively, is a nonresidue of some primes. We will use this theorem
only as an aid in proving others, so we treat here only the cases needed for that
purpose. The remaining cases will follow of their own accord later. We will therefore
show that every prime of the form 4n + 1, taken either positively or negatively”, is
a nonresidue of some primes, and, if > 5, of primes smaller than itself.

First, suppose the prime p, of the form 4n+ 1 (> 17; but —13 N3, —17 N5), is to
be taken negatively. Let 2a be the even number immediately greater than /p. We
readily see that 4aa is always < 2p, or 4daa —p < p. Now 4aa — p has the form 4n + 3,

“The need to exclude +1 is clear.
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and +p is a quadratic residue of 4aa — p (since p = 4aa (mod. 4aa — p)). If 4daa — p
is prime, —p is therefore a nonresidue of it. If not, 4aa — p must have a factor of the
form 4n 4+ 3; since +p must be a residue of this factor too, —p is a nonresidue of it.
Q. E. D.

For primes taken positively, we distinguish two cases. First, let p be a prime of the
form 8n + 5. Let a be any positive number < \/%p Then 8n + 5 — 2aa is a positive
number of the form 8n+5 or 8n + 3, according as a is even or odd. It must therefore
be divisible by a prime of the form 8n + 3 or 8n + 5, since a product of any number
of factors of the forms 8n+ 1 and 8n+ 7 cannot have either the form 8n+ 3 or 8n+5.
Let this prime be ¢; then 8n + 5 = 2a? (mod. ¢). But 2 is a nonresidue of ¢ (Article
112), and therefore so are 2a2") and 8n+5. Q. E. D.

126.

But that every prime of the form 8n + 1, taken positively, is a nonresidue of some
smaller prime cannot be proved by such obvious devices. This truth is of the greatest
importance, so we cannot pass over a rigorous proof, even though it is somewhat long.
We first give the following

LEMMA. Suppose two sequences of numbers

A B,C ete. ... (1), A B ,C etc. ... (1)

(whether they have the same number of terms does not matter) are such that, for
any prime or prime power p dividing a term of the second sequence, or several terms,
at least as many terms of the first sequence are divisible by p as of the second. Then
I say that the product of all the numbers (1) is divisible by the product of all the
numbers (II).

Ezample. Let (I) consist of 12,18,45 and (II) of 3,4,5,6,9. Then the numbers of
terms divisible by 2,4,3,9,5 are respectively 2,1,3,2,1 in (I) and 2,1,3,1,1 in (II).
The product of all terms of (I), = 9720, is divisible by the product of all terms of
(IT), 3240.

Proof. Let the product of all terms of (I) be = @, and that of all terms of sequence
(IT) = Q". Any prime divisor of Q' clearly also divides ). We now show that every
prime factor of @’ occurs in ) with an exponent at least as large as in @'. Let p
be such a divisor, and suppose that sequence (I) has a terms divisible by p, b terms
divisible by p?, ¢ terms divisible by p?, etc. Let a/, ¥, ¢/, etc. have analogous meanings
for sequence (II). We readily see that p occurs in @ with exponent a + b + c+, etc.,
and in @' with exponent a’ + b’ + '+, etc. But d’ is no greater than a, b’ no greater
than b, etc., by hypothesis; so a’ + b + ¢, etc. is certainly not > a + b+ ¢, etc. —
Thus no prime can have a larger exponent in @’ than in Q, so @ is divisible by @’

(Article 17). Q. E. D.

) Article 98. For a? is clearly a residue of g not divisible by ¢; otherwise the prime p too would be
divisible by ¢. Q. E. A.

64



Arithmetical Investigations

127.

LEMMA. The progression 1,2,3,4,...n cannot have more terms divisible by any
number h than the progression a,a+1,a+2.....a+n — 1, which has the same number
of terms.

If n is a multiple of h, both progressions clearly have 7 terms divisible by h.
Otherwise, put n = eh+ f, with f < h. The first sequence then has e terms divisible
by h, and the second either just as many or e + 1.

As a corollary we obtain the proposition known from the theory of figurate num-
bers, but, unless we are mistaken, never yet proved directly, that

aa+la+2..a+n—1
1.2.3...n

is always an integer.

Finally, the lemma could have been stated more generally as follows:

In the progression a,a + 1,a + 2,....a + n — 1, there are at least as many terms
congruent modulo h to any given number r as there are in 1,2, 3....n divisible by h.

128.

THEOREM. Let a be any number of the form 8n + 1, let p be any number coprime
to a of which +a is a residue, and finally let m be arbitrary. Then I say that the
progression

a, 3(a—1), 2(a—4), 3(a—9), 2(a —16),
. 2(a-m?), or i(a—m?)

according as m is even or odd, has at least as many terms divisible by p as the
progression

1,2 3, ...2m+1

We denote the first progression by (I) and the second by (II).

Proof. 1. When p = 2, all terms of (I) except the first, that is, m terms, are
divisible; there are just as many in (II).

II. Let p be odd, or twice or four times an odd number, and let a = rr (mod. p).
Then the progression —m, —(m — 1), —(m — 2), ..... +m (which has as many terms as
(II) and will be denoted by (III)) has at least as many terms congruent modulo p to
r as sequence (II) has terms divisible by p (preceding article). No two of them can
differ only in sign and not in magnitude”. Finally, each has a corresponding term of
(I) divisible by p. For if £b is a term of (III) congruent to r modulo p, then a — bb
is divisible by p. If b is even, the term 2(a — bb) of (I) is divisible by p. If b is odd,
the term %(a — bb) is divisible by p: for a_Tf’b is clearly an even integer, since a — bb is
divisible by 8, while the highest power of two dividing p is at most 4 (by hypothesis
a has the form 8n + 1, and bb, as the square of an odd number, has the same form,

For if r = —f = +f (mod.p), 2f would be divisible by p, and therefore so would 2a (because
ff = a(mod. p)). This is possible only if p = 2, since a is coprime to p by hypothesis. But we have
already treated this case separately.
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so their difference has the form 8n). Thus sequence (I) has as many terms divisible
by p as (III) has terms congruent to r modulo p, that is, at least as many as (II) has
terms divisible by p. Q. E. D.

III. Let p have the form 8n, and let a = rr (mod. 2p). We readily see that a, being
a residue of p by hypothesis, is also a residue of 2p. Then sequence (III) has at least
as many terms congruent to r modulo p as (II) has terms divisible by p, and all of
them differ in magnitude. But each has a corresponding term of (I) divisible by p.
For if +b or —b = r (mod.p), then bb = rr (mod.2p)), so the term $(a — bb) is
divisible by p. Thus (I) has at least as many terms divisible by p as (II). Q. E. D.

129.

THEOREM. If a is a prime of the form 8n + 1, then below 2+/a + 1 there must be
a prime of which a is a nonresidue.

Proof. Suppose, if possible, that a is a residue of all primes smaller than 2/a + 1.
Then a is also a residue of all composite numbers smaller than 2y/a + 1 (compare
the rules for deciding whether a number is a residue of a composite number, Article
105). Let the integer immediately below \/a be = m. Then the sequence

@).....a, 3(a—1),2(a — 4),2(a = 9)....2(a — mm)
or %(a—mm)

has at least as many terms divisible by any number smaller than 2/a + 1 as the
sequence

(I).....1,2,3,4...2m 4+ 1 (preceding article)

So the product of all terms of (I) is divisible by the product of all terms of (II)
(Article 126). But the former is either = a(a — 1)(a —4)....(a — mm) or half this
product, according as m is even or odd. Thus the product a(a—1)(a—4)....(a —mm)
is certainly divisible by the product of all terms of (II); and since all these terms are
coprime to a, this remains true when the factor a is omitted. But the product of all
terms of (II) can also be written

(m+1).((m+1)> =1).(m+1)% —4)...((m + 1)* = m?)
So

1 a—1 a—4 a —m?
m+1(m+1)2—1(m+1)2-4""(m+1)%2—m?2

is an integer, even though it is a product of fractions smaller than one. For \/a
must be irrational, so m +1 > \/a, and therefore (m + 1)? > a. Thus our assumption
is impossible. Q. E. D.

Since a is certainly > 9, we have 2\/a + 1 < a, so there is a prime < a of which a
is a nonresidue.

DFor bb — rr = (b—r)(b+r) is a product of two factors, one divisible by p by hypothesis, the other
by 2 (since both b and r are odd); so bb — rr is divisible by 2p.
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A general (fundamental) theorem is established by examining cases, and conclusions
are drawn from it.

130.

Having rigorously proved that every prime of the form 4n-+1, taken both positively
and negatively, is a nonresidue of some smaller prime, we now turn to a more exact
and general comparison of primes, according to whether one is a residue or nonresidue
of another.

We have rigorously proved above that —3 and +5 are residues or nonresidues of
all primes that are respectively residues or nonresidues of 3, 5.

Examining the following numbers shows that —7, —11, +13, +17, —19, —23, +29,
=31, +37, +41, —43, —47, +53, —59, etc., are residues or nonresidues of all primes
that, taken positively, are respectively residues or nonresidues of those primes. This
examination is very easy with the help of Table II.

Anyone paying a little attention will notice that, among these primes, those of the
form 4n + 1 carry a positive sign, while those of the form 4n + 3 carry a negative
sign.

131.

We will soon prove that what we have found here by examining cases holds gener-
ally. Before taking up that task, however, we must work out everything that follows
from the theorem if it is assumed true. We state the theorem itself as follows.

If p is a prime of the form 4n + 1, then +p (or, if p has the form 4n + 3, then
—p) is a residue or nonresidue of every prime that, taken positively, is a residue or
nonresidue of p.

Since almost everything that can be said about quadratic residues rests on this
theorem, the name fundamental theorem, which we will use from now on, is quite
appropriate.

To present our reasoning as briefly as possible, we will use a, a’, a”, etc., for primes
of the form 4n + 1, and b,,b”, etc., for primes of the form 4n + 3; A, A’, A”, etc.,
for any numbers of the form 4n + 1, and B, B’, B”, etc., for any numbers of the
form 4n + 3. Finally, the letter R between two quantities will indicate that the first
is a residue of the second, while the letter N will have the opposite meaning. For
example, +5R11, £2N5 will mean that +5 is a residue of 11, and +2 or —2 is a
nonresidue of 5. Combining the fundamental theorem with the theorems of Article
111 now gives the following propositions easily.
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If then
1 +aRd ... ... +a’'Ra
2 +aNd  ....... +a'Na
3 { it } ....... +bRa
4 { o } ....... +bNa
+aRb
5 +bRa  ....... { —aNb
+alNb
6. +bNa  ....... { I
7 +bRY +b'Nb
AN [ “URb
8 +bNY +V'Rb
CBRY [ _YNb

132.

These contain every case arising from the comparison of two primes. The following
propositions concern any numbers, but their proofs are less immediate.

If then

9. +aRA ....... +ARa

+ARb
10. +bRA ....... { N
11. 4+aRB ....... +BRa
12. —aRB ....... +BNa

—BRb
13. +bRB ....... {—i—BNb

+BRb
14. —-bRB ... . { _BNb

Since the proofs of all these propositions must be drawn from the same principles,
we need not develop them all. The proof of Proposition 9, which we give, can serve
as an example. First, observe that every number of the form 4n 4 1 has either no
factor of the form 4n + 3, or two, or four, etc.; that is, the number of such factors
(which may include equal ones) is always even. Every number of the form 4n + 3,
however, contains an odd number of factors of the form 4n + 3 (that is, either one, or
three, or five, etc.). The number of factors of the form 4n + 1 remains undetermined.

Proposition 9 is proved as follows. Let A be the product of the prime factors
a',a”,ad"”, ete., b,b', b, etc. The number of factors b,V/,b”, etc., will be even (there
may also be none, which amounts to the same thing). Now, if a is a residue of A, it
is also a residue of all the factors a’,a”,a”, etc., b,b',b", etc. So, by Propositions 1,3
of the preceding article, each of these factors is a residue of a, and so is their product
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A. The same must hold for —A. — If, however, —a is a residue of A, and therefore
of all the factors a’,a”, etc., b,V, etc., each of a’,a”, etc., will be a residue of a, but
each of b,V/, etc., a nonresidue. Since the number of the latter is even, the product
of all the factors, that is, A, will be a residue of a, and so will —A.

133.

Let us make the investigation still more general. Consider any two coprime odd
numbers, with any signs, P and . Think of P as resolved into its prime factors
without regard to its sign, and let p denote how many of these have () as a nonresidue.
If a prime of which @ is a nonresidue occurs several times among the factors of P, it
must also be counted several times. Similarly, let ¢ be the number of prime factors
of @) of which P is a nonresidue. The numbers p, ¢ will then have a certain relation
to each other, depending on the nature of the numbers P, Q. Specifically, if one of
p,q is even or odd, the forms of the numbers P, Q) will tell us whether the other is
even or odd. The following table presents this relation.

p, q will be both even or both odd when the numbers P, () have the forms:

1. +A4, +A
2. +A, —A
3. +A, +B
4. +A, -B
5. —A, —A
6. +B, -B

In contrast, one of the numbers p,q will be even and the other odd when the
numbers P, Q) have the forms:

7. —A, +B
8. —A, -B
9. +B, +B

10. —B, —B'™

FEzxample. Let the given numbers be —55 and +1197, which belong to the fourth
case. Now 1197 is a nonresidue of one prime factor of 55. That factor is the number
5, while —55 is a nonresidue of three prime factors of 1197, namely the numbers
3,3,19.

If P and @ denote primes, these propositions reduce to those given in Article 131.
In this case p and ¢ cannot be greater than 1, so if p is assumed even, it must be = 0,
that is, @ is a residue of P; if p is odd, @ is a nonresidue of P. And conversely. Thus,
writing a, b in place of A, B, we obtain from 8 that if —a is a residue or nonresidue of
b, then —b is a nonresidue or residue of a, which agrees with 3 and 4 of Article 131.

In general, however, () can be a residue of P only if p = 0. So if p is odd, @ is
certainly a nonresidue of P.

sLet [ =1if both P,Q = 3 (mod. 4), otherwise [ = 0
m = 1 if both P, Q are negative, otherwise m = 0
Then the relation depends on [ + m.
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The propositions of the preceding article can also be derived from this without
difficulty.

We will soon see, moreover, that this general presentation is more than sterile
speculation, since a complete proof of the fundamental theorem could hardly be
carried out without it.

134.

We now turn to the deduction of these propositions.

I. As before, think of P as resolved into its prime factors, ignoring signs, and
also resolve @ into factors in any way, but taking account of the sign of (). Pair each
of the former factors with each of the latter. If s denotes the number of all pairs in
which the factor of () is a nonresidue of the factor of P, then p and s will be both
even or both odd. For let the prime factors of P be f, f’, f”, etc., and among the
factors into which @) has been resolved, let there be m that are nonresidues of f, m/
nonresidues of f’, m” nonresidues of f”, etc. It is then easy to see that

s=m+m' +m" + etc.

while p expresses how many of the numbers m, m’, m”, etc., are odd. It follows at
once that s is even when p is even, and odd when p is odd.

II.  This holds generally, however @ is resolved into factors. Let us turn to partic-
ular cases. First, consider the cases where one of the numbers, P, is positive, while
the other, @, has either the form +A or the form —B. Resolve P, Q into their prime
factors. Give every factor of P a positive sign, and every factor of ) a positive or
negative sign according to whether it has the form a or b. Then @ will clearly have
either the form +A or —B, as required. Pair each factor of P with each factor of
@, and let s, as before, denote the number of pairs in which the factor of @ is a
nonresidue of the factor of P. Similarly, let ¢ denote the number of pairs in which
the factor of P is a nonresidue of the factor of ). The fundamental theorem shows
that these two sets of pairs are identical, so s = ¢. Finally, what we have just proved
gives p = s (mod. 2), ¢ =t (mod. 2), and therefore p = ¢ (mod. 2).

We thus have Propositions 1, 3,4 and 6 of Article 133.

The remaining propositions can be obtained directly by a similar method, but
require one new consideration. It is easier to derive them from the preceding results
as follows.

III. Again, let P, @ denote any two coprime odd numbers, and p, ¢ the numbers
of prime factors of P, @ of which @, P, respectively, are nonresidues. Finally, let p’
be the number of prime factors of P of which —@ is a nonresidue (when @ itself is
negative, —(Q clearly denotes a positive number). Divide all the prime factors of P
into four classes:

1) Factors of the form a of which @ is a residue.

2) Factors of the form b of which @ is a residue. Let their number be x.

3) Factors of the form a of which @ is a nonresidue. Let their number be .

4) Factors of the form b of which @ is a nonresidue. Their number = w.

We then easily see that p =19 +w, p' = x + 9.
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Now, when P has the form +A, x + w, and therefore also y — w, is even. So
P =p+x—w=p(mod. 2). When P has the form +B, a similar argument shows
that the numbers p, p’ are incongruent modulo 2.

IV. Let us apply this to the individual cases. First, let both P and @ have the
form +A. By Proposition 1, we have p = ¢ (mod. 2); but p’ = p (mod. 2), so also
p' = q (mod. 2). This agrees with Proposition 2. — Similarly, let P have the form
—A. With @ of the form +A, we have p = ¢ (mod. 2) by Proposition 2, which we
have just proved. From this, since p’ = p, we get p’ = ¢q. Proposition 5 is therefore
proved as well.

In the same way, Proposition 7 follows from 3; Proposition 8 from either 4 or 7;
Proposition 9 from 6; and Proposition 10 from the same proposition.
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Rigorous proof of the fundamental theorem.

135.

The preceding article did not prove the propositions of Article 133, but showed
that their truth depends on the truth of the fundamental theorem, which we assumed
for the time being. The method of deduction itself, however, shows that they hold
for the numbers P, Q as long as the fundamental theorem holds when all the prime
factors of these numbers are compared with one another, even if it does not hold
generally. We now turn to the proof of the fundamental theorem itself, beginning
with the following explanation.

We will say that the fundamental theorem is true up to a number M if it holds for
any two primes neither of which exceeds M.

The same meaning applies when we say that the theorems of Articles 131,132,133
are true up to some bound. It is easy to see that if the fundamental theorem is known
to be true up to a bound, these propositions will also hold up to that same bound.

136.

Checking the small numbers easily confirms the fundamental theorem and gives a
bound up to which it certainly holds. We assume that this check has been made, but
it does not matter how far we have taken it. It would even suffice to have confirmed
it only up to the number 5, and this requires just the single observation that +5N3,
+3N5.

Now, if the fundamental theorem is not true generally, there will be some bound
T up to which it holds, but it will no longer hold up to the next number, T + 1.
This is the same as saying that there are two primes, the larger of which is T + 1,
whose comparison contradicts the fundamental theorem, while any other two primes,
provided both are smaller than T + 1, agree with it. So the propositions of Articles
131,132,133 also hold up to T'. We will now show that this supposition is impossible.
We must distinguish the following cases according to the forms of T+ 1 and of the
smaller prime, less than 7'+ 1, which we have supposed contradicts the theorem when
compared with T4+ 1. We denote that prime by p.

When both T+ 1 and p have the form 4n + 1, the fundamental theorem could fail
in two ways, namely if we had simultaneously either

+pR(T'+1) and =+ (T +1)Np
or, simultaneously +pN(T +1) and =+ (T +1)Rp

When both T4 1 and p have the form 4n + 3, the fundamental theorem would
fail if we had simultaneously either

+pR(T'+1) and — (T +1)Np
(or, equivalently —pN(T'+1) and + (T +1)Rp)
or +pN(T'+1) and —(T+1)Rp
(or —pR(T'+1) and + (T +1)Np)
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When T + 1 has the form 4n 4+ 1, but p has the form 4n + 3, the fundamental
theorem would fail if we had either

+pR(T'+ 1) and + (T +1)Np (or — (T'+ 1)Rp)
or +pN(T' +1)and — (T +1)Np (or + (T'+ 1)Rp)

When T + 1 has the form 4n 4 3, but p has the form 4n + 1, the fundamental
theorem would fail if we had either

+pR(T +1) (or —pN(T'+1)) and £ (T +1)Np
or +pN(T'+1) (or —pR(T +1)) and £ (T'+ 1)Rp

If we can prove that none of these eight cases can occur, we will also be certain
that the truth of the fundamental theorem is not restricted by any bound. We now
take up this task. But since some of these cases depend on others, we cannot keep
the order in which we have listed them here.

137.

First case. When T + 1 has the form 4n+1 (= a), and p has the same form, and
moreover £pRa, we cannot have aNp. This was the first case above.

Let +p = €?(mod. a), with e even and < a (which can always be arranged). We
must now distinguish two cases.

I. When e is not divisible by p, put e = p+ af. Then f is positive, of the form
4n + 3 (or of the form B), < a, and not divisible by p. Also e? = p(mod. f), that
is, pRf, and therefore, by Proposition 11 of Article 132, +fRp (since p, f < a, these
propositions hold for them). But we also have afRp, so £aRp as well.

II. When e is divisible by p, put e = gp, and e? = p+aph, or pg> = 1+ah. Then
h has the form 4n + 3 (B), and is coprime to p and g. Also pg?Rh, and therefore
pRh, which by Proposition 11 of Article 132 gives +hRp. But we also have —ahRp,
because —ah = 1(mod. p), so FaRp as well.

138.

Second case. When T + 1 has the form 4n + 1 (= a), p the form 4n + 3, and
+pR(T + 1), we cannot have +(T + 1)Np, or —(T + 1)Rp. This was the fifth case
above.

As above, let €? = p + fa, with e even and < a.

I. When e is not divisible by p, f is not divisible by p either. Moreover, f is
positive, of the form 4n + 1 (or A), and < a. We have +pRf, and therefore +fRp
(Proposition 10 of Article 132). But we also have +faRp, so +aRp, or —aNp.

II. When e is divisible by p, let e = pg, and f = ph. Then ¢?p = 1 + ha. Now
h is positive, of the form 4n + 3 (B), and coprime to p and g?. Also +¢*pRh, and
therefore +pRh, which gives —hRp (Proposition 13 of Article 132). But —haRp, so
+aRp and —aNp.
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139.

Third case. When T + 1 has the form 4n+1 (= a), p the same form, and £pNa,
we cannot have aRp. (The second case above.)

Take a prime smaller than a of which +a is a nonresidue; we proved above that such
primes exist (Articles 125, 129). We must consider two cases separately, according
to whether this prime has the form 4n + 1 or 4n + 3, since it has not been proved
that such primes exist in both forms.

I. Let this prime have the form 4n + 1 and be = a’. Then +a'Na (Article 131),
and therefore +a’pRa. So let €2 = a/p (mod. a), with e even and < a. We must now
distinguish four cases again.

1) When e is divisible by neither p nor @/, put e? = a/p + af, taking the signs so
that f is positive. Then f < a, and it is coprime to a’ and p; for the upper sign it has
the form 4n + 3, and for the lower sign the form 4n + 1. For brevity, let [z, y] denote
the number of prime factors of the number y of which x is a nonresidue. Then a'pRf,
and therefore [a'p, f] = 0. So [f,a’p] is even (Propositions 1, 3 of Article 133), that
is, either = 0 or = 2. Thus f is a residue of either both the numbers a’, p or neither.
The former is impossible, since +af is a residue of a’, and +aNa' by hypothesis;
this gives +fNa'. So f must be a nonresidue of both the numbers a’, p. But since
+afRp, we have +aNp. Q. E. D.

2) When e is divisible by p but not by a/, let e = gp, and ¢g?p = @’ + ah, choosing
the sign so that h is positive. Then h < a, and it is coprime to a’,g and p; for
the upper sign it has the form 4n + 3, and for the lower sign the form 4n + 1.
From the equation ¢?p = &' + ah, on multiplying by p and o/, we easily deduce
pa’'Rh..... (a); +ahpRa’....(B); ad’hRp. .. .. (7). From () follows [pa’, h] = 0, and
therefore (Propositions 1, 3 of Article 133) [h, pa’] is even, that is, h is a nonresidue
of either both p,a’ or neither. In the former case, () gives tapNa', and since
+aNda' by hypothesis, we have +pRa’. The fundamental theorem, which holds for
the numbers p, a’ smaller than T+ 1, then gives +a’ Rp. From this and hNp, by (7)
we obtain +aNp. Q. E. D. In the latter case, (3) gives apRad', then £pNa', +a’'Np,
and finally, together with hRp, by (v) we obtain +aNp. Q. E. D.

3) When e is divisible by a’ but not by p, the proof proceeds almost exactly as in
the preceding case. It will present no difficulty to anyone who has understood that
case thoroughly.

4) When e is divisible by both a’ and p, and therefore also by their product a’p (we
assume the numbers a’, p to be unequal, since otherwise what we are trying to prove,
namely aNp, would already be contained in the hypothesis aNa'), let e = ga'p, and
g*a’p = 14+ah. Then h < a, and it is coprime to a’ and p; for the upper sign it has the
form 4n+ 3, and for the lower sign the form 4n+1. It is easy to see that the following
can be deduced from this equation: a’pRh....(a); £ahRd ....(B); £ahRp....(7).
From («), which agrees with («) in (2), we find as there that either hRp, hRa' hold
simultaneously, or hNp, hNa'. But in the former case, (3) would give aRa’, contrary
to the hypothesis. So hNp, and therefore by () also aNp.

II. When this prime has the form 4n-+3, the proof is so similar to the preceding one
that we thought it unnecessary to give it. For those eager to work it out for themselves
(which we strongly recommend), we only note that, after reaching an equation such
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as €2 = bp + af (where b denotes that prime), it will make the argument clearer to
consider the two signs separately.

140.

Fourth case. When T'+1 has the form 4n+1 (= a), p the form 4n+3, and £pNa,
we cannot have +aRp, or —aNp. (The sixth case above.)
Since its proof is exactly like the proof of the third case, we omit its proof too for
brevity.
141.

Fifth case. When T + 1 has the form 4n+ 3 (= b), p the same form, and +pRb,
or —pNb, we cannot have +bRp, or —bNp. (The third case above.)

Let p = €2 (mod. b), with e even and < b.

I. When e is not divisible by p, put e = p+ bf. Then f is positive, of the form
4n + 3, < b, and coprime to p. Also pRf, and therefore, by Proposition 13 of Article
132, — fRp. From this and +bf Rp we get —bRp, and therefore +bNp. Q. E. D.

II. When e is divisible by p, let e = pg, and ggp = 1 + bh. Then h has the form
4n + 1 and is coprime to p; p = g?p? (mod. h), and therefore pRh. This gives +hRp
(Proposition 10 of Article 132), which together with —bhRp yields —bRp, or +bNp.
Q. E. D.

142.

Sizth case. When T + 1 has the form 4n 4+ 3 (= b), p the form 4n + 1, and pRb,
we cannot have £bNp. (The seventh case above.)
We omit the proof, which is exactly like the preceding one.

143.

Seventh case. When T +1 has the form 4n+3 (= b), p the same form, and +pNb,
or —pRb, we cannot have +bNp, or —bRp. (The fourth case above.)

Let —p = €2 (mod. b), with e even and < b.

I. When e is not divisible by p, let —p = € — bf. Then f is positive, of the form
4n + 1, coprime to p, and smaller than b (for e is certainly no greater than b — 1, and
p<b—1,sobf=e?+p<b?—b, thatis, f <b—1). Also —pRf, which gives +fRp
(Proposition 10 of Article 132); from this and +bfRp we get +bRp, or —bNp.

II. When e is divisible by p, let e = pg, and g>p = —1 + bh. Then h is positive, of
the form 4n + 3, coprime to p, and < b. Also —pRh, which gives +hRp (Proposition
14 of Article 132). From this and bhRp follows +bRp, or —bNp. Q. E. D.

144.

FEighth case. When T'+ 1 has the form 4n+3 (= b), p the form 4n+1, and +pNb,
or —pRb, we cannot have +bRp. (The last case above.)
The proof proceeds just as in the preceding case.
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An analogous method for proving the theorem of Article 114.

145.

In the preceding proofs we always took an even value for e (Articles 137..144).
An odd value could also have been used, but we would then have had to introduce
further distinctions. Those who enjoy these investigations will find it useful to try
working out these cases for themselves. We would also then have had to assume the
theorems concerning the residues +2 and —2. But since our proof was completed
without these theorems, it gives us a new method of proving them. This is worth
something, since the methods we used above to prove that +2 is a residue of every
prime of the form 8n 4+ 1 may seem less direct. We will assume that the remaining
cases (concerning primes of the forms 8n + 3, 8n + 5, 8n + 7) have been proved by
the methods given above, and that this theorem has only been found by examining
examples. The following reasoning will turn this evidence into certainty.

If &2 were not a residue of all primes of the form 8n + 1, let the smallest prime of
this form of which 42 is a nonresidue be = a, so that the theorem holds for all primes
smaller than a. Then take a prime < %a of which a is a nonresidue (its existence
follows easily from Article 129). Let it be = p. The fundamental theorem then gives
pNa, and this gives £2pRa. — So let €2 = 2p (mod. a), with e odd and < a. We
must now distinguish two cases.

I. When e is not divisible by p, let €2 = 2p + ag. Then g is positive, of the form
8n + 7 or 8n + 3 (according to whether p has the form 4n + 1 or 4n + 3), < a, and
not divisible by p. Divide all the prime factors of ¢ into four classes: let there be e of
the form 8n + 1, f of the form 8n + 3, g of the form 8n + 5, and A of the form 8n 4 7.
Let the product of the factors in the first class be F, and the products of the factors
in the second, third and fourth classes respectively F,G.H ).

With this done, consider first the case where p has the form 4n + 1, or ¢ the form
8n + 7. It is easy to see that 2RE, 2RH, which gives pRE, pRH, and finally FRp,
HRp. Also 2 is a nonresidue of every factor of the form 8n + 3 or 8n + 5, and so
is p; therefore each such factor is a nonresidue of p. It follows easily that F'G is a
residue of p if f + ¢ is even, and a nonresidue if f + ¢ is odd. But f + g cannot be
odd: listing all the cases shows that EFGH, or q, would have either the form 8n 4 3
or 8n + 5 if f + g were odd, whatever the individual e, f, g, h might be, contrary to
the hypothesis. Thus FGRp, EFGH Rp, or qRp, and finally, because aqRp, aRp,
contrary to the hypothesis. Second, when p has the form 4n + 3, we can similarly
show that pRFE, and therefore ERp; —pRF', and therefore F' Rp; and finally that g+ h
is even, so GH Rp. This finally gives ¢Rp, aRp, contrary to the hypothesis.

II. When e is divisible by p, the proof can be carried out in a similar way and
worked out without difficulty by experienced readers (the only readers for whom this
article is written). We omit it for brevity.

DIf a class contains no factors, we must write 1 in place of their product.
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Solution of the general problem.

146.

The fundamental theorem and the propositions concerning the residues —1 and
+2 always let us determine whether any given number is a residue or nonresidue of a
given prime. It will be useful, however, to bring together here the other results given
above, so that we have everything needed to solve the following

PROBLEM: Given any two numbers P, Q, determine whether the second, @, is a
residue or nonresidue of the first, P.

Solution. 1. Let P = a®bP¢Y, etc., where a, b, ¢, etc., denote distinct positive primes
(since P must clearly be taken in absolute value). For brevity, in this article we will
call the relation of two numbers z,y simply the relation in which the first, z, is a
residue or nonresidue of the second, y. Thus the relation of @), P depends on the
relations of @, a®; Q,b%, etc. (Article 105).

I1. To find the relation of Q,a® (the same applies to the others, Q,b7, etc.), we
must distinguish two cases.

1. When (@ is divisible by a, put Q = Q'a®, so that @’ is not divisible by a. If
e =qa or e > «, then QRa%; if e < o and the exponent is odd, then QNa®; finally,
if e < o and the exponent is even, (Q has the same relation to a® as Q' has to a® ©.
This reduces the present case to

2. When @ is not divisible by a. Here we again distinguish two cases.

(A) When a = 2. Then QRa® always holds when o« = 1. When o = 2, @ must
have the form 4n + 1; finally, when o = 3 or > 3, () must have the form 8n + 1. If
this condition holds, then QRa“.

(B) When a is another prime. Then @ has the same relation to a® as to a (see
Article 101).

III. The relation of any number @ to an odd prime a is found as follows. When
Q@ > a, replace @ by its least positive residue modulo a’). This has the same relation
to a as ) does.

Next, resolve (), or the number taken in its place, into its prime factors p,p’, p”,
etc., adding the factor —1 when () is negative. The relation of @) to a is known to
depend on the relations of the individual p,p’,p”, etc., to a. Specifically, if 2m of
these factors are nonresidues of a, then QRa; if there are 2m + 1, then QNa. It
is easy to see that if among the factors p,p’,p”, etc., two, four, six, or generally 2k
equal ones occur, they can safely be left out.

IV. If the factors p.p/, p” include —1 and 2, their relation to a can be found from
Articles 108, 112, 113, 114. The relation of the remaining factors to a depends on
the relation of a to them (the fundamental theorem and the propositions of Article
131). Let p be one of them. Treating the numbers a,p as we previously treated @
and a, which are respectively larger, we find that the relation of a to p can either
be determined from Articles 108—114 (if the least residue of a (mod. p) has no odd
prime factors), or depends in turn on the relation of p to certain primes smaller than
p. The same applies to the remaining factors p’, p”, etc. It is now easy to see that

") Residue in the sense of Article 4. — It is usually better to take the absolutely least residue.
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continuing this operation eventually brings us to numbers whose relations can be
determined from the propositions of Articles 108—114. An example will make this
clearer.

FEzample. We seek the relation of +453 to 1236. We have 1236 = 4.3.103; 4453 R4
by II. 2 (A); +453R3 by II. 1. So it remains to find the relation of 4453 to 103. This is
the same as that of +41 (= 453, mod. 103) to 103, and the same as that of 4103 to 41
(by the fundamental theorem), or of —20 to 41. But —20R41, since —20 = —1.2.2.5;
—1R41 (Article 108); and +5R41, because 41 = 1 and it is therefore a residue of
5 (by the fundamental theorem). Thus +453R103, and finally +453R1236. In fact,
453 = 297% (mod. 1236).

Linear forms containing all primes of which any given number is a residue or
nonresidue.

147.

Given any number A, we can exhibit certain formulas containing all numbers
coprime to A of which A is a residue, or all numbers that can be divisors of numbers
of the form zz — A (where zz denotes an indeterminate square)*). For brevity,
however, we consider only those divisors that are odd and coprime to A, since the
remaining cases easily reduce to these.

First, let A be either a positive prime of the form 4n + 1 or a negative prime of
the form 4n — 1. By the fundamental theorem, all primes that, taken positively, are
residues of A will be divisors of xx — A; all primes (except the number 2, which is
always a divisor) that are nonresidues of A will be non-divisors of xx — A. Let all
residues of A smaller than A (excluding zero) be r, 7’7", etc., and all nonresidues
n,n’,n”, etc. Every prime contained in one of the forms Ak + r, Ak + 1/, Ak + 1",
etc., will be a divisor of zx — A, while every prime in one of the forms Ak+n, Ak+n’,
etc., will be a non-divisor, where k£ denotes an indeterminate integer. We call the
former divisor forms of xx — A, and the latter non-divisor forms. There are %(A -1)
of each. Further, if B is an odd composite number and ARB, all prime factors of B
lie in one of the former forms, and so does B. Thus every odd number contained in
a non-divisor form is a non-divisor of za& — A. But this theorem cannot be reversed:
if B is an odd composite non-divisor of zax — A, some prime factors of B will be
non-divisors; if their number is even, B will nevertheless lie in a divisor form. See
Article 99.

Ezxample. In this way, for A = —11 we find the following divisor forms of zx 4 11:
11k+1,3,4,5,9; the non-divisor forms are 11k+42,6,7,8,10. Thus —11 is a nonresidue
of all odd numbers contained in one of the latter forms, but a residue of all primes
belonging to one of the former.

'We will simply call such numbers divisors of zz — A; the meaning of non-divisors is then clear.
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Similar forms exist for the divisors and non-divisors of xx — A, whatever number
A denotes. It is easy to see, however, that we need consider only values of A not
divisible by any square. For if A = a24’, all divisors”) of zz — A are also divisors
of zz — A’, and the same holds for non-divisors. — We distinguish three cases: 1)
when A has the form +(4n + 1) or —(4n — 1); 2) when A has the form —(4n + 1) or
+(4n — 1); 3) when A is even, or has the form +(4n + 2).

148.

First case: when A has the form +(4n+1) or —(4n —1). Resolve A into its prime
factors, giving a positive sign to those of the form 4n + 1, and a negative sign to
those of the form 4n — 1 (so their product is = A). Let these factors be a, b, ¢, d, etc.
Divide all numbers smaller than A and coprime to A into two classes. Put in the
first class all numbers that are nonresidues of none of a, b, ¢, d, etc., or of two, or four,
or generally an even number of them; in the second, those that are nonresidues of
one of a, b, ¢, etc., or of three, etc., or generally an odd number. Denote the former
by r,7’,r", etc., and the latter by n,n’,n”, etc. Then Ak +r, Ak +1r', Ak + 1", etc.,
are divisor forms of xx — A, while Ak + n, Ak + n/, etc., are non-divisor forms of
xx — A (that is, every prime except 2 is a divisor or non-divisor of xx — A according
to whether it lies in one of the former or latter forms). For if p is a positive prime
and a residue or nonresidue of one of a,b, ¢, etc., that number itself is a residue or
nonresidue of p (by the fundamental theorem). So if a, b, ¢, etc., include m numbers
of which p is a nonresidue, just as many are nonresidues of p. Thus if p lies in one
of the former forms, m is even and ARp; if it lies in one of the latter, m is odd and
ANp.

Ezample. Let A = +105 = —3 x +5x —7. Then r,7’, 7", etc., are the following: 1,
4,16,46,64,79 (nonresidues of none of 3,5,7); 2,8,23,32,53,92 (nonresidues of 3,5);
26,41,59,89,101,104 (nonresidues of 3,7); 13,52,73,82,97,103 (nonresidues of 5, 7).
— The numbers n,n’,n”, etc., are the following: 11,29,44,71,74,86; 22, 37,43, 58,
67,88; 19,31,34,61,76,94; 17,38.47,62, 68, 83. The first six are nonresidues of 3, the
next six nonresidues of 5, followed by the nonresidues of 7, and finally those that are
nonresidues of all three at once.

The theory of combinations and Articles 32, 96 easily show that the number of
r,r',r", etc., is

_, 1+l.l—1+l.l—1.l—2.l—3+
o 1.2 1.2.3.4 7

and the number of n,n’,n”, etc.,

_, l+l.l—1.l—2+l.l—1....l—4+
a 1.2.3 1.2....5

where [ denotes the number of a, b, ¢, etc.;

t=2"a—1)(b—1)(c—1) etc.

“Those coprime to A, of course.
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and each series is continued until it terminates. (There are t numbers that are residues
of all of a,b, ¢, etc., % that are nonresidues of two, etc.; but brevity does not
permit us to explain this proof more fully.) The sum of each series”) is = 271, The

first comes from
[—1.1-2

1.2
by joining the second and third terms, the fourth and fifth, etc.; the second comes
from the same series by joining the first and second terms, the third and fourth,

etc. Thus there are as many divisor forms of zz — A as non-divisor forms, namely
3(a—=1)(b—1)(c— 1), etc.

1+ (1—1)+

149.

We can consider the second and third cases together here. We can always put A
= (—-1)Q, or = (+2)Q, or = (—2)Q, where @ denotes a number of the form +(4n+1)
or —(4n — 1), such as we considered in the preceding article. In general, let A = aQ,
with « either = —1 or = £2. Then A is a residue of all numbers of which either both
«a and @ are residues or neither is; it is a nonresidue of all numbers of which exactly
one of o, @) is a nonresidue. The divisor and non-divisor forms of xz — A follow easily.
If @ = —1, divide all numbers smaller than 4A and coprime to it into two classes.
Put in the first those lying in a divisor form of xz — @ and also in the form 4n + 1,
and those lying in a non-divisor form of xzz — @) and also in the form 4n + 3; put
the rest in the second. Let the former be r,r’, 7", etc., and the latter n,n’,n”, etc.
Then A is a residue of all primes in one of the forms 44k + r, 4Ak + ', 4Ak + 1",
etc., and a nonresidue of all primes in one of the forms 44k + n, 4Ak +n’, etc. —
If @ = 42, divide all numbers smaller than 8@ and coprime to it into two classes.
Put in the first those lying in a divisor form of xx — @) and also in one of the forms
8n + 1, 8n + 7 for the upper sign, or 8n + 1, 8n + 3 for the lower sign; also those
lying in a non-divisor form of za — @) and in one of 8n + 3, 8n + 5 for the upper sign,
or 8n + 5, 8n + 7 for the lower sign. Put the rest in the second class. Denoting the
numbers of the first class by r,7’,7”, etc., and those of the second by n,n’,n”, etc.,
+2Q is a residue of all primes in one of the forms 8Qk + r, SQk + ', 8Qk + r”, etc.,
and a nonresidue of all primes in one of the forms 8Qk + n, 8Qk +n’, 8Qk + n”, etc.
It can easily be proved that here too there are as many divisor forms of zz — A as
non-divisor forms.

FEzxample. This gives +10 as a residue of all primes in one of the forms 40k + 1, 3,
9,13,27,31,37,39, but a nonresidue of all primes contained in one of 40k 4+ 7,11, 17,
19,21,23, 29, 33.

“Leaving out the factor t.
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150.

These forms have several quite notable properties, but we give just one. If B is a
composite number coprime to A, and 2m of its prime factors lie in a non-divisor form
of xx — A, then B lies in a divisor form of xx — A. If, however, the number of prime
factors of B lying in a non-divisor form of zz — A is odd, B too lies in a non-divisor
form. We omit the proof, which is not difficult. It follows that every prime, and
also every odd composite number coprime to A that lies in a non-divisor form, is a
non-divisor: some prime factor of such a number must necessarily be a non-divisor.

The work of others on these investigations.

151.

The fundamental theorem, certainly one of the most elegant results of this kind,
has not so far been stated by anyone in the simple form given above. This is all the
more surprising since the distinguished Euler already knew certain other propositions
resting on it, from which he could easily have returned to it. He knew that there
are certain forms containing all prime divisors of numbers of the form zx — A, and
other forms containing all prime non-divisors of numbers of that same form, so that
the latter exclude the former; and he had found a method for determining these
forms. But all his attempts to reach a proof were unsuccessful and only made this
truth, found from examples, more probable. In his paper Novae demonstrationes
circa divisores numerorum formae xx + nyy, read to the St Petersburg Academy on
20 November 1775 and preserved after the death of that great man in Vol. T of the
Academy’s Nov. Act., p. 47 ff., he does seem to have thought he had succeeded.
But an error entered here: on p. 65 he tacitly assumed that such divisor and non-
divisor forms exist”. From this it was not difficult to derive what they must be, but
the method he used to support this supposition does not seem suitable. In another
paper, De criteriis aequationis fxx + gyy = hzz ulrumque resolutionem admittat
necne, Opusc. Anal., Vol. T (where f, g, h are given, and z,y, z indeterminate), he
found by examining examples that if the equation is solvable for some value h = s,
it is also solvable for every other value congruent to s modulo 4fg, provided it is
a prime. The supposition we mentioned can easily be proved from this proposition.
But the proof of this theorem too eluded all his efforts”). This is not surprising,
since in our view one had to start from the fundamental theorem. The truth of this
proposition will, moreover, follow directly from what we teach in the next section.

After Euler, the distinguished Le Gendre worked on the same subject in his excel-
lent paper Recherches d’analyse indéterminée, Hist. de I’Ac. des Sc., 1785, p. 465

“Namely, that there are numbers 7,7/, 7", etc.; n,n’,n”, etc., all different and < 4A, such that all
prime divisors of zz — A lie in one of the forms 4Ak + r, 4Ak + 7', etc., and all prime non-divisors in
one of 4Ak + n, 4Ak + n’, etc. (where k denotes an indeterminate number).

J'As he admits himself, in the cited work, p. 216: “A proof of this most elegant theorem is still
wanted, after many have long sought it in vain. .. Whoever succeeds in finding a proof of this theorem
must therefore be thought to have achieved a great deal” — Many other passages of Opusc. Anall.
show how eagerly that immortal man wanted a proof of this theorem and others that are only special
cases of the fundamental theorem. Compare Additamentum ad diss. VIII, Vol. I, and diss. XIII, Vol.
II, and several papers in Comment. Petrop., already cited in various places.
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ff. He reached a theorem equivalent in substance to the fundamental theorem: if p, ¢
denote two positive primes, the absolutely least residues of the powers p%, qul
modulo ¢, p, respectively, are either both +1 or both —1 when either p or ¢ has the
form 4n + 1. When both p and ¢ have the form 4n + 3, one least residue is +1 and
the other —1 (p. 516). By Article 106, it follows that the relation (in the sense of
Article 146) of p to ¢ and of ¢ to p is the same when either p or ¢ has the form
4n + 1, and opposite when both p and ¢ have the form 4n + 3. This proposition is
among those of Article 131; it also follows from 1, 3, 9 of Article 133. Conversely,
the fundamental theorem can be derived from it. Le Gendre also attempted a proof;
since it is highly ingenious, we will discuss it more fully in the next section. But
he assumed several things without proof (as he himself admits on p. 520, We have
only assumed, etc.), some of which have so far been proved by no one, and some, in
our view at least, cannot be proved without the fundamental theorem itself. So his
approach seems unable to reach the goal, and our proof must be regarded as the first.
— We will, moreover, give two other proofs of this most important theorem below,
entirely different from the preceding proof and from each other.

Quadratic congruences with a linear term.

152.

So far we have treated the pure congruence zx = A (mod.m) and shown how to
decide whether it is solvable. Finding the roots themselves was reduced in Article 105
to the case where m is a prime or a power of a prime, and the latter case in Article
101 to the case where m is a prime. For this case, what we gave in Article 61 ff.,
together with what we will teach in Sections V and VIII, contains almost everything
that can be obtained by direct methods. But where these methods apply, they are
usually infinitely longer than the indirect methods we will teach in Section VI, and
are therefore notable more for their beauty than for their practical usefulness. —
Quadratic congruences with a linear term can easily be reduced to pure ones. Given
the congruence

axx +br+c=0

to be solved modulo m, the following congruence is equivalent to it:
daazrz + 4abzr + 4ac = 0 (mod. 4am)

that is, every number satisfying either one also satisfies the other. This can be written
as
(2az + b)? = bb — 4ac (mod. 4am)

from which all values of 2ax 4 b smaller than 4am, if there are any, can be found.
Denoting these by 7,7/, 7", etc., all solutions of the proposed congruence follow from
the solutions of the congruences

2ax =1 —b, 2ax =71 —betc. (mod.4am)
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which we taught how to find in Section II. We also observe that various tricks can
usually shorten the solution. For example, in place of the proposed congruence one
can find an equivalent congruence

dxx+20z+d =0

in which o’ divides m. Brevity does not allow us to explain this here; the last section
may be consulted on these matters.
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SECTION FIVE
QUADRATIC FORMS AND
INDETERMINATE EQUATIONS OF THE SECOND DEGREE

Aim of the investigation; definition and notation of forms.

153.

In this section we will mainly study functions of two indeterminates =,y of the
form
axz + 2bxy + cyy

where a, b, c are given integers. We will call these forms of the second degree, or simply
forms. This investigation will provide the basis for solving the famous problem
of finding all solutions of any indeterminate equation of the second degree in two
unknowns, whether the unknowns are required to have integer values or only rational
values. The distinguished Lagrange has already solved this problem in full generality.
Many further results about the nature of forms have been discovered for the first
time, either by this great geometer himself or by the distinguished Euler; others,
discovered earlier by Fermat, have been supplied with proofs by them. But as we
pursued our investigation of forms closely, so many new results presented themselves
that we thought it worth taking up the whole subject again from the beginning. We
had all the more reason to do so because we found that the discoveries of these men,
scattered over many places, were known to few people; because the method we will
use is largely our own; and finally because our results could not even be understood
without a fresh account of theirs. We have no doubt that many excellent results in
this field still lie hidden, on which others can try their strength. We will always give
the history of notable results in its proper place.

We will denote the form axz + 2bxy + cyy, when the indeterminates x,y are not
at issue, by (a, b, ¢). This notation will thus stand, without specifying the indetermi-
nates, for the sum of three parts: the product of the given number a and the square
of any indeterminate; the product of twice the number b, this indeterminate and an-
other indeterminate; and the product of the number ¢ and the square of the second
indeterminate. For example, (1,0,2) will denote the sum of a square and twice a
square. Although the forms (a, b, ¢) and (¢, b, a) denote the same thing if we consider
only the parts themselves, they differ if we also consider the order of the parts. We
will therefore distinguish them carefully from now on; the advantages of doing this
will become clear enough in what follows.
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Representation of numbers; determinant.

154.

We will say that a given number is represented by a given form if integer values are
assigned to the indeterminates of the form so that its value equals the given number.
We have the following

THEOREM. If the number M can be represented by the form (a,b,c) so that the
values of the indeterminates that give this representation are relatively prime, then
bb — ac is a quadratic residue of the number M.

Proof. Let the values of the indeterminates be m, n, so that

amm + 2bmn +cnn = M

and choose numbers p, v so that um + vn = 1 (Article 40). Expansion easily shows

that
amm + 2bmn + cnn)(avv — 2buv + cup

= (u(mb + nc) — v(ma + nb))* — (bb — ac)(mu + nv)?
M (avv — 2buv + cpp) = (u(mb + ne) — v(ma + nb))* — (bb — ac)
So
bb — ac = (u(mb + nc) — v(ma + nb))? (mod. M)

that is, bb — ac is a quadratic residue of M.
We will call the number bb — ac the determinant of the form (a,b, ¢); we will show
later that the properties of a form depend above all on the nature of this number.

Values of the expression /(bb — ac)(mod. M) to which a representation of the
number M by the form (a,b,c) belongs.

155.

Thus
pu(mb + ne) — v(ma + nb)

is a value of the expression
V/(bb — ac) (mod. M)

Now the numbers p,v can be chosen in infinitely many ways so that um + vn = 1,
giving one value after another of that expression. Let us see how these values are
related. Suppose not only that um + vn = 1, but also that y/m + v/n = 1, and put

pu(mb + ne) — v(ima +nb) =v, p'(mb+ nc) —v'(ma+ nb) =’

Multiplying the equation pum + vn = 1 by p/, the other equation p/m + v'n = 1 by
i, and subtracting gives p/ — p = n(p'v — p/’'). Similarly, multiplying the first by
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v and the second by v, and then subtracting, gives v/ — v = m(uv' — p/v). This
immediately gives

v —v=(p'v— ) (amm + 2bmn + cnn) = (u'v — w/ )M

or v/ = v (mod. M). So however u,v are chosen, the formula p(mb + nc) — v(ma +
nb) cannot give different (that is, incongruent) values of the expression /(bb —
ac) (mod.M). If v is any value of that formula, we will say that the representa-
tion of the number M by the form axx + 2bxy + cyy in which z = m, y = n belongs
to the value v of the expression \/(bb — ac)(mod. M). It is also easy to show that if
one value of this formula is v and v' = v (mod. M), the numbers p, v that give v can
be replaced by other numbers y/, v/ that give v'. In fact, putting

;- ;o
M,:FH‘TL(UM v)’ V,:V_m(vM v)

gives
wm+v'n=pm+vn=1

and the value of the formula obtained from p’, v’ exceeds the value obtained from u, v
by the quantity (¢/'v — pr')M. This quantity becomes = (um +vn)(v' —v) =v' — v,
giving the value = v'.

156.

If we have two representations of the same number M by the same form (a, b, ¢), in
each of which the values of the indeterminates are relatively prime, they may belong
either to the same value of the expression /(bb — ac) (mod. M) or to different values.
Let

M = amm + 2bmn + cnn = am'm’ + 2bm/n’ + en/n’

and
um+vn =1, pm' +vn =1

Clearly, if
pu(mb + ne) — v(ma + nb) = ' (m'b+ n'c) — v/ (m'a + n'b) (mod. M)

the congruence remains true however we replace u,v and u',v/ by other suitable
values. In this case we will say that the two representations belong to the same value
of the expression /(bb — ac) (mod. M). But if the congruence fails for any choice of
w,v and g, v/, it will hold for none, and the representations will belong to different
values. If, on the other hand,

p(mb + nc) — v(ima + nb) = —(p/ (m'b + n'c) — v'(m'a + n'b))

we will say that the representations belong to opposite values of the expression +/(bb—
ac). We will also use all these terms when considering several representations of the
same number by different forms with the same determinant.
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Ezample. Take the form (3,7, —8), with determinant = 73. It gives the following
representations of the number 57:

3.1324+14.13.25—-8.25% 3.52+4+14.5.9-8.92

For the first we can put u = 2, v = —1, giving the value of the expression
/73 (mod. 57) to which the representation belongs:

=2(13.7-25.8)+(13.3425.7) = —4

Similarly, putting 4 = 2, v = —1, we find that the second representation belongs to
the value +4. So the two representations belong to opposite values.

Before going further, we note that forms with determinant = 0 are excluded
entirely from the investigations that follow. They would only disrupt the orderly
form of the theorems and so need a treatment of their own.

A form containing another, or contained in another; proper and improper
transformation.

157.

If a form F, with indeterminates x,y, can be changed into another form F’, with
indeterminates 2,4, by substitutions

v=ox' + By, y=~z"+0y

in which «, 3,7, ¢ are integers, we will say that the first contains the second, or that
the second is contained in the first. Let the form F be

axx + 2bxy + cyy

and the form F’ be
a/l'/x, _|_ 2b/x/y/ + C/y/y/

We then have the following three equations:

a = aaa + 2bary + cyy
V' = aafB +b(ad + Bv) + ¢y
d = aBB + 2085 + c68

Multiplying the second equation by itself and the first by the third, then subtracting
and removing the terms that cancel, gives

WY — a'cd = (bb— ac)(ad — By)>

It follows that the determinant of the form F’ is divisible by the determinant of the
form F, and that the quotient is a square. These determinants therefore have the
same sign. If, in addition, the form F’ can be changed into the form F by a similar
substitution, that is, if both F’ is contained in F' and F in F”, the determinants of the
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forms are equal”) and (ad — By)? = 1. In this case we will call the forms equivalent.
Equality of determinants is therefore a necessary condition for equivalence of forms,
although equivalence certainly does not follow from it alone. — We will call the
substitution z = ax’ + B8y, y = vx’' + §y’ a proper transformation if ad — [y is
positive, and an improper transformation if ad — 5y is negative. We will say that the
form F' is properly or improperly contained in the form F if F' can be changed into
F’ by a proper or improper transformation. Thus, if the forms F, F’ are equivalent,
(ad—B7)? = 1, so that for a proper transformation ad— By = +1, and for an improper
one = —1. — We will call several transformations similar if they are all proper or
all improper; a proper and an improper transformation will be called dissimilar.

Proper and improper equivalence.

158.

If the forms F, F' have equal determinants and F' is contained in F, then F is
also contained in F', properly or improperly according as F' is properly or improperly
contained in F. Suppose F' changes into F’ on putting

r=oar' + By, y=~vyz'+5
Then F’ changes into F' on putting
' =d0r— Py, Yy =-yr+ay
For this substitution clearly produces from F’ the same result as putting in F’

r=a(dr — By) + B(—yz +ay), y=y0z— By)+d(—yx + ay)

or
r=(ad—Py)r, y=(ad—Pp7y)y

This clearly changes F into (ad — 3v)%F, that is, back into F' (the preceding article).
The second transformation is clearly proper or improper according as the first is
proper or improper.

If both F’ is properly contained in F and F in F’, we will call the forms properly
equivalent; if each is improperly contained in the other, we will call them improperly
equivalent. — The use of these distinctions will soon become clear.

Ezample. The form 2zx — 8xy + 3yy changes, under the substitutions z = 2z’ + 1/,
y = 32’ +2¢/, into the form —13x'2z" — 122'y’ — 23’1/, and the latter changes into the
former on putting 2’ = 22 —y, y’ = —3z 4 2y. So the forms (2, —4,3), (—13, -6, —2)
are properly equivalent.

The preceding analysis clearly shows that this proposition also extends to forms with determinant
= 0. But the equation (ad — 3v)? = 1 must not be extended to that case.
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The problems we will now take up are these. 1. Given any two forms with the
same determinant, determine whether they are equivalent, and whether properly,
improperly, or in both ways, since this too is possible. If their determinants are
unequal, determine whether at least one contains the other, properly, improperly, or
in both ways. Finally, find all transformations of one into the other, both proper and
improper. II. Given any form, determine whether a given number can be represented
by it, and find all its representations. But forms with negative determinant need a
different method here from forms with positive determinant. We will therefore first
give what is common to both, then consider forms of each kind separately.
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Opposite forms.

159.

If the form F contains the form F', and this in turn contains the form F”, then
the form F also contains the form F".

Let the indeterminates of the forms F, F',F” be z,y, 2,1y, 2”,1y" respectively,
and suppose F' changes into F’ on putting

r=ax' +8y. y=~2'+/

and F’ into F” on putting

/i

o =d2" + By, =42+ 5y
Clearly, F' will change into F” on putting
z = ooz +BY") + B(Y2" +0%y"), y=r(a'a" +B8Y") + (2" + ")
or
z = (ad + By)2" + (af' + B8)y", y = (va +8v)a" + (48 + 58")y"

So F contains F"”.
Since

(ad + By )(vB" + 60") — (af’ + B ) (va' + 67') = (b — By) (/" — B'Y')

the result is positive if ad — Sy and o8’ — 3’9’ are both positive or both negative,
and negative if one is positive and the other negative. So the form F' contains the
form F" properly if F' contains F’ in the same way as F’ contains F”, and improperly
if in different ways.

It follows that if we have any number of forms F, F’, F”, F""' etc., each containing
the next, the first contains the last, properly if the number of forms that contain their
successor improperly is even, and improperly if this number is odd.

If the form F is equivalent to the form F’, and the form F’ to the form F", then
the form F is equivalent to the form F": properly if the form F is equivalent to the
form F' in the same way as the form F' is to the form F", and improperly if in
different ways.

For since the forms F, F’ are respectively equivalent to F’, F”, not only does each
of the former contain the corresponding latter form, so that F' contains F”, but the
latter also contain the former. So F, F” are equivalent. The preceding result shows
that F' contains F” properly or improperly according as F' is equivalent to F’ in the
same way as F’ is to F”, or in different ways; the same is true of F” containing F'.
Thus, in the first case F, F" are properly equivalent, and in the second, improperly
equivalent.

The forms (a,—b,c), (¢,b,a), (¢, —b,a) are equivalent to the form (a,b,c): the first
two improperly, and the last properly.
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For axx + 2bxy + cyy changes into az’a’ — 2bz'y’ + cy’y’ on putting x = 2’ + 0.9/,
y = 0.2/ —/, and this transformation is improper because 1 x —1—0.0 = —1; into the
form cx’x’ +2bx’y’ +ay'y’ by the improper transformation z = 0.2/ +v/, y = 2’ +0.¢/;
and into the form cz’z’ — 2bz’y’ + ay’y’ by the proper transformation x = 0.2/ — 1/,
y=1a+0.y.

It is therefore clear that any form equivalent to the form (a, b, ¢) is properly equiva-
lent either to that form itself or to the form (a, —b,c). Similarly, if any form contains
the form (a, b, c) or is contained in it, it properly contains either the form (a, b, c) or
the form (a,—b,c), or is properly contained in one of them. We will call the forms
(a,b,c), (a,—b,c) opposite.

Neighboring forms.
160.
If the forms (a,b,c), (a’, b, ) have the same determinant, and in addition ¢ = o
and b = —b (mod.c), or b+ b = 0 (mod. ¢), we will call them neighboring forms.

When a more precise description is needed, we will call the first a neighbor of the
second on the left, and the second a neighbor of the first on the right.

For example, the form (7,3, 2) is a neighbor of the form (3,4, 7) on the right, and
the form (3.1.3) is a neighbor of its opposite (3, —1,3) on both sides.

Neighboring forms are always properly equivalent. For the form axz 4 2bxy + cyy
changes into the neighboring form cx’z’ + 2b/2'y’ + ¢/y/y’ under the substitution
r=—y,y=a"+ b%b/y’ (which is proper because 0 x bicb/ —1x—1=1), as is easily
proved by expansion using the equation bb — ac = b'b’ — ¢c’; and b%b/ is an integer
by hypothesis. — These definitions and conclusions do not apply if ¢ = @’ = 0. This
case can occur only for forms whose determinant is a square.

The forms (a, b, c), (a’,b, ) are properly equivalent if a = a’. b =¥’ (mod. a). For
the form (a,b,c) is properly equivalent to the form (¢, —b,a) (the preceding article),
and the latter is a neighbor of the form (a’, ¥, ¢’) on the left.

Common divisors of the coefficients of forms.

161.

If the form (a,b,c) contains the form (a',b',c), every common divisor of the
numbers a,b,c also divides the numbers a',V',c, and every common divisor of the
numbers a,2b, ¢ divides a’, 2V, c.

For if the form azz + 2bxy + cyy changes under the substitutions x = ax’ + B/,
y = vz’ + oy’ into the form o’'z’z’ + 202"y’ + 'y'y/, we have the equations

aca + 2bay + eyy = d
aaf +b(ad + By) +cyd =V
aBB + 2B + cdd = ¢

from which the proposition follows immediately (for its second part, use 2aaf +
2b(ad + B) + 2¢y6 = 20 in place of the second equation).
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It follows that the greatest common divisor of the numbers a, b(2b), ¢ also divides
the greatest common divisor of the numbers a’,¥'(2'), . If, in addition, the form
(d',V, ) contains the form (a,b,c), that is, if the forms are equivalent, the greatest
common divisor of the numbers a, b(2b), ¢ equals the greatest common divisor of the
numbers a’, b’ (2V'), ¢, since each must then divide the other. Thus, if in this case
a, b(2b), c have no common divisor, that is, if their greatest common divisor = 1, then
a',b'(2V'), ¢ also have no common divisor.

Connection between all similar transformations of a given form into a given form.

162.
PROBLEM. If the form
AXX +2BXY +CYY ... F
contains the form
axx + 2bxy +cyy ..... f

and one transformation of the former into the latter is given, derive from it all the
other transformations similar to it.

Solution. Let the given transformation be X = ax + By, Y = vz + dy. First
suppose that another similar transformation X = o’z + 'y, Y = v/ + ¢y is given,
and investigate what follows from this. For the forms and their determinants, write
F,f, = D,d, and put ad — By = e, &/’ — 'y = ¢/. We have (Article 157) d = Dee =
Deé’e’. Since by hypothesis e, e’ have the same sign, e = ¢/. We have the following
six equations:

Aaa+2Bay+Cyy=a  ....... 1]

Ad'd +2Bd/y +Cvy =a  ....... 2]

AaB + B(ad+By) +Cyo=b ... 3]
Ad'B + B[S + B9 )Y+Cyd =b ... 4]
ABB+2BBI+Cé6=c  ....... 5]

AB'B +2BB'S +C8 =c ..., [6]

If, for brevity, we denote the numbers

Aad’ + B(ay +~a') + Cvy/
A(aB' + Ba’) + B(ad' + By +~B + da’) + C(vd' + 6)
ABB + B(BS' +68') + C¢’
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by o, 2V, ¢, we derive the following new equations from the preceding ones”):

dd — Dy =~y =aa ... [7]
2d'b — D(ary' — ') (ad' + By — B — da’) = 2ab .. [8]
40 — D((ad’ + By — B — 6a/)? + 2ee’) = 2bb + 2ac

Adding 2Dee’ = 2d = 2bb — 2ac gives

400 — D(ad’ + By — B — /) =4bb ... [9]
a'd — D(ad —vB")(By — 6a’) = bb

and subtracting D(ad — 8v)(/8 — B'y') = bb — ac gives

ad —D(ay —~va)(BS - 68" )y =ac ... [10]
20'c — D(ad" + By —vp" — 6a) (B — 68") = 2be .o (1]
dd —DB -8 ) =cc  ........ [12]

Now let the greatest common divisor of the numbers a, 2b, ¢ be m, and choose the
numbers A, B, € so that
Aa +2Bb+ Cc=m

(Article 40). Multiply the equations 7,8,9,10, 11, 12 by A, 2B, BB, 2A¢, 2B¢, ¢
respectively and add the products. If, for brevity, we put

Aa +28Y +e¢d=T7 [13]
A(ay —ya') +B(ad' + By — 4" - da’)
+¢(Bs -88")=U .o [14]

where T, U are clearly integers, we obtain
TT — DUU = mm

So we have reached this elegant conclusion: any two similar transformations of the
form F into f give an integer solution of the indeterminate equation tt — Duu = mm,
namely t =T, uw = U. Since in our reasoning we did not assume the transformations
to be different, even one transformation considered twice must give a solution. In
that case, however, because o/ = o, 3/ = 3, etc., we have '’ =a, b/ =b, ¢ = ¢, and
soT =m, U =0, a solution that is obvious in itself.

Now consider the first transformation and the solution of the indeterminate equa-
tion as known, and investigate how the second transformation can be derived from
them, or how o/, 5',+',¢" depend on a, 3,7,d, T,U. For this purpose, first multiply

“'These equations arise as follows: 7 comes from 1.2 (that is, by multiplying equation (1) by equation
(2), or rather by multiplying the left side of the former by the left side of the latter, and its right side
by the right side of the latter, and equating the products); 8 from 1.4 4 2.3; the next, unnumbered
equation from 1.6 + 2.5 4+ 3.4 + 3.4; the next unnumbered one from 3.4; 11 from 3.6 + 4.5; 12 from 5.6.
We will always use similar notation in what follows. We must leave the expansion to the reader.
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equation [1] by da’ — 37/, [2] by ad’ —~F', [3] by ay’ —~a/, [4] by v¢/ — ay/, and add
the products. This gives

(e+e€)d = (ad — By =8 +dd')a ...... [15]
Similarly, from
(08" = B&")([1] = [2]) + (ad" = By — 48"+ 8a")([3] + [4]) + (" — va/)([5] — [6])

we get

20e+ e =2(ad — By —4B8 +6a)b ... [16]
Finally, from (65" — 80")([3] — [4]) + (ad’ — y3")[5] + (6a/ — B7")[6] we get
(e+e€)d = (ad — By =8 +dd)e ...... [17]

Substituting these values (15,16, 17) into 13 gives
(e+ T = (ad — By —vB" + §a’)(Aa + 2Bb + €c)

or

2eT = (a8’ — By — B +6a')m ... (18]
from which 7" can be derived much more easily than from [13]. — Combining this
equation with 15, 16,17 gives ma’ = T'a, 2mb’ = 2Tb, mc’ = T'c. Substituting these
values ot a’,20', ¢ into equations 7—12 and writin as mm + , we obtain,

lues of a’,2V', ¢ into equations 712 and writing TT DUU btai
after the required changes,
(o — v/ )*mm = aaUU
(ay —vyad')(ad' + By — B — da’)ymm = 2abUU

(' + By — B — da/)2mm = 4bbUU
(ay — ) (B8 — 68 Ymm = acUU
(ad + By — 8 — 50/)(65' — 88" ymm = 2bcUU
(88" — 68" )2mm = ccUU
Using equation [14] and the equation Aa+2Bb+Cc = m, we easily derive the following
(multiply the first, second and fourth; the second, third and fifth; the fourth, fifth
and sixth equations by 2, B, € respectively, and add the products):
(ay —~va ) Umm = maUU
(ad’ + By — B — 5/ ) Umm = 2mbUU
(88" — 68" Y Umm = meUU

and then, dividing by mU"),

alU = (ay =o'y m L. [19]
20U = (ad' + By — B —§a')ym ... [20]
cU=(B~6"Ym L [21]

“This would not be allowed if U = 0. In that case, however, equations 19,20, 21 would follow
immediately from the first, third and sixth of the preceding equations.
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Any of these equations gives U much more easily than [14] does. — It also follows
that however 2, B, € are chosen (which can be done in infinitely many ways), both
T and U retain their respective values.

Now multiplying equation 18 by «, 19 by 23, and 20 by —«, and adding gives

2ceT + 2(Ba — ab)U = 2(ad — By)a'm = 2ea’m
Similarly, from S[18] 4+ 3[20] — 2a[21] we get

28eT + 2(Bb — ac)U = 2(ad — By)B'm = 2e'm
Further, from ~[18] + 25[19] — ~v[20] we get

2veT + 2(6a — vb)U = 2(ad — By)y'm = 2ey'm
Finally, from 6[18] 4 6[20] — 2[21] we get

26€T + 2(6b — ye)U = 2(ad — By)d'm = 2ed'm

Substituting in these formulas the values of a, b, ¢ from 1, 3,5 gives

o'm = aT — (aB +~C\U
B'm = BT — (BB + 6C)U
v'm=~T + (aA +~vyB)U

§'m = 6T + (BA+ 6B)U"

The preceding analysis shows that there is no transformation of the form F' into
f similar to the given one that is not included in the formula

X = L(at — (aB+~C)u)z + L (Bt — (BB +6C)u)y
Y =L(yt+ (@A +yB)u)z + L (6t + (BA+6Bu)y ... (I)

where ¢, u stand for all integers satisfying the equation tt—Duu = mm. We cannot yet
conclude that all values of ¢, u satisfying that equation give suitable transformations
when substituted into formula (I). But:

1. The form F' always changes, under a substitution coming from any such values
of t,u, into the form f. This is easily confirmed by expansion using equations 1, 3,5
and the equation tt — Duu = mm. We omit the calculation for brevity; it is longer
than it is difficult.

JFrom this we easily derive

AelU = (57" — 8" )m
2Bel = (ad’ — §a’ + 6" — By )m
CeU = (Ba’ —af)m
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2. Every transformation derived from the formula is similar to the given one. For

Lat — (aB +~C)u) x L(6t + (BA+ IB)u)
— L(Bt— (BB +6C)u) x L(yt+ (¢A+ vB)u)
= ﬁ(a& — B7)(tt — Duu) = ad — By

3. If the forms F, f have unequal determinants, formula (I) may for some values of
t,u give substitutions involving fractions, which must therefore be rejected. All the
others will be suitable transformations, and there will be no others beyond them.

4. If, however, the forms F, f have the same determinant and so are equivalent,
formula (I) will give no transformations involving fractions and will therefore give
the complete solution of the problem in this case. We prove this as follows.

The theorem of the preceding article shows that in this case m is also a common
divisor of the numbers A,2B,C. Since tt — Duu = mm, we have tt — BBuu =
mm — ACuu, so tt — BBuu is divisible by mm. Then certainly 4tt — 4B Buu is also
divisible by it, and (because 2B is divisible by m) so is 4tt by mm, and therefore 2t
by m. Thus Z(t + Bu), 2(t — Bu) are integers, and, since their difference %Bu is
even, they are either both even or both odd. If both were odd, their product would
also be odd. But as four times the number ﬁ(tt — BBuu), which we have just
shown to be an integer, this product is necessarily even. So that case is impossible,
and 2 (t+ Bu), 2(t— Bu) are always even, giving integers L (t+ Bu), L (t—Bu). It
follows without difficulty that all four coefficients in (I) are always integers. Q.FE.D.

It follows that once all solutions of the equation tt — Duu = mm are known, all
transformations of the form (A, B, C) into (a, b, ¢) similar to the given transformation
can be derived from them. We will show later how to find those solutions. Here we
note only that their number is always finite when D is negative, or positive and a
square; it is infinite when D is positive and not a square. In the latter case, if also the
equality D= d does not hold (point 3° above), one would also have to investigate how
to distinguish in advance the values of ¢,u that give substitutions free of fractions
from those that give fractional substitutions. But for this case we will give another
method below, free of this drawback (Article 214).

Example. The form zx + 2yy changes under the proper substitution z = 22’ +
7y, y = 2’ + 5y into the form (6,24,99). We want all proper transformations
of the former form into the latter. Here D = —2, m = 3, so the equation to
solve is tt + 2uu = 9. It is satisfied in six different ways, namely by putting t =
3,-3,1,—-1,1,—1; u = 0,0,2,2, —2, —2 respectively. The third and sixth solutions
give fractional substitutions and must therefore be rejected. The others give four
substitutions:

22" + 7y x' + 5y

— 22" =T/ — a2’ — 5y
e — 22" — 9y v= 2+ 3y

22" + 9y -2’ =3y

(the first of which is the given one).
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Ambiguous forms.

163.

We have already mentioned in passing that a form F may contain another form
F' both properly and improperly. This clearly happens if between the forms F, F’ we
can place another form G so that F' contains G' and G contains F’, and the form G
is improperly equivalent to itself. For suppose F' contains G properly or improperly.
Since G contains G improperly, F' also contains G improperly or properly, respectively,
and thus in either case both properly and improperly (Article 159). It follows in the
same way that however G is assumed to contain F’, F' must always contain F’ both
properly and improperly. — That forms improperly equivalent to themselves exist
can be seen from the most obvious case, where the middle term of the form = 0.
Such a form is its own opposite (Article 159) and so is improperly equivalent to itself.
More generally, every form (a, b, ¢) in which 2b is divisible by a has this property. For
the form (¢, b, a) is its neighbor on the left (Article 160), and so is properly equivalent
to it. But by Article 159, (¢,b,a) is improperly equivalent to the form (a,b,c), so
(a,b, c) is improperly equivalent to itself. We will call forms (a,b,c) in which 2b is
divisible by a ambiguous. We therefore have the following theorem:

A form F contains another form EF' both properly and improperly if an ambiguous
form can be found that is contained in F and contains F'. But this proposition also
has a converse, namely:

Theorem on the case where one form is contained in another both properly and

improperly.
164.
THEOREM. If the form
Axx +2Bzxy+ Cyy ..... (F)
contains the form
Alr's! + 2B 2y + C'y'y ... (F)

both properly and improperly, an ambiguous form can be found that is contained in
F and contains the form F’.
Suppose the form F' changes into the form F’ both under the substitution

r=ax + By, y = yx' + &y
and under the following dissimilar substitution:
x=dad2' + g7, y=7"7"+ 0y
Denoting the numbers ad — 8y, /8" — '+ by e, e/, we have B'B' — A'C' = ee(BB —

AC) = €'¢/(BB — AC), and so ee = €’¢’. Since by hypothesis e, e’ have opposite
signs, e = —¢’, or e + ¢ = 0. It is now clear that if, in F’, we substitute for z’ the
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expression ¢’z — 3'y”, and make the corresponding replacement y’, —v'z"” +a’y”, the
same form results as when we write in F’
either 1) for x  a(d'x” — B'y") + B(—y'2" + 'y")
that is  (ad’ — By)z" + (Ba’ — aB)y”
and for y (8’2" — B'y") + 5(—'2" + y")
that is  (v8' — 69" )" + (6’ —vB')y"
or2) for x o (82" = B'Y") + B (—'2" + 'y") thatis €'z”
and for y /(8’2" — B'y") + ' (—'2" + o'y")  thatis €'y’
Thus, denoting the numbers ad’ — 8/, Ba’ — af’, v&' — 67/, 6/ — B’ by a,b,c,d,
the form F' changes under the two substitutions

! !,

x:ax”—i—by”, y:cx”—i—dy"; r=é2", y=¢ey

into the same form. This gives the following three equations:

Aaa +2Bac + Ccc = Ae'e ... 1]
Aab + B(ad + bc) + Ced = Be'e! ... 2]
Abb +2Bbd + Cdd = Ce'e’  ....... 3]

From the values of a, b, ¢, d, however, we find
ad —bc=ee' = —ee = —€e'e’ ...... 4]
Then from d[1] — ¢[2] we get
(Aa + Bce)(ad — be) = (Ad — Be)e'e

and so
Ala+d) =0

Further, from (a + d)[2] — b[1] — ¢[3] we get
(Ab+ B(a+d) + Cc)(ad — bc) = (—Ab+ B(a + d) — Cc)é'e
and so
B(a+d)=0
Finally, from a[3] — b[2] we get
(Bb+ Cd)(ad — bc) = (—Bb + Ca)e'e’

and so

Cla+d)=0

Since A, B, C cannot all be = 0, we must have a +d =0, or a = —d.
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From a[2] — b[1] we get

(Ba + Cc)(ad — bc) = (Ba — Ab)e'e’
and thus

Ab—2Ba—Cc=0 ........ [5]
The equations e +¢’ =0, a+d =0, or

ad — By +ad'd -8 =0, ad —py -8 +5a' =0
give (v +a')(0 +0") = (B4 B')(v +7/), or

(a+a):(y+9)=B+8):(0+7)

Let this ratio”) be written in lowest terms as m : n, so that m,n are relatively
prime, and choose pu, v so that yum + vn = 1. Further, let r be the greatest common
divisor of the numbers a, b, c. Its square therefore divides aa + be, or be — ad, or
ee, so r also divides e. With these choices, suppose the form F' changes under the
substitution

ve e
T =mt+ —u, y=nt— —u
T T

into the form Mtt + 2Ntu + Puu, (G). This form will be ambiguous and will
contain the form F”.
Proof. 1. To show that the form G is ambiguous, we will prove that
M (bpp — 2apv — cvv) = 2Nr

Since r divides a, b, ¢, the number %(b,uu — 2auv — cvv) is an integer, and so 2NV
is a multiple of M. Now

M = Amm + 2Bmn + Cnn,
Nr = (Amv — B(mu —nv) — Cnu)e .. 6]

Further, expansion easily confirms that
2¢e+2a=e—¢ +a—d
=(a=a)(6+0") = (B-B)v+7)

2b=(a+a)(B- )~ (a—a)(B+5)
Since m(y +v') = n(a+ '), m(6 + ') = n(B8 + B'), this gives

Mfallof a+a', v+, B+ 8, 6+ 6 were = 0, the ratio would be indeterminate, and the method
would not apply. But a little thought shows that this is inconsistent with our assumptions. For we
would have ad — By = '8’ — B4/, that is, e = ¢/, and thus, since e = —¢’, e = ¢’ = 0. Then
B'B’ — A'C’, that is, the determinant of the form F’, would also become = 0. We have excluded such
forms entirely.
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m(2e + 2a) = —2nb or

me+ma+nb=0 ......... [7]
Similarly,
2¢—2a=e—¢ —a+d
=(a+a)(6-0) = (B+8)v—7)
2c=(7=7)(+0) = (v+7)(0-7)
and so n(2e — 2a) = —2mec, or

ne—na+mec=0 ......... 8]
Now add to mm(buu — 2aur — cvv) the expression
(1 —mp —nv)(mv(e —a) + (mup + 1)b)
+(me + ma + nb)(muv + v) + (ne — na + me)mvv

which clearly = 0, because

l—pum—-—vu=0, me+ma+nb=0, ne—na+mc=20

Expanding the products and removing the terms that cancel gives 2mve + b. So

mm(bup — 2auy — cvv) =2mre+b ... .. [9]
Similarly, adding to mn(bup — 2auv — cvv) the following:
(1 —=mp —nv)((nv —mp)e — (1 +mp +nv)a)
—(me + ma + nb)mpup + (ne — na + me)nvy

gives

mn(bup — 2apy — cvv) = (nv —mp)e —a . . .. [10]
Finally, adding to nn(bup — 2apv — cvv) the expression

(mp+nv —1)(np(e+a) + (nv + 1)c)
—(me + ma + nb)nup — (ne — na + me)(nuv + )
gives
nn(bup — 2apy — cvv) = —2npue —c . ... [11]
Now from 9, 10, 11, we derive

(Amm + 2Bmn + Cnn)(bup — 2apv — cvv)
= 2e(Amv + B(nv — mp) — Cnu) + Ab — 2Ba — Cc
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or, because of [6],,

M (bup — 2apy — cvv) = 2Nr. Q. E. D.
II. To prove that the form G contains the form F’, we will show first that G
changes into F’ on putting
t = (pa+vy)a’ + (ub + vy,
u= g(na —my)x’ + g(nﬂ -mdé)y ... (S)
and second that Z(na —my), £(nf — mé) are integers.

1. Since F' changes into G on putting

ve pe
r=mt+—u, y=nt——u
r r

the form G changes under substitution (.5) into the same form as F' does on putting

z = m((po+vy)z’ + (uB + vo)y')
+v((na —my)x’ + (nB —md)y)

that is, = a(mp + nv)z' + B(mu + nv)y', or = az’ + By,
and

y = n((po+vy)a’ + (uB + vé)y)
= p((ner = my)a’ + (nf — mé)y')
that is, = y(nv + mp)x’ + d(nv + mu)y’, or = va’' + dy/'.
But this substitution changes F' into F’, so substitution (S) also changes G into
F'.
2. From the values of e,b,d we find o’e + vb — ad = 0, or, because d = —a,
na’e + naa + nyb = 0. Then [7] gives na’e + naa = mye + mya, or

(na —my)a = (my—nae ....... [12]
Further, anb = —am(e + a), ymb = —m(d’e + aa), and so
(na —my)b=(a/ —a)yme ....... [13]

Finally, v'e — va+ ac = 0. Multiplying by n and substituting for na its value from
[8] gives

(na —my)e=(y—9)ne ....... [14]

Similarly, we derive 8'e + 6b — 3d = 0, or nf3’e + ndb + nBa = 0, and therefore, by
[7],, nB'e + nfa = mde + mda, or

(nB—md)a=(mdé—npe ....... [15]
Further, fnb = —fm(e + a), dmb = —m(f’e + Ba), and so
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(nB—mdé)b= (8 —B)me ....... [16]

Finally, de — da + Sc = 0. Multiplying by n and substituting for na its value from
[8] gives

(nB—md)ec=(—0)ne ....... [17]

Now, since the greatest common divisor of the numbers a, b, ¢ is r, integers 2, 25, €
can be chosen so that

Aa +Bb+Cc =1
Then 12, 13, 14 and 15, 16, 17 give

A(my —na') +B(a' —a)m+ E(y —+)n
=~ (na —my)

A(md —nB") +B(B — B)ym + €5 —8')n
= g(nﬁ —md)

so Z(na—nvy), L(nf —md) are integers. Q. E. D.
165.

Ezample. The form 3zz+14xy—4yy changes into the form —122'2' — 182"y’ +39y'y/
both properly, on putting

r=42" + 11y, y=—-2'" -2y

and improperly, on putting

r = T4z +89y', y=152" — 18y

Here ao + o/, B+ ', v+, § + 8 are —70, 100, 14, —20, and —70 : 14 = 100 :
—20=5:—-1. Soweput m =5, n=—1, u =0, v = —1. The numbers a, b, c are
found to be —237, —1170, 48, whose greatest common divisor = 3 = r; finally, e = 3.
Thus transformation (S) is © = 5t — u, y = —t. It changes the form (3,7, —4) into
the ambiguous form ¢t — 16tu + 3uu.

If the forms F, F’ are equivalent, the form G, contained in F, is also contained in
F'. But since it also contains that same form, it is equivalent to it, and so also to
the form F'. In this case, therefore, the theorem can be stated as follows:

If F, F" are both properly and improperly equivalent, an ambiguous form equivalent
to both can be found. — In this case e = %1, so r., which divides e, must also be = 1.

Let this suffice for the transformation of forms in general. We now turn to repre-
sentations.
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General results on representations of numbers by forms and their connection with
transformations.

166.

If the form F contains the form F’', every number that can be represented by F’
can also be represented by F'.

Let the indeterminates of the forms F, F’ be x,y;x’, vy’ respectively. Suppose the
number M is represented by F’ on putting ' = m, ¢y = n, and that the form F
changes into F’ under the substitution

v=ox' + By, y=~z"+ 0y
Then clearly, on putting

r=am+ fBn, y=ym+n

F' takes the value M.
If M can be represented in several ways by the form F’, for example also on
putting 2’ = m’, v’ = n’, several representations of M by F follow. For if both

am+ fn =am’ + Bn’ and ym + on = ym’ + on’

we would have either ad — S+ = 0, making the determinant of the form F = 0,
contrary to hypothesis, or m = m’, n = n’. So M can be represented in at least as
many different ways by F' as by F'.

Thus, if both F' contains F’ and F’ contains F, that is, if F, F’ are equivalent, and
the number M can be represented by either form, it can also be represented by the
other, and in just as many different ways by one as by the other.

Finally, we note that in this case the greatest common divisor of the numbers m, n
equals the greatest common divisor of am + fn, ym + dn. Let the former = A, and
choose the numbers p, v so that ym +vn = A. Then

(Op — yv)(am + fn) — (Bp — av)(ym + én)
= (ad = By)(pm +vn) = £A
So the greatest common divisor of am + fn, ym + dn divides A. But A also
divides it, since it clearly divides am + n, ym + dn. The greatest common divisor

must therefore be = A. — Thus, if m,n are relatively prime, am + Bn. ~ym + on
are also relatively prime.
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167.
THEOREM. Suppose the forms
arr + 2bxy +cyy ... ... (F)
dz's’ +20'2y + Yy (F)

are equivalent, their determinant = D, and the latter changes into the former on
putting

¥ =ax+ By, y =vyz+dy

Suppose also that the number M is represented by F on putting x = m, y = n,
and so by F' on putting

¥=am+pn=m', y=ym+in=n

with m relatively prime to n, and therefore also m’' to n’. Then the two represen-
tations belong either to the same value of the expression \/D(mod. M) or to opposite
values, according as the transformation of the form F' into F is proper or improper.
Proof. Choose the numbers u, v so that um + vn = 1, and put

5/~L—7V:M/ —butaov_
ad — By T ad— By
These are integers because ad — 5 = +1. Then

w'm' +1v/'n’ =1. (See the end of the preceding article.)
Further, put

pu(bm + cn) —v(am +bn) =V,
M/(b/m/ + C/n/) _ V/(a/m/ + b/n/) — V/
Then V, V' are values of the expression y/D(mod. M) to which the first and second

representations belong. If in V' we substitute the values of y/,v/,m/,n’, and in V
substitute

for a, daa+2Vay+dyy
for b, daf+V(ad+ By)+ o
for ¢, d'BB+ 2085+ 66

expansion gives V = V'(ad — 7).

So either V.=V’ or V. = —V’, according as ad — By = +1 or = —1. That is,
the representations belong to the same value of the expression \/D(mod. M) or to
opposite values, according as the transformation of the form F’ into F is proper or
improper. Q. E. D.

Thus, if several representations of the number M by the form (a,b,c), using rel-
atively prime values of the indeterminates x,y, belong to different values of the
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expression y/D(mod. M), the corresponding representations by the form (a’,V,c)
belong to those same respective values. If there is no representation of the number
M by a form belonging to a particular value, there is also none belonging to this
value by an equivalent form.

168.

THEOREM. If the number M is represented by the form axx+ 2bxy+ cyy by assign-
ing to x,y relatively prime values m,n, and the value of the expression /D (mod. M)
to which this representation belongs is N, then the forms (a,b,c), (M, N, N]X;D) are
properly equivalent.

Proof. Article 155 shows that integers u, v can be found so that

mp+nv =1, plbm+cn) —viam+bn) =N

Then the form (a, b, ¢), under the substitution z = mz’ —vy', y = na’ + py’, which

is clearly proper, changes into a form whose determinant = D(mu + nv)?, that is,
= D, and so into an equivalent form. If we write this form = (M’ N, N ]]\(/[,_D), we

have

M' = amm + 2bmn + cnn = M,
N’ = —mva + (mp — nv)b+ nuc = N

So the form into which (a,b,c) changes under that transformation is

(M,N, M2y Q. E. D.

The equations

mp+nv =1, p(mb+nc) —v(ma+nb) =N

also give
~ nN+ma+nb  nN+ma+nb
#= amm + 2bmn + cnn M ’
mb -+ nc — mN
UV =
M

so these numbers are integers.
We must also note that this proposition does not apply if M = 0, since the term

W is then indeterminate”).

169.

If we have several representations of the number M by (a,b,¢) belonging to the
same value of the expression /D(mod. M), N (always assuming the values of z,y
to be relatively prime), several proper transformations of the form (a,b,c)..(F') into
(M. N, YN=D) (@) can also be derived from them. For if such a representation also

M
comes from the values x = m/, y = n’, then (F) also changes under the substitution

“Nn this case, if we wish to extend our wording to it, saying that IV is a value of the expression
v/D(mod. M), or that NN = D(mod. M), means that NN — D is a multiple of M, and so = 0.
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m'N —m'b—n'c

xr = m’x'—i—

M Yy,
,, n'N+ma+n'b
y=nz + i Y

into (G). Conversely, every proper transformation of the form (F') into (G) gives
a representation of the number M by the form (F') belonging to the value N. For if
(F) changes into (G) on putting © = mz’ —vy’, y = na’ + py’, then M is represented
by (F') on putting = m, y = n. Since here mu+nv = 1, the value of the expression
v/D(mod. M) to which the representation belongs is p(bm+cn) —v(am+bn), that is,
N. Several different proper transformations give just as many different representa-
tions belonging to N ). — It follows easily that once all proper transformations of the
form (F') into (G) are known, they give all representations of M by (F') belonging to
the value N. So the problem of finding representations of a given number by a given
form, in which the indeterminates have relatively prime values, has been reduced to
finding all proper transformations of that form into a given equivalent form.

Applying the results of Article 162, we easily conclude: if one representation of
the number M by the form (F') belonging to the value N is z = a, y = =, then the
general formula including all representations of the same number by the form (F')
belonging to the value N is

at — (ab+ ye)u y— vt + (aa + yb)u

r = y
m m

where m is the greatest common divisor of the numbers a, 2b, ¢, and ¢, u stand for
all numbers satisfying the equation ¢t — Duu = mm.

170.

If the form (a, b, ¢) is equivalent to an ambiguous form, and so is both properly and
improperly equivalent to the form (M, N, & ]X[ D) or properly equivalent both to the
form (M, N, N]X/;D) and to (M, —N, NAA];D), there are representations of the number
M by the form (F') belonging both to the value N and to the value —N. Conversely,
if several representations of the number M by the same form (F') belong to opposite
values of the expression /D(mod. M), N,—N, then the form (F') is both properly
and improperly equivalent to the form (G), and an ambiguous form equivalent to (F')

can be found.

I1f two different proper transformations are assumed to give the same representation, they must
have the following form:
1) z=ma —vy, y=na'+py';
2) z=ma' -y, y=mna'+p2.
But the two equations
muy +nv = m,u/ + m/',
wu(mb + nc) — v(ima 4+ nb) = p' (mb + nc) — v’ (ma + nb),

easily give either M = 0 or p = p/, v = /. We have already excluded M = 0.
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Let these general results on representations suffice here. We will discuss represen-
tations in which the indeterminates do not have relatively prime values below. As for
other properties, forms with negative determinant need a completely different treat-
ment from forms with positive determinant, so we will now consider them separately.
We begin with the former, as the easier ones.
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Forms with negative determinant.

171.

PROBLEM. Given any form (a,b,a’) with negative determinant = —D, where D
denotes a positive number, find a properly equivalent form (A, B,C) in which A is
no greater than \/%D, C, and no smaller than 2B.

Solution. We assume that the given form does not satisfy all three conditions
at once; otherwise there would be no need to look for another form. Let b’ be the

absolutely least residue of the number —b modulo a’ "), and let o = b,b;iJfD, which is
an integer because b’ = bb, b’V + D = bb+ D = ad’ = 0(mod. a’). Now if a” < o,
again let b” be the absolutely least residue of —b' modulo a”, and let o = bub:,f

If again a” < a”, once more let b be the absolutely least residue of —b” modulo a”
and let o = bmi#. Continue this operation until the sequence d’,a”, o, a""
etc. reaches a term a™T! no smaller than its predecessor ™. This must eventually
happen, since otherwise we would have an infinite sequence of integers that keep
decreasing. Then the form (a™,b™,a™*!) satisfies all the conditions.

Proof. 1. In the sequence of forms (a,b,a’), (a',¥',a”), (a”,b",a") etc., each is
a neighbor of its predecessor, so the last is properly equivalent to the first (Articles
159, 160). II. Since b™ is the absolutely least residue of —6™~! modulo a™, it is no
greater than 1a™ (Article 4).

III. Since a™a™t! = D + b™b™, and a™*! is not < a™, a™a™ is not > D + b™b™.
Since b™ is not > %am, a™a™ is not > D + %amam, and %amam is not > D; finally,
a™ is not > /3D.

Ezample. Let the given form be (304,217, 155), whose determinant = —31. Here
we find the sequence of forms:

(304,217,155), (155, —62,25), (25,12,7), (7,2,5), (5,—2,7).

The last is the one we want. — In the same way, for the form (121,49, 20), whose
determinant = —19, we find the equivalent forms (20,-9,5), (5,—1,4), (4,1,5); so
(4,1,5) is the form we want.

We will call forms (A, B,C) with negative determinant, in which A is no greater
than / %D, C and no smaller than 2B, reduced forms. So for any form with negative
determinant, a properly equivalent reduced form can be found.

“'Notice that if, in a form (a,b,a’), the first or last term a or @’ is = 0, its determinant is a positive
square, so this cannot happen in the present case. — For a similar reason, the outer terms a,a’ of a
form with negative determinant cannot have opposite signs.
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172.

PROBLEM. Find the conditions under which two nonidentical reduced forms with
the same determinant —D, (a,b,c), (a’',b',c), can be properly equivalent.

Solution. We may assume that a’ is not > a, and that the form azx + 2bxy + cyy
changes into a’z'z’ + 2b/2'y’ + /y'y’ under the proper substitution z = ax’ + Sy,
y = vz’ + 6y’. Then we have the equations

aca + 2bay +cyy=d ...l 1]
acB+b(ad + By)+eyd =0 2]
ad—py=1 ... 3]

From [1] we get aa’ = (ac + by)? + Dvv, so aad’ is positive. Since ac = D + bb,
a'd = D+ VV, ac and d/c are also positive; so a,ad’,c,c all have the same sign.
But both a and o’ are not > /3D, so ad’ is not > /3D; still less, then, can
Dvyvy (= ad’ — (ac + by)?) be greater than %D. Thus ~ is either = 0 or = +1.

I.If y =0, [3] gives either « = 1.0 =1 or &« = —1, § = —1. In both cases [1] gives
a’ = a, and [2] gives b/ — b = £Ba. But b is not > %a, and b’ is not > %a’, so it is
also not > %a. Thus the equation b’ — b = +8a can hold only if

either b = b', which would give ¢ = b/b;iJ,rD = %
(', ¥, ) identical, against our assumption;

orb=—-b = :I:%a. In this case too, ¢ = ¢, and the form (a’, V', ¢) is (a, —b, ¢), that
is, the opposite of the form (a, b, c). It is also clear that these forms are ambiguous,
since 2b = =+a.

IL. If v = £1, [1] gives acar + ¢ — a’ = £2ba. But ¢ is no smaller than a, so it is no
smaller than a’. Thus aca + ¢ — d’, or 2ba, is certainly no smaller than aaca. Since
2b is no greater than a, « is no smaller than aa; so necessarily either « = 0 or = +£1.

1) If a =0, [1] gives a’ = ¢, and since a is neither greater than ¢ nor smaller than
a’, necessarily @’ = a = c. Further, [3] gives 5y = —1, so [2] gives b+ b = +dc = +da.
From this, as in (I), we get

either b =1/, in which case the forms (a, b, ¢), (a’,V’,¢’) would be identical, against
our assumption;

or b= =0, in which case the forms (a,b,c), (a’, b, ) are opposite.

2) If o = £1, [1] gives £2b = a+ ¢ — a’. So, since a is not smaller and ¢ < a’ does
not hold, 2b is not < a and not < c¢. But 2b is also not > a or > ¢, so necessarily
+2b = a = ¢, and from the equation £2b = a + ¢ — d/, also = a/. Thus [2] gives

= ¢, making the forms (a, b, ¢),

b = a(aB +~3) + b(ad + B7)
or, since ad — By =1,
b —b=alaB +~8) + 2bBy = a(afB + v £ B7)
so necessarily, as before,

either b = b/, making the forms (a,b,c), (a’,b’, ) identical, against our assump-
tion;
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or b = -/, so those forms are opposite. In this case too, since a = 42b, the forms
are ambiguous.

From all this we conclude that the forms (a, b, ¢), (a’,V/, ') can be properly equiv-
alent only if they are opposite and, at the same time, either ambiguous or a = ¢ =
a’ = ¢. That the forms (a,b,c), (a/,b,c) are properly equivalent in these cases
could also have been seen easily in advance. For opposite forms must be improperly
equivalent, and if they are also ambiguous, they must be properly equivalent too. If
(M, a — b, a) is a neighbor of the form (a,b,c) and so equiva-
lent to it. But since D + bb = ac = aa, we have M = 2a — 2b, and the form
(2a — 2b,a — b, a) is ambiguous; so (a,b,c) is properly equivalent to its opposite too.

We can now decide just as easily when two reduced forms (a, b, ¢), (a/,, ¢’) that are
not opposite can be improperly equivalent. They are improperly equivalent if (a, b, ¢),
(@', =V, "), which are not identical, are properly equivalent, and conversely. Thus the
condition for the former to be improperly equivalent is that they are identical and,

a = ¢, the form

in addition, either ambiguous or a = ¢. — Reduced forms that are neither identical
nor opposite can be neither properly nor improperly equivalent.
173.

PROBLEM. Given two forms F and F' with the same negative determinant, deter-
mine whether they are equivalent.

Solution. Find two reduced forms f, f’ properly equivalent to the forms F, F’,
respectively. If the forms f, f’ are properly equivalent, improperly equivalent, or
equivalent in both ways, so are F', F’. If f, f’ are not equivalent in any way, neither
are ', F'.

The preceding article gives four possible cases:

1) If f, f" are neither identical nor opposite, F', F’ are not equivalent in any way.

2) If f, f’ are first either identical or opposite, and second either ambiguous or
have equal outer terms, F', F’ are both properly and improperly equivalent.

3) If f, f’ are identical, but neither ambiguous nor have equal outer terms, F, F’
are only properly equivalent.

4) If f, f" are opposite, but neither ambiguous nor have equal outer terms, F, F”’
are only improperly equivalent.

Ezample. For the forms (41,35, 30), (7,18,47), whose determinant = —5, we find
the equivalent reduced forms (1,0, 5), (2, 1, 3); so the given forms are not equivalent in
any way. — But the forms (23, 38,63), (15, 20,27) have the same equivalent reduced
form (2,1, 3). Since it is also ambiguous, the forms (23,38, 63), (15,20,27) are both
properly and improperly equivalent. — For the forms (37, 53,78), (53,73,102), the
equivalent reduced forms are (9,2,9), (9, —2,9). Since the reduced forms are opposite
and their outer terms are equal, the given forms are both properly and improperly
equivalent.
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174.

The number of all reduced forms with a given determinant —D is always finite
and fairly small in relation to the number D. The forms themselves can be found in
two ways. Denote the reduced forms with determinant —D generally by (a, b, ¢); we
then have to determine all the values of a, b, c.

First method. For a, take all numbers, both positive and negative, no greater than
Vv %D, for which —D is a quadratic residue. For each a, let b successively equal all
values of the expression y/—D (mod. a) no greater than %a, taken both positively and
negatively. For ¢, given each determined pair of values of a, b, put = %. Discard
any forms produced this way in which ¢ < a; the others are clearly reduced.

Second method. For b, take all numbers, both positive and negative, no greater
than %\/ %D, or / %D. For each b, factor bb + D in every possible way into two
factors (also taking differences of sign into account), both no smaller than 2b. Put
one factor—the smaller one when they are unequal—= a, and the other = ¢. Since a
is not >/ %D, all forms obtained this way are clearly reduced. — Finally, it is clear
that no reduced form can fail to be found by either method.

Example. Let D = 85. Here the bound on the values of a is %, which lies
between 10 and 11. The numbers between 1 and 10 (inclusive) for which —85 is a
residue are 1,2,5,10. This gives twelve forms:

(1,0,85), (2,1,43), (2,—1,43), (5,0,17),
(10,5,11), (10. —5,11); (—1,0,—85), (—2,1,—43),
(=2, —1,-43). (=5,0,—17), (10,5, —11, (=10, -5, —11).

The other method gives, for the values of b, the bound +/ 8—35, which lies between 5
and 6. For b = 0, we get the forms

(1,0,85), (—1,0,—85), (5,0,17), (—5,0,—17),

and for b = £1, these: (2,+1,43), (—2,+1,—43).
For b = 42, there are none, since 89 cannot be factored into two factors both not
< 4. The same holds for 43, +4. Finally, for b = 45, we get

(10,45,11), (=10, +5. — 11).

175.

From all reduced forms with a given determinant, discard one of each pair of forms
that, though not identical, are properly equivalent. The remaining forms have this
notable property: every form with the same determinant is properly equivalent to
one of them, and to only one (otherwise some of them would be properly equivalent
to one another). Thus all forms with the same determinant can be divided into as
many classes as there are forms remaining, by putting forms properly equivalent to
the same reduced form into the same class. For D = 85, for example, the remaining
forms are

(1,0,85), (2,1,43), (5,0,17), (10,5,11),
(=1,0. —84), (=2,1,—43). (=5,0,—17), (—10,5,—11)
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so all forms with determinant —85 can be divided into eight classes, according as they
are properly equivalent to the first form, the second, etc. Clearly, forms in the same
class are properly equivalent, and forms from different classes cannot be properly
equivalent. We will discuss this subject of classifying forms much more fully below.
Here we add just one observation. We showed above that if the determinant of the
form (a, b, ¢) is negative = — D, a and ¢ have the same sign (since ac = bb+ D, which
is positive). In the same way, it is easy to see that if the forms (a, b, ¢), (a’,V', ) are
equivalent, all of a, ¢, @’, ¢ have the same sign. For if the first changes into the second
under the substitution x = ax’ + 8y, y = v2’ + dy/, then aaa + 2bay + cyy = o/,
giving aa’ = (ac + b3)? + D~yy, which is certainly nonnegative. Since a cannot be
zero and a’ = 0 cannot hold, aa’ is positive, so a,a’ have the same sign.

This makes it clear that forms whose outer terms are positive are completely
separate from those whose outer terms are negative. It is enough to consider just the
reduced forms with positive outer terms, since the others are equal in number and
come from them by giving the outer terms opposite signs. The same holds for the
forms to be discarded from the reduced forms and those to be retained.

176.

Here, then, is a table of forms for certain negative determinants, according to
which all other forms with the same determinant can be divided into classes. In line
with the observation in the preceding article, we give only half of them, those with
positive outer terms.

D
1](1,0,1).

2| (1,0,2).

31(1,0,3), (2,1,2).

41 (1,0,4), (2,0,2).

51 (1,0,5), (2,1,3).

6 (1,0,6), (2,0,3).

71(1,0,7), (2,1,4).

81 (1,0,8), (2,0,4), (3,1,3).

91 (1,0,9), (2,1,5), (3.0,3).

10 | (1,0,10), (2,0,5).

11| (1,0,11), (2,1,6), (3,1,4), (3,—1,4).
12 | (1,0,12), (2,0,6), (3,0,4), (4,2,4).

There would be no need to continue this table further here, since below we will show
how to arrange it much more usefully.

So every form with determinant —1 is properly equivalent to the form zx + yy if
its outer terms are positive, or to —xx — yy if they are negative; every form with
determinant —2 whose outer terms are positive is properly equivalent to the form
xx + 2yy, etc.; every form with determinant —11 whose outer terms are positive, to
one of zx + 1lyy, 2xx + 2zy + 6yy, 3zx + 22y + 4dyy, 3xx — 2zy + 4yy, ete.
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177.

PROBLEM. Given a sequence of forms, each a right neighbor of its predecessor,
find a proper transformation of the first into any form in the sequence.

Solution. Let the forms be (a,b,d’) = F; (d,b,d") = F'; (a",0",a") = F";
(@b, a") = F" etc. Denote b-g/b” bb" b//;}/’m etc. by b/, b, h"" etc., respectively.

Let the indeterminates of the forms F, F’, F" etc. be z,y; 2’,y'; 2”,y" etc. Suppose
F' changes

into F/ for z=dz + By, y =~z + 8y

F” z = 2" + "y y =" 4 &y

F" x ="z 4 By, y = A"z 4§y
ete.

Then since F' changes into F’ for z = —y/, y=2'+h'y/
F/ intO F// for :LJ — _y//7 y/ — :L,// + h//y//
F" into F"' for 2" = —y", y"'" ="' + h""y"" etc. (Article 160)

we easily obtain the following algorithm (Article 159):

a'=0 g =- 'y’—l y=n
O// — 5/ /8// h//ﬁ/ / ,y — 5 5// — h//(s/ _ ,.y/
a i/ — /8” /8”/ — h,//ﬁ” _ ,y 5 5/// — h///6// _ ,.Y//
a//// — B/// /8//// — h///lﬁ/// _ a/// ,yl/// 5/// 5//// — h////(s/// _ 7///
etc.

or
O/ZO ﬁ/:_ ,Y/:l 5/:h/
O/l — B, 6// — h”ﬁ, ,}// _ 6/ 5// — h”él _ 1
O/H _ B// B/” — h”/B” _ 5/ ,}/ — 5/// _ h/”5” 5/
O//// B/// ﬁ//// — h/,//B”/ _ ﬁ// ,.)///// 6/// 5//// h////(s/// 6//

etc.

That all these transformations are proper follows easily both from their construc-
tion and from Article 159.

This very simple algorithm is convenient for calculation and is analogous to the
algorithm given in Article 27; it can also be reduced to that algorithm”™). This solution
is not restricted to forms with negative determinant: it applies to all cases, provided
none of the numbers a’,a”,a” etc. is = 0.

“1In the notation of Article 27, we have 8 = £[—h", b’ —h"" ... £ h"], where the alternative signs
must be — —; — +; + —; + 4, according as n has the form 4k 4 0; 1; 2; 3, and

5" = k[h, =R K" R

where the alternative signs must be + —; ++; — —; — 4, according as n has the form 4k + 0; 1; 2; 3.
But to keep this brief, we cannot develop this further; anyone can easily confirm it for themselves.
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178.

PROBLEM. Given two properly equivalent forms F, f with the same negative
determinant, find a proper transformation of one into the other.

Solution. Suppose the form F is (A, B, A’), and that the method of Article 171 has
given the sequence of forms (A’, B, A"), (A", B", A" etc. up to (A™, B™, A™+1)
which is reduced. Similarly, suppose f is (a,b,a’), and the same method has given
the sequence (a’,b,a"), (a”,b",a") up to (a™,b",a™*!), which is reduced. There are
then two possible cases.

I. The forms (A™, B™, A™*1), (a",b", a"*!) are either identical, or opposite and
also ambiguous. Then the forms (A™~1, Bm=1 A™) (a", —b""1, a"~!) are neighbors
(where A™~! denotes the next-to-last term of the sequence A, A’, A”...A™ and
B™=1 g1 "~ have similar meanings). For A™ = @, B"~! = —B™ (mod. A™),
b=t = —b" (mod. a” or A™), giving B! —b""1 = b" — B™ and so = 0 if the forms
(A™ B™ A™HL) (g™, b, a™ 1) are identical, and = 2b", so = 0, if they are opposite
and ambiguous. Thus, in the sequence of forms

(A, B, A", (A,B",A").... (Am_l, Bt A™),
(a™, —p L a"il), (a"fl, —bp 2, a”*2) ...(d',=b,a), (a,b,a)

each form is a neighbor of its predecessor. By the preceding article, we can therefore
find a proper transformation of the first, F', into the last, f.

II. The forms (A™, B™, A™*1), (a",b",a"*!) are not identical but opposite, and
also A™ = A™*! = " = ¢"*!. Then the sequence of forms

(A,B, A", (A',B',A")....(A™ B™ A™h),
(a™, =b"" 1 ™Y, (a1, =0""2,a"?)... . (d,=b,a), (a,b,d)

has the same property. For A+l = ¢", and B™ — "' = —(b" + b"~!) is divisible
by a™. So the preceding article gives a proper transformation of the first form F' into
the last f.

Ezample. For the forms (23.38,63), (15,20, 27), we have the sequence

(23,38,63). (63,25,10), (10,5,3), (3,1.2),
(2. —7,27), (27,-20,15), (15,20,27)

SO
h/ — 1’ hl/ — 3’ h/// — 2’ h//// — _3’ h///// — _17 h////// — O

This gives the following transformation of the form 23zx + 76xy + 63yy into 15tt +
40ty + 27uu: x = —13t — 18u, y = 8t + 11u.

This solution easily gives the solution of the problem: If the forms F, f are im-
properly equivalent, find an improper transformation of the form F into f. For let
f = att+2btu+a’uu; then the opposite form app—2bpg+a’qq is properly equivalent to
the form F'. Find a proper transformation of the form F' into that form, x = ap+ Sq,
y = yp+ dq. Clearly F changes into f on putting x = at — fu, y = vt — du, and this
transformation is improper.

So if the forms F) f are both properly and improperly equivalent, we can find both
a proper and an improper transformation.
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179.

PROBLEM. If the forms F', f are equivalent, find all transformations of the form
F into f.

Solution. If the forms F, f are equivalent in only one way, that is, only properly
or only improperly, use the preceding article to find one transformation of the form
F into f. Clearly there can be no other transformations except those similar to this
one. If the forms F', f are both properly and improperly equivalent, find two trans-
formations, one proper and the other improper. Now take the form F' = (A, B,C),
with BB — AC = —D, and let the greatest common divisor of the numbers A, 2B, C
be = m. Article 162 shows that, in the first case, all transformations of the form F
into f can be derived from one transformation; in the second, all proper transforma-
tions can be derived from the proper one and all improper transformations from the
improper one, provided we have all solutions of the equation tt + Duu = mm. Once
these have been found, the problem is solved.

But we have D = AC — BB, 4D = 4AC — 4BB, so 22 = 44C _ (2B)2 jg 5y
integer. Now if

1) % > 4, we have D > mm. So in tt + Duu = mm, u must be = 0, and ¢ can
have no values other than +m and —m. Thus, if I, f are equivalent in only one way
and one transformation is

v=oax' + By, y=~z"+05y

there can be no others except this one, which comes from ¢ = m (Article 162), and

/

v=—az' =By, y=-—va'—dy

If F', f are both properly and improperly equivalent, and we have a proper transfor-
mation

v=ar' + By, y=ny2'+0y
and an improper one
ot /1 W, "
r=ax +0Yy, y=v2'+3dy
there is no other proper transformation except the former (from ¢ = m) and
r=—ar' — By, y=—vy2' — &y (from t = —m)
and likewise no improper transformation except
$:a,$/+B/y/, y:7/x1+5/ /;
andm:70[/‘%,/7,8/?/7 y,:*’)/,f*(;/y,

2) If % = 4, or D = mm, the equation tt + Duu = mm has four solutions
t,u;=m,0; —m,0; 0,1; 0,—1. So if F, f are equivalent in only one way and one
transformation is

v=ar' + By, y=n~y2'+0y

there are exactly four transformations,

x=xax' £ By, y=Lyr' £/
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Y

0B +4C ,_BB+0C ,
m m

Y- iozA—F’yBac,i BA+5By,
m m

If F', f are equivalent in two ways, or there is another transformation dissimilar
to the given one, this also gives four transformations dissimilar to the former four,
making eight transformations. — It is also easy to prove that in this case F', f really
are always equivalent in both ways. For since D = mm = AC — BB, m divides B too.

The form (£, 8 € has determinant = —1, so it is equivalent to the form (1,0,1) or

o (—1,0, —nll).mIt Ts easy to see that the same transformation that changes (%, %, %)
into (£1,0,£1) changes the form (A, B,C) into (£m,0,4+m), which is ambiguous.
So the form (A, B, C), being equivalent to an ambiguous form, is both properly and
improperly equivalent to every form equivalent to it.

3) If % =3, or 4D = 3mm, m is even, and all solutions of the equation tt+Duu =
mm are these six:

t,u;=m,0; —m,0; 2m,l, 2m —1; %m,—l; —%m,l
So if we have two dissimilar transformations of the form F into f,
r=ar' + By, y=ny2'+dy
N /oy ot 11
r=aoz + 8y, y=7v +3dy
we have twelve transformations, namely six similar to the first,

r=dazr' £ 8y, y=+y2' £/

—+(la— aB—&-yC’)x/ + (18 BB+60)y
:i(% aA—&-’yB)x/:l:( +,3A+6B)y
=+ (Ja+ 2BC)y 4 (15 4+ LEHC)y

y =3y - L)’ £ (36 - HEE)

and six similar to the second, obtained from these by replacing a, 3, 7, § with o/, 3,

/ !

v, 6"
That in this case F, f are always equivalent in both ways is proved as follows.
The form (%, %, E) has determinant = —jl—D = —3, so this form (Article 176)

is equivalent either to the form (+1,0,43) or to (£+2,+1,+2). From this it is easy
to see that the form (A, B, C) is equivalent either to the form (i%m, 0, i%m) or to
(£m, %m, j:m)*), both of which are ambiguous, and so is equivalent in both ways to
every equivalent form

4) If we assume 2 =2, we get (22 B)2 4% — 2, and so = 2 (mod. 4). But no
square can be = 2 (mod 4), so this case cannot occur.
5) Assuming % =1, we get (%)2 = 4% —1 = —1 (mod. 4). Since this is

impossible, this case cannot occur either.
Since D is neither = 0 nor negative, no cases other than those listed are possible.

1t can be proved that the form (A, B,C) is necessarily equivalent to the latter, but this is not
needed here.

116



Arithmetical Investigations

180.

PROBLEM. Find all representations of a given number M by the form axx +2bxy—+
cyy ... F with negative determinant —D, in which x,y take relatively prime values.

Solution. Article 154 shows that M cannot be represented in the required way
unless —D is a quadratic residue of M. First find all distinct (that s, incongruent)
values of the expression / — D (mod. M), say N,—N,N',—N' N" —N" etc. To
make the calculation simpler, all N, N’ etc. can be chosen so that they are not
> %M . Since each representation must belong to one of these values, consider each
value separately.

If the forms F, (M, N, D “;\ZVN ) are not properly equivalent, there can be no repre-
sentation of M belonging to the value N (Article 168). If they are, find a proper

transformation of the form F' into

D+ NN
MI'/.Q?/—F?NI'/y/—i- —"_ y/y/
M
say
r=ox'+ By, y=n~z"+0y

Then x = «,y = 7 is a representation of the number M by F belonging to N. Let
the greatest common divisor of the numbers A,2B,C,= m. We distinguish three
cases (preceding article):
1) If % > 4, there are no representations belonging to N other than these two:
r=aaq,y=";x=—a,y = —7 (Articles 169, 179).
2) If % = 4, there are four representations
aB +~C aA+yB
y=+——-

r=xa, y==xy; r=F——,
m m

4D _ : .
3) If ~= = 3, there are siz representations

r = *a, y ==+
B+4+~C A+~B
z=£(30— 8,y =F(3y + EL2E)
C A
z=x(la+2B0C) y= (1y - 24808

Representations belonging to the values —N.N’, — N’ etc. must be found in the same
way.
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181.

Finding the representations of the number M by the form F' in which z,y take
values that are not relatively prime can easily be reduced to the case already consid-
ered. Suppose such a representation is obtained on putting x = ue,y = uf, where
u is the greatest common divisor of pe, uf, that is, e, f are relatively prime. Then
M = pp(Aee + 2Bef + Cff), which is therefore divisible by pu. The substitution
z =e,y = f is a representation of the number £ by the form F in which z,y take
relatively prime values. So if M is divisible by no square (other than 1), for exzample,
if it is prime, there are no such representations of M. If M has square divisors, let
them be pu, vv, 7w etc. First find all representations of the number % by the form
(A, B,C) in which z,y take relatively prime values. Multiplying these values by p
gives all representations of M in which the greatest common divisor of the numbers
x,y is p. Similarly, all representations of % in which the values of x, y are relatively
prime give all representations of M in which the greatest common divisor of the
values of x,y is v, etc.

So the preceding rules find all representations of a given number by a given form
with negative determinant.
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Special applications to writing numbers as sums of two squares, a square and twice
a square, a square and three times a square.

182.

We turn to some special cases, both for their remarkable elegance and for the
sustained attention the distinguished Euler gave them, which has earned them some-
thing of the status of classics.

I. A number can be represented by the form zxz 4+ yy with z relatively prime to
y (or written as a sum of two relatively prime squares) only if —1 is a quadratic
residue of it. Conversely, every such number, taken positively, can be represented.
Let M be such a number, and let all values of the expression / — 1 (mod. M)
be N,—N,N',—N',N” —N" etc. Then, by Article 176, the form (M, N, N]X/[H) is
properly equivalent to the form (1,0,1). Let a proper transformation of the latter
into the former be x = az’ + By, y = y2’ + 0y’. The representations of the number
M by the form zz 4+ yy belonging to N are then these four): z = +a,y = +7;
T = Fv,y = *a.

Since the form (1,0,1) is ambiguous, the form (M, —N, NJX;I) is clearly also
properly equivalent to it, and the former changes properly into the latter on putting
x = ax' — By, y = —y2’ + dy’. This gives four representations of M belonging to
—N: z = o,y = Fvy; * = £7v,y = *a. So there are eight representations of M,
half belonging to N and half to —NN. But all these give only one decomposition
of the number M into two squares, M = a« + 7, if we consider only the squares
themselves, without regard to their order or the signs of their roots.

So if there are no values of the expression / — 1 (mod. M) other than N and
—N, as happens, for example, when M is prime, M can be written as a sum of two
relatively prime squares in only one way. Now —1 is a quadratic residue of every
prime of the form 4n + 1 (Article 108), and a prime clearly cannot be written as a
sum of two squares that are not relatively prime. We therefore have the theorem:

Every prime of the form 4n + 1 can be written as a sum of two squares, in only
one way.

1=0+41, 5=1+44, 13=4+9, 17=1+4 16,
29=4+25, 37T=1+436, 41 =16+25, 53 =4+49,
61=25+36, 73=9+64, 89=254+64, 97=164+81 etc.

This very elegant theorem was already known to Fermat, but was first proved by the
distinguished Euler, Comm. nov. Petr. Vol. V, for the years 1754, 1755, p. 3 ff. Vol.
IV contains a paper on the same subject, p. 3 ff., but he had not yet completed the
matter there; see especially Article 27.

So if a number of the form 4n + 1 can be written as a sum of two squares either
in several ways or in no way, it is certainly not prime.

This case is clearly covered by (2) of Article 180.
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Conversely, if the expression \/ — 1 (mod. M) has values other than N and —N,
there are further representations of M belonging to them. In this case, then, M can
be written as a sum of two squares in several ways, for example, 65 = 1464 = 16+49,
221 =25+ 196 = 100 + 121.

The remaining representations, in which x,y take values that are not relatively
prime, can easily be found by our general method. We only note that if a number has
factors of the form 4n + 3 that cannot be removed by dividing by any square (which
happens if one or more such factors has an odd exponent), it cannot be written as a
sum of two squares in any way ).

II. The form xzz + 2yy cannot represent a number for which —2 is a nonresidue
with z relatively prime to y; every other number can be represented. Let —2 be a
residue of the number M, and N a value of the expression \/ — 2 (mod. M). Then,
by Article 176, the forms (1,0,2), (M, N, N]XFQ) are properly equivalent. Let the
first change properly into the second on putting z = ax’ + By, y = y2’ + §y'. Then
T = a,y = 1y is a representation of the number M belonging to N. Except this one
and * = —a,y = —, no others belong to N (Article 180).

As above, we see that the representations x = +a, y = Fy belong to the value —N.
All four representations give just one decomposition of M into a square and twice a
square. If there are no values other than N and —N of the expression y/—2 (mod. M),
there are no other decompositions. With the propositions of Article 116, this easily
gives the theorem:

Every prime of the form 8n+ 1 or 8n+ 3 can be written as a square plus twice a
square, in only one way.

1=140, 3=14+2, 11=9+2, 17=9+8,
19=1+18, 41=9+32. 43=25+18, 59=9+ 50,
67=49+18, 73=1+72, 83=81+2,
89 =81+8, 97=25+72 etc.

Fermat also knew this theorem, like several similar ones, but the distinguished La
Grange first gave a proof, Suite des recherches d’Arithmétique, Nouv. Mém. de I’Ac.
de Berlin 1775, p. 323 ff. The distinguished Euler had already settled many points
on this subject, Specimen de usu observationum in mathesi pura, Comm. nov. Petr.
Vol. VI, p. 185 ff. But a complete proof of the theorem always eluded his efforts, p.
220. Compare also the paper in Vol. VIII (for the years 1760, 1761), Supplementum
quorundam theorematum arithmeticorum, near the end.

I1f the number M = 2#8a%bP¢” ..., where a,b, ¢ etc. are distinct primes of the form 4n + 1, and
S is the product of all prime factors of M of the form 4n + 3 (every positive number can be put in
this form by taking 4 = 0 when M is odd, and S = 1 when M has no factors of the form 4n + 3),
then M can be written as a sum of two squares in no way if S is not a square. If S is a square, there
are 2(a+1)(B + 1)(y + 1) etc. decompositions of M when at least one of the numbers «, 3,7 etc. is
odd, or 2(a+1)(8+4 1)(y + 1) etc. + 5 when all «, 3,7 etc. are even (considering only the squares
themselves). Anyone with some practice in combinatorics can derive the proof of this theorem from
our general theory without much difficulty. We cannot dwell on it here, any more than on other special
cases. Compare Article 105.
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ITI. A similar method proves that every number of which —3 is a quadratic residue
can be represented either by the form xx + 3yy or by 2zx + 2zy + 2yy, with the value
of z relatively prime to the value of y. Since —3 is a residue of all primes of the
form 3n+ 1 (Article 119), and the form 2zz + 2xy + 2yy clearly represents only even
numbers, we have, as above, the theorem:

FEvery prime of the form 3n+1 can be written as a square plus three times a square,
in only one way.

1=140, 7=4+3, 13=1412, 19=16+ 3,
31=4+4+27, 37=25+12, 43=16+27, 61 =49+ 12,
67=64+3, 73=25+48 etc.

The distinguished Euler first gave a proof of this theorem in the paper just cited,
Comm. nov. Petr. Vol. VIII, p. 105 ff.

We could proceed further in the same way and, for example, show that every
prime of the form 20n + 1, 20n + 3, 20n + 7, or 20n + 9 (of which —5 is a residue)
can be represented by one of the forms xx + 5yy, 2zx + 2xy + 3yy: primes of the
forms 20n 4+ 1 and 20n + 9 by the first, primes of the forms 20n + 3,20n + 7 by the
second. Also, twice a prime of the forms 20n + 1,20n + 9 can be represented by
the form 2zz + 22y + 3yy, and twice a prime of the forms 20n + 3,20n 4+ 7 by the
form xx + 5yy. But anyone can derive this proposition and infinitely many other
special ones for themselves from the preceding results and those to be given below.
— So we turn to forms with positive determinant. Since their nature is quite different
according as the determinant is a square or not a square, we first exclude forms with
square determinant here and will consider them separately later.

121



Arithmetical Investigations

Forms with positive nonsquare determinant.

183.

PROBLEM. Given any form (a,b,a’) with positive nonsquare determinant = D,
find a properly equivalent form (A, B,C) in which B is positive and < /D, and A,
if positive, or —A, if A is negative, lies between /D + B and /D — B.

Solution. We assume the given form does not yet satisfy both conditions; otherwise
there would be no need to look for another form. We also note that in a form with
nonsquare determinant, the first or last term cannot be = 0 (Article 171, note). Let
b = —b (mod. a'), lying between the bounds /D and /D Fa’ (taking the upper sign
when a’ is positive and the lower when it is negative). That this is possible is easily
proved as in Article 3. Put b/b;,_D = a”, which is an integer because b'b’'—D = bb—D =
aa’ = 0 (mod. a’). Now if a” < d/, again let " = —b' (mod. a”), lying between /D
and /D F a” (according as a” is positive or negative), and b"b;/,TD = d”. If again
a” < a”, once more let b’ = —b” (mod. '), lying between /D and /D F o, and
b///i’;fo = a””. Continue this operation until the sequence da’,a”,a”’, a"" etc. reaches
a term a™*! no smaller than its predecessor a™. This must eventually happen, since
otherwise we would have an infinite sequence of integers that keep decreasing. Then,
on putting a™ = A, b™ = B, a™*! = C, the form (A, B, C) satisfies all the conditions.

Proof. 1. In the sequence of forms (a,b,d’), (a’,b',a"”), (a”,0",a") etc., each is a
neighbor of its predecessor; so the last, (A, B, (), is properly equivalent to the first,
(a,b,a).

II. Since B lies between /D and /D F A (always taking the upper sign when A is
positive and the lower when A is negative), putting /D — B =p, B— (/DFA) =¢q
clearly makes p, g positive. It is easy to confirm that gq+2pg+2p\/D = D+AA—BB;
so D+ AA— BB is a positive number, which we put = r. Then, since D = BB — AC,
we get r = AA — AC, so AA — AC is positive. But by assumption A is no greater
than C, so this clearly requires AC to be negative, making the signs of A, C' opposite.
This gives BB =D+ AC < D, and so B < /D.

III. Further, since —AC = D — BB, we have AC' < D, and so (since A is not > C)
A < /D. Thus /D F A is positive, as is B, which lies between /D and /D F A.

IV. So /D + B F A is certainly positive. Since v/D — BF A = —q is negative, £ A
lies between /D + B and /D — B. Q. E. D.

Ezample. Let the given form be (67,97,140), whose determinant = 29. Here
we find the sequence of forms (67,97, 140), (140, —97,67), (67, —37,20), (20, -3, —1),
(—1,5,4). The last is the one we want.

We will call forms (A, B,C) with positive nonsquare determinant D, in which
A, taken positively, lies between /D + B and /D — B, while B is positive and
< /D, reduced forms. Reduced forms with positive nonsquare determinant thus
differ somewhat from reduced forms with negative determinant. But because of the
close analogy between them, we did not want to introduce different names.
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184.

If we could recognize the equivalence of two reduced forms with positive determi-
nant as easily as for forms with negative determinant (Article 172), we could decide
without difficulty whether two arbitrary forms with the same positive determinant
are equivalent. But the situation here is quite different: many reduced forms can
be equivalent to one another. Before taking up this problem, we must look more
deeply into the nature of reduced forms (with positive nonsquare determinant, which
is always understood here).

1) If (a,b,c) is a reduced form, a and ¢ have opposite signs. For putting the
determinant of the form = D, we have ac = bb — D, which is negative because

b</D.
2) The number ¢, like a, taken positively, lies between /D + b and /D — b. For
—¢— D=bb D—bb D—bb

=, 8o, disregarding the sign, ¢ lies between JD+b and D=5’ that is, between
VD —band /D + b.

3) So (¢,b,a) is also a reduced form.

4) Both a and ¢ are < 24/D. Each is < /D + b, so also < 2,/D.

5) The number b lies between /D and /D F a (taking the upper sign when a
is positive and the lower when it is negative). Since +a lies between /D + b and
VD —b, £a— (/D —b), or b— (/D Fa), is positive. But b— /D is negative, so b lies
between /D and /D F a. — Exactly the same argument shows that b lies between
/D and /D F ¢ (according as c is positive or negative).

6) Every reduced form (a,b,c) has exactly one reduced neighbor on each side.

Put @’ = ¢, ¥ = —b (mod. a'), lying between /D and /D T a'”), and ¢ = b/b;i,_D.
Then the form (a’,¥, ) is a right neighbor of the form (a, b, c). It is also clear that
any reduced right neighbor of the form (a, b, ¢) must be this (a’,¥’,¢’). That it really
is reduced is proved as follows.

A) On putting

VD+bFd =p, *d-(V/D-b=q /D-b=r

these p, g, r are positive, by (2) above and the definition of a reduced form. Further,
put
V—(/DFa)=q, VD-V =1

Then ¢, r" are positive, since b’ lies between /D and /D F a’. Finally, let b+ b’ =
+ma; then m is an integer. Clearly p+ ¢ = b+, so b+, or +mda’, is positive,
and therefore so is m. Thus m — 1 is certainly nonnegative. Further, we get

r+q¢ tma =20 +d, or 20=r+q¢ £ (m—-1)d

so 20’ and V' must be positive. Since b’ + ' = /D, we have b’ < /D.

“'Where there are alternative signs, the upper sign always applies when a’ is positive and the lower
when a’ is negative.
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B) Further, we get
r+mad =/D+V, or r£(m—-1)d =D+ Fd

so /D + V' F d is positive. From this, and since +a’ — (/D — V') = ¢/, and so is
positive, +a’ lies between /D +b" and /D — V. — Thus (d/,b’, ) is a reduced form.

The same argument proves that if we put 'c = a, 'b = —b (mod. ’¢), lying between
VD and /D +'¢, and 'a = lb/l?c_D, the form (‘a,’d,’c) is reduced. Clearly this form
is a left neighbor of the form (a,b,¢), and no reduced form other than ('a,’d,’c) can
have this property.

Ezample. The reduced form (5,11, —14), whose determinant = 191, has the re-
duced right neighbor (—14, 3,13) and the left neighbor (—22,9,5).

7) If the reduced form (a, b, ¢) has the reduced right neighbor (a’,b’, ¢), the reduced
form (¢, b,a) has the left neighbor (¢/,b',a’). If the reduced form (a,b,c) has the
left neighbor (‘a,’d,’c), the reduced form (c,b,a) has the reduced right neighbor
(e,’b,’a). The forms (—'a,’b,—'c), (—a,b, —c), (—d’,b’, =) are also reduced, with
the second a right neighbor of the first, and the third of the second; or the first a left
neighbor of the second, and the second of the third. The same holds for the three
forms (—c, V', —d’), (—¢,b, —a), (—'¢,’b,—'a). These facts are so clear that no further
discussion is needed.
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185.

The number of all reduced forms with a given determinant D is always finite, and
the forms themselves can be found in two ways. Let us denote all reduced forms with
determinant D in general by (a, b, c), so that we have to determine all the values of
a,b,c.

First method. For a, take all numbers (both positive and negative) less than 2,/D
for which D is a quadratic residue. For each a, set b equal to all positive values of
the expression /D (mod. a) lying between /D and /D F a; and c is to be set, for
each pair of determined values of a, b, = %. Any forms obtained this way in which
+a lies outside the interval between /D + b and /D — b must be discarded.

Second method. For b, take all positive numbers less than /D. For each b, factor
bb — D in every possible way into two factors which, disregarding their signs, lie
between /D + b and /D — b, and set one = a and the other = c¢. Each factorization
clearly gives two forms, since each factor must be set both = a and = c.

Ezxample. Let D = 79; then there are twenty-two values of a: F1, 2, 3,5, 6, 7, 9,
10, 13, 14, 15. These give nineteen forms:

(1,8,—15), (2,7,—15), (3,8,—5), (3,7,—10),
(5,8,—3), (5,7,—6), (6,7,—5), (6,5,—9),
(7,4,-9), (7,3,-10), (9,5,—6), (9,4,-7),

(10,7,-3), (10,3,—-7), (13,1,—6), (14,3,—5),

(15,8,—1), (15,7,-2), (15,2,—5)

and just as many others obtained from them by changing the signs of the outer
terms, namely (—1,8,15), (—2,7,15), etc., making thirty-eight in all. But six of these,
(+£13,1,F6), (+14,3,F5), (£15,2,F5), must be discarded; the remaining thirty-two
include all the reduced forms. The second method gives the same forms in the
following order™:

(£7,3,F10), (£10,3,F7), =+7,4,F9), (£9,4,%F7),
(£6,5,F9), (£9,5,F6), (£2,7,F15), (£3,7,F10),
(£5,7,F6), (£6,7,¥5), (£10,7,F3), (&15,7,F2),
(£1,8,F15), (£3,8,F5), (&5,8,F3), (&15,8,F1).

For b = 1, —78 cannot be factored into two factors which, disregarding their signs, lie between
V7941 and /79 — 1. So this value must be skipped, and for the same reason so must the values 2
and 6.

125



Arithmetical Investigations

186.

Let F be a reduced form with determinant D, and let F’ be its reduced right
neighbor; let F” in turn be the reduced right neighbor of this form, F"” the reduced
right neighbor of F”, and so on. All the forms F', F” F" etc. are then completely
determined, and are properly equivalent both to one another and to F. But since
the number of all reduced forms with a given determinant is finite, the forms in the
infinite sequence F, F’, F" etc. cannot all be different. Suppose F™ and F™" are
identical. Then F™~! F™+n=1 are reduced left neighbors of the same reduced form,
and so are identical; in the same way F™ 2 and F™t"2 etc., and finally F and
F", are identical. So if the sequence F, F’, F” etc. is continued far enough, the first
form F' must eventually recur. If we suppose that F™ is the first form identical to
F, or that all F/,F"....F" ! are different from F, we easily see that all the forms
F,F',F"....F" ! are different. We will call this collection of forms the period of
the form F. If the sequence is continued beyond the last form of the period, the
same forms F, F', F" etc. appear again, and the whole infinite sequence F, F’, F" etc.
consists of this period of F' repeated infinitely often.

The sequence F, F’,F" etc. can also be continued backwards by placing before
F the reduced form 'F, its left neighbor; before this, the reduced form "F, its left
neighbor, and so on. This gives a sequence of forms infinite in both directions:

///F //F /F F F/ F// F///

We easily see that 'F is identical to F*~1 "F to F"2, etc., so the sequence on the
left also consists of the period of F' repeated infinitely often.

If we assign to the forms F, F’, F" etc., 'F, "F etc. the indices 0, 1, 2 etc., —1,
—2 etc., and in general to F™ the index m and to ™F the index —m, then clearly
any two forms of the sequence are identical or different according as their indices are
congruent or incongruent modulo n.

Ezample. The period of the form (3,8, —5), with determinant = 79, is found to
be 3,8,-5), (=5,7,6), (6,5,—9), (-9,4,7), (7,3,—10), (—10,7,3). After the last,
(3,8, —5) appears again. So here n = 6.

187.

Here are some general observations about these periods.
1) If the forms F, F'  F" etc.; 'F," F,"'F etc. are written as

a, bv _a',)v (_alv b/> a”)a (aﬂv bH? _a///) etc.;

(—’a,'b, a), ("a,"b, _/a)’ (_///a’///b’//a)

then all a,d’,a”,a"” etc.,’a,”a,”a etc. have the same sign (Article 184, 1), while all
b, b/, b" etc.,'b,”b etc. are positive.

2) This shows that the number n (the number of forms making up the period of
F) is always even. For the first term of any form F™ in this period clearly has the
same sign as the first term a of F' if m is even, and the opposite sign if m is odd.
Since F'™ and F are identical, n must be even.
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3) By Article 184, 6, the algorithm for finding the numbers v/, ", 0" etc., a”, "
etc. is as follows:

b = —b (mod. a’) between /D and /D Fa'; d' = D;,b,b,

b' = - (mod. a”) ......... VD Fd"; a" = D_G,Z/)//b//

V" = —b' (mod. @) ......... VD Fd"; GWZD;TW
ete.

In the second column we take the upper or lower signs according as a,a’,a” etc. are
positive or negative. Instead of the formulas in the third column, we may also use
the following, which are more convenient when D is large:

M:b+y

/
7 b-b)+a
b/ b//
a/l/ — ;—// (b/ _ b//) + a/
a//// — b// —i;//b/// (b// _ b///) + a//
a
etc.
4) Any form F™ contained in the period of F' has essentially the same period as
F. Its period is F™, Fm+l =l F F' ... F™ ! containing the same forms in

the same order as the period of F, and differing from it only in where it begins and
ends.

5) So all reduced forms with the same determinant D can be distributed into
periods. Take any one of these forms, F, and find its period F,F',F" ... . F*1,
which we will denote by P. If this does not yet include all reduced forms with
determinant D, let G be one not contained in it, and @ its period. Then P and @
clearly cannot have a form in common; otherwise G would also have to be contained
in P, and the periods would coincide entirely. If P and ) do not yet exhaust all
reduced forms, one of the missing forms, H, supplies a third period R, having no form
in common with either P or ). We can continue this way until all the reduced forms
are exhausted. For example, all reduced forms with determinant 79 are distributed
into six periods:

I (1,8,—15), (—15,7,2), (2,7,—15), (—15,8,1).
. (—1,8,15), (15,7,—-2), (=2,7,15), (15,8,—1).
L. (3,8,—5), (=5,7,6), (6,5,—9),

(=9,4,7), (7,3,-10), (-10,7,3).
IV. (-3,8,5), (5,7,—6), (—6,5,9),

(9,4,-7), (-7,3,10), (10,7,-3).
V. (5,8,-3), (-3,7,10), (10,3,-7),

(=7,4,9), (9,5,—6), (—6,7,5).
VI. (-5,8,3), (3,7,—10), (—10,3,7),

(7,4,-9), (=9,5,6), (6,7,—5).
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6) Let us call forms made up of the same terms in reverse order, such as (a, b, —a’),
(—d',b,a), associated forms. By Article 184, 7 we easily see that if the period of the re-
duced form F is F, F', F".... F"! if F has the associated form f, and if the forms
Fr—l Fn=2  _F" F' have the respective associated forms f, f"....f" 2, f*=1,
then the period of f is f, f/, f".... f"=2, f» 1. So it consists of just as many forms
as the period of F. We will call the periods of associated forms associated periods.
In our example, periods IIT and VI are associated, as are IV and V.

7) But the form f may itself occur in the period of its associated form F, as in
periods I and II of our example. Then the period of F' agrees with that of f, or the
period of F' is associated with itself. Whenever this happens, two ambiguous forms
occur in this period. Suppose the period of F' consists of 2n forms, or that F' and F?"
are identical; and let 2m+1 be the index of f in the period of F), so that F2™*1 and
F are associated. Then F’ and F?™ are also associated, as are "' and F>™ ! etc., and
so also F™ and F™*. Let F™ = (a™,b™, —a™tl), FHl = (—gmtl pmtl gm+2),
Then b™ + b™+1 = 0 (mod. a™*!); but by the definition of associated forms, b™ =
b1 and so 206™mT = 0 (mod a™*!), or the form F™*! is ambiguous. — In the
same way F2™T! and F?" are associated; so are F2™*2 and F?2n—1 F2m+3 and F27—2
etc., and finally F™*" and F™+"+1 The latter is ambiguous, as a similar argument
easily proves. But m + 1 and m 4+ n + 1 are incongruent modulo 2n, so the forms
F™+land F™7+L are not identical (Article 186, where n denotes what 2n denotes
here). Thus in I the ambiguous forms are (1,8, —15), (2,7, —15), and in II they are
(-1,8,15), (—2,7,15).

8) Conversely, every period containing an ambiguous form is associated with itself.
For if F™ is a reduced ambiguous form, we easily see that its associated form (which
is also reduced) is also its left neighbor, that is, F™~! and F™ are associated. But
then the whole period is associated with itself. — This shows that a period cannot
contain exactly one ambiguous form.

9) But it cannot contain more than two either. Suppose the period of F', consisting
of 2n forms, contains three ambiguous forms F*, F* F”, with respective indices
A, i, v, so that A, p,v are distinct numbers lying between 0 and 2n — 1 inclusive.
Then the forms F*~! and F* are associated; so are F*~2 and FM! etc., and finally
F and F2*~!. For the same reason F and F2*~1 are associated, as are F and F?¥~1.
So F2A=1 p2u=1 F2v=1 are identical, and the indices 2\ — 1, 2 — 1, 2v — 1 are
congruent modulo 2n, and consequently A = p = v (mod. n). This is absurd, since
between 0 and 2n—1 there clearly cannot lie three distinct numbers congruent modulo
n.

“This index must be odd, since the first terms of the forms F, f clearly have opposite signs (see
above, 2).
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188.

Since all forms in the same period are properly equivalent, the question arises
whether forms in different periods can also be properly equivalent. But before show-
ing that this is impossible, we must discuss some points about transformations of

reduced forms.

Since we will often be dealing with transformations of forms in what follows, from
now on we will always use the following abbreviated notation to keep the writing as
short as possible. If a form LX X 4+2M XY + NYY is transformed by the substitution
X =ax+ By, Y = vx + dy into the form lzx 4+ 2may + nyy, we will simply say that
(L, M, N) is transformed into (I, m,n) by the substitution «, 3, v, 0. This way we will
not need separate symbols for the indeterminates of each form under consideration.
— But clearly the first indeterminate must be carefully distinguished from the second

in every form.
Let the reduced form (a,b,—a’)...f with determinant D be given. As in
Article 186, form the sequence of reduced forms infinite in both directions,

DR L T and et

f/ — (_a,7b/, a//)’ f// — (a”,b”’_a///) etC
"f =(-"a,'b,a), "f="a,"b,~"a) etc.
Set b _|_ b/ b/ + b// b// + b///
— / _ 14 K

= h', P h", — = h'""  etc.
/b b /lb /b l//b //b

* = h, —i_ ="'h, ”;:”h etc.

a ~'a a

Then clearly, if (as in Article 177) the numbers o/, o, " etc., 8, 8", 8" etc., and

so on are formed by the following algorithm
o =0 g =-1 v =1 o'=n
a// — B/ /8// — h//ﬂ/ ,y// — 5 5// — hl/a/ _ 1
a/l/ — /3// /8/// — h///ﬂ// _ ﬁ/ ,YI// — 5// 6/// — h/l/é/l _ 5/
a//// — /8/// /B//// — h///l//B//l _ /8// ,YI/// — 6/// 6//// — h////(slll _ 6//
etc.

f will be transformed

into f’ by the substitution o/, 8, 7/, ¢
A o B, A S
f/// ....... a///’ 5///, ,7///’ 5///

etc.
and all these transformations will be proper.
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Since ’f goes into f by the proper substitution 0,—1,1,h (Article 158), f goes
into ' f by the proper substitution h,1, —1,0. For a similar reason ’f goes into ” f by
the proper substitution 'h, 1, —1,0; ” f into ”’ f by the proper substitution "k, 1, -1, 0,
and so on. From Article 159, in the same way as in Article 177, we conclude that
if the numbers ‘o, o, ov ete., '8,” 3, B etc., and so on are formed by the following
algorithm

'a=h '‘B=1 'y =-1 '§=0
//a:/h/a_l ///B:/a //,y:/h/,y //5:/7
///a://h//a_/a ///ﬂ://a ///7://h//,y_/,y ///5://7
////a — ///h///a _ //a /////B — ///a ////,_Y — ///h///,y _ //,_Y ////6 — ///,y

etc.

f will be transformed

into 'f by the substitution ‘a, '8, 'y, 'd

1 " " " "
o a, "B, Ty, "o

n n n n n
T a, "B, "y, S

etc.
and all these transformations will be proper.

Ifweset a =1, 8=0,v=0,d =1, these numbers will have the same relation
to the form f as o/, 3,7, have to f/, o, 5",4",8" to " etc., 'a,’B,"y,’d to ' f etc.
Namely, the substitution «, 8,7, takes the form f into f. The infinite sequences
o, a”, " ete., 'a,” o, « ete. join together by inserting the term « so that they can
be regarded as one continuous sequence, infinite in both directions and following the
same law throughout: ..."a,”a,’a,a,a’,a”,a’" . ... The law of this sequence is

n / "y n " 1y 7 !/ /
a+'a="h"a, "at+a="h'a, 'a+d =ha,
i ! ! / n n_n
at+a’ =ha, o +a" =h"a" etc.

or, in general (if we take a negative index written on the right to mean the same as
a positive one on the left),

am—l + am+1 — MM
Similarly the sequence ..."”3,'8,8,3’, 8" ... is continuous, with the law
/Bmfl + /Bm+1 — herlﬁm

and is essentially identical to the preceding sequence, with all its terms moved one
place: "8 ="a, '8 = a, 8 = o etc. The law of the continuous sequence ...."v,’vy,7,

vy is
,ym—l + ,ym—l-l — hm’}/m

and the law of ...”4,76,0,d",8" ... is
5m—1 + 5m+1 — hm+15m

and in addition, in general, 6™ = y™*1,
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Ezample. Let the given form f be (3,8, —5). It will be transformed

into the form by the substitution
m e (—=10,7,3) —805, —152, +143, +27

’””’f (3,8,—5) —152, +45, +27, —8
" (=5,7,6) 445, +17, -8, =3
””f (6,5,—9) +17, —11, =3, +2
ME(=9,4,7)  —11, —6, +2, +1
"f (7,3,—10) —6, +5, +1, —1
'f o (=10,7,3) 45, +1, =1, 0
f (3,8,—5) +1, 0, 0, +1
f’ (—5,7,6) 0, -1, +1, -3
il (6,5,—9) -1, =2, =3, -7
f”’ (—9,4, 7) -2, +3, =7, +10
o (7,3,-10) 43, +5, +10, +17
f’”” (—10,7, 3) +5, =8, +17, =27
o (3,8,—5)  —8, —45, —27, —152
frm (—5,7, 6) —45, +143, —152, +483
etc.
189.

The following points about this algorithm should be noted.

1) All a,d’,a” etc., 'a,”a etc. have the same sign; all b,b’,b" etc., 'b,”b etc. are
positive. In the sequence ..."h,’h, h,h',h" .. .. the signs alternate: if all a,a’ etc. are
positive, ™ or "*h is positive when m is even and negative when m is odd; but if
a,a’ etc. are negative, h™ or ™h is negative for even m and positive for odd.

2) If a is positive, and so h' negative, h” positive, etc., then o” = —1 is negative,
o = h"a” negative and > o (or = " if " =1); o/ = """ — o positive and >
o (since b is positive and o negative); o/ = K"/ — /" positive and > "
(since h'""a" is positive), and so on. We easily conclude that the sequence o', /", /"
etc. grows without bound, and that two positive signs are always followed by two
negative ones, so that o has the sign +, 4+, —, — according as m = 0, 1,2, 3 (mod. 4).
If a is negative, a similar argument gives o’ negative, o positive and either > or
= o; " positive and > o’; o/ negative and > o, and so on, so that the
sequence o/, a”,a” etc. keeps growing, and the term " has the sign +,—, —, +
according as m =0, 1,2,3 (mod. 4).
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3) In this way we find that all four infinite sequences o', a”, o etc., v,v', 7"
etc.; o, a,’a,” v ete.; v,’7y,”y ete. keep growing, and so do the following sequences
identical to them: 3, 3", 8" etc.; 'd,8,8’,6” etc.; B,'B,” 3 etc.; '6,” 5 etc. According as
m =0,1,2,3 (mod. 4), the signs are

ofa™, + + —F;, of g, + — F+

of v, £ 4+ F —; of ™, + F —+£

of "o, + * — F; of™B, F 4+ £ —

of ™y, F — £+4; of™§, + F — &%
with the upper signs applying when a is positive and the lower when a is negative.
Keep the following property especially in mind: if m denotes any positive index, o'
and 4™ have the same sign when a is positive. Opposite signs when a is negative,
and similarly for ™ and 6™; conversely, "'a and ™, or "3 and "¢, have the same
sign when a is negative and opposite signs when « is positive.

4) In the notation of Article 27, the magnitude of o™ etc. can be expressed
conveniently as follows. Set

:Fh/ _ k/7 j:h// — k/l7 :Fh/” — k/// ete
th=k Fh="k +"h="k etc.

so that all k', k" etc., k,’k etc. are positive numbers:

:l:[k,// k/// kl/// . km—l] /Bm — :l:[k,// k/// kl/// . km]

= [k E R Y S = [k R KRk

= [k, 'k, "k ... .. m=1kl: ™8 = [k, 'k, "k....""2k]
My = [k,"k...... m=1gl;  m§ =4[k, k... ™ 2k]

The signs, however, must be determined by the rules just given. With these formulas,
whose proof we omit because it is easy, the calculation can always be carried out very
quickly.

190.

LEMMA. Let m,u,m',n,v,n’ denote any integers, but with none of the last three
= 0. I say that if £ lies strictly between ™ and C’;”, , and mn' — nm/ = F1, the
denominator v is greater than n and n'.

Proof. Clearly unn’ lies between vmn’ and vnm’, and so differs from either bound
by less than the bounds differ from each other; that is, vmn’ —vnm’ > unn’ — vmn/
and > pnn’—vnm/, or v > n'(un—vm) and > n(un’—vm’). Since un—vm is certainly
not = 0 (otherwise £ = ™ contrary to the hypothesis), nor is un’ —vm’ = 0 (for a
similar reason), but each is at least = 1, it follows that v > n’ and > n. Q. E. D.

So v clearly cannot be = 1; that is, if mn’ —nm’ = £1, no integer can lie between
the fractions 7%, %,, In particular, zero cannot lie between them, that is, these
fractions cannot have opposite signs.
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191.

THEOREM. If a reduced form (a,b, —a’) with determinant D goes by the substitution
a, B,7,0 into the reduced form (A, B,—A’) with the same determinant, then, first,
VDb o between % and % (provided neither v nor § = 0, that is, both bounds are
finite), taking the upper sign when neither bound has the sign opposite to that of a
(or, more clearly, when either both have the coefficient’s sign, or one has that sign
and the other is = 0), and the lower sign when neither has the same sign as a; second,
# lies between % and % (provided neither a nor B = 0), taking the upper sign
when neither bound has the sign opposite to that of a’ (or a), and the lower sign when
neither has the same sign as a’).

Proof. We have the equations

aca + 2bay —a'yy = A .. 1]
aBB+2B5 — a'6s = —A 2]

From these we obtain

+/(D+ &) —b

@ - VYT 0 [3]
ol a
g = iV(D;aég J=b [4]
1 V(D —a/‘iﬁ J+b 5]
a’ A’
g _ =D 2,55 AL 6]

Equation 3, 4. 5, 6 must be discarded if v, d, c, B respectively = 0. — But it remains
uncertain which signs to give the radical quantities. We decide this as follows.
In [3] and [4] the upper signs must clearly be taken when neither £ nor % has the

sign opposite to that of a, since taking the lower sign would make % and % negative
quantities. But A and A’ have the same sign, so /D falls between / (D + %) and

V(D - “5—’2,), and therefore in this case Y2~ lies between S and %. So the first part

a
of the theorem is proved for the first case.

In the same way we see that in [5] and [6] the lower signs must be taken when

neither % nor % has the same sign as a’ or a, since taking the upper sign would

necessarily make 6%7, % positive quantities. It follows at once that in this case

# lies between I and %. So the second part of the theorem is also proved for
the second case. If it could be shown just as easily that in [3] and [4] the lower signs
must be taken when neither of the quantities %, g has the same sign as a, and in [5]

and [6] the upper signs when neither Z nor % has the opposite sign, it would follow in

“Other cases clearly cannot occur, since by the preceding article, because ad — 8y = %1, the two
bounds can neither have opposite signs nor both be = 0.
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the same way that in the former case 7\/571’

\/Z,er between 1 and %. The first part of the theorem would then also be proved for

the second case, and the second part for the first. But although this is not difficult,
it cannot be done without some detours. We prefer the following method.
When none of the numbers «, 8.7, = 0, % and % have the same signs as 1, %. So
—/D+b
a/

lies between % and %, and in the latter

when neither of these quantities has the same sign as a’ or a, and therefore

falls between 1 and %, neither of the quantities %, % has the same sign as a, and

— \/% 5 = _\/5_13 (because aa’ = D — bb) falls between S and g. Thus, provided

neither « nor 8 = 0, the first part of the theorem is also proved for the second case
(for the condition that neither v nor § = 0 is already included in the theorem itself).
Similarly, when none of the numbers «, 3,7, = 0, and neither % nor % has the sign

opposite to that of a or a’, so that \/gfb lies between % and %, then g and % also

do not have the sign opposite to that of a’, and ﬁ = W falls between % and

%. Thus, provided neither v nor § = 0, the second part of the theorem is also proved
for the second case.

It would therefore remain only to prove that the first part of the theorem also holds
in the second case if either of the numbers «, 8 is = 0, and the second part in the first
case if either v or § = 0. But all these cases are impossible. For the first part of the
theorem, suppose that neither v nor § = 0, that %, 2 do not have the same sign as
a, and that 1) « = 0. Then the equation ad — Sy = £1 gives § = +1, v = +1. From
[1] we get A = —d/, so A and o/, and therefore also a and A’, have opposite signs,
giving /(D — %/) > /D > b. In [4] the lower sign must therefore be taken, since
with the upper sign % would clearly acquire the same sign as a. So g > — f_b > 1
(because a < /D + b by the definition of a reduced form), which is absurd, since
B =41 and ¢ is not = 0. — 2) Let 8 = 0. Then the equation ad — By = +1 gives

a==+1,§ ==+1. From [2] we get —A’ = —d/, so o’ and a and A have the same sign,
giving /(D + 24) > \/D > b. In [3] the lower sign must therefore be taken, since
—v/D—b

with the upper sign % would acquire the same sign as a. So % > ——— > 1, which
is absurd for the same reason as before. — For the second part, suppose that neither
a nor 8 = 0, that %, 2 do not have the sign opposite to that of @/, and that 1) v = 0.
The equation ad — Sy = +1 gives a = £1, § = £1. From [1] we get A = a, so d’
and A’ have the same sign, giving /(D + “ég/) > /D > b. In [6] the upper sign
must therefore be taken, since with the lower sign % would acquire the sign opposite

to that of @’. Thus & > @ > 1, which is absurd, since § = +1 and § is not = 0.
Finally, 2) if 6 = 0, then ad — 5y = £1 gives f = £1, v = £1, and therefore from [2],
— A’ = a. This gives /(D — Cg:—f) > /D > b, so in [5] the upper sign must be taken.
Thus 1 > @ > 1, which is absurd. — So the theorem is proved in its full scope.
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Since the difference between % and % is = %, the difference between # and

% or g is < %; and between i\/f_b and £, or between that quantity and %, no
fraction can lie whose denominator is not greater than v or § (the preceding lemma).

M from the fraction I or % is

— In the same way the difference of the quantity

less than @, and between that quantity and either of these fractions no fract1on can
lie whose denominator is not greater than a and 5.

192.

Applying the preceding theorem to the algorithm of Article 188 shows that the

VD o

quantity T_b, which we will denote by L, lies between <; and 2 57> between a
v

7 and

’g,l,l , between 3‘,,,,,, and g,l,,,, , etc. (for it follows easily from the end of Article 189, 3
that none of these bounds has the sign opposite to that of a, so the radlcal quantlty
/D must be given the positive sign), or between % 5 ~and & 37 between & 57 ~and & &7, ete.

/
Thus all the fractions f;,, Sy 5 3////,
a//////

S etc. on the other side. But since v/ < ", O‘ lies outside the interval between

o

/// 1" mn
[0

&7 ete. lie on the same side of L, and all a,,,

"’ 1" mn

-7 and L, and for a similar reason 7 outside L and 3‘,,,,, ;“

etc. So these quantities clearly lie in the following order:

-+ outside L and O‘,,m,

/ " " n " 7
(0 [0 o

o o o
?’ W’ ,}///// : 7//////’ W’ 7
The difference between & 5 " and L is less than the difference between 7 " and @ 57 that is,

< 7/17”’ and similarly the difference between £ 7,, “and Lis < ,,7,,,, etc. So the fractions

/ 1" ///

3‘,, f/‘,,, S etc. keep approaching the limit L more closely, and since v/,~”, " keep
growing without bound, the difference between the fractions and the limit can be
made smaller than any given quantity.
By Article 189, none of the quantities X 5 :zé, ::Zé etc. has the same sign as a. An
argum\e/rngebnmrely similar to the preceding one therefore shows that these quantities
nd

which we will denote by L/, lie in the following order:

The difference between X = and L' is less than ,a , the difference between :—a and L'/

less than ,,a =, etc. So the fractions 1 = etc keep approaching L’ more closely, and

the difference can be made smaller than any given quantity.
In the example of Article 188 we have L = VTO-8 0,2960648, and the approx-

. 01 2 3 5 143 143 -
imating fractions are 7, 3\,/75, 810, Ed 27, 152, I3, ete. Now 2 = 0,2960662.
Jr

There we also have L' = —0,1776388, and the approximating fractions are

0o 1 1 _2 3 8 97 143 143 _
T —% —o "Il —im 15 is: 805 ete. But g = 0,1776397.
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193.

THEOREM. If the reduced forms f, F are properly equivalent, one is contained in
the period of the other.

Let f = (a,b,—d'), F = (A, B,—A’), let the determinant of these forms be D, and
let the former pass into the latter by the proper substitution 2,5, €, ©. I then claim
that if we find the period of the form f and work out the sequence, infinite in both
directions, of reduced forms and transformations of f into them, as in Article 188,
either +2 equals some term of the sequence ..."a, o, a,a/,a” ..., and, on setting
this term = o™, +9B is = g™, +€ = 4™, +© = §"™; or —2 equals some term ™,
and —B, —€, —D are respectively = 8™, 1™, §™ (where m may also denote a negative
index). In either case F' is clearly identical to f™.

Proof. 1. We have the four equations

AN+ 2AC — d'CC = A ... 1]

aAB + b(AD + BE) — dCD =B ...... 2]
aBB + 208D —d DD =-A" ... (3]

AD — BE=1 .ooevn.... 14]

We first consider the case where one of the numbers 2 5, €, 0 = 0.

1° If A = 0, [4] gives BE = —1, so B = £1, € = F1. Then [1] gives —a’ = A,
and [2] gives —b+a'D = B, or B = —b (mod. o’ or A). It follows that the form
(A, B,—A’) is a right neighbor of the form (a,b, —a’). Since the former is reduced, it
must be identical to f'. So B =¥, and [2] therefore gives b+ V' = —d/€D = +d'D;
since b_i;’,/ =N, we get ® = Fh'. We conclude that FA, B, F€, FD are respectively
=0,—-1,+1,0,or =0a/,5,7,0".

2°TE B =0, [4] gives A = £1, © = +1; [3] gives ' = A’; and [2] gives bF '€ = B,
or b= B (mod. a’). Since both f and F are reduced forms, both b and B lie between
/D and /D Fd (according as a’ is positive or negative, Article 185, 5). So we must
have b = B and € = 0. Thus the forms f, F' are identical, and +2(, £8,+¢ £+ =
1,0,0,1 = «, 8,7 J respectively.

3°IfC =0, [4] gives A =+1, D = £1; [1] gives a = A; and [2] gives £aB+b = B,
or b = B (mod. a). But both b and B lie between /D and /D F a, so we must have
B =b and 8 = 0. This case therefore does not differ from the preceding one.

4° 1D =0, [4] gives B = £1, € = F1; [3] gives a = —A’; and [2] gives £a2l—b = B,
or B = —b (mod. a). So F is a left neighbor of f, and is therefore identical to the form
'f. Since /%rb = h and B ='b, we get £ = h. We conclude that +2(, £8, +£¢&, +£D
are respectively = h,1,—1,0, ="a,’8,’v,’4.

It remains to consider the case where none of the numbers 2,8, €, ® = 0. By the
lemma in Article 190, the quantities %, %, %, % then have the same sign. This gives

two cases, since this sign can either agree with the sign of a, a’, or be opposite to it.
D—b

a
L) lies between these fractions (Article 191). We will now prove that % equals one of
the fractions f;—:,/, 3‘,,,,,,, % etc., and % equals the next one: namely, if % is = 3‘—:, then
% is = g::ﬁ In the preceding article we showed that the quantities ‘;‘—:, ‘;l—::, % etc.

II. If %, % have the same sign as a, the quantity (which we will denote by
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(which we will denote briefly by (1), (2), (3) etc.), together with L, have the following
order (I): (1),(3),(5)...L...(6),(4),(2). The first of these quantities is = 0 (since
o/ = 0); all the others have the same sign as L, or a. But by hypothesis %, % (for
which we will write 91, 91) have the same sign. Clearly, then, these quantities lie to
the right of (1) (or, if you prefer, on the same side as L); and since L lies between
them, one lies to the right of L and the other to its left. It is easy to show that 9
cannot lie to the right of (2), for otherwise 9 would lie between (1) and L. It would
follow first that (2) lies between 9t and N, so the denominator of the fraction (2) is
greater than that of 9 (Article 190); and second that N lies between (1) and (2), so
the denominator of N is greater than that of (2). This is a contradiction.

Let us suppose that 9t equals none of the fractions (2), (3), (4) etc., and see what
follows. If the fraction 91 lies to the left of L, it must clearly lie either between
(1) and (3), or between (3) and (5), or between (5) and (7), and so on (since L is
irrational, and is therefore certainly unequal to 9%, while the fractions (1), (3), (5)
etc. can come closer to L than any given quantity unequal to L). If, however, 9t
lies to the right of L, it must lie either between (2) and (4), or between (4) and (6),
or between (6) and (8), and so on. So let 9 lie between (m) and (m + 2). The
quantities M, (m), (m + 1), (m + 2), L clearly lie in the following order:

(I1)": (m), (M), (m+2), L, (m+1)

We must then have 9t = (m + 1). For N lies to the right of L. If it also lay to the
right of (m+1), then (m+1) would lie between 9t and N, giving 7! > ¢, while M
would lie between (m) and (m + 1), giving ¢ > v+ (Article 190), a contradiction.
If, on the other hand, 9 lay to the left of (m + 1), or between (m + 2) and (m + 1),

we would have ® > 4™%2; and since (m + 2) lies between 9 and N, we would have

72 > D, a contradiction. So N = (m + 1), or % = ::ZE = %.

Since AD — BE = 1, B is relatively prime to ©, and for the same reason /™
is relatively prime to §”*. We can thus easily see that the equation % = E—Z can
hold only if either B = g™, © = §™, or B = —p™, © = —§™. Now the form f is
transformed by the proper substitution o™, 3™, ~™, 0™ into the form f™ which is

(£a™,b™, Fa™*1), so we have the equations

aa™a™ + 20"y — a'y"Y" = £a™ L. 5

[5]
aa™ B+ b(@™E™ + fy™) —al YT =" L [6]
[7]
(8]

af™B™ + 28M6™ — @' 66" = Fam T L 7
My = pgmAy =1 8
These give (from equations 7 and 3) Fa™t! = —A’. Further, multiplying equation

[2] by ™™ — ™4™ and equation [6] by AD — BE, and subtracting, we readily

1t makes no difference here whether the order in (II) is the same as that in (I) or the reverse; i.e.,
whether (m) also lies to the left of L in (I), or to its right.
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confirm by expansion that

B —b" = (€a™ — Ay™) (aBL™
+D(DA™ + BO™) — a/DO™)
+ (B —DF™) (aA™
+b(€a™ + Ay™") — d'ey™)

or, since either ™ =B, 0™ =D or M = —B, i = -9,

B =" = £(€a™ — Ay™)(aBB + 26BD — /DD)
= F(Ca™ —Ay™) A’

Thus B = ™ (mod. A’). But both B and b™ lie between /D and /D F A’, so we
must have B = b™, and therefore €a™ — A~™ =0, or % = ﬁ/‘—:, i.e., M= (m).

In this way, from the assumption that 9t equals none of the quantities (2), (3),
(4) etc., we have deduced that it really does equal one of them. If, however, we
assume from the start that 9t = (m), we clearly have either 2 = o™, € = 4™,
or —2A = o™, —€ = 4™, In either case [1] and [5] give A = +a™, and [9] gives
B—b" = (B -DF™)A, or B =b" (mod. A). As above, we conclude that B = b™,
and hence B§" = DF™. Since B is relatively prime to D, and ™ to 6™, we have
either B = B, D = ™ or —B = ™, —D = §™; so [7] gives —A’ = Fa™T!. The
forms F', f are therefore identical. Using the equation A0 — BE = ™™ — 7™,
it is easy to prove that we must take +B = 5, +® = §™ when +2 = o™, +&€ =™
but =B = g™, -0 = —§™ when —2 = o', —C =~". This proves the claim.

III. If the sign of the quantities % etc. is opposite to that of a, the proof is
so similar to the preceding one that it is enough to indicate its main points. The

quantity # lies between % and %. The fraction % equals one of the fractions
/5 /16 I//(S
%, @, @ etc. ....... (I)
o i <. "y
when this is = mg’ A’ Ty e (1I1)

We prove (I) as follows. If we suppose that % equals none of those fractions, it must
lie between two of them, —2 and %;g. From this, just as above, we deduce that we
must have

¢ m+16 m,y

9 mtlg  mg
and either 2l = "a, € = "y, or =2 = "a, —€ = "y. But f passes by the proper
substitution ™o, ™8, ™, ™§ into the form

mf — (:l:ma’mb’ :mela)

This gives three equations. Combining them with equations 1, 2, 3, 4 and with
ma™m§ —"BMy = 1, we deduce, as above, that the first term A of the form F equals
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the first term of ™ f, and that the middle term of the former is congruent to that
of the latter modulo A. Since both forms are reduced, and the middle term of each
therefore lies between /D and /D F A, it follows that these middle terms are equal;

from this we deduce mo = %. So here the truth of assertion (I) has been derived
from the assumption that it is false.
But if we assume =% = %, then, in just the same way and by the same equations,

we prove that Z—g = % also holds, as stated in (IT). Using the equations A0 — B¢ = 1,
ma™§ — "By =1, we then deduce that either

A="a B=""8, =" D="4

or

—A=""q, —B=""6, €=, —D=""%

and that the forms F', ™ f are identical. This proves the claim.
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194.

Since the forms we called associated above (Article 187, 6) are always improperly
equivalent (Article 159), it is clear that if the reduced forms F', f are improperly
equivalent, and F' has the associated form G, then f, G are properly equivalent, so
G is contained in the period of f. Thus if the forms F', f are both properly and
improperly equivalent, both F' and G must occur in the period of f. This period is
therefore associated with itself and contains two ambiguous forms (Article 187, 7).
This gives a fine confirmation of the theorem in Article 165, which already assured
us that there is an ambiguous form equivalent to F', f.

195.

PROBLEM. Given any two forms ®, ¢ with the same determinant, decide whether
or not they are equivalent.

Solution. Find two reduced forms F', f properly equivalent to the given forms @,
¢ respectively (Article 183). According as these are equivalent only properly, only
improperly, in both ways, or in neither, the given forms will likewise be equivalent
only properly, only improperly, in both ways, or in neither. Work out the period of
either reduced form, e.g., that of f. If F’ occurs in this period but the form associated
with F' does not, we clearly have the first case; if this associated form occurs but F'
itself does not, the second; if both occur, the third; if neither, the fourth.

Ezample. Let the given forms be (129,92,65), (42,59,81), with determinant 79.
We find the reduced forms (10,7, —3), (5,8, —3) properly equivalent to them. The pe-
riod of the former is (10,7, —-3), (=3,8,5), (5,7, —6), (—6,5,9), (9,4. —7), (—7,3,10).
Since the form (5,8, —3) itself does not occur in this period, but its associated form
(—3,8,5) does, we conclude that the given forms are equivalent only improperly.

If all the reduced forms with a given determinant are divided into periods P, Q,
R etc., as above (Article 187, 5), and we choose any one form from each period (from
P F, from @ G, from R H etc.), no two of these forms F, G, H etc. can be properly
equivalent. But every other form with the same determinant is properly equivalent
to one of these, and to only one. Clearly, then, all forms with this determinant
can be divided into as many classes as there are periods, by putting those properly
equivalent to F' in the first class, those properly equivalent to G in the second, and so
on. In this way all forms in the same class will be properly equivalent, while forms in
different classes cannot be properly equivalent. But we will not dwell on this subject
here, since we will discuss it more fully below.

196.

PROBLEM. Given two properly equivalent forms ®, ¢, find a proper transformation
of one into the other.
Solution. By the method in Article 183 we can find two sequences of forms

O, d". .. d" and ¢, 0" ... "

such that each form is properly equivalent to its predecessor, and the last forms ®",
¥ are reduced. Since ®, ¢ are assumed properly equivalent, ®" must be contained
in the period of p”. Let ¥ = f, and let its period as far as ®" be

fo f e e
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so that ®" has index m in this period. Denote the forms opposite to the associated
forms of

o, O, ... 9" by U, U, U’ ... U" respectively’).
Then in the sequence
o, o Q" e e b o

each form is a right neighbor of its predecessor. So by Article 177 we can find a
proper transformation of the first form ¢ into the last ®. This is easy to see for the
other forms in the sequence; for f™~1 ¥"~1 it is proved as follows. Let

[ = (g hyi); ™ or @™ = (g1, i');
(I)nfl — (g//7 h//,i”)

The form (¢’,h',i") is a right neighbor both of (g,h,i) and of (¢”,h”,i"); hence
i=¢g =i and —h = I = —1" (mod. i or ¢’ or i"). It follows that the form
(i",—h",g"), i.e., U~ is a right neighbor of (g, h,i), i.e., f™ 1.

If the forms @, ¢ are improperly equivalent, ¢ is properly equivalent to the form
opposite to . So we can find a proper transformation of ¢ into the form opposite to
. If this is given by the substitution «, 3,,d, it is easy to see that ¢ is improperly
transformed into @ itself by the substitution «, —3,~, —9.

This also shows that if the forms ®, ¢ are both properly and improperly equivalent,
we can find two transformations, one proper and one improper.

Ezample. We seek an improper transformation of the form (129,92,65) into
(42,59, 81), which we found in the preceding article to be improperly equivalent to it.
We must therefore first find a proper transformation of (129,92, 65) into (42, —59, 81).
For this purpose we work out the sequence of forms (129,92,65), (65,—27,10),
(10,7,-3), (-3,8,5), (5,22,81), (81,59,42), (42,—59,81). From this we derive the
proper transformation —47,56, 73, —87, which takes (129,92,65) into (42, —59,81);
so the improper transformation —47, —56, 73, 87 takes it into (42,59, 81).

Thus ¥ is obtained from ® by interchanging the first and last terms and giving the middle term
the opposite sign; similarly for the others.
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197.

If we have one transformation of a form (a,b,c)...¢ into an equivalent form ®,
we can derive from it all similar transformations of ¢ into ®, provided we can find
all the solutions of the indeterminate equation tt — Duu = mm, where D denotes
the determinant of the forms ®,¢, and m the greatest common divisor of a, 2b,c
(Article 162). Having already solved this problem above for a negative value of D,
we will now tackle it for a positive value. Clearly, any value of t satisfying the
equation still satisfies it when its sign is reversed, and the same is true of any value
of u. So it is enough to find all positive values of t,u, and each solution in positive
values will stand for four solutions. We will do this by showing first how to find the
smallest values of t,u (apart from the obvious ones t = m, u = 0), and then how to
derive all the others from them.

198.

PROBLEM. Find the smallest numbers t,u satisfying the indeterminate equation
tt — Duu = mm, given a form (M,N,P) whose determinant is D and for which
M,2N, P have greatest common divisor n.

Solution. Choose any reduced form (a,b, —a’) ... f with determinant D, in which
a,2b,a’ have greatest common divisor m. Such a form clearly exists, since we can
find a reduced form equivalent to (M, N, P), which by Article 161 has this property.
But for our present purpose we can use any reduced form satisfying this condition.
Work out the period of f, which we will suppose consists of n forms. Retaining
all the notation used in Article 188, f" is (+a",b", —a™*!), since n is even; and
f passes into this form by the proper substitution o™, 5,7",6". But f and f™ are
identical, so f also passes into f™ by the proper substitution 1,0,0,1. From these two
similar transformations of f into f™, Article 162 gives a solution of tt — Duu = mm in
integers, namely t = £(a"+6")m (equation 18, Article 162), u = me (equation 19)7).
Denote these values by T', U, taking them positive if they are not already so. These
T,U will be the smallest values of ¢, u, apart from ¢ = m, u = 0 (from which they
must differ, since 4™ clearly cannot be = 0).

For suppose there are still smaller values of t, u, say t,u, which are positive, with
unot = 0. Then by Article 162 the form f is transformed by the proper substitution
%(t — bu), %a’u, %au, %(t + bu) into a form identical to itself. By Article 193, II,
either = (t —bu) or —-L(t — bu) must equal one of the numbers o”, o, o etc., say
= ot (for since tt = Duu + mm = bbuu + aa’uu + mm, we have tt > bbuu, so t — bu
is positive; hence the fraction =2 corresponding to % in Article 193, has the same
sign as a or a’). In the first case = L

L/, Lau, L(t+bu), and in the second the same
quantities with their signs reversed, are respectively = g#,~*, *. But since u < U,
e, u < me and > 0, we have v* < 4™ and > 0. Since the sequence v,~,v" etc.
increases continually, 4 must lie strictly between 0 and n. But the corresponding
form f* is identical to f, a contradiction, since all the forms f, f’, f” etc. as far as

»In Article 162 we had  «, 3,7, 0; o By,
here we have 1,0,0,1; o™, 8", y",d";
A B,C; a,b,c e,
a,b,—a’; a,b,—a’; 1.
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7! are assumed distinct. We conclude that the smallest values of ¢, u (apart from
m,0) are T, U.

Ezample. If D = 79, m = 1, we can use the form (3,8, —5), for which n = 6
and o = =8, " = =27, " = —152 (Article 188). This gives T = 80, U = 9, the
smallest values of ¢, u satisfying ¢t — 79uu = 1.

199.

For practical use we can obtain still more convenient formulas. We have 2b6y™ =
—a(a™ — 0™), which follows easily from Article 162 by multiplying equation [19] by
2b and [20] by a, and changing the notation used there to our present notation. This
gives " 4 0™ = 26" — %b'y", le)

n

isz(é"—b’y”), =17
a a

By a similar method we obtain
p"m

a/

b

Both sets of formulas are very convenient, since v* = 6”71, o = "1, If we use
the latter, it is enough to calculate just the sequence ', 3", 3" ...3"; if we prefer
the former, just the sequence ¢’,”,6” etc. Further, Article 189, 3 easily shows that,
since n is necessarily even, o' and g 8" have the same sign, as do " and gfy”. So in
the first formula for 7" we must take the absolute difference, and in the second the
absolute sum; we need not consider the signs at all. Returning to the notation used
in Article 189, 4, the first formula gives

mb

T=mlk K" K" .. k" — —[K K" K" .. k",
a
U= %[k:’,k”,k”’. kY

and the second
mb

T=ml[k" K" .. "N+ =K K" .. . k",

a/

U= %[k/’, K. kY

where the value of T can also be written m [k”,k". ... k", g]
Ezample. For D = 61, m = 2 we can use the form (2,7, —6), for which we find
n==6,and &', K" K" K" K" K" respectively = 2,2,7,2,2,7. This gives
T =2[2,2,7,2,2,7] — 7[2,2,7,2,2]

= 2888 — 1365 = 1523
from the first formula; the second gives the same result:

T =2[2,7,2,2] + £[2,7,2,2.7]

Uis =[2,2,7,2,2] = £[2,7,2,2,7] = 195.

There are other ways to shorten the calculation, but to keep this account brief we
cannot discuss them more fully here.
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200.

To obtain all values of t,u from the smallest ones, we write the equation 77T —

DUU = mm as T U T U
—+ —\/D —— =D ) =1
(e mv2) (- mvo)

<:L+Z¢D>e <:L_Z¢D>6: 1o [1]

where e denotes any number. For brevity, we will generally denote the values of the

quantities
m (T U C m (T U c
2=+ =yp) +2(=-=yD
2<m+m\/>+2<m m\/>’

m T U € m T U ¢ *)
2y/D <m * m\/D) - 2D <m a m\/D>
by t¢, u® respectively: i.e., their values for e = 0 by t°,u" (which are m,0); for e = 1
by t',u’ (which are T,U); for e = 2 by t"”,u”; for t = 3 by t"”,u"” etc. — We will
prove that if e takes all nonnegative integers, i.e., 0 and all positive integers from 1
to oo, these expressions give all positive values of ¢, u: namely, I) all values of these
expressions are indeed values of t,u; II) all these values are integers; III) there are

no positive values of ¢, u not contained in these formulas.
I. Substituting the values of ¢, u¢, we readily confirm, using equation [1], that

which also gives

(t® + u®/D)(t* — u®y/D) = mm, ie. tt°— Duu®=mm
II. In the same way we easily confirm that, in general,

e

te—l—l + te—l — Etﬁ’ ue+1 + ue—l — gu
m m

The two sequences t9, ' " t" etc., u®, v/, u”,u" etc. therefore satisfy recurrence
relations, both with coefficients %, —1, namely
2T, o y 2T

2T
=t M ="A"—t etc.,, U ="—u etc.
m m m

t// —

Now by hypothesis there is a form (M, N, P) with determinant D, in which M, 2N, P
are divisible by m. So
TT = (NN — MP)UU + mm

and 47T is clearly divisible by mm. Thus % is an integer, and a positive one. But
we have t =m, ¢/ =T, u® =0, ' = U, all integers, so all of t”, " etc., u”,u" etc.
are integers too. Further, since 7T > mm, all of t°, ¢/, " ,t"" etc. are clearly positive
and increase continually without bound, as do all of u?, v/, u”, " etc.

“'Only in these four expressions and in equation [1] does e denote the ezponent of a power; elsewhere
superscript letters always denote an index.
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III. Suppose there are other positive values of ¢, u not contained in the sequences
t0 ¢ t" ete., ul, ', v etc., say T, 4. Since the sequence u’,u’ etc. increases from 0
without bound, Y must clearly lie between two consecutive terms, u” and u"*!, so
that $f > " and Y < u™*!. To show that this assumption is absurd, we observe the
following,.

1° The equation tt — Duu = mm is also satisfied by taking

1 1
t= —(Tt" — D"), w= —(W" — Tu").
m m

This is readily confirmed by substitution. We show as follows that these values,
which we will briefly denote by = 7,v, are always integers. If (M, N, P) is a form
with determinant D, and m is a common divisor of M,2N, P, then both T+ Nl and
t" + Nu™ are divisible by m, and so is #(t" + Nu™) — u" (T + NY), or " — Tu".
Thus v is an integer, and so is 7, since 77 = Dvv + mm.

2° Clearly v cannot be = 0, for this would give

S = T "

or
S Du"u"™ + mm) = u"u" (DUL + mm)

or U = u"u", contrary to the hypothesis & > u™. So, since apart from 0 the smallest
value of w is U, v is certainly no smaller than U.
3° From the values of t?,t"t1 4" "1 we easily confirm that
mU = u" " — ¢y,
So Ut"™ — Tu™ is certainly no smaller than w1 — ¢n+lyn,
4° Now the equation TF — DU = mm gives

o)

and similarly
et mm
i =V (D + W)

. . nt1 . L .
from which we easily deduce % > % This and the conclusion in 3° give

T
£ — ) (4" =
(L u)( +u Ll)

+1 +1 ¢!
or, expanding and substituting for T, t™t", "1+ their values DU + mm,
Duu™ + mm, Du ™t + mm,

(U8 — u™u) >

0 — (un+1un+1 . unun)
u
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Since both quantities are clearly positive, rearrangement gives {4 Z:ﬁ > "t +%,

a contradiction, because the first part of the first quantity is smaller than the first
part of the second quantity, and its second part is also smaller than the second part of
the other. So the assumption cannot hold, and the sequences t°,¢,¢" etc., u°, v/, u”
etc. give all positive values of ¢, u.

FEzample. For D = 61, m = 2 we found the smallest positive values of ¢t,u to be
1523,195. So all positive values are given by the formulas

1523 195 © /1523 195 ¢
t=( =4 =22 /61 o 22 /61
(5 ve) (5 -5w)

1 1523 195 ¢ /1523 195 ¢
= I 61— (222 - =2 61
= (5 ve) - (57 -5e))

We find
" =2, ' =1523,

t" = 1523t — t° = 2319527,

" = 1523t" — t' = 3532618098 etc.
W =0, o =195,

U = 15230 — u® = 296985,

u" = 15230 — o' = 452307960 etc.
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201.

We add the following observations on the problem treated in the preceding articles.

1) We have shown how to solve tt — Duu = mm in every case where m is the
greatest common divisor of three numbers M, 2N, P such that NN — MP = D. It
is worth finding all numbers that can be such divisors, or all values of m for a given
value of D. Put D = nnD’, with D’ entirely free of square factors. We obtain this
by taking nn to be the largest square dividing D; if D itself already has no square
factor, we must put n = 1. I then claim the following.

First, if D' has the form 4k + 1, every divisor of 2n is a value of m, and conversely.

For if g divides 2n, we have the form (g, n, @) with determinant D, in which
g,2n, n(D'=1) clearly have greatest common divisor g (for % = 4;” L2 4_1

is clearly an integer). Conversely, suppose g is a value of m, namely the greatest
common divisor of M,2N, P, with NN — MP = D. Clearly 4D, or 4nnD’, is
divisible by gg. It follows that 2n must be divisible by g. For if g did not divide
2n, then g and 2n would have a greatest common divisor smaller than g. Putting
this = d§, and 2n = on/, g = dg’, we would have n'n’ D’ divisible by ¢'¢’, n’ relatively
prime to ¢/, and therefore n'n’ to ¢’g’, so D’ would also be divisible by ¢’¢’, contrary
to the hypothesis that D’ has no square factor.

Second, if D' has the form 4k + 2 or 4k + 3, every divisor of n is a value of m,
and conversely every value of m divides n. For if g divides n, we have the form

<g, 0, —””gD />, whose determinant = D, and in which g, 0, "T;D " clearly have greatest

common divisor g. — Conversely, suppose g is a value of m, namely the greatest

common divisor of M,2N, P, with NN — M P = D. As above, g divides 2n, or ? is
4nnD’
99

would be either = 2 or = 3 (mod. 4). But 42nD" — 4D _ ANN _AMP _ 4NN (1] 4),
NN 99 99 99 99 99

S0 =5 would be either = 2 or = 3 (mod. 4), a contradiction, since every square must

an integer. If this quotient were odd, the square 4;9” would be = 1 (mod. 4), so

be congruent to zero or one modulo 4. So the quotient 2?” must be even, and % an

integer, or g a divisor of n.

Thus 1 is always a value of m, or the equation tt — Duu = 1 can be solved by
the preceding method for every positive nonsquare value of D; and 2 is a value of m
exactly when D has either the form 4k or 4k + 1.

2) If m is greater than 2 but is an admissible number, solving ¢t — Duu = mm can
be reduced to solving a similar equation in which m is either 1 or 2. Put D = nnD’
as before. If m divides n, then mm divides D. If the smallest values of p,q in
pp — %qq =1are p =P, g = (@, the smallest values of t,u in tt — Duu = mm

are t = mP, u = Q. — But if m does not divide n, it at least divides 2n and is
certamly even Wh1le o, is an integer. If we then find that the smallest values of p, ¢

in pp — %qq =4 are p = P, ¢ = @, the smallest values of ¢,u in tt — Duu = mm
are t = 5P, u= Q. — In both cases this method clearly derives not only from the

smallest values of p, ¢ the smallest values of ¢, u, but from all values of the former all
values of the latter.

3) Let t%,u%; ¢, u'; t" 4" etc. denote all positive values of ¢,u in tt — Duu = mm
(as in the preceding article). Suppose some values in this sequence are congruent to
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its first values modulo any given r, say t* =t (or = m), v = u°, or = 0 (mod. r),
and at the same time the next values are congruent to the second values, say

Pt =+ wTl =4 (mod. r)
Then we also have

P2 =" wrTr =" =", WPt = ete.
This follows easily because both sequences t°,¢/,t" etc., u®,u,u” etc. satisfy recur-

rence relations: since

2T , 2T

t” _ t— tO tp+2 — 7#)—1—1 P
m ’ m
we have
" = ¢Pt2
and similarly for the others. — It follows that, in general,

thte =" uh? = u(mod. r)
where h denotes any number; and, more generally still, if
uw=v (mod. p), thent"=1¢t" u'=u"(mod.r).

4) We can always satisfy the conditions required in the preceding observation: we
can always find an index p (for any given modulus r) such that

P =t =4, w=u, uwtl=u

To prove this we observe the following.

First, we can always satisfy the third condition. The criteria given in (1) readily
show that pp — rrDqq = mm is also solvable. If the smallest positive values of p, ¢
(apart from m,0) are P,(Q, the values of t,u clearly include t = P, u = rQ. So
P,rQ occur in the sequences t9, ¢ etc., v, v etc.; and if P = ¢}, rQ = wu?*, then
v = 0 = v®(mod. 7). It is also easy to see that between u® and v no term is
congruent to «® modulo 7.

Second, if the other three conditions also hold, namely if u* ! =/, t* = 0, tM! =
t' as well, we clearly need only put p = A. If, however, one or another of these
conditions fails, I claim that we can certainly put p = 2\. For equation [1] and the
general formulas for ¢, u® in the preceding article give

1 1
t2)\ — f(t)\t)\ + Du)\u/\) _ 7(mm + QDUAU)\)
m m

and therefore
122 40 _ 2Du
T  mr
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This quantity is an integer, since by hypothesis  divides u*, and mm divides 4D, so
all the more m divides 2D. — Further, u** = %t)‘u’\, and since

M = ADu M + dmm

which is therefore divisible by mm, 2t is divisible by m, so u?* is divisible by , or

u? = u° (mod. r)
Third, we find
A, A+l
m
and since % is an integer for the same reason, we have
t2 1 =4 (mod. r)
Finally, we find
AL A

u2A+1 _ u/ +

and since 2tM1 is divisible by m, and u* by r, we have

u =/ (mod. 7). This proves the claim.

We will see the use of the last two observations in what follows.
202.

The special case of the problem, solving ¢t — Duu = 1, was already studied by
the mathematicians of the preceding century. The very perceptive Fermat proposed
this problem to the English analysts. Wallis names Brounker as the inventor of the
solution he gives in Alg. Cap. 98, Opp. T. II p. 418 ff.; Ozanam names Fermat;
and finally the distinguished Euler, who treats it in Comm. Petr. VI p. 175, Comm.
nov. XI p. 28", Algebra P. 1I p. 226, Opusc. An. I p. 310, names Pell. This is why
some authors have called the problem Pell’s problem. All these solutions agree in
substance with the one we obtain by choosing in Article 198 the reduced form in
which @ = 1. But no one before the distinguished La Grange rigorously”) proved
that the operation they prescribe must eventually terminate, or that the problem is
always actually solvable: Mélanges de la Soc. de Turin T. IV p. 19, and more neatly
in Hist. de I’Ac. de Berlin, 1767, p. 237. This investigation also appears in the
supplements to Euler’s Algebra, already cited several times. Our method, however
(based on entirely different principles and not restricted to m = 1), usually offers
several ways to reach the solution, since in Article 198 we can start from any other
reduced form (a,b, —a’).

“n this paper the algorithm we presented in Article 27 is expressed in similar notation, which we
neglected to mention there.

“'What Wallis offers for this purpose at the cited place, pp. 427, 428, carries no weight. His false
reasoning consists in assuming, on p. 428, line 4, that for a given quantity p we can find integers a, z
such that Z is smaller than p, with a shortfall smaller than the specified one. This is certainly true
when the specified shortfall is a given quantity, but not when it depends on a and z, and so is variable,
as happens in the present case.
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203.

PROBLEM. If the forms ®,p are equivalent, give all transformations of one into
the other.

Solution. When these forms are equivalent in only one way (i.e., either only
properly or only improperly), find by Article 196 one transformation of ¢ into ®, say
a, 3,7,0. Clearly no transformations other than those similar to this one can exist.
But when ¢, ® are both properly and improperly equivalent, find two dissimilar
transformations, i.e., one proper and one improper, say «, 3,7, and o/,5,~,¢".
Every other transformation will be similar to one or the other. So let the form ¢
be (a,b,c), its determinant = D, the greatest common divisor of a,2b,c¢ be m (as
throughout the preceding discussion), and let ¢,u range over all numbers satisfying

— Duu = mm. In the first case all transformations of ¢ into ® are contained in
the first of the following formulas, I; in the second case, either in the first, I, or in
the second, II.

I....... Liat — (ab+yc)u), (Bt —(Bb+ dc)u)
Lyt + (ea+yb)u), (6t + (Ba+ db)u)

m....... Lt — (/b++c)u), L(Bt—(Bb+8c)u)
Lyt+ (a++'bu), E(8't+ (Ba+db)u)

Ezample. - We seek all transformations of (129,92,65) into (42,59,81). In Arti-
cle 195 we found that these are equivalent only improperly, and in the next article
we obtained the improper transformation —47, —56, 73, 87 of the former into the lat-
ter. So all transformations of (129,92, 65) into (42,59,81) are given by the formula

—(47t 4+ 421u), —(56t + 503u). 73t + 653u, 87t + 780u

where ¢, u range over all numbers satisfying ¢¢ — 79uu = 1. These are given by

£t = 1((80 + 9V79)° + (80 — 9v79)°)
tu = 57=5((80 + 9v/79)° — (80 — 9v/79)°)

where e takes all nonnegative integers.
204.

Clearly, the general formula giving all transformations becomes simpler as the
initial transformation from which it is derived becomes simpler. Since we can choose
which transformation to start from, we can often make the general formula simpler by
deriving a simpler transformation from the formula first found, giving ¢, u particular
values, and then forming another formula from it. For example, putting ¢t = 80,
u = —9 in the formula found in the preceding article’s example gives a simpler
transformation than the one we started from, namely 29,47, —37, —60. From this
we derive the general formula 29t — 263u, 47t — 424w, —37t + 337Tu, —60t + 543u.
So once we have obtained a general formula by the preceding rules, we can try
giving t, u particular values +t', +u/; +t”, +u” etc., to see whether we get a simpler
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transformation than the one from which the formula was derived. If so, we can derive
a simpler formula from that transformation. — Some freedom remains in judging
simplicity. If it were worth the effort, we could put this on a fixed footing, and also
assign bounds in the sequence t',u’; t”’,u” etc. beyond which the transformations
become continually less simple. We would then need to try only those within the
bounds, without going further. But with the methods we have given, the simplest
transformation usually appears either at once or on taking ¢, u to have the values
+t', +u'. So to keep this account brief, we leave out this investigation.

205.

PROBLEM. Find all representations of a given number M by a given formula
axx + 2bxy + cyy, with positive nonsquare determinant = D.

Solution. First we observe that finding representations in values of x, y that
are not relatively prime can be reduced to the case of relatively prime values of the
indeterminates, in exactly the same way as above for forms with negative determinant
(Article 181). So it would be unnecessary to repeat this here. For representations
in relatively prime values of x,y to be possible, D must be a quadratic residue
of M. If all values of the expression v/D (mod. M) are N,—N,N’,—N' N" —N"
etc. (which we may take so that none is > %M ), every representation of M by
the given form belongs to one of these values. We must therefore first find these
values, and then investigate the representations belonging to each in turn. There are
no representations belonging to N unless the forms (a,b,c) and (M, N, Y=L are
properly equivalent. If they are, find any proper transformation of the former into
the latter, say «a, 3,7,d. We then have the representation of M by (a, b, c) belonging
to N, namely x = «, y = -, and all representations belonging to this value are given
by

=2 (at — (ab+yc)u), y = (vt + (aa + yb)u)

where m denotes the greatest common divisor of a,2b,¢, and ¢, u range over all
numbers satisfying t¢ — Duu = mm. — Clearly this general formula becomes simpler
as the transformation «, ,7,6 from which it is derived becomes simpler. So it is
useful first to find the simplest transformation of (a,b,c) into (M, N, ]X/f D) as
in the preceding article, and derive the formula from it. — In exactly the same
way, general formulas give the representations belonging to the remaining values
—N,N', —N' etc., if there are any.

Example. We seek all representations of 585 by the formula 42zxx + 62zy + 21yy.
For representations in values of x, y that are not relatively prime, it is immediately
clear that the only possible ones have greatest common divisor of x, y equal to 3,
since 585 is divisible by only one square, 9. So once we have found all representations
of 285 j.e., 65, by the form 422’2’ + 622"y’ + 21y'y/, in which 2’ is relatively prime to
', all representations of 585 by 42zx + 62xy + 21yy in which x is not relatively prime
to y follow by putting = = 32/, y = 3y’. The values of v/79 (mod. 65) are +12, +27.
A representation of 65 belonging to —12 is ' = 2, ¢y = —1. So all representations
of 65 belonging to this value are given by 2/ = 2t — 41u, ¢y = —t + 53u, and all
representations of 585 arising from these by x = 6t — 123u, y = —3t + 159u. In
the same way we find the general formula giving all representations of 65 belonging
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to +12, namely 2/ = 22t — 199u, vy = —23t + 211u; and the formula containing all
representations of 585 arising from these, x = 66t — 597u, ¢y = —69¢ + 633u. For
the values +27 and —27, however, there is no representation of 65. — To find the
representations of 585 in relatively prime values of z, y, we must first find the values
of /79 (mod. 585), which are 77,4103, 4157, 4248. No representation is found to
belong to £77, 4103, £248. But to —157 belongs the representation x = 3, y = 1,
from which we derive the general formula giving all representations belonging to this
value, x = 3t — 114u, y = t + 157u. Similarly, we find the representation belonging to
+157, namely z = 83, y = —87, and the formula containing all similar representations,
x = 83t — 746w, y = —87t 4+ 789u. So we have four general formulas containing all
representations of 585 by 42zx + 62xy + 21yy:

r =6t —123u y = —3t + 159u
x = 66t — 597u y = —69t + 633u
=3t —114u y=t+15Tu

x = 83t — 746u y = —87t 4+ 789%u

where ¢, u range over all integers satisfying ¢t — T9uu = 1.

To keep this account brief, we will not dwell on special applications of the preceding
investigations into forms with positive nonsquare determinant. Anyone can work
these out without difficulty, along the lines of Articles 176, 182. We turn at once to
forms with positive square determinant, the only ones left to consider.
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Forms with square determinant.

206.

PROBLEM. Given a form (a,b, c) with square determinant hh, where h denotes its
positive root, find a properly equivalent form (A, B, C) in which A lies between 0 and
2h — 1, inclusive, B = h, and C = 0.

Solution. 1. Since hh = bb — ac, we have (h —b) :a=c: —(h+0b). Let 5:0 be
an equal ratio, with S relatively prime to §, and determine «, v so that ad — 8y =1,
which is possible. Let the substitution «, 3,7, take (a,b,c) into (a’, ¥, '), which is
therefore properly equivalent to it. We have

V = aaf + b(ad + By) + cyd
= (h—b)ad + b(ad + By) — (h + b) By
— h(ad— fr) = h

d = aBB + 2036 + c66
— (h —b)B6 + 2036 — (h + )35 = 0

So if @’ also already lies between 0 and 2h — 1, the form (da/,¥, ) satisfies all the
conditions.

II. But if @’ lies outside the bounds 0 and 2h — 1, let A be the least positive residue
of @’ modulo 2h, which clearly lies between these bounds, and put A—a’ = 2hk. Then
the form (a/,¥, ), i.e., (a’,h,0), passes by the substitution 1,0, %, 1 into (A4, h,0),
which is properly equivalent to (a’,¥',¢), (a,b,c) and satisfies all the conditions. —
Clearly the form (a,b,c) passes into (4, h,0) by the substitution « + gk, 8,7 + dk, 4.

Ezample. Let the given form be (27,15,8), with determinant = 9. Here h = 3;
the ratio in smallest terms equal to —12 : 27 =8 : —18 is 4 : —9. So putting 5 = 4,
d=-9, a=—-1,v = 2, the form (a’,V',c’) becomes (—1,3,0), which passes into
(5,3,0) by the substitution 1,0,1,1. This is therefore the required form, and the
given form passes into it by the proper substitution 3,4, —7, —9.

We will call such forms (A, B,C), in which C = 0, B = h, and A lies between
0 and 2h — 1, reduced forms. They must therefore be carefully distinguished from
reduced forms with negative determinant or positive nonsquare determinant.

207.

THEOREM. Two reduced forms (a,h,0), (a’,h,0) that are not identical cannot be
properly equivalent.

Proof. Suppose they are properly equivalent, and let the former pass into the
latter by the proper substitution a, 3,7,5. We then have four equations:

acor +2hay =d L 1]
aaf+h(ad+py)=h L. 2]
aBB+2hB6=0 [3]
ad—pBy=1 [4]

Multiplying the second equation by £, the third by «, and subtracting gives —h(ad —
Bv)B = Bh, or, by [4], —Bh = Bh, so we must have § = 0. Thus [4] gives ad = 1
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and @ = +1. Then [1] gives a + 2yh = a/. This equation cannot hold unless v = 0
(since by hypothesis both a and @’ lie between 0 and 2h — 1), i.e., unless a = a/, or
the forms (a, h,0), (a’, h,0) are identical, contrary to the hypothesis.

We can therefore easily solve the following problems, which caused much greater
difficulty for nonsquare determinants.

I. Given two forms F, F' with the same square determinant, determine whether
they are properly equivalent. Find two reduced forms properly equivalent to F, F’
respectively. If they are identical, the given forms are properly equivalent; otherwise
they are not.

II. Under the same assumptions, determine whether they are improperly equivalent.
Let the form opposite to one of the given forms, e.g., F', be G. If it is properly
equivalent to F’, then F' and F’ are improperly equivalent, and conversely.
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208.

PROBLEM. Given two properly equivalent forms F, F' with determinant hh, find
a proper transformation of one into the other.

Solution. Let F be properly equivalent to a reduced form ®, which, by hypothesis,
is therefore also properly equivalent to F”’. By Article 206, find a proper transforma-
tion of F into ®, say a, 3,7,d, and also a proper transformation of F’ into ®, say
o, ',v',¢". Then ® passes into F’ by the proper substitution ¢’, —3’, —', @/, and so
F passes into F’ by the proper substitution

ad =By, Bd' —ap, -6y, 6 —4p

It is useful to develop another formula for this transformation of F into F”, for
which we need not even know the reduced form ® itself. Let

F be (a,b,¢), F' =(d,V,d), ®=(Ah,0)

Since the ratio in smallest terms equal to h —b:a or ¢: —(h +b) is 8 : 0, we easily
see that % = 5 is an integer; call it f. Likewise, % = _fg_b is an integer; put it = g.

We have

A = aaa + 2bay + e¢yy  so
BA = acafS + 2bafy + cfyy
or, substituting for af the value d(h — b), and for ¢ the value (g,

BA = aadh + b(28y — ad)a + BByvg
or, since b = —h — dg,

BA = 20(ab — By)h + (ad — Bv)%g = 2ah + g

Similarly,
0A = aaad + 2bayd + cyyd

= aadd f + b(2a0 — By)y — Byvh

= (ad — )’ f +2v(ad — By)h = 2yh + f
So

a=050,  y=gt
In exactly the same way, putting
/ / / /

hﬁ/bzz/:f,’ %: h(s/b:g,

gives

Substituting these values of a,~,a’,~" into the formula just given for the transfor-
mation of F into F’ turns it into

Bf'=d'g  Blg=Bg’  f'=8f  Bf-dg’
2h 2h 2h

’ 2h

)
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from which A has disappeared entirely.

If two improperly equivalent forms F, F’ are given and we seek an improper
transformation of one into the other, let G be the form opposite to F', and let a
proper transformation of G into F’ be «a,f3,7. 6. Then clearly «,3,—7,—4d is an
improper transformation of F' into F’.

Finally, if the given forms are both properly and improperly equivalent, we can
clearly find two transformations in this way, one proper and one improper.

209.

All that remains is to show how to derive all the other similar transformations from
one transformation. This depends on solving the indeterminate equation tt — hhuu =
mm, where m denotes the greatest common divisor of a,2b, ¢, if (a,b,c) is either of
the equivalent forms. But this equation can always be solved in only two ways: either
put t =m, u =0, or t = —m, u = 0. For suppose there is another solution ¢t = T,
uw = U, with U not = 0. Since mm certainly divides 4hh, we have % = % + 4,
and both % and % are integer squares. But we easily see that 4 cannot be
the difference of two integer squares unless the smaller square is 0, i.e., U = 0,
contrary to the hypothesis. — So if F' passes into F’ by the substitution «, 3,7, 4,
there is no other transformation similar to this one except —a, —3, —7vy, —9. If two
forms are equivalent only properly, or only improperly, there are therefore only two
transformations. If they are both properly and improperly equivalent, there are four,
namely two proper and two improper.

210.

THEOREM. If two reduced forms (a, h,0), (a’, h,0) are improperly equivalent, then
aa’ = mm (mod.2mh), where m denotes the greatest common divisor of a,2h or
a’,2h. Conversely, if a,2h; a',2h have the same greatest common divisor m and
aa’ = mm (mod.2mh), then the forms (a,h,0), (a’,h,0) are improperly equivalent.

Proof. 1. Let (a, h,0) pass into (a’, h,0) by the improper substitution «, 3,7, d, so
that we have four equations:

aco +2hay=d 1]
aaf+h(ad+By)=h . [2]
aBB+2hpé=0 (3]
ad—pPy=-1 [4]

Multiplying [4] by h and subtracting it from [2], which we write as [2] — h[4], gives
(aa+2hy)B=2h [5]

Similarly, from vd[2] — (3] — (a + aBy + hy0)[4], after removing the terms that
cancel, we get
—aad = a+2hyd, or — (aa+2hy)d=a .. 6]

Finally, we get a[l]...aa(aa 4+ 2hy) = ad’, or

(ac + 2h)? — ad’ = 2h~y(ac + 2hy)
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or
(ac 4+ 2h7y)? = ad’ (mod. 2h(ace +2h7)) ... .. [7]

Now [5] and [6] show that aa+2hy divides 2h and a, and therefore also m, the greatest
common divisor of a,2h. But clearly m also divides aax 4+ 2h~y. So aa + 2hy must be
either = +m or = —m. It follows at once from [7] that mm = aa’ (mod. 2mh). This
proves the claim.

II. If a,2h; d',2h have the same greatest common divisor m and, in addition,
aa’ = mm (mod. 2mh), 4 are integers. It is easy to check that

then & 2b & ao—mm
(a, h,0) passes into (a’, h,0) by the substitution —%, —2h ad’—mm a a4 that this

m’ m’ m’ 2mh
m’ 2mh ' m?

transformation is improper. So these forms are improperly equivalent. This proves
the claim.

From this we can also decide at once whether a given reduced form (a,h,0) is
improperly equivalent to itself. If a,2h have greatest common divisor m, the required
condition is aa = mm (mod. 2mh).

211.

We obtain all reduced forms with given determinant hh by substituting in the
indefinite form (A, h,0), for A, all numbers from 0 to 2h — 1, inclusive. So there are
2h of them. Clearly all forms with determinant hh can be divided into that many
classes, and these have the same properties we discussed above (Articles 175, 195)
for classes of forms with negative determinant and positive nonsquare determinant.
For example, all forms with determinant 25 divide into ten classes, which can be
distinguished by the reduced form in each. These reduced forms are (0, 5,0), (1,5,0),
(2,5,0), (5,5,0), (8,5,0), (9,5,0), which are also improperly equivalent to themselves;
(3,5,0), to which (7,5,0) is improperly equivalent; and (4,5,0), to which (6,5,0) is
improperly equivalent.
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212.

PROBLEM. Find all representations of a given number M by a given form axx +
2bxy + cyy with determinant hh.

We can solve this problem from the principles of Article 168 in exactly the same
way as we showed above (Articles 180, 181, 205) for forms with negative determinant
and positive nonsquare determinant. Since this involves no difficulty, it would be
unnecessary to repeat it here. It is useful, however, to derive the solution from
another principle specific to the present case.

Putting, as in Articles 206, 208,

h—bia=c:—(h+b)=5:06
h=b_a_, —h—b

h-b _a c_ _
3~ B s Y

we can easily prove that the given form is the product of the factors dx — By and
fxr — gy. So every representation of M by the given form gives a factorization of M
into two factors. If all divisors of M are d,d’,d” etc. (including 1 and M, and taking
each twice, both positively and negatively), we clearly obtain all representations of
M by putting in turn

M
dr—py=d,  fr—gy=—

M
dr — By =4d, fx—gyzﬁ etc.

finding the values of x, y from these equations, and discarding the representations in
which z or y has a fractional value. From the first two equations we clearly get
St - B

These values are always determinate, since S f—dg = 2h, so the numerator is certainly
not = 0. — We could have solved the other problems from the same principle, namely
that every form with square determinant factors into two factors. But here too we
preferred to use a method analogous to the one given above for forms with nonsquare
determinant.

FEzample. We seek all representations of 12 by 3xzx + 4xy — Tyy. This factors into
x—y and 3x+7y All divisors of 12 are £1, 2, 3,4, 6, 12. Puttingxz—y = 1, 3247y = 12
gives x = 10, Yy = 10, which we must discard because they are fractional. In the same
way the divisors —1, +3, +4,+6, £12 give unusable values. But the divisor +2 gives
x =2,y =0, and —2 gives x = —2, y = 0. So there are no representations beyond
these two.

This method cannot be used if M = 0. In that case all values of x,y must clearly
satisfy either dx — By = 0 or foz — gy = 0. All solutions of the first equation are
contained in the formula x = Bz, y = 0z, where z ranges over all integers (since, as
assumed, 3, ¢ are relatively prime). Similarly, putting the greatest common divisor
of f,g =m, all solutions of the second equation are given by z = £,y = z. These
two general formulas therefore contain all representations of M in this case.
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*

In the preceding discussion we have set out everything needed to recognize equiva-
lence, find all transformations of forms, and find all representations of given numbers
by given forms, so that there seems to be nothing more to ask for. All that remains
is to show, given two forms that cannot be equivalent because their determinants are
unequal, how to decide whether one is contained in the other and, if so, how to find
all transformations of the former into the latter.
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Forms contained in others but not equivalent to them.

213.

Above, in Articles 157, 158, we showed that if a form f with determinant D
contains a form F with determinant F and passes into it by the substitution «, 3,7, §,
then E = (ad — p7)2D. If ad — By = *1, the form f not only contains F but is
equivalent to it. So if f contains F' without being equivalent to it, the quotient %
is an integer greater than 1. The problem we must now solve is therefore to decide
whether a given form f with determinant D contains a given form F with determinant
Dee, where e is assumed to be a positive number greater than 1. We will do this
by showing how to give a finite collection of forms contained in f, such that F, if
contained in f, must be equivalent to one of them.

I. Let all the positive divisors of e (including 1 and e) be m,m’,m” etc., and let
e = mn = m'n’ = m”n” etc. For brevity, denote the form into which f passes
by the proper substitution m.0,0,n by (m;0), the form into which f passes by
the proper substitution m, 1,0,n by (m;1), etc., and generally the form into which
f passes by the proper substitution m,k,0,n by (m;k). Similarly, let f pass by
the proper substitution m’,0,0,n" into (m';0), by m/,1,0,n’ into (m/;1), etc., by
m”,0,0,n” into (m”;0), and so on. All these forms are properly contained in f,
and each has determinant = Dee. Denote the collection of all forms (m;0), (m;1),
(m;2)....(m;m — 1), (m;0), (m';1)...(m";m' —1); (m”;0) etc., whose number is
m + m’ +m” + etc. and which are easily seen to be all distinct, by €.

For example, if the form f is (2,5,7) and e = 5, then Q contains the following
six forms: (1;0), (5;0), (5;1), (5;2), (5;3), (5;4). Written out, these are (2,25,175),
(50,25,7), (50,35,19), (50,45,35), (50, 55,55), (50,65,79).

II. I now claim that if a form F with determinant Dee is properly contained in
f, it must be properly equivalent to one of the forms 2. Suppose f passes into F
by the proper substitution «, 3,7,0. Then ad — Sy = e. Let the greatest common
divisor of ,d (which cannot both be 0), taken positively, be = n, and let £ = m,
which is clearly an integer. Choose g, h so that vg 4+ dh = n, and finally let k& be the
least positive residue of ag + Sh modulo m. Then (m;k), which clearly belongs to
), is properly equivalent to F', and passes into it by the proper substitution

v ag+Bh—k 0 ag+pBh—k ¥y 4
f.i_kh, - g, -, -
n m n m n n
For first, these four numbers are clearly integers; second, it is easy to check that the
substitution is proper; third, the form into which (m; k) passes by this substitution
is clearly the same as the one into which f*) passes by the substitution

m(ww%—’uh)g?, m<5.049+/3h—k_g>+k57 N

n m n m n

or, since mn = e = ad — {7, and therefore Sy + mn = ad, ad — mn = [, by

1 1
E(avg + adh), E(ﬁvg + B6h), v, 0

Since it passes by the substitution m, k,0,n into (m; k). See Article 159.
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or finally, since vg + 0h = n, by «, 8,7, 9, i.e., by hypothesis, into F. So (m;k) and
F' are properly equivalent. This proves the claim.

We can therefore always decide whether a given form f with determinant D prop-
erly contains a form F with determinant Dee. To decide whether f improperly
contains F', we need only investigate whether the form opposite to F' is properly
contained in f (Article 159).

214.

PROBLEM. Given two forms, f with determinant D and F' with determinant Dee,
the former properly containing the latter, give all proper transformations of f into
F.

Solution. Let €2 denote the same collection of forms as in the preceding article.
Select from it all forms to which F is properly equivalent; let them be ®, ®’, " etc.
Fach of these forms gives proper transformations of f into F' in the following way,
different forms giving different transformations (i.e., each gives distinct ones), and
all together giving all of them (i.e., there is no proper transformation of f into F
that is not supplied by one of the forms @, ®’ etc.). Since the method is the same for
all forms @, @’ etc., we will discuss just one.

Let ® be (M; K), and e = M N, so that f passes into ® by the proper substitution
M, K,0, N. Further, let all proper transformations of ® into F' be denoted by a, b, ¢, 0.
Then clearly f passes into ® by the proper substitution Ma+ K¢, Mb+ K0, N¢, NO.
In this way every proper transformation of ® into F' gives a proper transformation
of f into F. — Treat the remaining forms @', ®” etc. in the same way: each of their
proper transformations into F' gives a proper transformation of f into F'.

To see that this solution is complete in every respect, we must show:

I. This gives all possible proper transformations of f into F. Let any proper
transformation of f into F' be «a,3,v,6. As in II of the preceding article, let n be
the greatest common divisor of v, d, and determine m, g, h, k as there. Then (m;k)
is among the forms ®, @’ etc., and

v ag+ Bh—k 0 ag+pBh—k )
f.i_%h, - —q, =, —
n m n m n n

is one of its proper transformations into F. From this the rule just given produces
the transformation «, 5,~,d. All this was proved in the preceding article.
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II. All transformations obtained in this way are distinct; none is obtained twice.
It is easy to see that different transformations of the same form ® or @' etc. into F'
cannot produce the same transformation of f into F'. To prove that different forms,
e.g., ® and @', also cannot give the same transformation, we argue as follows. Suppose
the proper transformation «, 5,7, of f into F' is obtained both from the proper
transformation a, b, ¢,0 of ® into F' and from the proper transformation a’,b’, ¢, 0’
of @ into F. Let ® = (M; K), ® = (M'; K'), e= MN = M'N’. Then we have the
equations

a=Ma+Ke=Md+K<I Lo (1]
B=Mb+Ko=Mvo+K° ... 2]
y=Nc=N'¢ (3]
§=No=N 4]
aw—be=dd-b'd=1 . 5]

From a[4] — b[3], with the help of equation [5], we get N = N'(ad’ —bc’), so N’ divides
N. Similarly, a’[4] — b[3] gives N(a’d — b’c) = N’, so N divides N’. Since both N
and N’ are assumed positive, we must have N = N' and M = M’, and then [3] and
[4] give ¢ = ¢/, 0 = 0'. Further, a[2] — b[1] gives

K = M'(abl —bd') + K'(ad’ — bc’) = M(ab’ — bad') + K’

so K = K’ (mod. M). This can hold only if K = K’, since both K and K’ lie between
0 and M — 1. So the forms ®, ®’ are not distinct, contrary to the hypothesis.

Clearly, if D is negative or a positive square, this method lets us actually find all
proper transformations of f into F. But if D is positive and nonsquare, we can give
general formulas containing all proper transformations, of which there are infinitely
many.

Finally, if F' is improperly contained in f, the method given lets us easily obtain
all improper transformations of the former into the latter. Namely, suppose «, 3,7, ¢
denote all proper transformations of f into the form opposite to F'. Then all improper
transformations of f into F are given by a, —f,y, —0.

Ezample. We seek all transformations of (2,5,7) into (275,0, —1), which is both
properly and improperly contained in the former. We gave the collection €2 for
this case in the preceding article. Investigation shows that both (5;1) and (5;4)
are properly equivalent to (275,0,—1). By the theory developed above, all proper
transformations of (5;1), i.e., (50, 35,19), into (275,0, —1) are found to be contained
in the general formula

16t — 275u, —t—+ 16u, —15t+275u, t— 15u

where t,u range over all integers satisfying ¢t — 275uu = 1. So all proper transfor-
mations of (2,5,7) into (275,0, —1) arising from these are contained in the general
formula

65t — 1100w, —4t+ 65u, —15t+275u, t— 1bu

162



Arithmetical Investigations

Similarly, all proper transformations of (5,4), i.e., (50,65,79), into (275,0,—1) are
contained in the general formula

14t + 275u, t+ ldu, —15t—275u, —t— 15u

and so all proper transformations of (2,5,7) into (275,0, —1) arising from these are
contained in
10t + 275u, ¢+ 10u, —15t—275u, —t— 15u

These two formulas therefore contain all the required proper transformations”. — In
the same way we find that all improper transformations of (2,5,7) into (275,0,—1)
are contained in the following two formulas:

(I) ... 65t—1100u, 4t —65u, —15t+275u, —t+ 15u

and
(IT) ... 10t +275u, —t—10u, —15t—275u, ¢+ 15u

Y All proper transformations are given more elegantly by the formula
10t + 55u, t+ 2u, —15t—55u, —t—3u

where t, u range over all integers satisfying ¢t — 11luu = 1.
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Forms with determinant 0.

215.

So far we have excluded forms with determinant 0 from all our investigations. We
must add a few things about them to make our theory complete in every respect.
We have proved generally that if a form with determinant D contains a form with
determinant D’, then D’ is a multiple of D. So a form with determinant = 0 clearly
cannot contain any form whose determinant is not also = 0. Only two problems
therefore remain: 1° given two forms f, F, the latter with determinant 0, decide
whether the former contains the latter, and if it does, give all transformations of the
former into the latter; 2° find all representations of a given number by a given form
with determinant 0. The first problem requires one method when the determinant of
the first form f is also 0, and another when it is not 0. We will now set all this out.

I. First we observe that every form azx + 2bxy + cyy with determinant bb —ac = 0
can be written as m(gx + hy)?, where g, h are relatively prime and m is an integer.
For let m be the greatest common divisor of a, ¢, taken with the same sign as these
numbers themselves (we easily see that they cannot have opposite signs). Then £ <

m’m
are relatively prime nonnegative integers; their product is = %, i.e., a square, SO
they themselves are squares (Article 21). Let % = gg, & = hh. Then g, h are also
relatively prime, gghh = %, and gh = :l:%. Clearly, then,

m(gz + hy)? = axz + 2bxy + cyy
Now let two forms f, F' be given, both with determinant 0, and let
f=m(gr+hy)?, F=MGX+HY)?

where ¢ is relatively prime to h, and G to H. I claim that if f contains F', then m
either equals M or at least divides M, and the quotient is a square. Conversely, if %
is an integer square, F' is contained in f. For suppose f passes by the substitution

r=aX+8Y, y=9X+0Y

into F'. Then

M
S(GX + HY)? = ((ag +yh)X + (Bg + SR)Y)?
from which we easily get that % is a square. Put it = ee. Then

e(GX + HY) =+((ag+vh)X + (Bg +0h)Y), i.e.

+eG = ag+~yh, “+eH = g+ dh
So if &, § are chosen so that &G + HH = 1, we have

te = &(ag +vh) + H(Bg + 6h), so an integer. Q.E.D.
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Conversely, suppose % is an integer square = ee. Then f contains F'. Namely, we

can choose integers «, 3,7, d so that
ag +vh = +eG, Bg+6h==xeH
For choose integers g, h so that gg + hh = 1. We satisfy these equations by putting

a = teGg + hz, v =+eGh — gz
B =deHg+ h?, § = feHbh — g2’

whatever integer values we give z, 2. So F' is contained in f. This proves the claim.
We also easily see that these formulas give all possible values of «, 3,7,9, i.e., all
transformations of f into F, if z, 2’ range over all integers.

II. Given two forms f = azx + 2bxy + cyy with determinant not = 0, and F =
M(GX + HY)? with determinant = 0 (where, as before, G, H are relatively prime),
I claim first that if f contains F', then M can be represented by f; second, if M can
be represented by f, then F' is contained in f; third, if in this case all representations
of M by f are given by = = &,y = v, then all transformations of f into F' are given
by G¢, H(,Gu, Hu. We prove all this as follows.

1° Suppose f passes into F' by the substitution «, 3,7, d, and choose &, $) so that
BG + HH = 1. Clearly, putting x = a® + 89, y = v& + §$ makes the value of f
equal to M, so M is representable by f.

2° Suppose a&& + 2b&v + cvv = M. Clearly, by the substitution G¢, HE, Gu, Hv,
the form f passes into F'. To see that

3° in this case the substitution G¢, H(, Gv, Hv gives all transformations of f into
F,if £ v give all values of z,y that make f = M, we argue as follows. Let o, 3,7, 6
be any transformation of f into F', and, as before, G + HH = 1. Among the values
of x,y are then

r=a6+59, y=76+09H

which give the substitution

G(a® + %), H(a®+89), GH®+69), H(HSG+H)

or
a+H(PG —aH), B+ 6&(aH — BG)
v+ H(6G — vH), 5+ &(vH — 6G)
But since
a(aX + BY)? + 2b(aX + BY)(vX + 8Y)
+c(yX +6Y)2 = M(GX + HY)?
we have

a(ad — fy)* = M(6G — vH)?
c(By —ad)? = M(BG — oH)?
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and therefore (since the determinant of f, multiplied by (ad — B7v)?, equals the
determinant of F', i.e., = 0, so that also ad — Sy = 0),

0G—~vH =0, pG—aH =0

The substitution thus becomes «, 3,, §, which shows that the formula given supplies
all transformations of f into F.

III. Tt remains to show how to give all representations of a given number by a
given form with determinant 0. Let the form be m(gz + hy)2. Clearly the number
must be divisible by m, and the quotient must be a square. If we put the given
number = mee, then for the same values of x,y that make m(gz + hy)? = mee,
clearly gx + hy is either = +e or = —e. So we obtain all representations by finding
all integer solutions of the linear equations gx + hy = e, gx + hy = —e. These are
known to be solvable, since g, h are relatively prime, as assumed. Namely, if we
choose g, b so that gg + hh = 1, we satisfy the first equation by putting = = ge + hz,
y = he — gz, and the second by putting x = —ge + hz, y = —he — gz, where z is any
integer. These formulas give all integer values of x,y if z ranges over all integers.
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General solution in integers of all indeterminate equations of the second degree in
two unknowns.

As a finishing touch to these investigations, we add
216.

PROBLEM. Find all integer solutions of the general’) indeterminate equation of
the second degree in two unknowns

axx + 2bxy + cyy + 2dx +2ey + f =0

(where a,b, c etc. are any given integers).
Solution. In place of the unknowns z,y, introduce

p=(bb—ac)r+be—cd and q= (bb—ac)y+bd— ae
which are clearly always integers when x,y are integers. This gives the equation
app + 2bpq + cqq + f(bb — ac)® + (bb — ac)(aee — 2bde + cdd) = 0
or, putting for brevity
f(0b — ac)? + (bb — ac)(aee — 2bde + cdd) = —M

the equation
app + 2bpg + cqqg = M

We have already shown how to find all solutions of this equation, i.e., all representa-
tions of M by (a,b,c). From each set of values of p,q, determine the corresponding
values of x,y by the equations

_ p+ed—be _q+tae—bd
T T w—ac 7T T h—ac

We easily see that all these values satisfy the given equation, and that no integer
values of x,y are missed by this method. So if we discard the fractional values from
all the values of x,y obtained in this way, all the required solutions remain.

We make the following observations about this solution.

1° If either M cannot be represented by (a, b, ¢), or no representation gives integer
values of x,y, then the equation has no integer solution.

2° If the determinant of (a,b,c), i.e., bb — ac, is negative, or is a positive square
and at the same time M is not = 0, the number of representations of M by (a,b,c)
is finite. So the number of all solutions of the given equation, if there are any, is also
finite.

3° If bb — ac is positive and nonsquare, or is a square and at the same time M = 0,
then M, if it can be represented at all, can be represented in infinitely many different
ways by (a,b, c). But it is impossible to find all these representations themselves and

Y1t an equation is given whose second, fourth or fifth coefficient is not even, multiplying it by 2 gives
it the form assumed here.
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try whether they give integer or fractional values of x,y. So we need a rule that lets
us be certain when no representation at all can give integer values of z, y (for however
many representations we try in this case, without such a rule we would never reach
certainty). If some representations give integer values of z,y and others fractional
values, we must show how to distinguish the latter from the former in advance, in
general.

4° If bb — ac = 0, the values of x,y cannot be determined at all by the preceding
formulas. So we must find a special method for this case.
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217.

For the case where bb — ac is a positive nonsquare number, we showed above that
all representations of the number M by the form app + 2bpq + cqq (if there are any
at all) can be given by one or more formulas such as

p= (At +Bu), ¢=1(Ct+Du)

where 2, B, €, ® denote given integers, m the greatest common divisor of the numbers
a, 2b, ¢, and finally ¢, u range over all integers satisfying the equation tt— (bb—ac)uu =
mm. Since all values of ¢,u can be taken both positively and negatively, we can
replace each of those formulas by four others:

(At +Bu), q= (¢t +Du)
(At —Bu), q= (¢t —Du)

p:
p:

1
1
p= %(—QUH-‘BU), q= %(—@t—i—@u)

p=—L(At+Bu), ¢=—-1(¢t+Du)

The total number of formulas is now four times as large as before, while ¢ and u no
longer stand for all numbers satisfying the equation tt — (bb — ac)uu = mm, but only
the positive ones. We must therefore consider each of these forms separately and
determine which values of ¢, u give integer values of x, y.

The formula

p=2(At+Bu), ¢=1(Ct+Du) cee 1]
gives the following values of x, y:

_Qlt+%u+mcdfmbe _€t+@u+maefmbd
N m(bb — ac) YT m(bb — ac)

But we showed above that all (positive) values of ¢ form a recurrent sequence t°, ¢, ¢”
etc., and that the corresponding values of u likewise form a recurrent sequence

u®, /v ete.; also, that we can specify a number p such that, for any given modulus,

P =10, =4, P2 =t"etc., uw’ =u’, ut! =4 ete.

We take the number m(bb — ac) as this modulus. For brevity, we denote the values
of x, y obtained by setting t = t, u = u°, to which we assign the index 0, by z°,°;
similarly, those obtained by setting ¢ = ¢/, u = «/, by 2’,4/, to which we assign
the index 1, etc. It is then easy to see that if 2", y" are integers and p is correctly
determined, then "7 y"t7 as well as z"t2° y"*+20 and, in general, zthr yhtke,
will also be integers. Conversely, if z* or y" is fractional, then x"*t*¢ or yh+ke,
respectively, will also be fractional. We readily conclude that if we work out the
values of x, y with indices 0,1,2....p — 1, and for none of these indices are both
x and y integers, then there is no index at all for which both = and y take integer
values. In that case, no integer values of x, y can be derived from formula [1]. But if
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some of those indices, say u, p’, p ete., correspond to integer values of z, y, then all
integer values of z, y that can be obtained from formula [1] are those whose indices
are contained in one of the formulas pu + kp, ' + kp, 1’ + kp etc., where k ranges
over all positive integers, including zero.

The remaining formulas containing the values of p, ¢ must be treated in exactly
the same way. If none of these formulas were to yield integer values of z, y, the
proposed equation could not be solved in integers at all. Whenever it is in fact
solvable, however, all its integer solutions can be given by the rules set out above.

218.

When bb — ac is a square number and M = 0, all values of p, ¢ are contained in
two formulas of the kind p = Az, ¢ = Bz; p = WAz, ¢ = B'z, where z ranges over all
integers, while 2, B, ', B’ are given integers, the first and second being relatively
prime, and likewise the third and fourth (Article 212). Thus all integer values of z,
y arising from the first formula are contained in formula [1]

Az +cd—be _ Bz +ae—bd
T h—ac YT bb — ac

and all the remaining ones arising from the second formula in this formula [2]:

A'z + cd — be B’z + ae — bd

bb—ac ' J7T bb — ac

But since either formula can also give fractional values (unless bb — ac = 1), we must
separate, in each formula, the values of z that make both x and y integers from the
others. It is enough, however, to consider the first formula alone, since exactly the
same method applies to the other.

Since 2, B are relatively prime, we can determine two numbers a, b such that
a2l + b6 = 1. This gives

(az + by)(bb — ac) = z + a(cd — be) + b(ae — bd)

so it is immediately clear that all values of z capable of producing integer values of
x, y must be congruent to the number a(be — cd) + b(bd — ae) modulo bb — ac, or be
contained in the formula (bb — ac)z’ + a(be — c¢d) 4+ b(bd — ae), where 2’ ranges over
all integers. From this we easily obtain, in place of formula [1], the following:

2A(bd — ae) — B(be — cd)

. /

z=Az +bx b ac

=B ax A(bd — ae) — B(be — cd)
bb — ac

It clearly gives, either for all values of 2z’ or for none, integer values of x,y. The first
case always occurs when 20(bd — ae) and B(be — cd) are congruent modulo bb — ac,
and the second when they are incongruent. — Formula [2] must be treated in exactly
the same way, separating its integer solutions (if it can give any) from the others.

170



Arithmetical Investigations

219.

When bb — ac = 0, the form azxx + 2bzy + cyy can be written as m(az + fy)?,
where m, «, 5 are integers (Article 215). Set ax + Sy = z; the proposed equation
becomes

mzz + 2dx 4+ 2ey + f =0

and from this and z = ax + By we obtain

_ Bmzz+2ez+ Bf amzz + 2dz + af

20e — 23d v= 28d — 2ae

It is now clear that, unless ae = 8d (a case we will consider separately in a moment),
the values of x, y derived from these formulas by giving z any value satisfy the
proposed equation. It remains only to show how to determine the values of z that
give integer values of x, y.

Since ax + By = z, only integer values can be taken for z. Moreover, if some
value of z makes both z and y integers, all values of z congruent to it modulo
2ae — 28d clearly also produce integer values. So substitute for z all integers from
0 to 2ae — 28d — 1 (when ae — fd is positive) or to 28d — 2ce — 1 (when ae — 8d
is negative), inclusive. If none of these values makes both = and y integers, then no
value of z at all will produce integer values of x, y, and the proposed equation cannot
be solved in integers. But if some of those values of z give integer values of x,y,
say ¢,(’,¢" etc. (which can also be found by solving quadratic congruences using
the principles of Section IV), all solutions follow by setting z = (2ae — 25d)v + (,
2z = (2ae — 2Bd)v + ¢’ etc., where v ranges over all integers.

220.

For the excluded case where ae = Bd, we must find a separate method. Suppose
«, B are relatively prime, as Article 215, I shows we may assume. Then g = % is an

integer (Article 19), which we set = h. The proposed equation now takes the form
(max +mpBy + h)* — hh +mf =0

and so clearly has no rational solution unless hh — mf is a square number. Let
hh — mf = kk; the following two equations are clearly equivalent to the proposed
equation:

max+mpBy+h+k=0, and maxr+mfBy+h—k=0

i.e., every solution of the proposed equation also satisfies one or the other of these
equations, and conversely. The first equation clearly cannot be solved in integers
unless h + k is divisible by m, and similarly the second admits no integer solution
unless h — k is divisible by m. These conditions also suffice for the solvability of each
equation (since «, § are assumed relatively prime), and all the solutions can be given
by the known rules.
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221.

We illustrate the case considered in Article 217 (since it is the most difficult of
all) by an example. Let the proposed equation be zx + 8xy + yy + 2z — 4y + 1 = 0.
From this, by first introducing the other unknowns p = 15x — 9. ¢ = 15y + 6, we
derive the equation pp + 8pq + qqg = —540. All its integer solutions are found to be
contained in the following four formulas:

p = 6t, q = —24t — 90u
p=~6t, q=—24t+ 90u
p=—6t, q=24t—90u
p=—6t, q=24t+ 90u

where ¢, u range over all positive integers satisfying the equation ¢t —15uu = 1, which
are contained in the formula

= %((4+ VI5)" + (4 - V15)")

u= Qf(<4+f> — (4—=V15)")

when n ranges over all positive integers (including zero). Thus all values of z,y are
contained in the following formulas:

(2t+3), y=—1(8t+30u+2)
(2t+3), y=—1(8t—30u+2)
(=2t +3), y=1(8—30u—2)
(=2t +3), y=31(8+30u—2)

U= QU= Ol O

8 8 8 &

Applying our rules correctly, we find that to obtain integer values, the first and
second formulas require those values of ¢,u that arise from an even index n; the
third and fourth require those obtained from an odd n. — The simplest solutions are
r=1,—-1,—-1; y = —2,0,12, respectively.

We should also note that the solution of the problem explained in the preceding
articles can usually be shortened by various devices, especially in excluding unusable
solutions, ¢.e., those involving fractions. But to avoid going on too long, we have had
to pass over these here.
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Historical remarks.

222.

Since several of the matters we have discussed so far have also been considered
by other mathematicians, we cannot pass over their contributions in silence. The
distinguished La Grange made general investigations into the equivalence of forms,
Nouv. Mém. de I’Ac. de Berlin, 1773 p. 263 and 1775 p. 323 ff. In particular, he
showed that for any given determinant there is a finite number of forms such that
every form with that determinant is equivalent to one of them, and so all forms with
a given determinant can be divided into classes. Later, the celebrated Le Gendre
discovered several elegant properties of this classification, mostly by induction from
observed cases; we will give these below and support them with proofs. But no one
had yet reached the distinction between proper and improper equivalence, whose
usefulness is most apparent in the finer investigations.

The distinguished La Grange was the first to solve completely the famous problem
explained in Article 216 ff., Hist. de [’Ac. de Berlin, 1767 p. 165 and 1768 p. 181 ff.
A solution (but a less complete one) also appears in the Suppl. ad Euleri Algebram,
already cited several times. Earlier, the distinguished Euler had tackled the same
subject, Comm. Petr. T. VI p. 175; Comm. Nov. T.IX p. 3; Ibid. T. XVIII p. 185
ff. But he always restricted his investigation to deriving other solutions from some
solution he assumes already known; moreover, his methods can provide all solutions
in only a few cases (see La Grange, Hist. de ’Ac. de Berlin 1767, p. 237). Since the
last of these three papers is later than La Grange’s solution, which covers the problem
in full generality and leaves nothing to be desired in this respect, Euler seems not yet
to have known that solution at the time (Volume XVIII of the Commentaries belongs
to the year 1773 and was published in 1774). Our solution, however (like everything
else we have given so far in this section), rests on entirely different principles.

The relevant results given by others, Diophantus, Fermat, etc., concern very special
cases. Since we have already mentioned above those that seemed particularly worth
recording, we will refrain from listing everything individually.

k *
*

What we have set out so far about forms of the second degree should be regarded
only as the first elements of this theory. As we pursued this investigation more closely,
a vast field opened up before us; in what follows we will select from it those matters
that seem especially worth attention. For this subject is so fertile that, for brevity,
we must pass over in silence many other things we have already managed to discover;
far more, without doubt, still lie hidden and await new efforts. At the start of these
investigations, we should note at once that forms with determinant 0 are excluded
unless we state otherwise.
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FURTHER INVESTIGATIONS INTO FORMS.

Division of forms with a given determinant into classes.

223.

We have already shown above (Articles 175, 195, 211) that for any given integer
D (positive or negative), we can specify a finite number of forms F, F’, F” etc. with
determinant D, such that every form with determinant D is properly equivalent to
one, and only one, of them. Thus all forms with determinant D (of which there are
infinitely many) can be classified according to those forms: the collection of all forms
properly equivalent to F' makes up the first class; those properly equivalent to F”
make up the second, etc.

From each class of forms with a given determinant D, we can choose a form and
regard it as a representative form of the whole class. In itself, the choice of form from
each class is entirely arbitrary, but we should always prefer one that seems to surpass
the others in simplicity. The simplicity of a form (a, b, ¢) must clearly be judged from
the size of the numbers a,b, ¢, and we may rightly call a form (a’,V’, ") less simple
than (a,b,c) if ' > a, ¥ > b, ¢ > ¢. But this does not settle the matter completely:
for example, it remains our choice which of the forms (17,0, —45), (5,0,—153) we
prefer to call simpler. Usually, however, it will be useful to follow this rule:

I. When the determinant D is negative, take the reduced forms contained in the
individual classes as their representative forms. If two reduced forms occur in the
same class (which will be opposite, Article 172), take the one whose middle term is
positive.

II. When the determinant D is positive and nonsquare, work out the period of a
reduced form contained in the proposed class. This period will contain either two
ambiguous forms or none (Article 187).

1) In the first case, let the ambiguous forms be (A, B, C), (4’, B',C"); let the least
residues of the numbers B, B’ modulo A, A" be M, M’, respectively (these can be
taken positively unless they are = 0); finally, let W =N, %,/M, = N’. With
this done, take whichever of the forms (A, M, —N), (A", M', —N’) seems simplest as
the representative form. In deciding this, prefer a form whose middle term is = 0. If
the middle term is 0 in both or in neither, prefer the form with the smaller first term;
and when the first terms are equal in size but opposite in sign, prefer the positive
sign to the negative.

2) If there is no ambiguous form in the whole period, choose from all the forms
of the period the one with the smallest first term, disregarding its sign. If two forms
occur in the same period with the same first term positive in one and negative in the
other, prefer the former to the latter. Let this form be (A, B, (), and derive from
it, in the same way as in the preceding case, another form (A, M, —N) (namely, by
taking M to be the absolutely least residue of B modulo A, and setting N = W).
Take this last form as the representative.

If the same smallest first term A happens to be shared by several forms of the
period, treat all these forms in the way prescribed, and take as representative the
resulting form whose middle term is as small as possible.
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Thus, for ezample, for D = 305 we have, among others, the period (17,4, —17),
(—17,13,8), (8,11,-23), (—23,12,7), (7,16,—7), (—7,12,23), (23,11, —8),
(—8,13,17). From it we first choose the form (7,16,—7), and then derive
from this the representative form (7,2, —43).

ITI. When the determinant is a positive square = kk, find the reduced form (A, k, 0)
contained in the proposed class. If A < k or = k, take this form itself as the
representative. But if A > k, take in its place the form (A — 2k, k,0), whose first
term will be negative but smaller than k.

FEzxample. In this way all forms with determinant —235 are divided into six-
teen classes, whose representatives are (1,0,235), (2,1,118), (4,1,59), (4,—1,59),
(5,0,47), (10,5,26), (13,5,20), (13,—5,20), and eight others differing from the pre-
ceding ones only in the signs of their outer terms: (—1,0,—-235), (—2,1, —118) etc.

All forms with determinant 79 fall into six classes, whose representatives are
(1,0,-79), (3.1,-26), (3,—1,—-26), (—1,0.79), (—3,1,26), —3. — 1,26).

224.

This classification therefore separates properly equivalent forms completely from
the others. Two forms with the same determinant D, if they belong to the same class,
will be properly equivalent. Any number representable by one can also be represented
by the other; and if a number M can be represented by the first form with relatively
prime values of the indeterminates, the same number can be represented by the other
form in the same way, with both representations belonging to the same value of the
expression VD (mod. M). But if two forms belong to different classes, they will
not be properly equivalent. From the representability of a given number by one, we
cannot infer its representability by the other. On the contrary, if the number M
can be represented by one with relatively prime values of the indeterminates, we
are immediately certain that there is no similar representation of the same number
by the other form belonging to the same value of the expression v/ D(mod. M) (see
Articles 167, 168).

On the other hand, two forms F, F’ from different classes K, K’ can indeed be
improperly equivalent. In this case, every form from one class will be improperly
equivalent to every form from the other. Every form from K will have its opposite in
K’, and the classes K, K’ themselves will be called opposite. Thus in the first example
of the preceding article, the third class of forms with determinant —235 is opposite
to the fourth, and the seventh to the eighth; in the second example, the second class
is opposite to the third, and the fifth to the sixth. So, given any two forms from
opposite classes, every number M representable by one is also representable by the
other. If one representation uses relatively prime values of the indeterminates, the
other can do so too, but these two representations belong to opposite values of the
expression v D (mod. M). — The rules given above for choosing representative forms
are arranged so that opposite classes always receive opposite representative forms.

Finally, there are also classes opposite to themselves. If a form and its opposite
belong to the same class, it is easy to see that all forms in this class are both properly
and improperly equivalent to one another and have their opposites in the same class.
Every class containing an ambiguous form has this property; conversely, every class
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opposite to itself necessarily contains an ambiguous form (Articles 163, 165), and
so is called an ambiguous class. Thus among the classes of forms with determinant
—235 there are eight ambiguous ones, represented by (1,0,235), (2,1,118), (5,0,47),
(10,5,26), (—1,0,—235), (—2,1,—118), (—5,0,—47), (=10, 5, —26); among the classes
of forms with determinant 79 there are two, represented by (1,0, —79), (—1,0,79).
— If the representative forms have been determined by our rules, the ambiguous
classes can easily be recognized from them. For a positive nonsquare determinant,
an ambiguous class certainly receives an ambiguous representative form (Article 194).
For a negative determinant, the representative form of an ambiguous class is either
itself ambiguous or has equal outer terms (Article 172). Finally, for a positive square
determinant, Article 210 makes it easy to decide whether the representative form is
improperly equivalent to itself, and thus whether the class it represents is ambiguous.

225.

We have already shown above (Article 175) that in a form (a,b, ¢) with negative
determinant, the outer terms have the same sign, both as each other and as the outer
terms of any equivalent form. If a,c are positive, we call the form (a,b, c) positive.
We also call the whole class containing (a, b, ¢), which consists only of positive forms,
a positive class. Conversely, (a,b,c) will be a negative form, contained in a negative
class, if a, c are negative. Negative numbers cannot be represented by a positive form,
nor positive numbers by a negative form. If the form (a,b,c) represents a positive
class, the form (—a,b, —c) represents a negative class. It follows that there are as
many positive classes as negative ones, and that once the former have been specified,
the latter are also known. Thus in investigating forms with negative determinant, it
is usually enough to consider the positive classes, whose properties transfer easily to
the negative classes.

This distinction applies only to forms with negative determinant. Forms with
positive determinant can represent both positive and negative numbers without dis-
tinction; indeed, two forms such as (a, b, ¢), (—a, b, —c) quite often belong to the same
class in this case.
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Division of classes into orders.

226.

We call a form (a, b, c) primitive if the numbers a, b, ¢ share no nontrivial divisor;
otherwise it is called derived. More precisely, if the greatest common divisor of
the numbers a,b, ¢ is set = m, the form (a, b, c) is derived from the primitive form
(%, %, %) This definition immediately shows that all forms whose determinant is
divisible by no square (except 1) must be primitive. Further, Article 161 shows that
if a given class of forms with determinant D contains a primitive form, all forms
of this class are primitive; in that case the class itself is called primitive. It is also
clear that if a form F with determinant D is derived from a primitive form f with
determinant %, and the classes containing the forms F', f are K, k, respectively,
then all forms in the class K are derived from the primitive class k. In this case we
therefore call the class K itself derived from the primitive class k.

If (a,b,c) is a primitive form, but a, ¢ are not both even (i.e., both are odd,
or at least one is), it is easy to see that not only a, b, ¢, but also a, 2b, ¢ share
no nontrivial divisor. In this case the form (a,b,c) is called properly primitive, or
simply a proper form. But if (a,b,c) is a primitive form and the numbers a, ¢ are
both even, the numbers a, 2b, ¢ clearly have the common divisor 2 (which is also
their greatest common divisor), and (a, b, c) is called an improperly primitive form,
or simply an improper form”). In this case b must be odd (otherwise (a, b, ¢) would
not be primitive); so bb = 1 (mod. 4), and since ac is divisible by 4, the determinant
bb — ac = 1 (mod. 4). Improper forms therefore occur only for a determinant of the
form 4n+1 if positive, or of the form —(4n+3) if negative. — Article 161 also makes
it clear that if a given class contains a properly primitive form, all forms of this class
are properly primitive; conversely, a class containing an improperly primitive form
consists only of improperly primitive forms. Thus in the first case the class itself is
called properly primitive, or simply proper; in the second, improperly primitive, or
improper. For example, among the positive classes of forms with determinant —235,
six are proper, namely those represented by (1,0, 235), (4,1,59), (4,—1,59), (5,0,47),
(13,5,20), (13,—5,20), and there are just as many among the negative classes; two
in each group are improper. — The classes of forms with determinant 79 (a number
of the form 4n + 3) are all proper.

If a form (a,b,c) is derived, specifically from the primitive form (2, %, <), the
latter can be either properly or improperly primitive. In the first case m is also
the greatest common divisor of the numbers a, 2b, ¢; in the second their greatest
common divisor is 2m. This explains the distinction between a form derived from a
properly primitive form and a form derived from an improperly primitive form; and
also (since by Article 161 all forms in the same class behave alike in this respect)
between a class derived from a properly primitive class and a class derived from an
improperly primitive class.

“'We chose the terms properly and improperly here because no more suitable ones came to mind. We
mention this so that no one will look for a hidden connection between this meaning and the one we
have used since Article 157: there is none. In any case, there is certainly no need to fear ambiguity
here.
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These distinctions give us a first foundation for dividing all classes of forms with a
given determinant into different orders. We place two classes represented by the forms
(a,b,¢), (a',b,c) in the same order if both the numbers a, b, ¢ have the same greatest
common divisor as da’, V/, ¢, and a, 2b, ¢ have the same greatest common divisor as
a’, 20, . If either or both of these conditions fail, the classes belong to different
orders. It follows at once that all properly primitive classes form one order, and all
improperly primitive classes another. If mm is a square dividing the determinant
D, the classes derived from properly primitive classes with determinant % form a
separate order, and those derived from improperly primitive classes with determinant
% another, etc. If D is divisible by no square (except 1), there are no orders of
derived classes. Thus there is either just one order (when D = 2 or 3 modulo 4),
namely the order of properly primitive classes, or two (when D = 1 (mod. 4)), namely
the order of properly primitive classes and the order of improperly primitive classes.
The principles of combinatorics readily give the following general rule. Suppose
D = D'224q29p28¢c27 . where D’ has no square factor and a, b, ¢ etc. are distinct
odd primes (any number can be put in this form by setting 4 = 0 when D is not
divisible by 4, and setting «, 8, v etc. all =0, or, equivalently, omitting the factors
a®®, b*#, ¢ etc., when D is divisible by no odd square). Then there are either

(p+Da+ 1B+ (y+1)...

orders, namely when D’ =2 or 3 (mod. 4), or

(+2)(a+1)(B+D(y+1)...

orders when D' =1 (mod. 4). But we omit the proof of this rule, since it is neither
difficult nor particularly necessary here.

Ezample 1. For D = 45 = 5.3? there are six classes, represented by (1,0, —45),
(—1.0,45), (2,1, -22), (=2,1,22), (3.0,—15), (6,3,—6). They are divided into four
orders: Order I contains the two proper classes represented by (1,0, —45), (—1,0,45);
Order II contains the two improper classes, represented by (2,1, —22), (—2,1,22);
Order III contains one class derived from a proper class with determinant 5, namely
the one represented by (3,0, —15); Order IV consists of one class derived from an
improper class with determinant 5, namely the one represented by (6,3, —6).

Example 2. The positive classes with determinant —99 = —11.3% are divided into
four orders. Order I comprises the following properly primitive classes”): (1,0,99),
(4,1,25). (4,-1,25), (5,1,20), (5,—1,20), (9,0,11); Order II contains the improper
classes (2,1,50), (10,1,10); Order III, the classes derived from proper classes with
determinant —11, (3,0, 33), (9,3,12), (9, —3,12); Order IV, the single class derived
from an improper class with determinant —11, (6,3,18). — The negative classes
with this determinant can be divided into orders in exactly the same way.

We note that opposite classes always belong to the same order; the reason for this
theorem is easy to see.

“For brevity, we use representative forms in place of the classes they represent.
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227,

Among these different orders, the order of properly primitive classes especially
deserves the closest attention. Each derived class comes from a certain primitive class
(with a smaller determinant), and considering the latter usually gives what concerns
the former directly. Below we will show that every improperly primitive class is, in
a similar way, associated, so to speak, with either a single properly primitive class or
three (with the same determinant). Further, for negative determinants we may pass
over the negative classes, since a certain positive class always corresponds to each of
them. To understand the nature of properly primitive classes more deeply, we will
first explain a certain essential distinction by which the whole order of proper classes
can be subdivided into several genera. Since we have not yet touched on this very
important subject, we must take it up from the beginning.

Division of orders into genera.

228.

THEOREM. Any properly primitive form F represents infinitely many numbers not
divisible by any given prime p.

Proof. 1f the form F' = axx + 2bzy + cyy, clearly p cannot divide all three numbers
a, 2b, c at once. Now if a is not divisible by p, it is clear that taking for  any number
not divisible by p, and for y a number divisible by p, makes the value of the form
F not divisible by p. If ¢ is not divisible by p, the same result follows by giving x a
divisible value and y a nondivisible one. Finally, if both a and ¢ are divisible by p,
so that 2b is not, the form F' takes a value not divisible by p when both x and y are
given any values not divisible by p. Q.E.D.

The theorem clearly also holds for improperly primitive forms, provided p = 2 does
not hold.

Since several conditions of this kind can hold at once, with the same number
divisible by certain given primes and not divisible by others (see Article 32), it is
easy to see that the numbers x, y can be chosen in infinitely many ways so that the
primitive form axx + 2bxy + cyy takes a value not divisible by any number of given
primes. Only 2 must be excluded from those primes when the form is improperly
primitive. Thus we can state the theorem more generally as follows: Any primitive
form represents infinitely many numbers relatively prime to any given number (which
must be odd when the form is improperly primitive).

229.

THEOREM. Let F' be a primitive form with determinant D, and p a prime dividing
D. Then the numbers not divisible by p that can be represented by the form F agree
in this respect: either they are all quadratic residues of p, or they are all nonresidues.

Proof. Let F = (a,b,c); let m, m’ be any two numbers not divisible by p that can
be represented by the form F', namely

m = agg + 2bgh + chh, m' = ag'g’ + 2bg'h' + ch'I
Then
mm’ = (agg’ + b(gh’ + hg') + chh')* — D(gh’ — hg')?
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so mm/’ is congruent to a square modulo D, and therefore also modulo p, i.e., mm/
is a quadratic residue of p. It follows that either both m, m’ are quadratic residues
of p, or both are nonresidues. (Q.FE.D.

Similarly, when the determinant D is divisible by 4, we prove that all odd numbers
representable by F' are either all = 1. or all = 3 (mod. 4). For in this case the product
of two such numbers is always a quadratic residue of 4, and so = 1 (mod. 4); hence
either both are = 1, or both = 3.

Finally, when D is divisible by 8, the product of any two odd numbers representable
by F'is a quadratic residue of 8, and therefore = 1 (mod. 8). Thus in this case the
odd numbers representable by F' are either all = 1, or all = 3, or all = 5, or all
=7 (mod. 8).

Thus, for example, since the form (10,3,17) represents the number 10, which
is a nonresidue of 7, all numbers not divisible by 7 that this form represents are
nonresidues of 7. — Since —3 is representable by the form (—3,1,49) and modulo 4
is = 1, all odd numbers representable by this form behave in the same way.

If it were needed for our present purpose, we could easily prove that the numbers
representable by the form F' have no such fixed relation to any prime not dividing D:
both residues and nonresidues of any prime not dividing D can be represented by the
form F without distinction. For the numbers 4 and 8, on the other hand, something
similar also holds in other cases, which we cannot pass over.

I. When the determinant D of the primitive form F is = 3 (mod. 4), the odd
numbers representable by the form F are either all =1, or all = 3 (mod. 4). For if m,
m' are two numbers representable by F, their product mm’ can be put in the form
pp — Dqq as above. If both m, m’ are odd, one of the numbers p, ¢ must be even
and the other odd, so one of the squares pp, qq is = 0 and the other = 1 (mod. 4). It
follows easily that pp — Dgqq is certainly = 1 (mod. 4), and so either both m, m’ are
= 1, or both = 3 (mod. 4). For ezample, the form (10,3,17) cannot represent odd
numbers other than those of the form 4n + 1.

II. When the determinant D of the primitive form F is = 2 (mod. 8), the odd
numbers representable by the form F are either partly = 1 and partly = 7, or partly
= 3 and partly = 5 (mod. 8). For let m, m’ be two odd numbers representable by
F, so that their product mm’ can be put in the form pp — Dqq. Since both m, m’
are odd, p must be odd (because D is even), and so pp = 1 (mod. 8); but gq is either
=0, =1, or = 4, and therefore Dgqq is either = 0 or = 2. Hence mm’ = pp — Dqq is
either = 1 or = 7 (mod. 8). Thus if m is either = 1 or = 7, m’ is also either = 1 or
= 7; but if m is either = 3 or = 5, m’ is also either = 3 or = 5. For ezample, all odd
numbers representable by the form (3,1,5) are either = 3 or = 5 (mod. 8), and no
numbers of the form 8n + 1 or 8n 4 7 can be represented by that form.

III. When the determinant D of the primitive form F is = 6 (mod. 8), this form
can represent odd numbers only in the two cases = 1 and = 3 (mod. 8), or only in
the two cases =5 and = 7 (mod. 8). Anyone can easily work out a proof entirely
similar to the preceding one (in II). — Thus, for ezample, the only odd numbers
representable by the form (5,1,7) are those either =5 or = 7 (mod. 8).
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230.

Thus all numbers representable by a given primitive form F with determinant
D have a fixed relation to each prime divisor of D (by which they themselves are
not divisible). The odd numbers representable by F' also have, in certain cases, a
fixed relation to the numbers 4 and 8: namely to 4 whenever D is either = 0 or
= 3 (mod. 4), and to 8 whenever D is either = 0, = 2, or = 6 (mod. 8)"). We call
such a relation to each of these numbers a character, or an individual character, of
the form F', and express it as follows. When only quadratic residues of the prime p
can be represented by the form F', we assign it the character Rp, and in the opposite
case the character Np. Similarly, we write 1,4 when the form F cannot represent
any odd numbers except those that are = 1 (mod. 4). This makes it immediately
clear which characters the signs 3,4; 1,8; 3,8; 5,8; 7,8 express. Finally, to forms
that represent only odd numbers that modulo 8 are either = 1 or = 7, we assign the
character 1 and 7,8. The meaning of the characters 3 and 5,8; 1 and 3,8; 5 and 7,8
then follows by itself.

The individual characters of a given primitive form (a,b,c) with determinant D
can always be found from at least one of the numbers a, ¢ (both of which are clearly
representable by that form). For whenever p is a prime divisor of D, at least one of
the numbers a, ¢ is certainly not divisible by p. If both were divisible by p, then p
would also divide bb(= D + ac). and therefore b as well; i.e., the form (a, b, c) would
not be primitive. Similarly, whenever the form (a,b,c) has a fixed relation to the
number 4 or 8, at least one of the numbers a, c is certainly odd, and this determines
that relation. For ezample, the character of the form (7,0,23) with respect to the
number 23 follows from the number 7 and is N23; the character of the same form
with respect to 7 is obtained from the number 23, namely R7; finally, this form’s
character with respect to 4, namely 3,4, can be found from either 7 or 23.

Since all numbers representable by a form F' in a class K are also representable
by every other form of that class, each character of the form F' clearly also belongs
to all the other forms in this class. We may therefore regard them as characters
of the whole class. Thus the individual characters of any given primitive class are
found from its representative form. Opposite classes always have all their characters
in common.

“For determinants divisible by 8, the relation to the number 4 can be left out, since in this case it
is already contained in the relation to 8.
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231.

The collection of all individual characters of a given form or class makes up the
complete character of that form or class. For ezample, the complete character of
the form (10,3,17), or of the whole class it represents, is 1,4; N7; N23. Similarly,
the complete character of the form (7,1,—17) is 7,8; R3; N5, since the individual
character 3,4 is left out in this case because it is already contained in the character
7,8. — On this basis we subdivide the whole order of properly primitive classes
(positive ones when the determinant is negative) with a given determinant into several
different genera: classes with the same complete character belong to the same genus,
and classes with different complete characters to different genera. We assign each
genus the complete character of the classes it contains. Thus, for example, for the
determinant —161 there are sixteen positive properly primitive classes. They are
divided into four genera as follows:

Character Representative forms of the classes
1,4; R7; R23 | (1,0,161), (2,1,81), (9,1,18), (9,—1,18)
1,4; N7; N23 | (5,2,33), (5,—2,33), (10,3,17), (10,—3,17)
3.4: RT; N23 | (7,0,23), (11,2,15), (11,~2,15), (14,7, 15)
3,4; N7; R23 | (3,1,54), (3,— 1,54), (6,1,27), (6,—1,27)

For the number of different complete characters possible in principle, keep the
following in mind.

I. When the determinant D is divisible by 8, four different individual characters
are possible with respect to 8; the number 4 gives no separate character (note to the
preceding article). In addition, each odd prime divisor of D gives two characters. So if
there are m of these divisors, there are altogether 212 different complete characters
(setting m = 0 whenever D is a power of two).

II. When the determinant D is not divisible by 8, but is divisible by 4 and also by
m odd primes, there are altogether 27 %! different complete characters.

ITII. When the determinant D is even but not divisible by 4, it is either = 2 (mod. 8)
or = 6. In the first case there are two individual characters with respect to 8, namely
1 and 7,8 and 3 and 5, 8; in the second case there are just as many. Thus, setting the
number of odd prime divisors of D = m, there are altogether 27! different complete
characters.

IV. When D is odd, it is either = 1 or = 3 (mod. 4). In the latter case there
are two different characters with respect to 4, whereas in the former case no such
relation enters the complete character. Thus, with m denoting the same thing as
before, there are 2™ different complete characters in the former case and 2! in the
latter.

But we must take care to note that this by no means implies that as many genera
actually exist as there are different characters possible in principle. In our example,
only half of these actually correspond to classes or genera. There are no positive
classes with the characters 1,4; R7; N23 or 1,4; NT7; R23; or 3,4; R7; R23 or
3,4; N7; N23. We will discuss this very important subject more fully below.

From now on we call the form (1,0, —D), which is undoubtedly the simplest of all
forms with determinant D, the principal form. The whole class containing it is called
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the principal class, and the whole genus containing the principal class, the principal
genus. We must therefore distinguish carefully between the principal form, a form in
the principal class, and a form in the principal genus; likewise between the principal
class and a class in the principal genus. We always use these names even if, for some
determinant, there are no classes other than the principal class, or no genera other
than the principal genus. This happens, for example, quite often when D is a positive
prime of the form 4n + 1.

232.

Although our discussion of the characters of forms was introduced primarily to
subdivide the positive properly primitive order, nothing prevents us from applying
the same ideas to negative forms and classes, or to improperly primitive ones. The
positive improperly primitive order, the negative properly primitive order, and the
negative improperly primitive order can all be subdivided into genera by the same
principle. Thus, for example, after the properly primitive order of forms with deter-
minant 145 has been divided into the following two genera,

R5, R29 | (1,0,—145), (5,0, —29)
N5, N29 | (3,1, —48), (3,—1, —48)

the improperly primitive order can likewise be divided into two genera:

R5, R29 | (4,1,-36), (4,—1,—36)
N5, N29 | (2,1,-72), (10,5, —12)

Or, just as the positive classes of forms with determinant —129 are divided into four
genera,

1,4; R3; R43 | (1,0,129), (10, ,13), (10, —1,13)
1,4; N3; N43 | (2,1,65), (5,1,26), (5, —1. 26)
3,4; R3; N43 | (3,0,43), (7,2,19), (7,—2,19)
3,4; N3; R43 | (6,3,23), (11,5, 14), (11, —5,14)

the negative classes also fall into four orders:

3,4; N3; N43 | (-1,0, 129) (-10,1,-13), (=10, —1,—13)
3,4; R3; R43 | (—-2,1,—65), (5,1, —26), (=5, —1, —26)
1,4; N3; R43 | (=3,0, 43) (=17,2,-19), (-7, -2, -19)
1,4; R3; N43 | (=6,3,-23), (—11,5,—14), (=11, -5, —14)

But since the system of negative classes is always so similar to that of positive classes,
it will usually seem unnecessary to construct it separately. Below we will show how
to reduce the improperly primitive order to the properly primitive one.

Finally, no new rules are needed for subdividing derived orders. Every derived
order comes from a primitive order (with a smaller determinant), and its individual
classes correspond naturally to the individual classes of the latter. So the subdivision
of the derived order can clearly be obtained from that of the primitive order.
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233.

If a (primitive) form F' = (a,b,c) is such that two numbers g, h can be found
with gg = a, gh = b, hh = ¢ for a given modulus m, we will call this form a
quadratic residue of the number m, and gz + hy a value of the expression +/(azz +
2bzy + cyy)(mod. m), or, more briefly, (g, h) a value of the expression +/(a,b,c) or
Vv F(mod. m). More generally, if a multiplier M, relatively prime to the modulus m,
is such that we can have

gg=aM, gh=bM, hh=cM (mod.m)

we will call M x (a,b,c¢) or MF a quadratic residue of m, and (g,h) a value of
the expression /M (a,b,c) or /MF(mod. m). For example, the form (3,1,54) is a
quadratic residue of 23, and (7,10) is a value of the expression /(3, 1, 54)(mod. 23);
similarly, (2,—4) is a value of the expression /5(10,3,17)(mod. 23). We will show
the use of these definitions below; here we note the following propositions:

I. If M(a,b,c) is a quadratic residue of the number m, this number divides the
determinant of the form (a, b, ¢). For if (g, h) is a value of the expression /M (a,b, c)
(mod. m), or

gg=aM, gh=0bM, hh=cM (mod. m)

then bbM M —acM M = 0, or (bb—ac)M M is divisible by m. But since M is assumed
relatively prime to m, bb — ac is also divisible by m.

II. If M(a,b,c) is a quadratic residue of m, and m is either a prime number or
a power of a prime number, say = p#, the individual character of the form (a,b,c)
with respect to the number p is either Rp or Np, according as M is a residue or a
nonresidue of p. This follows at once because both aM and c¢M are residues of m, or
of p, and at least one of the numbers a, ¢ is not divisible by p (Article 230).

Similarly, if (with the other conditions unchanged) m = 4, either 1,4 or 3,4 is
the individual character of the form (a,b,c), according as M = 1 or = 3; a similar
result holds for m = 8 or a higher power of the number 2. The individual character
is 1,8; 3,8; 5,8; 7,8 for the form (a,b,c), according as M = 1; 3; 5; 7 (mod. 8),
respectively.

III. Conversely, if m is a prime number or a power of an odd prime number
= pt, dividing the determinant bb — ac, and M is either a residue or a nonresidue
of p, according as the character of the form (a,b,c) with respect to p is Rp or Np,
respectively, then M (a, b, ¢) is a quadratic residue of m. For when a is not divisible by
p, aM is a residue of p and therefore also of m; so if g is a value of the expression y/aM

(mod. m), and h a value of the expression %9 (mod. m), we have gg = aM; ah = bg,
and so

agh =bgg = abM and gh=bM
and finally

ahh = bgh = bbM = bbM — (bb — ac)M = acM

and so hh = c¢M, i.e., (g, h) is a value of the expression \/M (a,b,c). But when a is
divisible by m, ¢ certainly is not; it is then easy to see that the same result follows
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if we take for h a value of the expression \/cM (mod. m). For g we take a value of
the expression 2 (mod. m).

Similarly, we prove that if we have m = 4 and this number divides bb — ac, and
we take the number M either = 1 or = 3, according as 1,4 or 3,4 is the individual
character of the form (a,b,c), then M(a,b,c) is a quadratic residue of m. Likewise,
if we have m = 8 or a higher power of 2, by which bb — ac is divisible, and we take
M to be =1; 3; 5; 7 (mod. 8), as the individual character of the form (a,b, c) with
respect to the number 8 requires, then M (a, b, ¢) is a quadratic residue of m.

IV. If the determinant of the form (a,b,c) is given by = D, and M (a,b,c) is a
quadratic residue of D, all the individual characters of the form (a,b,c), both with
respect to each odd prime divisor of D and with respect to the number 4 or the
number 8 (if they divide D), can be read off at once from the number M. For
example, since 3(20, 10, 27) is a quadratic residue of 440, namely (150, 9) is a value of
the expression 1/3(20, 10, 27) modulo 440, and 3N5, 3R11, the characters of the form
(20,10,27) are 3,8; N5; R11. Ouly the individual characters with respect to the
numbers 4 and 8, whenever these do not divide the determinant, have no necessary
connection with the number M

V. Conversely, if the number M, relatively prime to D, contains all the individual
characters of the form (a,b,c) (except the characters with respect to the numbers
4,8, when these do not divide D), then M (a,b, ¢) is a quadratic residue of D. For III
shows that if D is put in the form £A“BPD7 ..., where A, B, C, etc. are distinct
prime numbers, then M (a, b, ¢) is a quadratic residue of each of A%, B? C7, etc. So
if a value of the expression /M (a,b,c) modulo A% is (,2'); modulo B?, (B, %B');
modulo C7, (&€, ¢), etc., and the numbers g, h are determined so that g = 2, B, €,
etc.; h = A, B, ¢, etc., for the moduli A%, B?, C7, etc., respectively (Article 32),
we readily see that gg = aM, gh = bM, hh = ¢M for all the moduli A%, Bf, C",
etc., and therefore also for the modulus D, which is their product.

VI. For these reasons, numbers such as M will be called characteristic numbers of
the form (a, b, ¢). By V, several such numbers can be found without difficulty as soon
as all the individual characters of this form are known; the simplest ones, however,
are usually found most easily by trial. Clearly, if M is a characteristic number of a
given primitive form with determinant D, all numbers congruent to M modulo D are
characteristic numbers of the same form; forms in the same class, or even in different
classes of the same genus, have the same characteristic numbers, so any characteristic
number of a given form can also be assigned to the whole class and genus; finally,
1 is always a characteristic number of the principal form, class and genus, or every
form of the principal genus is a residue of its own determinant.

VIL. If (g, h) is a value of the expression /M (a,b,¢) (mod. m), and ¢' =g, M =h
(mod. m), then (¢’,h’) is also a value of the same expression. Such values can
be regarded as equivalent; but if (g,h), (¢',h’') are values of the same expression
VM(a,b,c), and we do not have both ¢’ = g, b’ = h (mod. m), they must be counted
as distinct. Clearly, whenever (g, h) is a value of such an expression, (—g, —h) is one
too, and it is easy to prove that these values are always distinct unless m = 2. It is just
as easy to prove that the expression /M (a, b, c) (mod. m) cannot have more distinct
values than two such (opposite) ones when m is either an odd prime number, a power
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of an odd prime number, or = 4; but when m is = 8 or a higher power of the number 2,
there are exactly four. From this, using VI, we easily deduce that if the determinant
D of the form (a,b,c) is = £2#A*B” ..., where A, B, etc. denote distinct odd prime
numbers whose number is given by = n, and M is a characteristic number of this
form, there are exactly 27, 2"+1 or 2"*+2 distinct values of the expression /M (a, b, c)
(mod. D), according as p is < 2, = 2 or > 2. For ezample, there are sixteen
values of the expression /7(12,6,—17) (mod. 240), namely (+18, F11), (£18,+29),
(£18, F91), (£18, £109), (£78, £19), (£78,£59), (£78, F61), (£78, F101). We omit
a fuller proof for brevity, since it is not particularly needed for what follows.

VIII. Finally, we observe that if two equivalent forms (a, b, c), (a’,b, ) have de-
terminant D and characteristic number M, and the first passes into the second by
the substitution «, 3,7, d, then any value of the expression /M (a, b, ¢), such as (g, h),
gives a value of the expression /M (a', ¥, ¢), namely (ag +~vh, Bg+ dh). Anyone can
work out the proof without difficulty.

Composition of forms.

234.

Having discussed the division of forms into classes, genera and orders, and ex-
plained the general properties that follow directly from these distinctions, we turn to
another very important subject, which no one has yet considered: the composition of
forms. At the start of this investigation, we insert the following lemma at once, so
that we will not later have to interrupt the continuous sequence of proofs.

LEMMA. Suppose we have four sequences of integers

a,a’,d’...a" bbb .. b,
e, ... d,d.,d" .. .d"
with equally many terms (say n+ 1), such that
cd —dd, cd’" —dcd etc., Jdd"—dc" etc. ete.
are respectively
= k(ab —bad'), k(ab” —bad") etc., k(a't" —b'd") ete. etc.

or, in general,
Adt — dMet = k(a b — baP)

where k denotes a given mteger A, b are any two distinct integers between 0 and n
inclusive, the larger being 1) ; suppose also that all the a*b* — b a* have no common
divisor. Then four integers a,ﬁ,'y, & can be found such that

aa+Bb=c, ad +BV =¢, ad +pb =" etc.
vya+db=d, ~d' +6V =d, ~a" -+ =d" etc.

We regard a as a°, b as b°, etc. — The same equation clearly also holds when A = p or A > .
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or, in general,
aa” 4+ pbY =¥, ~ya¥ + b =a”
and then we have
ad — By =k
Since by hypothesis the numbers ab’ — ba’, ab” — ba”, etc., a'b" — b'a”, ete. (of
which there are = %(n + 1)n) have no common divisor, we can find as many other
integers such that, when the former are multiplied by these respectively, the sum of

the products is = 1 (Article 40). Denote these multipliers by (0,1), (0,2), etc., (1,2),
etc., or, in general, denote the multiplier of a*b* — b a* by (A, ), so that

S\, @) (@b — ) =1

(By the letter ¥ we mean the sum of all values of the expression that follows it,
obtained by giving A, p all distinct values between 0 and n, with u > X). Now if we

set
SO, (M =) = a, DA, p)(a — Pat) = B

SO, (@ — Bty =, S\ )@ d — diat) =

these «, 3, v.6 have the required properties.
Proof. 1. If v denotes any integer between 0 and n, we have

aa’ + B = B\, p) (A Ha” — b eta + a b — atb?)

1

= EE(A,M)(cAd”c” —dMete)
1

= %CVE(/\,,u)(c)‘d“ — d*et)

=S\ ) (= brat) = ¢
And a similar calculation gives
ya¥ + 6bY = d¥. Q. E. P
II. Since we therefore have
A =ad +Bb, = aad + BV*

we get
A — e = a(abt — bat)
and similarly
et — At = Bla W — brat)
A — Pt = (D — brat)
aAdt — dra” = (b — bat)
From these formulas the values of «, 5,7, can be found much more easily, provided

we choose A, p so that a*b* — b a# is not = 0. This is certainly possible, because by
hypothesis all the a*b* — b*a* have no common divisor, and so they cannot all be
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= (0. — From the same equations, multiplying the first by the fourth and the second
by the third, and subtracting, we obtain

(ad — B'y)(a)‘b“ — b/\a”)2 = (a)‘b“ — bAa“)(cAd“ — d/\c“) = k:(a)‘b“ — b’\a“)2

and so necessarily
ad — By = k. Q. E.S.

188



Arithmetical Investigations

235.

If the form
AXX +2BXY +CYY ... F

passes into the product of two forms
axx + 2bxy +cyy...f, and d'2'2’ +20'7"y + Yy ... f

by a substitution of the kind

/11

yy'
yy'

X = pxa’ + play’ +p'ya’ +p
Y ZQ£B$/+q/5L‘y,+q,/y$/+q/,/
(which, for brevity, we will always express below as follows: If F' passes into ff’
by the substitution p,p’,p", 0" ¢.¢,q",¢""), we will simply say that the form F
is transformable into ff’; if, in addition, this transformation is such that the six
numbers
/ / 7 /! " /11
pqg —qp, pqg —qp , P9 —4gp ,
/I N/ /I ! /1 I "1
rq —qp, P9 —9q9p , pqg —qgp

have no common divisor, we will call the form F composed of the forms f, f’.

We begin this investigation with the most general assumption, that the form F
passes into f f’ by the substitution p, p’, p”,p""; q,q¢',q", ¢""", and work out what follows
from it. This assumption is clearly exactly equivalent to the following nine equations
(i.e., as soon as these equations hold, F' passes into ff’ by the stated substitution,
and conversely):

App + 2Bpg + Cqq = ad’ 1]

Ap'p' +2Bp'q + Cq'¢ = ac 2]

Ap//p// + 2Bp//q// + Cq//q// — Ca/ [3]

Ap///p/// + 2Bp///q/// _|_ Cq///q/// — CC/ [4]

App’ + B(pq' + qp') + Caq' = at/ [5]

App” + B(pd" + @p") + Caq" = bd [6]

Ap/p/// _|_ B(p/q/// + q/p///) + Cq/q/// — bcl [7]

Ap//p/// + B(p//q/// + q//p///) + Cq//q/// — Cb/ [8]

A(pp/// +p/p//) + B(pq/// + qp/// +p/q// + q/p//) _ 2bb/ N [9]

+Clqd" + d'q")

Let the determinants of the forms F, f, f' be D, d, d’, respectively; let the greatest
common divisors of the numbers A, 2B, C; a,2b,c; a’,2V,c be M, m,m’, respectively
(all taken positively). Further, determine six integers 2,8, &, A", B’ ¢’ so that

Aa + 2Bb + €c = m, WAa' + 28’V + ¢ =m/

“1n this notation, then, careful attention must be paid both to the order of the coefficients p, p’, etc.,
and to that of the forms f, f’. It is easy to see that if the order of the forms f, f’ is reversed, so that
the first becomes the second, the coefficients p’, ¢’ must be exchanged with p”, ¢, while each of the
others stays in its place.
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Finally, denote the numbers

pd —qp', pd" —a", pd" —qp”,
/1 /I 1/ ///_ 1

/1 1o
rqg —gqgp, P9 —gp , P4 qap

by P,Q,R,S,T,U, respectively, and let their greatest common divisor, taken posi-
tively, be = k. — Now, setting

App/// + B(pq/// _|_ qp//l) + qu/l/ — bb/ _|_ A . [10]
we obtain from equation 9
Ap/p// + B(p/q// +q/p//) + er/q// — bb/ _ A L [11]

From these eleven equations 1...11 we derive the following new ones”:

DPP=daa ............. [12]
DP(R—S)=2dab ............ 13]
DPU =d'ac— (AA—dd') ....... [14]
D(R—S)* =4d'bb + 2(AA —dd) .. ... [15]
DR—-S8)U=2dbc ............ [16]
DUU =d'cc ............. [17]
DQQ =dd'd ......... ... [18]
DQ(R+S)=2ddV ........... [19]
DQT =dd'd — (AA —dd') ...... [20]
D(R+ S)* = 4ab' +2(AA —dd) .. ... 21]
DR+ ST =2dv'd ............ 22]
DTT =ddd .......... ... [23]

From these we in turn deduce the following two:

0 = 2d'aa(AA — dd')
0= (AA —dd')? — 2d'ac(AA — dd")
namely, the first from 12.15 — 13.13, the second from 14.14 — 12.17; from this it is

easy to see that necessarily AA — dd’ = 0, whether a = 0 or not = 0”). So we will
suppose that in equations 14,15, 20,21, AA — dd’ is removed from the right sides.

JThese equations arise as follows: 12 from 5.5 — 1.2; 13 from 5.9 — 1.7 — 2.6; 14 from 10.11 — 6.7; 15
from 5.84-5.84+10.10+11.11—-1.4—2.3—6.7—6.7; 16 from 8.9 —3.7—4.6; 17 from 8.8 —3.4. The other
six are derived in the same way, if we exchange equations 2, 5,7 with equations 3, 6, 8, respectively, and
keep the remaining ones 1,4,9,10, 11 in the same positions throughout; thus 18 comes from 6.6 — 1.3,
ete.

“This derivation of the equation AA = dd’ is enough for our present purpose; otherwise we could
give a more elegant analysis, but one too long for this place, by directly deriving from equations 1...11
the equation 0 = (AA — dd’)>.
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Now, setting
AP +B(R - S) + €U = mn/

WQ+PB'(R+S)+T=mn

(where we must carefully note that n,n’ can also be fractions, although mn’, m’n are
necessarily integers), we readily deduce from equations 12...17

Dmmn'n’ = d' (%a + 2Bb + €c)* = d'mm
and similarly from equations 18...23
Dm/m/nn = d('a’ + 2B’V + ') = dm'm’

Thus d = Dnn, d = Dn/n’, and we obtain the FIRST CONCLUSION: The determi-
nants of the forms F, f, f’ necessarily have the ratios of squares to one another; and
the SECOND: D always divides the numbers dm'm’,d'mm. So D, d,d’ clearly have the
same sign, and no form can be transformable into the product ff’ if its determinant
is greater than the greatest common divisor of the numbers dm’m’, d'mm.

Multiply equations 12,13, 14 by 2, B, €, respectively; likewise multiply equations
13,15,16, and 14, 16,17, by the same numbers; add each three products, and divide
the sum by Dmn’, replacing d’ by Dn/n/. We then get

P=an/, R-S=2m' U=cn

Similarly, multiplying equations 18,19, 20, as well as 19,21,22 and 20, 22, 23, by
A’ B’ ¢, respectively, we obtain

Q=dn, R+S=2n T=cn

This gives the THIRD CONCLUSION: The numbers a,2b,c are proportional to the
numbers P,R — S,U, and if their ratio to the latter is put as 1 to n’, then n’ is a
square root of %; similarly, the numbers a’,2V', ¢ have the same ratio to Q, R+ S, T,
and if this is put as 1 to n, then n is a square root of %.

The quantities n,n’, however, may be either positive or negative square roots of
%, %. This gives us a distinction that may seem fruitless at first, but whose use will
become clear enough below. Namely, in the transformation of the form F into ff’,
we will say that the form f is taken directly when n is positive, and inversely when
n is negative; similarly, f’ is taken directly or inversely according as n’ is positive or
negative. If we also require that k be = 1, the form F' will be said to be composed
either directly of both forms f, f’, or inversely of both, or directly of f and inversely
of f', or inversely of f and directly of f’, according as n,n’ are both positive, both
negative, the first positive and the second negative, or the first negative and the
second positive. Anyone will readily understand that these relations do not depend
on the order in which the forms f, f are placed (see the first note to this article).

We further observe that the greatest common divisor of the numbers P, @, R,
S,T,U, namely k, divides the numbers mn’,m'n (as is clear from the values es-
tablished above), and so the square kk divides mmn'n’,m'm'nn, and Dkk divides
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d'mm,dm’m’. Conversely, every common divisor of mn’,m'n also divides k. For

let e be such a divisor; it clearly also divides the numbers an’, 2bn’, en’, a'n, 2b'n, c'n,

i.e., the numbers P,R— S,U,Q, R+ S,T, and therefore also 2R and 2S. Now if %
25

were odd, = would have to be odd too (since their sum and difference are even),

and so their product would also be odd. But this product is = 2 ('b'nn — bbn/n’) =
4

A(d'nn+d'dnn—dn'n’ —acn'n') = L(a'dnn—acn'n’) and is therefore even, since e
divides a'n,cn,an’,en’. So % is necessarily even, and therefore R, as well as S, is di-
visible by e. Since e thus divides all six numbers P, Q, R, S,T, U, it also divides their
greatest common divisor k. Q. E. D. — We conclude that k is the greatest common
divisor of the numbers mn’, m’n; from this it is easy to see that Dkk is the greatest
common divisor of the numbers dm'm/, d'mm. This is the FOURTH CONCLUSION. So
whenever F is composed of f and f’, D is clearly the greatest common divisor of the
numbers dm/'n’, d'mm, and conversely; this property could also have been adopted as
the definition of a composed form. Thus a form composed of the forms f, f’ has the
greatest possible determinant among all forms transformable into the product ff’.

Before we can proceed further, we must first determine more precisely the value
of A, which we have shown to be = /dd’ = \/DDnnn'n’, but whose sign has
not yet been determined by this. For this purpose, from the fundamental equa-
tions 1—11 we derive DPQ = Aad’ (this equation comes from 5.6 — 1.11), and so
Daa’nn’ = Aad’, from which, unless one of the numbers a, a’ is = 0, we get A = Dnn/’.
But in exactly the same way, eight other equations can be derived from the funda-
mental equations, in which Dnn’ on the left and A on the right are multiplied by
2ab’, ac,2bd’, 4bY, 2bc , ca’, 2¢b', e¢’”). From this we easily conclude, since neither all
of a,2b, ¢ nor all of a’, 2, ¢ can be = 0, that in all cases A = Dnn/, and therefore A
has the same sign as D, d,d’, or the opposite sign, according as n,n’ have the same
or different signs.

We further observe that the numbers aa’, 2ab’, ac’, 2ba’, 4bb', 2bc’, ca’, 2¢b’, e, 2bb +
2A,2bb' — 2A are all divisible by mm/. This is evident for the first nine; for the other
two, it can be proved in the same way as we showed above that R and S are divisible
by e. Namely, 4bb'+4A and 4bb'—4A are clearly divisible by mm/ (since 4A = /16dd’,
and 4d is divisible by mm, 4d’ by m’m’, and therefore 16dd’ by mmm/m’ and 4A by
mm’), and the difference of the quotients is even; their product is easily shown to be
even, so each quotient is even, and 2bb’ + 2A, 2bb’ — 2A are divisible by mm/.

The following six equations are now easily deduced from the eleven fundamental
equations:

APP = ad'q'q — 2abq¢’ + acqq

AQQ — aa/q//q//_2baqull+ca/qq

ARR — aalq///q/// _ 2(bbl + A)qq/” + Ccqu
ASS — ac/q//q// _ 2(bb/ _ A)q/q” + ca’q'q’
ATT — ac/q///q/// _ 2bc/q/q/// + Cclq/q/
AUU — Ca/q///q/// _ 2Cb/q//q/// _|_ cc/q//q//

It follows that all of APP, AQQ), etc. are divisible by mm’, and from this, since

“For brevity we must leave out the analysis, which readers can easily find for themselves.
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kk is the greatest common divisor of the numbers PP, QQ), RR, etc., it is easy to
deduce that Akk is also divisible by mm/. If we substitute for a, 2b, c, a’, 2V, ¢’ their

values %, etc., or %(pq’ — qp’), etc., these become six other equations, in which the

right sides are products of the quantity - (¢'q” — q¢") with PP,QQ, RR, etc. We

leave this very easy calculation to the renf:ders. It follows (since not all of PP, QQ,
etc. can be = 0) that Ann' = ¢'¢" — ¢¢"".

Similarly, six other equations are derived from the fundamental equations, differing
from the previous ones only in that A is everywhere replaced by C, and ¢,q’,q", ¢"
by p,p’,p”,p", respectively. We do not write them down, for brevity. In the same

! /1

way it follows that Ckk is divisible by mm' and that Cnn' = p'p” — pp”’.
Finally, the same source gives these six equations:

BPP — _aa/p,q/+ab/(pq/+qp/) _ aclpq

BQQ — _aa/pl/ql/ + ba/(pq” _|_ qpl/) _ Ca/pq

BRR _ _aa/pl/lq/// _|_ (bb/ + A)(pq”, _|_ qp///) _ CC/pq
BSS — *aC,p/,q” + (bb/ - A)(p/q// + q/p//) _ Ca/plq/
BTT — _ac/p///ql// + bcl(p/q/// + q/pl//) _ cc/p/q/
BUU — _Ca/p///q/” + Cb/ (p//q/// + ql/p///) _ CC/p//q//

from which we conclude, just as before, that 2Bkk is divisible by mm’ and that
2Bnn’ = pg" + qp"” — p'q" — ¢'p".

Since Akk,2Bkk,Ckk are therefore divisible by mm/, we readily see that Mkk
must also be divisible by mm’. But the fundamental equations show that M divides
aa’,2al’,ac,2ba’, 4bb', 2bc, ca’, 2¢b’, ¢!, and therefore also am’,2bm’, em’ (the great-
est common divisors of the first, middle and last three, respectively); finally, it also
divides mm/, their greatest common divisor. So in the case where the form F is
composed of the forms f, f/, or k = 1, we necessarily have M = mm/. This is the
FIFTH CONCLUSION.

If the greatest common divisor of the numbers A, B,C is 9, it is either = M
(when the form F' is properly primitive or derived from a properly primitive form)
or = %M (when F' is improperly primitive or derived from an improperly prim-
itive form); similarly, if we denote the greatest common divisors of the numbers

a,b,c; a’ b, by m,m’, respectively, then m is either = m or $m, and m’ either

=m or = %m’ . Now clearly mm divides d’, m'm’ divides d’, and therefore mmm’m’
divides dd’ or AA, and mm’ divides A. From the last six equations for BPP, etc.
it then follows that mm’ divides Bkk and so (since it also divides Akk,Ckk) also
Mkk. Thus whenever F' is composed of f, f/, mm’ divides 9. So when, in this
case, both f, f are properly primitive or derived from properly primitive forms, or
mm’ = mm/ = M, we have 9 = M, or F is a similar form. But when, under the
same assumption, either both f, f’ or at least one of them is improperly primitive or
derived from an improperly primitive form, for example the form f, the fundamen-
tal equations show that aa’,2ab’, ac’, ba’,2bb,bc’, ca’, 2cb’, cc’ are divisible by 91, and
therefore also am’,bm’,ecm’, and consequently mm/ = %mm’ = %M too. So in this
case we necessarily have 9 = %M , or the form F' is also improperly primitive or
derived from an improperly primitive form. These give the SIXTH CONCLUSION.
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Finally, we observe that if the nine equations

an' =P, 2m'=R—-S, ' =U
adn=Q, 2n=R+S, Jdn=T
Ann/ — q/q// _ qq///’

" /I I/

+ " —p'¢" = v,

/ 1 /11

Cnn' = p'p" — pp

2Bnn’ = pq

(which we will denote by €, since we will often need to return to them below) are
assumed to hold, even treating n,n’ as unknowns, but neither being = 0, substitution
readily confirms that the fundamental equations 1...9 are necessarily true as well,
or that the form (A4, B,C) passes by the substitution p,p’,p”,p"; q¢,¢,q¢",q¢" into
the product of the forms (a, b, c)(a’,¥,); and also that

bb — ac = nn(BB — AC), bV —d'd =nn(BB— AC)

We leave to the readers’ efforts the calculation, which would be too long to include

here.
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236.

PROBLEM. Given two forms whose determinants are either equal or at least have
the ratio of squares to one another, find a form composed of them.

Solution. Let the forms to be composed be (a,b,c) ... f, (a’,V/,) ... f'; let their de-
terminants be d, d’; let the greatest common divisors of the numbers a, 2b, c; a’, 2, ¢
be m, m/, respectively; let the greatest common divisor of the numbers dm/m/, d'mm,
taken with the same sign as d,d’, be D. Then dm[/)m/, d/VD”m are positive, relatively
prime numbers whose product is a square; so they are themselves squares (Article
21). Thus \/E , \/% are rational quantities, which we put = n,n’, taking for n the
positive or negative value according as the form f is to enter the composition directly
or inversely; similarly, we determine the sign of n’ from the way in which f’ is to enter
the composition. Thus mn’, m'n are relatively prime integers; but n and n’ may also
be fractions. Having done this, we observe that an’,cn’,a’n,cn,bn’ + t/n,bn’ — b'n
are integers. This is evident for the first four (since an’ = Zmn’, etc.); for the other
two, it is proved in the same way as we proved in the preceding article that R and S
are divisible by e.

Now take any four integers 9,9, Q”, Q" with only the condition that the four
quantities on the left in the following equation (I) are not all = 0 at once, and put

Q'an’ + Q"a'n + Q" (0 +¥n)=pg ... .. (1)
—Qan’ +Q"cn — Q"(bn' —t'n) = ud
Q" en’ — Qa n+ Q' (bn' b'n) = uq”
—Yen! — Q(bn I b/n) _ ,uq///

so that ¢,q’,q",q" are integers with no common divisor. We achieve this by taking
for p the greatest common divisor of the four numbers on the left in these equations.
Then, by Article 40, four integers B, R, B”, B can be found such that

;Bq + ;B/q/ + q:;// i ;B/// " —

Now determine the numbers p, p’, p”, p"”’

Ban' + R a'n + ‘13”’(

—Ban’ +‘13”/ 'n —PB"(
B en’ —Ba'n + P (bn' —b'n) =

—B"en’ —B'd'n — P(

by the following equations:

..... (11)

Finally, put
q/q// _ qq/// — 147,”71/7
pq/// + qp p/q// _ q/p// — 2BTLTL/,
p/p// _pp/// — Cnn/
Then A, B,C are integers, and the form (A, B,C)...F is composed of the forms
ff
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Proof. 1. From equations I, the following four equations are confirmed without
difficulty:
0=q¢cen' —¢"dn—q" (b0 —tn) ...... (IIT)
0= qcn +¢"a'n —q¢"(bn' +¥/'n)
=q"an’ + qc'n — ¢ (bn’ +b'n)
0=q"an’ — ¢'a'n —q(bn’ — b'n)
II. Now suppose that the integers 2, B, €, A, B, ¢, 9, N have been determined

so that
Aa + 2B+ Cc=m

Wa' +28'0 +¢'d =m/
Nm'n +N'mn’ =1
Then we have
AaN'n' + 2B09'n + €N’/
+2A'aNn + 28’00 +&'dMn =1

From this and equations (III), we readily confirm that if we put

_q/mm/ o q//gl/m o q///(%m/ + % m) — q
gAN — ¢"EN + ¢ (BN — BN) = ¢
—q"EN + AN — ¢ (BN — B'MN) = q"
"N + ¢ EN + ¢(BN + B'N) = q"”

we have
qan’ +q"a'n+q" (bn' +0/'n) =
_qan +q"dn—q"(bn' —b'n) =
q"en’ —qa'n +q'(bn' —b'n) =
—q"en’ —q'dn —q(bn/ +V/n) = ¢"”

Whenever 1 = 1, these equations are unnecessary; in their place we can keep
equations (I), to which they are entirely analogous. If we now work out from equations
II, IV the values of Ann’,2Bnn/,Cnn’ (i.e., of the numbers ¢'¢" — q¢"”, etc.), and
remove the terms that cancel one another, we find that the terms of each are products
of integers either with nn’/, with dn’'n’, or with d'nn, and that all the terms making

up 2Bnn’ also contain the factor 2. From this (since dn'n’ = d'nn, and so dn'n! _

nn’
dT/LZ? = Vdd' are integers) we conclude that A, B, C are integers. Q. E. P.

III. Substituting from equations (II) the values of p,p’,p”,p”, we readily verify,
with the help of equations (III) and of

;»Bq + m/q/ _|_ m// /! g’BIII " —
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that . . .
bpqg —qp = an,
pq/// o qp/// o p/ql/ + q/p// — 2bn/,

swii I/ /

bpqg —qgp =cn

pq/l _ qpl/ — a/,n/7

/1! / 1

+prq

/ I ! I

p'd" —¢p" =dn

pq//l _ qp _ q/pl/ — 2b/n,

These equations are identical to the first six (€2) of the preceding article; the other
three already hold by hypothesis. So (at the end of the same article) the form F
passes into ff’ by the substitution p,p’,p”,p"; q,¢,q¢" ¢"; its determinant is = D,
or equal to the greatest common divisor of the numbers dm/m’, d'mm, and therefore,
by the fourth conclusion of the preceding article, F' is composed of f, f'. Q. E. S.
Finally, it is easy to see that F' is composed of f, f’ in the way required, since the

signs of the quantities n,n’ were determined correctly from the start.
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237.

THEOREM. If a form F is transformable into the product of two forms f, f', and
the form f’ contains the form f”, then F is also transformable into the product of
the forms f, f".

Proof. Keep all the notation of Article 235 for the forms F, f, f’; let the form f”
be = (a”,V",c"), and let f’ pass into f” by the substitution «. 3,v,d. Then it is easy
to see that F' passes into ff” by the substitution

ap+p', Bp+dp', ap” +p", B’ + 6p"”
ag+~¢, Ba+dd, ad" +~¢", Bq" +dq"

For brevity, put the coefficients

Q. E. D.

ap+p', Pp+0p ete.
— ‘B ;B/ m// ", D Q/ Q// Q///

and the number ad — By = e; from equations 2 of Article 235 we readily verify that
sBQ/ _ Dml — an/e
n " 1 S\ oyl !/
PAQT - QPT - P+ QP = 2bn'e
q:;//ﬂl/l _ Q//;B/// — Cnle
PR — AP = aad'n + 2ayb'n + yyd'n = d’'n
mg/// _ Qm/// + m/ﬂ// _ Q/m// — 2b//n
m/Q/// _ le/// — C”TL
9’9" - Q9" = Anne
n n Y eyl /
POQT +QPT - P'QT - QP =2Bnn'e
mlg’p/l _ $;»B”/ — Cnn/e
Now, denoting the determinant of the form f” by d”, we have that e is a square root
of ij—,, positive or negative according as the form f’ contains the form f” properly
or improperly. So n'e is a square root of %. Thus the preceding nine equations are
clearly entirely analogous to equations {2 of Article 235, and the form f is taken in
the transformation of the form F into ff” in the same way as in the transformation
of the form F into ff’; but the form f” is taken in the former either in the same
way as f’ in the latter, or in the opposite way, according as f’ contains f” properly
or improperly.
238.

THEOREM. If a form F is contained in a form F' and is transformable into the
product of the forms f,f’, then the form F' is also transformable into the same
product.

Proof. Keeping the same notation as above for the forms F, f, f/, and supposing
that the form F’ passes into F' by the substitution «, 3,7, d, we readily see that F’,
by the substitution

ap+ Bq, op' +Bq, ap”+pq", ap” + Bq"
yp+6q, o' +q, p" +6q", A"+ 6¢"
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becomes the same as F does by the substitution p, p’,p”,p"”; q,q¢,q",¢", and there-
fore I passes into ff’ by that substitution. Q. E. D.

Further, a calculation like the one in the preceding article readily confirms that
F' is transformable into ff’ in the same way as F, when F’ contains F properly;
but when F' is improperly contained in F’, the transformations of the form F' into
ff' and of the form F’ into ff’ are opposite with respect to each of the forms f, f’:
namely, whichever of these forms enters one transformation directly is taken inversely
in the other.

Combining this theorem with the theorem of the preceding article gives the fol-
lowing more general one: If a form F is transformable into the product ff', and
the forms f, f contain the forms g,q’, respectively, while the form F is contained
in the form G, then G is transformable into the product gg’. For by the theorem of
this article, G is transformable into ff’, then by the theorem of the preceding article
into f¢’, and by the same theorem also into gg’. Further, if all three forms f, /', G
contain the forms g, ¢’, F' properly, then G is clearly transformable into gg’ in the
same way with respect to the forms g, ¢’ as F into ff’ with respect to the forms f, f/;
the same happens if all three containments are improper. Finally, it is just as easy to
determine how G is transformable into gg’ if one of these containments differs from
the other two.

If the forms F, f, f’ are equivalent to the forms G, g, ¢, respectively, the latter have
the same determinants as the former, and for the forms f, f/, the numbers m,m’ are
the same for the forms g,¢" (Article 161). From this, by the fourth conclusion of
Article 235, we deduce without difficulty that in this case G is composed of g,g" if
F is composed of f, f’. Also, the form g enters the former composition in the same
way as f enters the latter, when F' is equivalent to G in the same way as f to g,
and conversely; similarly, ¢’ is taken in the former composition in the same or the
opposite way as f’ in the latter, according as the equivalence of the forms f’, ¢’ is of
the same or a different kind as the equivalence of the forms F),G.

239.

THEOREM. If a form F is composed of the forms f, f’, then every other form
transformable into the product ff' in the same way as F contains F properly.

Proof. Keeping all the notation of Article 235 for F, f, f/, equations € hold here
too. Suppose the form F' = (A’, B’,C"), whose determinant is = D', passes into the
product ff’ by the substitution p,p’, p”,»"”"; q,9’,9”,q"”, and denote the numbers

pad’ —ap’,  pa” —aqp”,  pg"” —qp”.

! 1.1 1 I

p'g" —d'p", p'd" —d'v", p"d" —4q"p

PLQ R8T, U
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respectively. Then we have nine equations entirely analogous to {2, namely

P =an/, R -8 =2 U =cn

Q =adn, R+8=2n, T =cn
q/q// _ qq/// — Alnn/7

Faqp” —p'q" — q'p" = 2B',
p/p// _ pp/// — Clnn/

n

bq

which we will denote by . Here the quantities n, n’ are square roots of %, 5%,, taken

with the same signs as n,n’, respectively; so if the positive square root of 77 (which
is an integer) is put = k, then n = kn, n’ = kn’. From this and the first six equations
in Q and ', we clearly have

P =kP, Q =kQ, R =kR
S'=kS, T =kT, U =kU

So by the lemma of Article 234, four integers «, 3,7, d can be determined such that

ap+Bqg=p. yp+dg=q
ap'+ B4 =v', ' +d =1 et

and
ad —py=k

Substituting these values of p, q,p’, q, etc. into the last three equations ', we readily
verify, with the help of the equations n = kn, n’ = kn/ and the last three of §2, that

Alaa+2B'ay+ C'yvy = A
Aaf+ B'(ad + py)+C'vé =B
A'BB4+2B'85 +C'56 = C

Thus the form F’ passes by the substitution «, 3,7, § (which is proper, since ad— v =
k is positive) into F', i.e., it contains the form F' properly. Q. E. D.

So if F’ is also composed of the forms f, f’ (in the same way as F' is composed
of them), the forms F, F’ have the same determinant, and are therefore properly
equivalent. More generally, if a form G is composed of the forms g, ¢’ in the same
way as I of f, f’, respectively, and the forms g, ¢ are properly equivalent to f, f’,
then the forms F, G are properly equivalent.

Since the case in which both forms enter the composition directly is the simplest,
and the others are easily reduced to it, we will consider only this case below. Thus
whenever a form is simply said to be composed of two others, we must always under-
stand that it is properly composed of each of them™). The same restriction will apply
whenever a form is said to be transformable into the product of two others.

Similarly, in the composition of ratios (which has a close analogy with the composition of forms),
it is usually understood that the ratios to be composed are to be taken directly, unless the opposite is
stated.
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240.

THEOREM. Suppose that from the forms f, f' the form F is composed; from F
and f" the form §; from f, f" the form F'; and from F' and f' the form §'. Then
the forms §,§ are properly equivalent.

Proof. 1. Let

f =axx + 2bxy + cyy

f/ — a/x/x/ _|_ 2b/$/y/ +C/y/y/

f// — a//x//x// + 2b//l‘//y// + C//y//y//

F=AXX+2BXY +CYY

F =AX'X +2B' XY +CY'Y’

T =AXX + 28X + €992

%/ — Ql/x/x/ + 2%/xl@/ + Q:/Q‘jlgl
and let the determinants of these seven forms be d,d’,d”, D, D', D,®’, respectively.
All have the same sign and the ratios of squares to one another. Further, let m
be the greatest common divisor of the numbers a,2b,c, and let m’,m”, M have
similar meanings for the forms f’, f”; F. Then, by the fourth conclusion of Ar-
ticle 235, D is the greatest common divisor of the numbers dm/m’,d'mm, and
therefore Dm”m” of the numbers dm'm'm"m”,d'mmm”"m"; M = mm'; D is
the greatest common divisor of the numbers Dm”m”, d’MM, or of the numbers
Dm/ m”,d"mmm/m’. Tt follows that ® is the greatest common divisor of the three
numbers dm'm/m” m"”, d'mmm/” m”, d"mmm’m’; but by a similar argument ®’ is the
greatest common divisor of the same three numbers. So, since ©,®’ have the same
sign, we have © = @’ or the forms §,§ have the same determinant.

II. Now let F pass into ff’ by the substitution

/11

vy’
vy’

X =pxa’ +p'zy’ +p'yr’ +p
Y = qua’ +q'zy' + ¢"ya’ + "
and § into F f” by the substitution
X =pXa" +pXy" + 'Y +p"Yy'
Y =qXa" +9'Xy" +q"Y2" +q4"Yy"

and denote the positive square roots of %, %, %. %, by n,n’/, 9, n”. Then, by Article
235, we have eighteen equations, half belonging to the transformation of the form F
into ff’, the other half to that of the form § into F'f”. The first is pq’ — qp’ = an/;
the others can easily be formed on its model, and we omit them here for brevity. The
quantities n,n’, M, n”, however, are rational, but not necessarily integers.

III. Substituting the values of X,Y into those of X,%) gives a substitution of the

following kind:
X = )za'z" + (2)zz'y" + 3)zy'z" + (4)zy'y"
+ (B)ya'z" + (6)yz"y" + (Tyy'z" + (8)yy'y"
) = (9)zz'z” + (10)zz’y” + (11)zy'z" + (12)xy'y"
+ (13)yax'z" + (14)yz’y” + (15)yy'2" + (16)yy'y"”
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by which § clearly passes into the product ff’f”. The coefficient (1) is = pp+qp”; we
do not give the values of the other fifteen, since anyone can work them out without
difficulty. Denote the number (1)(10)—(2)(9) by (1,2), the number (1)(11)—(3)(9) by
(1,3), and, in general, (¢)(8 + h) — (h)(8 + g) by (g, h), supposing g, h to be distinct
integers between 1 and 16, the larger being h"”); in this way we have twenty-eight
symbols in all. Now, denoting the positive square roots of %, %/ by n,n’ (which are
= nMN,n'N), we derive the following 28 equations:

(1,2) = aa'n"

(1,3) = aadv'

(1,4) = ab'n” + ab"n/’

(1,5) =d'a"n

(1,6) = a’bn” + a't'n

(1,7) = a"bn’ + a"V'n

(1,8) = bb'n” + bb"n + H'6"n + Dnn'n”,
(2,3) = ab"n’ — abln”

(2,4) = ad'v’

(2,5) = a't"n — a'bn”

(2,6) = d'c"n

(2,7) = bb"n' + b'V'n — bb'n” — Dnn'n”|
(2,8) = b + Vc'n

(3,4) = ac'n”

(3,5) = a"b'n — a"bn/

(3,6) = bb'n” + b'b'n — bb"n’ — Dnn'n”

— ca'n'
=bten” + Ve
— e —ben”

— cc//n/

“The present meaning of these symbols must not be confused with the meaning they had in Article
234; for the numbers expressed by them here correspond exactly to those which, in Article 234, were
multiplied by the numbers denoted there by similar symbols.
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which we will denote by ®, and nine others:

(10)(11) — (9)(12) = an'n"A

(1)(12) — (2)(11) — (3)(10) + (4)(9) = 2an'n"B
(2)(3) = (1)(4) = an'n"C

—(9)(16) + (10)(15) + (11)(14) — (12)(13) = 2bn'n"2A

(1)(16) = (2)(15) = 314 + (DL _ |, o

+(5)(12) = (6)(11) — (7)(10) + (8)(9)}

—(1)(8) + (2)(7) + (3)(6) — (4)(5) = 2bn'n"C
(14)(15) — (13)(16) = en'n"2A

(5)(16) — (6)(15) — (7)(14) 4 (8)(13) = 2en'n"B
(6)(7) — (5)(8) = en'n"€

which we will denote by "),
IV. Deriving the origin of all these 37 equations would take too long. It will be

enough to verify a few, on whose model the others can be proved without much

difficulty.
1) We have
(1,2) = (1)(10) = (2)(9)

)
= (pq' — qp )pp

/// ! 1" !/ I/)

+ (pq” —p'q" +d'p
+ ( // /// // ///)qq
= n”(App + 2qu + Cqq) = n"ad’

which is the first equation.

2) We obtain
(1,3) = ()(11) = (3)(9)

= (pq" — ap”)(pq' — qp’)
= a"Man’ = ad

the second equation.

“'We should note that 18 other equations like these ¥ can be derived, with the factors a, 2b, ¢ on the

right replaced by a’, 2b’, ¢’; a”’, 2b”, ¢’. But we omit them, since they are not needed for our purpose.
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3) We have
(1,8) = (1)(16) — (8)(9)
= (pq' - ap )pp’”
+ (p ///)pq///
( n / //)qp/l/
( " /// // ///)qq///

— n//(App/// + B(pq/// + qp///) + qu///)
+ b//m(pq/// _ qp///)

= 0" (b0 + \/dd') + "N n + bn')”)

=n"bb +n'bb” + nb't" + Dun'n”
the eighth equation in ®. We leave the remaining equations for the readers to verify.

V. It follows from equations ® that the twenty-eight numbers (1,2), (1,3), etc.

have no common divisor, as follows. First we observe that the twenty-seven products
of three factors, whose first factor is either n, second one of the numbers a’, 2b’, ¢, and
third one of the numbers a”, 20", ¢’; or whose ﬁrst is n’, second one of the numbers
a, 2b, ¢, and third one of the numbers a’, 2", "; or, ﬁnally, whose first is n”, second
one of the numbers a, 2b, ¢, and third one of the numbers o', 2b', ¢—each of these
twenty-seven products, by equations @, equals either one of the twenty-eight numbers
(1,2), (1,3), etc., or a sum or difference of several of them (for ezample, na’a” = (1,5),
2na'b” = (1,6) + (2,5), 4nb'b” = (1,8) +(2,7) +(3,6) + (4,5), and so on). So if these
numbers had a common divisor, it would necessarily divide all those products as well.
From this, with the help of Article 40 and the method often used above, we readily
deduce that the same divisor must also divide the numbers nm/m”, n'mm/, n’mm/,

dm/mlm//m/l d/mmm//m/l d//mmm/m/

and therefore their squares, which are S , 5 , 5 , would be
divisible by its square, which is absurd, since by I the greatest common divisor of the
three numerators is ©, and therefore the squares themselves can have no common
divisor.

VI. All this concerns the transformation of the form § into ff’f”, and was derived
from the transformations of the form F into ff’ and of the form § into F'f”. But
in exactly the same way, from the transformations of the form F’ into ff” and of
the form § into F’'f’, we derive a transformation of the form § into ff’f” of the
following kind:

X' = () x2'2" + (2)z2'y" + (3) 2y 2" + ete.

) = (9)x2’z" + (10)'z2"y" + (11) zy'z" + ete.
(denoting all coefficients as in the transformation of the form § into f f'f”, and adding
a prime to each to distinguish them). From this, as before, we derive 28 equations

analogous to ®, which we will denote by ®’, and nine others analogous to ¥, which
we will denote by ¥’. Namely, denoting

(1)/(10)" = (2)"(9)" by (1,2)',  (1)"(11)" = (3)'(9)" by (1,3)

“This follows from equation 10 of Article 235 and what follows it. The radical quantity \/dd' becomes
= Dnn' = Dnn/NIN = Dun’.
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the equations ® are
1,2) = aa'n” 1,3) = ad"v’, etc.
( 9 ) ) )

and the equations ¥’ are
(10)(11) — (9)'(12)" = an'n"2A’,  etc.

(For brevity we leave the fuller working to the readers; those familiar with the subject
will find that a new calculation is not even necessary, and that the first analysis is
easily carried over by analogy.) With this done, from ® and @’ we immediately have

(1,2) = (1,2), (1,3)=(1,3), (1,4)=(1,4), (2,3)=(2,3), etc.

From this, and because all of (1,2), (1,3), (2,3), etc. have no common divisor (by
V), the lemma of Article 234 shows that four integers «, 3, v, § can be determined
such that

a(1) +49) = (1),
a(2)' + 4(10)" = (2),
a(3) + B(11) = (3), etc.
(1) +6(9) = (9),
7(2)" +6(10)" = (10),
v(3) +46(11) = (11), etc

and ad — vy = 1.

VII. From this, substituting from the first three equations ¥ the values of a2l, a’B,
a€, and from the first three equations ¥’ the values of a2l', a®8’, a€’, we readily verify
that

a(Raa + 2Bay + Cyy) = a2’
a(Aaf + B(ad + B) + €y0) = aB’
a(ABB + 2BB6 + €56) = a€’

Unless a = 0, it clearly follows that the form § passes into §' by the proper substi-
tution «, B, v, 0. — But using the next three equations in place of the first three
in ¥ and ¥/, we readily verify three equations entirely analogous to those just given,
with the factor a everywhere replaced by b. So the same conclusion clearly still holds,
provided we do not have b = 0. Finally, using the last three equations ¥, ¥’ we find
in the same way that the conclusion is true unless ¢ = 0. Therefore, since certainly
not all of a, b, c can be = 0 at once, the form § necessarily passes by the substitution
a, 3, v, ¢ into §’, and so is properly equivalent to this form. Q. E. D.
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241.

We will call a form such as § or §’, obtained by composing one of three given
forms with the form composed of the other two, composed of these three forms. The
preceding article shows that the order in which the three forms are composed makes
no difference. Similarly, given any number of forms f, f', f” f"”, etc. (whose
determinants must have the ratios of squares to one another), if we compose the
form f with f/, the resulting form with f”, the next result with f”, etc., the form
obtained at the end of this operation is said to be composed of all the forms f, f’,
f", f", etc. It is easy to prove that here too the order of composition is arbitrary;
i.e., whatever the order in which these forms are composed, the forms resulting from
the composition are always properly equivalent. — Further, if the forms f, f/, f”,
etc. are properly equivalent to the forms g, ¢/, ¢”, etc., respectively, then the form
composed of the latter is clearly properly equivalent to that composed of the former.
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242.

The preceding propositions cover the composition of forms in its full generality. We
now move on to more particular applications, with which we did not want to interrupt
their sequence. First we return to the problem of Article 236, restricting it by the
following conditions: first, the forms to be composed have the same determinant, that
is, d = d'; second, m. m’ are coprime; third, the required form is composed directly
from each of f, f’. Then mm, m'm’ are also coprime, so the greatest common divisor
of dm/m/, d'mm, that is, D, becomes = d = d’, and n = n’ = 1. We set the four
quantities £, Q', Q”, Q", which can be chosen at will, equal to = —1, 0, 0, 0
respectively. This is always allowed except in the single case where a, a’, b+ are all
= 0, which we therefore leave aside here. Clearly this case can occur only for forms
whose determinant is a positive square. It is then clear that u becomes the greatest
common divisor of a, a’, b+ V'; the numbers B, PB”, P must be chosen so that

q3/a+;’p/la/+q3/l/(b+b/) :M

while 3 itself is entirely arbitrary. Substituting their values for p, q, p, ¢’ etc. in the
cited passage gives

1
B = ;(Y-Baa/-I—m/ab/—I-‘ﬁﬂalb—l—mm(bb/—l—D))

and C can be determined from the equation AC' = BB — D, unless a is zero and
a’ = 0 also holds.

In this solution, then, the value of A does not depend on the values of 3, J,
B, P (which can be determined in infinitely many different ways). But B takes
different values when these numbers are assigned different values, and it is worth
investigating how all the values of B are connected. To this end we observe:

I. However B, P', P”, P are determined, the resulting values of B are all con-
gruent modulo A. Suppose that setting

B =n,
s:p/ — p/
;B/I — pI/
qg//l — pI/l

gives B=2

but setting
B=p+0,
gp/ — p/ + D/,
m// — p// + 0//'
m/// — p/// + a///,
gives B=8B+9

207



Arithmetical Investigations

Then
ad +ad "+ (b+ V)" =0,

aa’d + ab'd’ + a'bd" + (bb' + D) = u®
Multiply the first side of the latter equation by ap’ + a'p” 4+ (b+b")p”’, the second by
1, and subtract from the first product the quantity
(ab/p/ +a/bp// _|_ (bb/ + D)p///)(aa/ —I—CLIOH + (b+b/)0///)
which, by the former equation, is clearly = 0. Expanding and cancelling the terms
that cancel each other gives
aa’ (0

+ ((b/ _ b)p” + Clp/l/)bl

+ ((b _ b/)p/ + cp'”)b”

o (C/pl + Cp//)al//) — M,U’CO
so clearly pu® is divisible by ad’, or © by ‘L—‘Z, that is, by A, and

B=VB+9 (mod. A)

II. If the values p, p’, p” p”’ of B, P, P”, P give B = B, other values of these
numbers can be found that give B any specified value congruent to 8 modulo A, say
B+ kA. First we observe that the four numbers y, ¢, ¢/, b—b' cannot have a common
divisor. For if they had one, it would divide the six numbers a, a’, b+ ¥, ¢, ¢/, b— 1V,
and therefore both a, 2b, ¢ and o/, 2V, ¢/, and consequently also m, m’, which are
coprime by hypothesis. We can therefore assign four integers h, h’, h”, b’ so that

hu+h'c+h"d +0"b-b) =1
Having done this, if we set
kh =0,
k(h/l(b+ b/) _ hl/la/) — /«LD/
k(h/(b + b/) _|_ h/l/a) — MD//,
*k(h,a/ + h//a) — MD/,/
it is clear that 0, o', 9", 0" are integers. Further, we easily confirm that
ad' +dd" + b+ V)" =0
aa’d + ab'd’ +a'bd"” + (bb' + D)

aa'k

— (Mh+chl+clh//+(b_b/)h///)
W

= ukA

The former equation shows that p + 0, p’ + 0, p” + 0", p” + 0" are also values of B,
B, B, P the latter shows that these values produce B = B + kA. Q. E. D. —
It is clear from this that B can always be determined so that it lies between 0 and
A — 1 inclusive if A is positive, or between 0 and —A — 1 if A is negative.
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243.

From the equations
m/a +m//a/ +m///(b+ b/) — ,LL,
1
B — 7(q3aa/ _'_m/ab/ +m//a/b+€p///(bb/ + D))
1%

we obtain

B=b+ gma' P~ b) —B"e)

/
— b/ + %(ma_i_gp//(b _ b/) _m/l/cl)
S0
B =b (mod. %) and B =10 (mod. %)

/ . .
Whenever %, % are coprime, there is only one number between 0 and A — 1 (or

between 0 and —A — 1 when A is negative) that modulo % is = b, and is = &’ modulo

%’. If we set this number = B and @ = (), it is clear that (A, B, C) is composed
from the forms (a, b, ¢), (a’,b', ¢'). In this case, then, to find the composite form we no
longer need to consider the numbers B, B/, ", B, Thus, for example, if we seek a
form composed from (10, 3,11), (15,2, 7), then a, a’, b+b' are respectively = 10, 15, 5;
uw=>5;80A=6; B=3(mod.2)and =2 (mod. 3), giving B =5 and (6,5,21) as the
required form. — The condition that %, %’ are coprime is entirely equivalent to the
condition that the two numbers a, a’ have no greater common divisor than the three
a, a’, b+ V'; or, what comes to the same thing, that the greatest common divisor of
a, a’ also divides b+ /. The following particular cases should especially be noted:

1) Given two forms (a,b,c), (a/,b',c') of the same determinant D, such that the
greatest common divisor of a, 2b, ¢ is coprime to the greatest common divisor of d’,
2V, ¢, and a is coprime to a’, the form (A, B,C) composed from them is found by
setting A = aa’, B = b (mod. a) and = V' (mod. a'), C = BE=L. This case always
applies when one of the forms to be composed is the principal form, say a =1, b = 0,
¢ = —D. Then A = d/, and B can be set = ¥/, giving C = ¢; so the form composed
from the principal form and any other form of the same determinant is that other
form itself.

2) If two opposite, properly primitive forms, say (a,b,c) and (a, —b,c), are to be
composed, then p = a. It is easy to see from this that the principal form (1,0, —D)
is composed from them.

3) Given any number of properly primitive forms (a,b,c), (a’,¥',c), (a”,b", ")
etc. of the same determinant D, whose leading coefficients a, a’, a” etc. are pairwise
coprime, the form (A, B,C) composed from all of them is found. Set A equal to
the product of all a, a’, a” etc.; B congruent to b, b, b’ etc. modulo a, a’, a” etc.

“This can always be done by using the congruences

/ ! ’ / /
aB _af  dB_db  (b+b)B _ b D (mod. A)
T noop I n
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respectively; C' = BB=L_ For it is easy to see that from the two forms (a,b,c),

(@', b, ) the form (ad’, B, Bfa_,D) is composed; from this and (a”,b”, ") the form
(ad'a”, B, if,;/,j) etc. — Conversely:

4) Given a properly primitive form (A, B, C) of determinant D, resolve the coeffi-
cient A into any number of pairwise coprime factors a, a’, a”’ etc.; choose numbers b,
b, b’ etc. equal to B, or at least congruent to it modulo a, a’, a” etc. respectively,
and set ac =bb— D, d'd = V'V — D, o' = b"b" — D etc. Then the form (A, B,C)
is composed from the forms (a, b, c), (' b’ ), (a” b" "), or is resolvable into these
forms. It is proved without difficulty that the same proposition still holds even if
the form (A, B,C) is improperly primitive or derived. In this way, then, any form
can be resolved into others of the same determinant whose leading coefficients are all
either primes or powers of primes. Such a resolution can often be usefully applied
when one form is to be composed from several given forms. Thus, for example, if
we seek the form composed from (3,1, 134), (10, 3,41), (15,2, 27), resolve the second
into (2,1,201), (5,—2,81), and the third into (3, —1,134), (5,2,81). Clearly the form
composed from the five forms (3,1, 134), (2, 1,201), (5,—2,81), (3, —1,134), (5,2,81),
in whatever order they are taken, is also composed from the three given forms. But
composing the first with the fourth gives the principal form (1,0,401); composing
the third with the fifth gives the same form; so composing all of them gives the form
(2,1,201).

5) Since the method is useful, it is worth explaining it further. The preceding
observation shows that the problem of composing any number of given properly
primitive forms of the same determinant can be reduced to composing forms whose
leading coefficients are powers of primes (for a prime can be regarded as the first
power of itself). We should therefore consider especially the case where two properly
primitive forms (a, b, ¢), (a’,b',c’) are to be composed, in which a and o’ are powers
of the same prime. Let a = h*, ' = h*, where h denotes a prime, and suppose, as
we may, that s is not less than A. Then h* is the greatest common divisor of a, a’. If
it also divides b+ b, we have the case considered at the beginning of this article, and
(A, B,C) is composed from the given forms if we set A = h*~*, B = b (mod. h*?)
and = V' (mod. 1), where the latter condition can clearly be omitted; C' = BBA_D .
But if A" does not divide b+ ¥, the greatest common divisor of these numbers must
itself be a power of h. Let it be = h¥; then v < A (we must set v = 0. if h* and
b+ V' happen to be coprime). If, then, ', B, P are determined so that

m/h% +q3”h’\ +‘q3”’(b+ b/) =R
while 8 is chosen at will, the form (A, B, C) is composed from the given forms if we
set

— +A—-2
A= h* 1/’

B =b+ V(PR =P (b—1) —p"¢),
BB —-D
A
But it is easy to see that in this case B’ can also be chosen at will. So setting

B =P =0 gives

C =

B — b _ ml!/ch%—l/
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or, in general,

B=FkA+b—p"ch*

where k denotes an arbitrary number (preceding article). Only B” enters this very
simple formula; it is a value of the expression % (mod. h)‘)*). If, for example, we
seek the form composed from (16,3,19) and (8,1,37), then h = 2, 3x = 4, A = 3,
v=2. So A =38, and B"” is a value of the expression % (mod. 8), such as 1, giving
B = 8k — 73. Thus, setting k = 9 gives B = —1 and C' = 37, or (8,—1,37) as the
required form.

Given, then, any number of forms whose leading coefficients are all powers of
primes, we must check whether some of their leading coefficients are powers of the
same prime and compose these with each other using the rule just given. This pro-
duces forms whose leading coefficients are still powers of primes, but of entirely differ-
ent primes; the form composed from them can therefore be determined by the third
observation. For example, given the forms (3,1,47), (4,0,35), (5,0,28), (16,2,9),
(9,7,21), (16,6, 11), the first and fifth give the form (27,7,7); the second and fourth
give (16,—6,11), and this and the sixth give (1,0, 140), which can be left out. This
leaves (5,0,28), (27,7,7), which produce (135, —20,4); in its place we can take the
properly equivalent (4,0,35). This, then, is the result of composing the six given
forms.

Other useful practical methods can also be drawn from this source. But to avoid
going on too long, we leave out a fuller treatment of this matter and move on to more
difficult things.

Jor of the expression 57 (mod. h ™Y, giving B=b — C’;j:b_,u = (giglf;?;ﬁy (mod. A)
RV TR ’
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244.

If a form f can represent the number a, a form f’ the number @/, and the form F
can be transformed into ff’, it is easy to see that the product aa’ can be represented
by the form F. It follows at once that, when the determinants of these forms are
negative, the form F is positive if f, f’ are both positive or both negative; by contrast,
F is negative if one of the forms f, f’ is positive and the other negative. Let us focus
especially on the case considered in the preceding article, where F' is composed from
f, f'. Also, f, f' and F have the same determinant D. Suppose further that
the representations of the numbers a, a’ by the forms f, f’ use coprime values of
the indeterminates, and that the former belongs to the value b of the expression
VD (mod. a), the latter to the value b’ of the expression /D (mod. a’), and set
bb— D = ac, b'b' — D = d’¢. Then, by Article 168, the forms (a,b,c), (a’,b, ') are
properly equivalent to the forms f, f/, so F is also composed from those two forms.
But the form (A, B,C') is composed from the same forms if, denoting the greatest
common divisor of a, a’, b+ b by = u, we set A = %, B = b and VY modulo %, a
respectively, AC = BB — D; so this form is properly equivalent to the form F. Now
the form Axzx + 2Bxy + Cyy represents the number aa’ on setting x = u, y = 0, the
greatest common divisor of these values being . Thus aa’ can also be represented
by the form F' so that the values of the indeterminates have greatest common divisor
w (Article 166). Whenever u = 1, therefore, aa’ can be represented by the form F
by assigning coprime values to the indeterminates, and this representation belongs
to the value B of the expression /D (modulo aa’) that is congruent to b, b’ modulo
a, a' respectively. The condition 4 = 1 always holds when a, @’ are coprime; more
generally, when the greatest common divisor of a, a’ is coprime to b+ b'.

Composition of orders.

245.

THEOREM. If the form f belongs to the same order as g, and likewise [’ to the
same order as ¢', the form F composed from f, f' has the same determinant and
belongs to the same order as the form G composed from g, ¢'.

Proof. Let the forms be f, f', F = (a,b,¢), (a’,b,), (A, B,C) respectively, and
their determinants = d,d’, D. Further, let the greatest common divisor of a,2b,c
be = m, and the greatest common divisor of a,b,c be = m; let m/, m’ have similar
meanings for the form f’, and M, 9 for the form F. Then the order of the form f
is determined by the numbers d, m, m, so the same numbers also apply to the form g.
Likewise, the numbers d’, m’, m’ are the same for the form ¢’ as for the form f’. Now,
by Article 235, the numbers D, M, are determined by d,d’,m,m/, m,m’: namely,
D is the greatest common divisor of dm'm/, d'mm; M = mm/; and 9 = mm’ (if
both m = m, m' = w’) or = 2mm’ (if m = 2m or m’ = 2m’). These properties of
D, M, follow from the fact that F' is composed from f, f’, so it is easy to see that
D, M and 9 also apply to the form G, and therefore G belongs to the same order
as F. Q. E. D.

For this reason, we call the order containing the form F' composed from the orders
containing the forms f, f’. Thus, for ezample, two properly primitive orders always
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give an order of the same kind; a properly primitive and an improperly primitive
order give an improperly primitive order. — A similar meaning is intended when an
order is said to be composed from several other orders.
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Composition of genera.

246.

PROBLEM. Given any two primitive forms f, f’, whose composition gives F, de-
termine from the genera to which f, f' belong the genus to which F belongs.

Solution. 1. First consider the case where at least one of the forms f, f/, say
the first, is properly primitive, and denote the determinants of the forms f, ', F' by
d,d',D. Then D is the greatest common divisor of dm’'m’, d’, where m/ is either 1
or 2, according as the form f’ is properly or improperly primitive; F' belongs to the
properly primitive order in the former case and to the improperly primitive order in
the latter. Now the genus of the form F' is determined by its individual characters,
with respect both to each odd prime divisor of D and, in certain cases, to the numbers
4 or 8. We must therefore determine each of these.

1°. If p is any odd prime divisor of D, it must also divide d,d’, so the relations
of the forms f, f’ to p also occur among their characters. Now if f can represent the
number a, and f’ the number d’, the product aa’ can be represented by F. So if both
f and f’ can represent quadratic residues modulo p (not divisible by p), F can also
represent quadratic residues modulo p; that is, if both f, f’ have the character Rp,
the form F has the same character. Likewise F' has the character Rp if both f, f’
have the character Np; by contrast, F' has the character Np if one of the forms f, f’
has Rp and the other Np.

2°. If the complete character of the form F' includes a relation to the number 4,
such a relation must also occur among the characters of the forms f, f’. For this
happens only when D is = 0 or = 3 (modulo 4). When D is divisible by 4, both
dm/m/ and d’' are also divisible by 4. It follows at once that f’ cannot be improperly
primitive, and therefore m’ = 1; thus both d and d' are divisible by 4, and the
character of each includes a relation to 4. When D = 3 (modulo 4), D divides d, d’;
the quotients are squares, so d,d must also be either = 0 or = 3 (modulo 4), and
among the characters of f, f’ a relation to 4 occurs. It follows, just as in (1°), that
the form F' has the character 1,4 if either both f, f’ have 1,4 or both have 3,4; by
contrast, the form F has the character 3,4 if one of the forms f, f/ has 1,4 and the
other 3,4.

3°. When D is divisible by 8, d’ is too; so f’ is certainly properly primitive, m’ = 1,
and d is also divisible by 8. Thus among the characters of the form F', one of the
characters 1,8; 3,8; 5,8; 7,8 can occur only if the characters of both forms f, f’ also
include such a relation to 8. As before, we easily confirm that the form F' has the
character 1,8 if f and f’ have the same character with respect to 8; the form F' has
the character 3,8 if one of the forms f, f’ has 1,8 and the other 3,8, or one has 5,8
and the other 7,8; F has 5,8 if f, f/ have 1,8 and 5,8, or 3,8 and 7,8; F has .7,8 if
f and f’ have either 1,8 and 7,8, or 3,8 and 5, 8.

4°. When D = 2 (modulo 8), d’ is either = 0 or = 2 (modulo 8), so m’ = 1, and
therefore d is also either = 0 or = 2 (modulo 8). But d,d’ cannot both be divisible
by 8, since D is their greatest common divisor. Thus one of the characters 1 and 7,8;
3 and 5,8 can be assigned to the form F' only when either both forms f, f have one
of those characters, or one has one of them and the other one of the characters 1,8;
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3,8;5,8; 7,8. It is easy to deduce that the character of the form F' is determined by
the following table, where the character in the margin belongs to one of the forms
f, f and the character at the top to the other:

1and 7,8 | 3 and 5,8
or 1,8 or 3,8
or 7,8 or 5,8

1land 7,8 || 1 and 7,8 | 3 and 5,8

3and 5,8 | 3 and 5,8 | 1 and 7.8

5°. In the same way we prove that the form F' cannot be assigned either of the
characters 1 and 3,8; 5 and 7,8 unless at least one of the forms f, f’ also has one of
those characters and the other either one of them or one of the characters 1,8; 3,8;
5,8; 7,8. The character of the form F' is determined by the following table, whose
margin and top give the characters of the forms f, f’:

1 and 3,8 |5 and 7,8
or 1,8 or 5,8
or 3,8 or 7,8

1and 3,8 | 1 and 3,8 |5 and 7,8
5and 7,8 || 5 and 7,8 | 1 and 3.8

IL. If both forms f, f' are improperly primitive, D is the greatest common divisor
of 4d. 4d', or %D is the greatest common divisor of d. d’. It follows easily that d, d’
and 1D are all = 1 (modulo 4). Setting F' = (A4, B, C), the greatest common divisor
of A, B,C is = 2. and the greatest common divisor of A,2B, C is 4. Thus F is a form
derived from the improperly primitive form (%A, %B , %C), whose determinant is %D
and whose genus determines the genus of the form F. As that form is improperly
primitive, its character includes no relations to 4 or 8, only relations to the individual
odd prime divisors of iD. Now all these divisors clearly also divide d,d’, and half
of any product of two factors. one representable by f and the other by f’, can be
represented by the form (3A4. 1B, 1C). It is therefore easy to see that the character
of this form with respect to any odd prime p dividing %D is Rp, both if 2Rp and the
forms f, f’ have the same character with respect to p. and if 2Np and the characters
of the forms f, f’ with respect to p are opposite; by contrast, the character of that
form is Np, both if f, f’ have the same character with respect to p and 2Np, and if
f, /" have opposite characters and 2Rp.

215



Arithmetical Investigations

247.

The solution of the preceding problem shows that if g is a primitive form of the
same order and genus as f, and ¢’ a primitive form of the same order and genus
as f’, the form composed from g and ¢’ belongs to the same genus as the form
composed from f and f’. This gives the meaning of a genus composed from two
other genera (or even more). Further, the same solution shows that if f, f’ have the
same determinant, f is a form of the principal genus and F' is composed from f and
f', then F belongs to the same genus as f’. So the principal genus can always be
left out when composing it with other genera of the same determinant. But if, with
the other conditions unchanged, f does not belong to the principal genus and f’ is a
primitive form, F' certainly belongs to a different genus from f’. Finally, if f, f’ are
properly primitive forms of the same genus, F' belongs to the principal genus; but if
f, f' are both properly primitive with the same determinant but of different genera,
F' cannot belong to the principal genus. Thus, when any properly primitive form is
composed with itself, the resulting form, which is also properly primitive with the
same determinant, must belong to the principal genus.

248.

PROBLEM. Given any two forms f, f', from which F is composed, determine from
the genera of the forms f, f' the genus of the form F.

Solution. Let f = (a,b,¢), f' = (d',V,), F = (A, B,C), and let m be the greatest
common divisor of a, b, ¢, and m’ the greatest common divisor of a’, ¥, ¢, so that f, f’
are derived from the primitive forms (7, %, =) (]%,H ]%l,, lfl—/,), which we denote by f, §/
respectively. Now, if at least one of the forms f, f is properly primitive, the greatest
common divisor of A, B, C is mm’, so F' is derived from the primitive form (%, %,
m%;,) ... 5; thus the genus of the form F' depends on the genus of the form §. But it is
easy to see that § is transformed into ff' by the same substitution that transforms F'
into ff’, so § is composed from §, f, and its genus can be determined by the problem
of Article 246. — But if both f, f are improperly primitive, the greatest common
divisor of A, B,C is 2mm’, and the form § is still composed from §, f and is clearly
derived from the properly primitive form (Qn‘:‘m,, 2ni3m,, 2n?m,). The genus of this form
can therefore be determined by Article 246; and since F is derived from the same
form, its genus follows at once.

This solution shows that the theorem set out in the preceding article for primitive
forms, namely if f’, g belong to the same genera as f,qg respectively, the form com-
posed from f',g" belongs to the same genus as the form composed from f, g, holds in

general for any forms.
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Composition of classes.

249.

THEOREM. If the forms f, f’ belong to the same orders, genera and classes as g, g
respectively, the form composed from f and f’ belongs to the same class as the form
composed from g and g'.

This theorem, whose truth follows at once from Article 239, gives the meaning of
a class composed from two given classes, or even from several.

If any class K is composed with the principal class, the class K itself results; that
is, the principal class can be left out when composing it with other classes of the
same determinant. Composing two opposite properly primitive classes always gives
the principal class of the same determinant (see Article 243). Since every ambiguous
class is opposite to itself, composing any properly primitive ambiguous class with
itself gives the principal class of the same determinant.

The converse of the last proposition also holds: namely, if composing a properly
primitive class K with itself gives the principal class H of the same determinant, K
must be an ambiguous class. For if K’ is the class opposite to K, the three classes
K, K, K’ give the same composite class as H and K’. The former give K (since K
and K’ produce H, and this with K gives K itself), the latter K'; so K coincides
with K’ and is therefore an ambiguous class.

The following proposition should also be noted: If the classes K, L are opposite
to the classes K', L' respectively, the class composed from K and L is opposite to
the class composed from K' and L'. Let the forms f, g, f’, ¢’ belong to the classes
K,L,K' L' respectively; let the form F be composed from f,g, and F’ from f’ ¢'.
Since f’ is improperly equivalent to f, and ¢’ to g, while F' is composed directly from
each of f,g, F is also composed from f’,g’, but inversely from each. So any form
improperly equivalent to F' is composed directly from f’, ¢’ and is therefore properly
equivalent to F’ (Articles 238, 239). Thus F, F’ are improperly equivalent, and the
classes to which they belong are opposite.

It follows that if an ambiguous class K is composed with an ambiguous class L.
an ambiguous class always results. For it is opposite to the class composed from the
classes opposite to K, L, and therefore to itself, since these classes are opposite to
themselves.

Finally, we observe that, given any two classes K, L of the same determinant,
the first of which is properly primitive, we can always find a class M of the same
determinant whose composition with K gives L. Clearly we achieve this by taking
for M the class composed from L and the class opposite to K. It is also very easy
to see that this is the only class with this property; that is, distinct classes of the
same determinant, composed with the same properly primitive class, produce distinct
classes.

Composition of classes can conveniently be denoted by the addition sign +, just as
identity of classes is denoted by the equality sign. With these signs the proposition
just given can be expressed as follows. If K’ is the class opposite to K, K + K’ is
the principal class of the same determinant, so K + K’ + L = L; setting K/ + L =M
therefore gives K+M = L, as required. But if, besides M, there were another M with
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the same property, that is, K + M’ = L, we would have K + K'+ M' = L+ K' = M,
giving M’ = M. — If several identical classes are composed, we can indicate this, as
in multiplication, by putting their number before them, so that 2K means the same
as K + K, 3K the same as K + K + K etc. The same signs could also be applied
to forms, so that (a,b,c) + (a/,¥,c) would denote a form composed from (a,b,c),
(@', b, ). But to avoid even the appearance of ambiguity, we prefer not to use this
abbreviation, especially since we have already assigned a particular meaning to a sign
such as /M (a, b, c). — We say that the class 2K arises by doubling the class K, the
class 3K by tripling, and so on.

250.

If D is a number divisible by mm (where we suppose m positive), there is an order
of forms of determinant D derived from the properly primitive order of determinant
% (or two when D is negative, namely a positive and a negative order). Clearly
the form (m, 0, —%) belongs to that order, namely the positive one, and may rightly
be regarded as its simplest form (just as (—m, 0, %) is the simplest in the negative
order when D is negative). If also -2~ =1 (modulo 4), there is an order of forms
of determinant D derived from the improperly primitive order of determinant %.
Clearly the form (2m,m, mg"T;D ) belongs to it and is regarded as its simplest form.
(When D is negative there are again two orders, and in the negative order the form
(—2m, —m, 2 5o) is regarded as the simplest.) Thus, for example, if we also include
the case where m = 1, in the four orders of forms of determinant 45 the simplest
forms are (1,0,—45), (2,1,—22). (3,0,—15), (6,3, —6). With this understood, we
have the following

PROBLEM. Given any form F of the order O, find a properly primitive (positive)
form of the same determinant whose composition with the simplest form in O gives
F.

Solution. Let the form F = (ma,mb,mc) be derived from the primitive form
f = (a,b,c), whose determinant is = d, and suppose first that f is properly primitive.
First we observe that if a is not coprime to 2dm, there are certainly other forms
properly equivalent to (a, b, c) whose leading coefficients have this property. For by
Article 228 that form represents numbers coprime to 2dm. Let a’ = aaa+2bary +cyy
be such a number, and suppose, as we may, that a,~y are coprime. Then choose
8,0 so that ad — By = 1, and transform f by the substitution «,5,7,d into the
form (a’,b',c’), which is properly equivalent to it and has the required property.
Since F and (a'm,b'm,c'm) are also properly equivalent, we easily see that it is
enough to consider the case where a is coprime to 2dm. Then (a,bm,cmm) is a
properly primitive form (for if a,2bm,cmm had a common divisor, it would also
divide 2dm = 2bbm — 2acm) of the same determinant as F. It is easily confirmed
that F' is transformed into the product of the form (m,0, —dm), which, unless F
is a negative form, is the simplest in the order O, and (a,bm,cmm), by the sub-
stitution 1,0, —b, —cm; 0,m,a,bm. So the criterion in observation 4 of Article 235
shows that F' is composed from (m,0,—dm) and (a,bm,cmm). But when F' is
a negative form, it is transformed into the product of the simplest form of the
same order (—m,0,dm) and the positive form (—a,bm, —cmm) by the substitution
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1,0,b, —cm; 0, —m, —a,bm, and is therefore composed from them.

Second, if f is an improperly primitive form, we may suppose %a coprime to 2dm.
For if this property does not yet hold for the form f, a form properly equivalent to
f and having this property can be found. It follows easily that (%a, bm,2cmm) is
a properly primitive form of the same determinant as F. We confirm just as easily

that F' is transformed into the product of the forms
(£2m,£m, £3(m — dm)), (£3a,bm,+2cmm)
by the substitution
1,0,3(1 Fb),—em;  0,£2m,+3a, (b 1)m

where the lower signs are to be taken when I is a negative form and the upper signs
in the remaining cases. The form is therefore composed from these two forms, the
former being the simplest in the order O, the latter a properly primitive (positive)
form.

251.

PROBLEM. Given two forms F, f of the same determinant D and belonging to the
same order O, find a properly primitive form of determinant D whose composition
with f produces F'.

Solution. Let ¢ be the simplest form of the order O; let §, f be properly primitive
forms of determinant D whose compositions with ¢ give F. f respectively; finally, let
1! be a properly primitive form whose composition with § gives §. Then the form F
is composed from the three forms ¢, f, f’, or from the two f, f'. Q. E. L.

Thus any class of a given order can be regarded as composed from any given class
of the same order and some properly primitive class of the same determinant.

For a given determinant, the individual genera of the same order contain equally
many classes.

252.

THEOREM. For a given determinant, the individual genera of the same order
contain equally many classes.

Proof. Let the genera G and H belong to the same order, let G consist of n classes
K,K' K"...K"™ ! and let L be any class of the genus H. By the preceding article,
find a properly primitive class M of the same determinant whose composition with
K gives L, and denote the classes obtained by composing M with K’, K" .. K" !
by L',L"...L" ! respectively. Then the last observation of Article 249 shows that
all the classes L, L', L" ... L™ ! are distinct, and by Article 248 they all belong to the
same genus, that is, the genus H. Finally, we easily see that H cannot contain any
other classes, since any class of the genus H can be regarded as composed from M
and another class of the same determinant, which must always belong to the genus
G. So H, like G, contains n distinct classes. (). F. D.
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Comparing the numbers of classes in the individual genera of different orders.

253.

The preceding theorem assumes that the order is the same and must not be ex-
tended to different orders. Thus, for erample, for the determinant —171 there are
20 positive classes, which fall into four orders: the properly primitive order contains
two genera, each comprising six classes; in the improperly primitive order two genera
have four classes, two each; in the order derived from the properly primitive order of
determinant —19 there is a single genus comprising three classes; finally, the order
derived from the improperly primitive order of determinant —19 has a single genus
consisting of one class. The negative classes behave in the same way. It is there-
fore worth investigating the general principle on which the connection between the
numbers of classes in different orders depends. Suppose K, L are two classes of the
same (positive) order O of determinant D, and M a properly primitive class of the
same determinant whose composition with K gives L, such as can always be found
by Article 251. In some cases M may be the only properly primitive class whose com-
position with K produces L; in others several distinct properly primitive classes may
have this property. Suppose in general that there are r such properly primitive classes
M, M’ M"...M"™ 1, each of which, composed with K, gives the same class L, and
denote their collection by W. Further, let L' be another class of the order O (different
from L), and N’ a properly primitive class of determinant D whose composition with
L gives L', and denote the collection of classes N'+M, N'+M' , N'+M" ... N'+M"™1
(all properly primitive and distinct) by W’. Tt is then easy to see that K, composed
with any class in W/, produces L', so W and W’ have no class in common. We also
verify without difficulty that no properly primitive class outside the collection W',
when composed with K, produces L’. Likewise, if L” is another class of the order O,
different from the classes L, L', there are r properly primitive forms, distinct both
from one another and from the forms W, W’, each of which, composed with K, pro-
duces L”. The same holds for all the remaining classes of the order O. Since every
properly primitive (positive) class of determinant D, composed with K, produces a
class of the order O, we easily conclude that if the total number of classes of the
order O is n, the total number of properly primitive (positive) classes of the same
determinant is rn.

We therefore have the general rule: if K, L denote any classes of the order O, and
r the number of distinct properly primitive classes of the same determinant whose
compositions with K each produce L, the total number of classes in the properly
primitive (positive) order is r times as large as the number of classes of the order O.

Since the classes K, L in the order O can be chosen entirely at will, we may also
take identical classes. It is useful to take the class. which contains the simplest
form of this order. Taking this for K and L, then, reduces the matter to finding all
the properly primitive classes whose compositions with K reproduce K itself. The
following prepares the way for this.
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254.

THEOREM. If F' = (A, B,C) is the simplest form of the order O of determinant
D, and f = (a,b,c) a properly primitive form of the same determinant, this form
f can represent the number AA if F is obtained by composing the forms f, F'; and
conversely, I is composed from itself and f if AA can be represented by f.

Proof. 1. If F is transformed into the product fF by the substitution p,p’, p”, p"”;
q,¢,q",q", Article 235 gives

A(aq"q" — 2bqq" + cqq) = A%, so
AA =aq"q" —2bqq” + cqq. First part proved.

II. Assume that AA can be represented by f, and denote the values of the indeter-

"I

minates that give this representation by ¢”. —q, so that AA = aq”q” — 2bqq” + cqq,

and set
q"a—q(b+ B) = Ap,

—qC = Ap/,
q//(b_ B) _ qc — Ap//
_ql/C — Ap”/,

q"a—q(b— B) = Aq,

q/l(b+B) _qC: Aq///
Having done this, we easily confirm that F' is transformed into the product fF by
the substitution p,p’,p”,9p"”; q,q¢',q",¢". and is therefore composed from f and F,
provided all the numbers p, p’ etc. are integers. Now, by the description of the
simplest form, B is either 0 or %A, SO % is an integer; the same description shows
that % is always an integer. Thus ¢ — p, p/, ¢ — p”, p" are integers, and it only

remains to prove that p and p” are integers. But we have

2paB _ aaC e 2B d0C

A A T

so if B = 0, we have

p=a— qqC p//p// — e q"¢"C
A’ A

and therefore p, p” are integers; but if B = %A, we have

C "l
pp+pq=a—qq : p//p//_‘_p//q//:C_qi]4

from which it follows just as easily that p and p” are integers in this case too. We
conclude that F'is composed from f and F. Second part proved.
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255.

The problem is therefore reduced to finding all properly primitive classes of deter-
minant D whose forms can represent AA. Clearly AA can be represented by any form
whose leading coefficient is either AA or the square of a divisor of A. Conversely, if
AA can be represented by a form f, assigning to its indeterminates the values ae,
~ve with greatest common divisor e, the form f is transformed by the substitution
a, 3,7, ¢ into a form whose leading coefficient is %. This form is properly equivalent
to fif B, 0 are chosen so that ad — 5y = 1. Thus any class whose forms can represent
AA contains forms whose leading coefficient is AA or the square of a divisor of A.
The task is therefore to find all properly primitive classes of determinant D in which
such forms occur. This is done as follows. Let a,a’,a” etc. be all the (positive)
divisors of A; find all the values of the expression /D (mod. aa) lying between 0 and

aa — 1 inclusive, denoting them by b, b, 0" etc., and set
bb — D = aac, V'V —D =aacd, b0 —D =aac”’ etc.

Denote the collection of forms (aa, b, ¢), (aa,b’,c’) etc. by V. It is easy to see that
any class of determinant D containing a form with leading coefficient aa must also
contain a form from V. Likewise find all forms of determinant D whose leading
coefficient is a’a’ and whose middle coefficient lies between 0 and a’a’ — 1 inclusive,
and denote their collection by V’; similarly let V" be the collection of such forms with
leading coefficient a”a”, and so on. Remove from V,V’ V" etc. all forms that are
not properly primitive, sort the remaining forms into classes, and if several belong to
the same class, retain only one in each class. This gives all the required classes, and
their number is to unity as the number of all properly primitive (positive) classes is
to the number of classes in the order O.

Ezxample. Let D = —531, and let O be the positive order derived from the improp-
erly primitive order of determinant —59, whose simplest form is (6, 3,90), so A = 6.
Here a,a’,a”,a" are 1,2, 3,6; V contains the form (1,0,531); V' the forms (4, 1,133),
(4,3,135); V" the forms (9,0,59), (9, 3,60), (9,6, 63); finally V" the forms (36, 3, 15),
(36,9,17), (36,15,21), (36,21,27), (36,27,35), (36,33,45). But six of these twelve
forms must be removed: the second and third from V”, and the first, third, fourth
and sixth from V", all of which are derived forms. The six remaining forms are
found to belong to distinct classes. In fact, the number of properly primitive (pos-
itive) classes of determinant —531 is 18, and the number of improperly primitive
(positive) classes of determinant —59 (or the number of classes of determinant —531
derived from them) is 3, so the former is to the latter as 6 to 1.

222



Arithmetical Investigations

256.

The following general observations will make this solution still clearer.

I. If the order O is derived from a properly primitive order, AA divides D; but if
O is improperly primitive or derived from an improperly primitive order, A is even,
D is divisible by %AA, and the quotient is = 1 (mod.4). Thus the square of any
divisor of A divides either D itself or at least 4D, and in the latter case the quotient
is always = 1 (mod. 4).

IL. If aa divides D, all the values of the expression /D (mod. aa) that lie between
0 and aa — 1 are 0,a,2a...aa — a, so a is the number of forms in V; but only as
many of them are properly primitive as there are numbers in

2, 2—1, 2—4...2—(a—1)2

aa’  aa aa aa
that have no common divisor with a. When a = 1, V consists of a single form,
(1,0, —D), which is always properly primitive. When a is 2 or any power of 2, half
of those a numbers are even and half odd, so V' contains %a properly primitive
forms. When @ is another prime number p or a power of a prime number p, three
cases must be distinguished: all those a numbers are relatively prime to a, and so
all the forms in V are properly primitive, if % is not divisible by p and is also

D (p—Da

a quadratic nonresidue modulo p; but if p divides .7, V' contains = properly
D

primitive forms; finally, if -2 is a quadratic residue modulo p not divisible by p, V'
contains @ properly primitive forms. All this is proved without difficulty. In
general, setting a = 2¥p"¢Xr” ..., where p,q,r etc. denote distinct odd primes, the

number of properly primitive forms in V' is NPQR. .., where we must set

N=1 (iffr=0)or N=2"""(if v > 0)

P=p" (if % is a quadratic nonresidue modulo p) or
P=(p—1p™ " (if £ is divisible by p) or
P=(p-2)p™ " (if £ is a quadratic residue modulo p

and is not divisible by p)

and @, R etc. are to be defined from ¢, r etc. in the same way as P from p.

III. If aa does not divide D, % is an integer and = 1 (mod.4), and the values of
the expression /D (mod.aa) are 3a,3a,3a...aa — a. Thus the number of forms

in V is a, but only as many of them are properly primitive as there are numbers in

D D D D

- _1 - _9 = _ 2 = (g — 12

aac Y aa Y aa * 7 aa (a=3)
that are relatively prime to a. Whenever % = 1 (mod. 8), all these numbers are
even, so V contains no properly primitive form; but when % =5 (mod. 8). all those

numbers are odd, so all forms in V' are properly primitive if a is 2 or a power of 2.
In general, in this case there are as many properly primitive forms in V' as there are
numbers in that list divisible by no odd prime divisor of a. This number is NPQR ...
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if a =2Yp"gXr? ..., where we must set N = 2¥ and derive P, Q, R etc. from p,q,r
etc. in the same way as in the preceding case.

IV. In this way, then, the numbers of properly primitive forms in V, V', V" etc.
can be determined. For the sum of all these numbers, the following general rule
is found without much difficulty: if A = 2¥A*BAEY ..., where A, B, ¢ etc. denote
distinct odd primes, the total number of properly primitive forms in V, V', V" etc. is

= fame - Where we must set

n=1 (if % =1, mod. 8), or

n =2 (if % is an integer), or

n =3 (if 45 =5, mod. 8); further
a =2 (if A divides £5), or
a=2A=+1 (if A does not divide %,

taking the upper sign

or the lower according as % is a nonresidue

or a quadratic residue modulo )

and finally derive b, ¢ etc. from B, € in the same way as a from 2[. To give the proof
in greater detail here. is ruled out by the need to be brief.

V. As for the number of classes supplied by the properly primitive forms in
V, V', V" etc., the following three cases must be distinguished.

First, when D is a negative number, each properly primitive form in V, V' etc.
constitutes a separate class; that is, the number of classes sought is expressed by the
formula given in the preceding observation, with two exceptions: when % is either
= —4 or = —3, or equivalently when D is either = —AA or = —%AA. To prove this
theorem, clearly we need only show that two distinct forms from V, V', V" etc. cannot
be properly equivalent. Suppose, then, that (hh,i,k), (W'h' i’ k") are two distinct
properly primitive forms from V,V’, V" etc. belonging to the same class, and that
the former is transformed into the latter by the proper substitution «, 3,vy,d. We
then have the equations

hhaa + 2icy + kyy = h'H,
hhaf + i(ad + Bvy) + kvyd =4’

From these we easily conclude, first, that « certainly is not = 0 (which would imply
a=+1, hh =Wk, i =i (mod. hh), and thus that the proposed forms are identical,
contrary to the hypothesis); second, that v is divisible by the greatest common divisor
of the numbers h, h'; (for, setting this divisor = r, it clearly also divides 2i,2i’ but
is relatively prime to k; moreover, rr divides hhk — h'h'k’ = ii — 4'i’, from which
we easily deduce that r also divides ¢ — i. But we have ai’ — SR = ai + vk, so
vk and therefore also 7 are divisible by 7); third, that (ahh + ~i)?> — Dyy = hhh'R’.
Setting ahh + vi = rp, v = rq, then, p and ¢ are integers, the latter not = 0, and
pp — Dqq = hhg M But hhfr/ " is the least number divisible by both hh and k'R, and
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therefore divides AA and so also 4D. Thus % is a (negative) integer; setting it

= —e, we have pp — Dqq = —%, or 4 = (%)2 + eqq. In this equation the term

(i;ﬁ)z, being a square less than 4, must be either 0 or 1. In the former case eqq = 4,

and D = —(};—hl)Q, from which it follows that % is a square with a negative sign

and therefore certainly not = 1 (mod.4), so O is neither improperly primitive nor

derived from an improperly primitive order. Thus % is an integer, from which we

easily deduce that e is divisible by 4, q¢ = 1, D = —(hTh/)Q, and that % too is
an integer. We must therefore have D = —AA, or % = —1, which is the first
exception. In the latter case eqq = 3, so e = 3 and 4D = —3(h7h/)2; thus 3(}7‘,—’;‘,)2 is
an integer which, since multiplication by the integer square (%)2 gives 3, can only
be 3. Hence 4D = —3AA, or D = —%AA, which is the second exception. In all the
remaining cases, therefore, all properly primitive forms in V, V', V" etc. belong to
distinct classes. — For the exceptional cases it is enough to state the results of an
investigation that is not difficult but must be omitted here to keep things brief. In
the former case the properly primitive forms in V, V', V" etc. always belong to the
same class in pairs, in the latter in threes, so the total number of classes sought is, in
the former case, half the value of the expression given in the preceding observation,
and in the latter one third of it.

Second, when D is a positive square, each properly primitive form in V, V', V" etc.
constitutes a separate class without exception. For suppose (hh,i, k), (h'I, i k")
are two such distinct properly equivalent forms, and that the former is transformed
into the latter by the proper substitution «, 3,,d. All the arguments used in the
preceding case that do not assume D negative clearly hold here too. Thus, with
P, q,r denoting the same things as there, }iﬁm, is again an integer, but now positive
rather than negative and also a square. Setting it = gg, we have (%)2 — gg9qq = 4,
which is absurd, since the difference of two squares cannot be 4 unless the smaller
square is 0. The assumption therefore cannot hold.

For the third case, however, where D is a positive nonsquare, we do not yet have
a general rule for comparing the number of properly primitive forms in V, V', V" etc.
with the number of distinct classes resulting from them. We can indeed say that
the latter either equals the former or is a divisor of it. We have even discovered a
special connection between the quotient of these numbers and the smallest values of
t,u satisfying the equation tt — Duu = AA, but describing it here would take too
long. Whether that quotient can be found in every case merely by inspecting the
numbers D, A (as in the preceding cases), we cannot say with certainty. Here are
some examples, whose number anyone can easily increase. For D = 13, A = 2, the
number of properly primitive forms in V etc. is 3, all equivalent, so they constitute
a single class; for D = 37, A = 2, there are again three properly primitive forms
in V etc., belonging to three distinct classes; for D = 588, A = 7, there are eight
properly primitive forms in V etc., constituting four classes; for D = 867, A = 17,
V etc. contain 18 properly primitive forms, and just as many for D = 1445, A = 17,
but for the former determinant they fall into two classes, and for the latter into six.

VI. Applying this general theory to the case. where O is an improperly primitive
order, we conclude that the number of classes in this order is to the total number
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of classes in the properly primitive order as 1 is to the number of distinct properly
primitive classes constituted by the three forms (1,0,—D), (4,1, %), (4,3, %).
Just one class results when D = 1 (mod.8), because in this case the second and
third forms are improperly primitive; but when D =5 (mod. 8), all three forms are
properly primitive and produce as many distinct classes if D is negative, except for
the single case D = —3, in which they constitute one class. Finally, the case where
D is positive (of the form 8n + 5) is among those for which a general rule is still
lacking. We can nevertheless say that in this case the three forms belong either to
three distinct classes or to one, never to two. For it is easy to see that if the forms
(1,0,—D), (4,1, %), (4,3, QZD) belong respectively to the classes K, K', K, then
K+K' =K', K'+ K' = K"; thus, if K and K’ are assumed identical, K/ and K" are
identical too. Likewise, if K and K" are assumed identical, K’ and K" are identical
too; finally, since K’ + K" = K, the assumption that K’ and K” are identical implies
that K and K” coincide too. Thus either all three classes K, K/, K" are distinct or
all three are identical. For example, below 600 there are 75 numbers of the form
8n + 5, including 16 determinants for which the former case holds, so the number of
classes in the properly primitive order is three times that in the improperly primitive
order, namely 37,101,141, 189, 197, 269. 325, 333, 349, 373, 381, 389, 405, 485, 557, 573;
for the remaining 59 the latter case holds, so the number of classes is the same in
both orders.

VII. There is hardly any need to observe that the preceding investigation not
only allows us to compare the numbers of classes in different orders of the same
determinant, but also applies to any different determinants whose ratio is that of
squares. Namely, if O denotes any order of determinant dmm, and O’ an order
of determinant dm/m’, O can be compared with the properly primitive order of
determinant dmm, and this with the order derived from the properly primitive order
of determinant d, or, what comes to the same thing for the number of classes, with
this order itself. The order O’ can be compared with that same order in exactly the
same way.
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The number of ambiguous classes.

257.

Of all classes in a given order of a given determinant, the ambiguous classes in
particular call for a fuller investigation, and determining their number will open the
way to many other things. It is enough, however, to determine this number in the
properly primitive order alone, since the remaining cases can easily be reduced to this
one. We will do this by first showing how to find all properly primitive ambiguous
forms (A, B, C) of the proposed determinant D in which either B =0 or B = %A, and
then how to find from their number the number of all properly primitive ambiguous
classes of determinant D.

I. Clearly all properly primitive forms (A,0,C) of determinant D are found by
taking for A each divisor of D (both positive and negative) for which C' = —%
is relatively prime to A. Thus when D = 1, there are two such forms, (1,0,—1),
(—=1,0,1); just as many when D = —1, namely (1,0,1), (—1,0,—1); when D is a
prime number or a power of a prime (with either a positive or a negative sign),
there are four: (1,0,—D), (-1,0,D), (D,0,—1), (=D,0,1). In general, when D
is divisible by n distinct primes (among which 2 too must be counted here), there
are altogether 2”1 such forms. Namely, setting D = +PQR. .., where P,Q, R etc.
denote distinct primes or powers of distinct primes, whose number is = n, the values
of Aare 1, P,@Q, R etc. and products of any number of these numbers. By the theory
of combinations the number of these values is 2", but it must be doubled, since each
value must be given both a positive and. a negative sign.

II. Likewise, all properly primitive forms (2B, B, C') of determinant D are obtained
by taking for B all divisors of D (positive and negative) for which C' = $(B— %) is an
integer relatively prime to 2B. Since C' must be odd, and therefore CC = 1 (mod. 8),
it follows from D = BB —2BC = (B —C)? — CC that D is either = 3 (mod. 4) when
B is odd, or = 0 (mod. 8) when B is even. Thus whenever D is congruent to one of
the numbers 1,2,4, 5,6 modulo 8, there are no such forms. When D = 3 (mod. 4), C
is an odd integer whatever divisor of D is taken for B; but for C' to have no common
divisor with 2B, B must be chosen so that % is relatively prime to B. Thus for
D = —1 there are two forms, (2,1,1), (—2. —1,—1), and in general it is easy to see
that if the number of all primes dividing D is n, altogether 2"*! forms result. —
When D is divisible by 8, C' is an integer if we take for B any even divisor of %D;
the other condition, that C' = %B — % be relatively prime to 2B, is satisfied first
by taking for B all divisors of D that are twice an odd number and for which % has
no common divisor with B. Their number (counting the different signs) is 2" if
D is assumed divisible by n distinct odd primes; second, by taking for B all divisors
of %D that are divisible by four and for which % is relatively prime to B. Their
number too is 2"*!, so in this case there are altogether 2”2 such forms. Namely,
setting D = +2#PQR. .., where u denotes an exponent greater than 2 and P,Q, R
distinct odd primes or powers of such primes whose number is n, we can take both
for %B and for % the values 1, P, @, R etc. and products of any number of these
numbers, with both positive and negative signs.

From all this we conclude that if D is assumed divisible by n distinct odd primes
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(setting n = 0 when D = +1 or £2 or a power of two), the number of all properly
primitive forms (A, B,C) in which B is either 0 or %A is 2"t when D is either
=1 or =5 (mod.8); 2"*? when D = 2,3,4,6 or 7 (mod.8); and finally 2”3 when
D =0 (mod. 8). Comparing this with what we gave in Article 231 for the number of
all possible characters of primitive forms of determinant D, we see that the former
is in every case exactly twice the latter. Moreover, when D is negative, there are
clearly as many positive as negative forms among those forms.
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258.

All the forms found in the preceding article clearly belong to ambiguous classes,
and conversely every properly primitive ambiguous class of determinant D must
contain at least one of those forms. Such a class certainly contains ambiguous forms,
and every properly primitive ambiguous form (a, b, ¢) of determinant D is equivalent
to one of the forms of the preceding article, namely either

(a,0,—2) or (a, 3a,7a — 2)
according as b is =0 or = %a (mod. a). The problem is therefore reduced to finding
how many distinct classes those forms constitute.

If the form (a,0,c) is among the forms of the preceding article, the form (c,0,a)
occurs among them too and is always different from it, with the single exception
a = ¢ = %1, and therefore D = —1, which we will set aside for a while. Since these
forms clearly belong to the same class, it is enough to retain one, and we will discard
the one whose leading coefficient is greater than the third; we also set aside the case
a=—c==1,or D =1. In this way we can reduce all the forms (A4,0,C) to half
their number, always retaining one of each pair; and in all those remaining we have

A < +/+£D.

Likewise, if the form (2b, b, ¢) occurs among the forms of the preceding article, so

does oD D

4e —2b, 2¢— b =|—-——, —=

( c ) c ) C) ( b ) b7 C)
which is properly equivalent to it and different from it, with the single exception that
we set aside, c = b = £1, or D = —1. Of these two forms it is enough to retain

the one whose leading coefficient is less than the other’s (in this case they cannot
be equal in magnitude but different in sign). Thus all the forms (2B, B, C') too can
be reduced to half their number, always discarding one of each pair; and in those
remaining we have B < %, or B < v/£D. In this way only half of all the forms of the
preceding article remain. We will denote their collection by W, and need only show
how many distinct classes arise from these forms. Moreover, when D is negative,
there are clearly as many positive as negative forms in W.

I. When D is negative, the individual forms in W belong to distinct classes. For
all the forms (A,0,C) are reduced; likewise all the forms (2B, B,C) are reduced
except those in which C' < 2B. In such a form 2C < 2B + C, so (since B < %, that
is, B < 2C — B, and therefore 2B < 2C, or B < C) we have 2C — 2B < C and
C-B< %C’ , and hence (C,C — B, ('), which is clearly equivalent to it, is a reduced
form. This gives as many reduced forms as there are forms in W, and since it is easy
to see that neither identical nor opposite forms can occur among them (with the single
exception C'— B = 0, in which B = C' = +£1, and therefore D = —1, which we have
already set aside), they all belong to distinct classes. We conclude that the number of
all properly primitive ambiguous classes of determinant D equals the number of forms
in W, or half the number of forms in the preceding article. In the exceptional case
D = —1 the same result holds by compensation: there are two classes, one containing
the forms (1,0,1), (2,1,1), and the other (—1,0,—1), (—=2,—1,—1). In general, then,
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for a negative determinant the number of all properly primitive ambiguous classes
equals the number of all assignable characters of primitive forms of this determinant;
but the number of positive properly primitive ambiguous classes is half as great.

II. When D is a positive square = hh, it is not difficult to prove that the individual
forms in W belong to distinct classes. But in this case we can reach the solution still
more briefly as follows. By Article 210 every properly primitive ambiguous class of
determinant hh, and no other class, contains one reduced form (a, h,0), in which a
is a value of the expression v/1 (mod. 2h) lying between 0 and 2h — 1 inclusive. Thus
there are as many properly primitive ambiguous classes of determinant hh as that
expression has values. From Article 105 it follows without difficulty that the number
of these values is 2" or 2"*! or 2"+2, according as h is odd, twice an odd number,
or divisible by four; that is, according as D = 1 or = 4 or = 0 (mod. 8), where n
denotes the number of distinct odd prime divisors of i, or of D. Thus the number of
properly primitive ambiguous classes is always half the total number of forms found
in the preceding article, or equal to the number of forms in W, or of all possible
characters.

III. When D is a positive nonsquare, derive from each form (A, B, C) in W another
form (A, B',C") by taking B’ = B (mod. A) between the bounds v/D and vD F A
(using the upper or lower sign according as A. is positive or negative), and C’ =
B/Bf;_D ; denote their collection by W’. Clearly these forms are properly primitive
ambiguous forms of determinant D, all distinct; moreover, they are all reduced. For
when A < /D, B’ is clearly < v/D and positive; also B’ > VDT A, s0 A >VD—-B,
and therefore A, taken positively, certainly lies between /D + B’ and VD — B'. But
when A > v/D, we cannot have B = 0 (since we discarded those forms), and must
have B = %A. Thus B’ equals %A in magnitude and has a positive sign (for since
A < 2VD, i%A lies between the bounds assigned to B’ and is congruent to B modulo
A, so B = i%A). Hence B’ < v/D, which gives 2B’ < VD + B, or A < /D + B’
therefore +A must lie between the bounds VD + B’ and vD — B’. Finally, W’
contains all reduced properly primitive ambiguous forms of determinant D. For if
(a,b, c) is such a form, either b= 0 or b= 1a (mod. a). In the former case we clearly
cannot have b < a, and therefore not a > /D, so the form (a,O,—%) certainly
belongs to W, and the corresponding (a, b, ¢) to W’; in the latter we certainly have
a < 2D, so (a, %a, %a — %) belongs to W, and the corresponding (a,b,c) to W"'.
Thus the number of forms in W equals the number of all reduced properly primitive
ambiguous forms of determinant D. But since each ambiguous class contains two
reduced ambiguous forms (Articles 187, 194), the number of all properly primitive
ambiguous classes of determinant D is half the number of forms in W, or half the
number of all assignable characters.
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259.

The number of improperly primitive ambiguous classes of a given determinant
D always equals the number of properly primitive ambiguous classes of the same
determinant. Let K be the principal class, and K’, K” etc. the remaining properly
primitive ambiguous classes of this determinant; let L be any improperly primitive
ambiguous class of the same determinant, for example, the one containing the form
(2, 1,% — %D) Composing the class L with K gives the class L itself. Suppose
composing the class L with K’, K" etc. gives the classes L', L” etc. respectively.
Clearly all belong to the same determinant D and are improperly primitive and
ambiguous. The theorem will therefore be proved once we have shown that all the
classes L, L', L" etc. are distinct and that there are no other improperly primitive
ambiguous classes of determinant D. For this we distinguish the following cases.

I. When the number of improperly primitive classes equals the number of properly
primitive classes, each of the former arises by composing the class L with a definite
properly primitive class, so all L, L', L"” etc. must be distinct. If £ denotes any
improperly primitive ambiguous class of determinant D, there is a properly primitive
class £ such that 8+ L = £. If the class K has opposite class £, we also have (since
the classes L, £ are their own opposites) & + L = £. Thus £ must be identical to
R and therefore ambiguous; so & occurs among the classes K, K', K" etc., and £
among L, L', L" etc.

II. When the number of improperly primitive classes is one third the number
of properly primitive classes, let H be the class containing the form (4, 1, %),
and H' the one containing (4,3, %). Then H, H' are properly primitive and
distinct both from one another and from the principal class K, and H + H = K;
2H = H', 2H' = H. 1If £ is any improperly primitive class of determinant D
arising by composing the class L with the properly primitive class K, we also have
L=L+R+Hand £ =L+ K+ H'. Besides the three (properly primitive and
distinct) classes 8, R+ H, 8+ H', no others composed with L produce £. Thus, if £
is ambiguous and £’ opposite to £, we also have L + & = £, so & must be identical
to one of those three classes. If & = &, & is ambiguous; if & = & + H, we have
K=R+R =28+ H =2(R+ H'), so R+ H' is ambiguous; likewise if & = & + H’,
R + H is ambiguous. We conclude that £ must occur among the classes L, L', L”
etc. But it is easy to see that among the three classes &, 8 + H, & + H' more than
one cannot be ambiguous. For if both & and K + H were ambiguous, or identical
to their respective opposites &, & + H’, we would have 8 + H = & + H'. The
same conclusion follows from assuming & and & + H’ ambiguous; finally, if & + H,
A + H' were ambiguous, or identical to their opposites & + H', & + H, we would
have R+ H+ R +H =8 + H + 8+ H', giving 2H = 2H’, or H' = H. Thus there
is only one properly primitive ambiguous class whose composition with L produces
£,s0all L, L', L" etc. are distinct.

The number of ambiguous classes in a derived order clearly equals the number of
ambiguous classes in the primitive order from which it is derived, and so can always
be determined from what precedes.
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260.

PROBLEM. A properly primitive class K of determinant D arises by doubling a
properly primitive class k of the same determinant. Find all such classes whose
doubling gives the class K.

Solution. Let H be the principal class of determinant D, and H', H”, H" etc. the
remaining properly primitive ambiguous classes of the same determinant; denote the
classes obtained by composing these with k, namely k + H', k+ H", k + H" by ¥/,
k", k" etc. Then all the classes k, k’, k" etc. are properly primitive, of determinant
D, and distinct; it is just as easy to see that doubling each gives the class K. If
R denotes any properly primitive class of determinant D whose doubling produces
the class K, it must occur among the classes k, k', k” etc. For set & = k + 9,
where §) is a properly primitive class of determinant D (Article 249). and then
2k 4+ 29 = 2R = K = 2k, from which we easily conclude that 2§ coincides with the
principal class, $) is ambiguous, that is, occurs among H, H', H” etc., and & among
k, k', k" etc. These classes therefore give the complete solution to the problem.

Moreover, when D is negative, clearly half of the classes k, &/, k" etc. are positive
and half negative.

Thus every properly primitive class of determinant D that can arise by doubling
any such class arises by doubling exactly as many such classes as there are properly
primitive ambiguous classes of determinant D. Consequently, if the number of all
properly primitive classes of determinant D is r, and the number of all properly
primitive ambiguous classes of this determinant is n, the number of all properly
primitive classes of the same determinant obtainable by doubling such a class is
The same formula results if, for a negative determinant, the symbols r, n denote
the numbers of positive classes: the former all properly primitive classes, the latter
only the ambiguous ones. Thus, for erxample, for D = —161 the number of all
positive properly primitive classes is 16, and the number of ambiguous classes 4, so
the number of all classes obtainable by doubling some class must be 4. And indeed
all classes in the principal genus are found to have this property: the principal class
(1,0,161) arises by doubling the four ambiguous classes; (2,1,81) by doubling the
classes (9,1,18), (9,—1,18), (11,2,15), (11, —2,15); (9,1, 18) by doubling the classes
(3,1,54), (6,1,27), (5,—2,33), (10,3,17); finally (9, —1,18) by doubling the classes
(3,—1,54), (6,—1,27), (5,2,33), (10,—3,17).
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At least half of all assignable characters for a given determinant cannot correspond
to properly primitive genera (positive for a negative determinant).

261.

THEOREM. For a positive nonsquare determinant, at least half of all assignable
characters cannot correspond to any properly primitive genera; for a negative deter-
minant, to any positive properly primitive genera.

Proof. Let m be the number of all properly primitive (positive) genera of deter-
minant D, and k the number of classes in each genus, so that km is the number of
all properly primitive (positive) classes; let n be the number of all distinct assignable
characters for this determinant. Then by Article 258 the number of all properly prim-
itive (positive) ambiguous classes is %n Hence by the preceding article the number
of all properly primitive classes obtainable by doubling such a class is %Tm But by
Article 247 all these classes belong to the principal genus, which contains k classes.
Thus, if all classes of the principal genus can be obtained by doubling some class (as
will be proved below to hold in every case), we have %Tm =k, orm= %n; but cer-
tainly we cannot have %Tm > k, and therefore not m > %n Since, then, the number
of all properly primitive (positive) genera is certainly no greater than half the num-
ber of all assignable characters, at least half of these characters cannot correspond
to such genera. This proves the theorem. — It must be kept in mind, however, that
this does not yet show that half of all assignable characters actually correspond to
properly primitive (positive) genera. The truth of this very important proposition
can only be brought out below from the deepest mysteries of numbers.

Since for a negative determinant there are always as many negative as positive
genera, clearly no more than half of all assignable characters can belong to negative
properly primitive genera. We will discuss this below, as well as improperly primitive
genera. Finally, the theorem does not extend to positive square determinants: in this
case it is easy to see that genera actually correspond to every assignable character.

A second proof of the fundamental theorem and the other theorems concerning the
residues —1, +2, —2.

262.

Thus, when only two distinct characters can be assigned for a given nonsquare
determinant D, only one corresponds to a properly primitive (positive) genus (which
can only be the principal genus); the other belongs to no properly primitive (positive)
form of that determinant. This happens for the determinants —1, 2, —2, —4. prime
numbers of the form 4n + 1 taken positively and those of the form 4n + 3 taken
negatively; finally, for all odd powers of primes of the form 4n + 1 taken positively,
and for powers of primes of the form 4n 4 3 taken positively or negatively according
as their exponents are even or odd. From this principle we can draw a new method
of proving not only the fundamental theorem but also the other theorems of the
preceding section concerning the residues —1, +2, —2. It is entirely different from
the methods used in the preceding section and seems no less elegant. We will pass
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over the determinant —4 and those that are powers of primes, since they teach us
nothing new.

Thus for the determinant —1 there is no positive form with character 3, 4; for the
determinant +2 there is no form at all with character 3 and 5, 8; for the determinant
—2 no positive form has character 5 and 7, 8; for the determinant +p, if p is a prime
of the form 4n + 1, or for the determinant —p, if p is a prime of the form 4n + 3, no
properly primitive form (positive in the latter case) has character Np. We therefore
prove the theorems of the preceding section as follows.

I. —1 is a nonresidue of every (positive) number of the form 4n + 3. For if —1
were a residue of such a number A, setting —1 = BB — AC would give (A, B,C) as
a positive form of determinant —1 with character 3, 4.

II. —1 is a residue of every prime p of the form 4n + 1. For the character of the
form (—1,0,p), like that of every properly primitive form of determinant p. is Rp,
and therefore —1Rp.

III. Both +2 and —2 are residues of every prime p of the form 8n+1. For either the
forms (8, 1, %), (—8, 1, pg—l> or the forms (8, 3, 9%), (—8, 3, %) are properly
primitive (according as n is odd or even), so their character is Rp. Thus +8Rp and
—8Rp, which also gives 2Rp, —2Rp.

IV. +2 is a nonresidue of every number of the form 8n 4+ 3 or 8n + 5. For if it
were a residue of such a number A, there would be a form (A, B, C) of determinant
42 with character 3 and 5, 8.

V. Likewise —2 is a nonresidue of every number of the form 8n + 5 or 8n + 7; oth-
erwise there would be a form (A, B, C) of determinant —2 with character 5 and 7, 8.

VI. —2 is a residue of every prime p of the form 8n + 3. This proposition can be
proved in two ways. First, since by IV we have +2Np, and by I —1Np, we must have
—2Rp. The second proof comes from considering the determinant +2p, for which
four characters can be assigned, namely Rp, 1 and 3,8; Rp, 5 and 7,8; Np, 1 and 3, 8;
Np, 5 and 7,8. Thus at least two cannot correspond to any genera. Now the form
(1,0, —2p) has the first character, and the form (—1,0,2p) the fourth, so the second
and third must be rejected. Since the character of the form (p, 0, —2) relative to the
number 8 is 1 and 3,8, its character relative to p can only be Rp, giving —2Rp.

VII. +2 is a residue of every prime p of the form 8n+7, which can be proved in two
ways. First, since I and V give —1Np, —2Np, we have +2Rp. Second, since either
(8, 1, 1—'?’) or (8, 3, 9%) is a properly primitive form of determinant —p (according
as n is even or odd), its character is Rp, and therefore 8 Rp and 2Rp.

VIII. Every prime p of the form 4n + 1 is a nonresidue of every odd number ¢ that
is a nonresidue of p. For if p were a residue of ¢, clearly there would be a properly
primitive form of determinant p with character Np.

IX. Likewise, if any odd number ¢ is a nonresidue of a prime p of the form 4n + 3,
—p is a nonresidue of ¢; otherwise there would be a positive properly primitive form
of determinant —p with character Np.

X. Every prime p of the form 4n + 1 is a residue of every other prime ¢ that is a
residue of p. If g too is of the form 4n + 1, this follows at once from VIII; but if ¢ is
of the form 4n + 3, —q too is a residue of p (by II), and therefore pRq (by IX).

234



Arithmetical Investigations

XI. If any prime ¢ is a residue of another prime p of the form 4n + 3, —p is a
residue of ¢q. For if ¢ is of the form 4n + 1; VIII gives pRq, and therefore (by II)
—pRgq. But the case where ¢ too is of the form 4n+3 escapes this method, though it is
easily settled by considering the determinant +pg. Of the four assignable characters
for this determinant, Rp. Rq; Rp, Nq; Np, Rq; Np, Ngq, two cannot correspond
to any genera. Since the forms (1,0, —pq), (—1,0,pq) have respectively the first
and fourth characters, the second and third cannot belong to any properly primitive
form of determinant pq. Thus, since by hypothesis the character of the form (g, 0, —p)
relative to the number p is Rp, its character relative to ¢ must be Rgq, and therefore
—pRq. This proves the theorem.

If in propositions VIII and IX ¢ is taken to denote a prime, those propositions
together with X and XI give the fundamental theorem of the preceding section.

A closer determination of the half of the characters to which no genera can
correspond.

263.

Having established the fundamental theorem by a new proof, we will show how
to distinguish, for any given nonsquare determinant, the half of the characters that
cannot correspond to any properly primitive (positive) forms. We can do this more
briefly since its basis is already contained in the investigation of Articles 147-150.
Let ee be the greatest square dividing the proposed determinant D, and D = D’ee,
so that D’ contains no square factor. Further, let a, b, ¢ etc. be all the odd prime
divisors of D’, so that D’, apart from its sign, is either their product or twice that
product. Let € denote the collection of individual characters Na, Nb, Nc etc. alone
when D' =1 (mod. 4); with the character 3,4 adjoined when D’ = 3 and e is odd
or twice an odd number; with 3,8 and 7,8 adjoined when D’ = 3 and e is divisible
by four; with either the character 3 and 5,8 or the two 3,8 and 5,8 adjoined when
D’ = 2 (mod. 8), according as e is odd or even; finally, with either the character
5 and 7,8 or the two 5,8 and 7,8 adjoined when D’ = 6 (mod. 8), according as e is
odd or even. Then no complete character containing an odd number of the individual
characters in € can correspond to properly primitive (positive) genera of determinant
D. In all cases, individual characters expressing a relation to prime divisors of D
that do not divide D’ contribute nothing to the possibility or impossibility of genera.
— From the theory of combinations it is very easy to see that this indeed excludes
half of all assignable complete characters.

These rules are proved as follows. From the principles of the preceding section,
or the theorems proved again in the preceding article, it follows without difficulty
that if p is a prime (odd and positive) not dividing D and having one of the rejected
characters, D’ contains an odd number of factors that are nonresidues of p, so D’,
and therefore also D, is a nonresidue of p. It is also easy to see that a product of
any number of odd numbers relatively prime to D, none of which has any rejected
character, cannot have such a character either. Conversely, any positive odd number
relatively prime to D that has one of the rejected characters must therefore contain
a prime factor with the same property, so D is a nonresidue of that number. Thus, if
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there were a properly primitive (positive) form of determinant D corresponding to a
rejected character, D would be a nonresidue of every positive odd number relatively
prime to it represented by such a form, which clearly cannot be reconciled with the
theorem of Article 154.

For examples, compare the classifications in Articles 231, 232; anyone can increase
their number at will.
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264.

In this way, then, for any given nonsquare determinant all assignable characters
are divided equally into two types P, @, so that no character in () can correspond to
a properly primitive (positive) form, while for the remaining characters P, as far as
we currently know, nothing prevents them from belonging to such forms. For these
two types, note in particular the following proposition, which follows easily from their
criterion: composing a character in P with a character in @ (by the rule of Article
246, just as if this too corresponded to a genus) gives a character in (); but composing
two characters in P. or two in @) gives a character in P. With this theorem, half of
all assignable characters can also be excluded for negative and improperly primitive
genera, as follows.

I. For a negative determinant D, the negative genera are completely opposite to
the positive ones in this respect: no character in P belongs to a negative properly
primitive genus, but all these genera have characters in Q. For when D' =1 (mod. 4),
—D' is a positive number of the form 4n + 3, so among a, b, ¢ etc. there are an odd
number of numbers of the form 4n + 3, each of which has —1 as a nonresidue. Thus
in this case the complete character of the form (—1,0, D) contains an odd number
of individual characters from €, and so belongs to Q. When D’ = 3 (mod. 4), the
same reasoning shows that among a, b, ¢ etc. there are either no numbers of the form
4n+3, or two, or four, and so on. But since either 3,4 or 3, 8 or 7,8 occurs in this case
among the individual characters of the form (—1,0, D), its complete character also
here - belongs to (). The same conclusion follows just as easily in the remaining cases
so that the negative form (—1,0, D) always has a character in ). Since this form,
composed with any other negative properly primitive form of the same determinant,
produces such a positive form, clearly no negative properly primitive form can have
a character in P.

I1. For improperly primitive (positive) genera it is proved in the same way that the
situation is either the same as for properly primitive genera or the opposite, according
as D =1 or =5 (mod.8). For in the former case we also have D’ =1 (mod. 8), from
which it follows easily that among the numbers a, b, ¢ etc. there are either no
numbers of the forms 8n 4 3 and 8n + 5, or two, or four, and so on (for a product of
any number of odd numbers, among which the numbers of the forms 8n+3 and 8n+5
together occur an odd number of times, is always either = 3 or = 5 (mod. 8), whereas
the product of all a, b, ¢ etc. must equal either D' or —D’). Thus the complete
character of the form (2,1, %) contains either no individual characters from (2, or
two, or four, and so on, and therefore belongs to P. Now every improperly primitive
(positive) form of determinant D can be viewed as composed from (2,1, %) and a
properly primitive (positive) form of the same determinant, so clearly no improperly
primitive (positive) form can have a character in @) in this case. In the other case.
D =5 (mod. 8), everything is opposite: D’, which is also = 5, certainly contains an
odd number of factors of the forms 8n+ 3 and 8n+5. Thus the character of the form
(2,1, %), and therefore also the character of every improperly primitive (positive)
form of determinant D, belongs to @), so no character in P can correspond to an
improperly primitive positive genus.

III. Finally, for a negative determinant the negative improperly primitive genera
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are again opposite to the positive improperly primitive genera: the former cannot
have a character in P or in @), according as D = 1 or = 5 (mod.8), or according
as —D is of the form 8 + 7 or 8n + 3. This follows without difficulty from the
fact that composing the form (—1,0,D), whose character is in @, with negative
improperly primitive forms of the same determinant produces positive improperly
primitive forms. Thus, when characters () are excluded from the latter, characters
P must be excluded from the former, and conversely.

A special method of decomposing primes into two squares.

265.

The investigations of Articles 257, 258 into the number of ambiguous classes, on
which everything above is built, give many other conclusions well worth attention,
which must be omitted to keep this brief. But the following is so elegant that we
cannot leave it out. For a positive determinant p that is a prime of the form 4n+1, we
showed that there is only one properly primitive ambiguous class. Thus all properly
primitive ambiguous forms of such a determinant are properly equivalent. If, then, b
is the positive integer immediately below /p, and p — bb = @', the forms (1,b, —a’),
(—1,b,a’) are properly equivalent; since both are clearly reduced, one occurs in the
period of the other. Giving the former form index 0 in its period, the index of the
latter must be odd (since the leading coefficients of these two forms have opposite
signs); set it = 2m + 1. Further, if the forms with indices 1, 2,3 etc. are respectively

(—a/, b/, a”), (a”, b//, _a///)’ (_a///7 b///’ a////) ote.
then clearly the indices 2m, 2m — 1, 2m — 2, 2m — 3 etc. correspond to the forms
(CL,7 b7 _1)7 (_a//’ bl7 CLI), (a///7 b,/, —(l//)7 (_a/l//7 b///, a///) etc.

Thus, if the form of index m is (4, B,(C), it is also (—C,B,—A), so C = —A and
p = BB+ AA. Consequently every prime of the form 4n+ 1 can be decomposed into
two squares (a proposition we derived above, in Article 182, from entirely different
principles). Such a decomposition can be found by a very simple and entirely uniform
method: develop the period of the reduced form whose determinant is that prime
and whose leading coefficient is 1, up to a form whose outer coefficients are equal in
magnitude and opposite in sign. Thus, for example, for p = 233 we have (1,15, —8),
(-8,9,19), (19,10,-7), (—7,11,16), (16,5,—13), (—13,8,13), and 233 = 64 + 1609.
Moreover, A must clearly be odd (since (A, B, —A) must be properly primitive), and
so B is even. — Since for a positive determinant p that is a prime of the form 4n + 1
the improperly primitive order too contains only one ambiguous class, clearly if g is
the odd number immediately below /p, and p — gg = 4h, the reduced improperly
primitive forms (2, g, —2h), (=2, g,2h) are properly equivalent, and therefore one
occurs in the period of the other. Reasoning just as above shows that the period of
the form (2, g, —2h) contains a form whose outer coefficients are equal in magnitude
and opposite in sign, so this too gives a decomposition of the number p into two
squares. The outer coefficients of this form are clearly even, and therefore its middle
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coefficient odd. Since a prime can be decomposed into two squares in only one way,
the form found by this second method is either (B,+A, —B) or (—B,£A, B). Thus
in our example, for p = 233 we have (2,15, —4), (—4,13,16), (16,3, —14), (—14,11,8),
(8,13,—8), and 233 = 169 + 64 as above.
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DIGRESSION CONTAINING A TREATMENT OF TERNARY FORMS.

266.

So far we have restricted our investigation to functions of the second degree in-
volving two indeterminates, and there has been no need to give them a special name.
But we can clearly regard this subject as a very special part of the most general
investigation of rational integral algebraic homogeneous functions of several in-
determinates and various degrees, and conveniently distinguish these functions by
their degree as forms of the second, third, fourth degree, etc., and by the number
of indeterminates as binary, ternary, quaternary forms, etc. Thus the forms that
we have so far called simply forms will be called binary forms of the second degree;
functions such as

Axx + 2Bxy + Cyy + 2Dxz + 2FEyz + Fzz

where A, B, C, D, E, F denote given integers) will be called ternary forms of the
second degree, and so on. This section is primarily devoted to binary forms of the
second degree alone; but several truths concerning them, and very beautiful ones,
still remain whose true source must be sought in the theory of ternary forms of
the second degree. So we insert a short digression on that theory here, in which
we will present, from its first elements, what is needed to complete the theory of
binary forms. We hope that mathematicians will find this more welcome than if we
either suppressed those truths or derived them by less natural methods. We must
reserve a fuller investigation of this very important subject for another occasion,
both because its richness would already take us far beyond the limits of this work,
and because we hope that it will be enriched by further substantial advances in
the future. Quaternary, quinary, etc. forms of the second degree, and all forms of
higher degrees, are entirely excluded from our purpose here”). Let it be enough to
draw mathematicians’ attention to this vast field, in which they will find abundant
material for exercising their powers and enriching higher arithmetic with outstanding
advances.

267.

It will greatly help clarity to establish a fixed order among the three indeterminates
entering a ternary form, just as for binary forms, so that the first, second and third
indeterminate are distinguished from one another. In arranging the individual terms
of a form, we will always follow this order: first comes the term involving the square
of the first indeterminate, followed in turn by those involving the square of the second,
the square of the third, twice the product of the second and third, twice the product
of the first and third, and twice the product of the first and second. Finally, the given
integers by which these squares and double products are multiplied will be called, in
the same order, the first, second, third, fourth, fifth, sixth coefficient. Thus

! 1] n_n_n !N / ! /! /
arr+ax'x +a x'x" +2bx'x” +2bxx” + 20" xx

“'¥or this reason, whenever we speak simply of binary or ternary forms from now on, forms of the
second degree are always meant.
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will be a ternary form in the proper order, whose first indeterminate is z, second 2,
third 2, first coefficient a, etc., fourth b, etc. But it will greatly shorten our notation
if we do not always need to denote the indeterminates of a ternary form by special
letters. So, when we disregard the indeterminates, we will also denote the same form
by

Setting
bb—ad'ad =A, VY —ad =A V'V —-ad =A"
ab—VY' =B, 't —by' =B, o't b =B

A, AL, A
(4 4y

which we will call the adjoint of the form

a, a, a’
<b by b//>---f

We then find, denoting for brevity the number

gives another form

abb + a'b'b + a"V'V" — ad'd” — 206’6 by D

BB — A'A" =aD, B'B'— AA" =d'D, B"B"— AA' =d'D
AB-B'B"=bD, A'B'—BB"=VD, A"B" - BB =V'D

This shows that the adjoint of the form F' is the form
aD, oD, a'D
bD, VD, V'D
The number D, on whose nature the properties of the ternary form f chiefly depend,
will be called the determinant of this form. In this way the determinant of the form
F becomes = DD, or equal to the square of the determinant of the form f, of which
it is the adjoint.
Thus, for example, the ternary form (2797 ’ i?i 194> has the adjoint (5163 :?(13(1): _1%))%1 ),
and the determinant of each = 1.
Ternary forms of determinant 0 will be entirely excluded from the following in-
vestigation, since, as will be shown in the theory of ternary forms to be presented

more fully on another occasion, they are ternary only in appearance and are in fact
equivalent to binary forms.
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268.

If a ternary form f of determinant D, whose indeterminates are x, 2/, 2" (the first
= z, etc.), is transformed into a ternary form g of determinant E, whose indetermi-
nates are y, v/, y”, by a substitution of the form

z=ay+ By +y"
x/ — Oé/y + IB/y/ + ,_y/y//

m/l — a//y +B”y/ +7//y”

where all nine coefficients «, 3, etc. are assumed to be integers, then, for brevity,
omitting the indeterminates, we will simply say that f passes into g by the substitu-

tion (.9)

a, B, v
o, B, A
O//7 ﬁ//7 ,_y//

and that f contains g, or that g is contained in f. This assumption immediately
gives six equations for the six coefficients in g, which we need not write down. An
easy calculation then gives the following conclusions:

I. Denoting for brevity the number

Oéﬁl’}/” + B’}/O// + 'YO/B” _ ’Yﬁ/a” . cw'ﬁ" o Ba/,yl/ by k
we find, after the necessary reductions, £ = kkD. Thus D divides F, and the quotient
is a square. So the number k plays a role in transformations of ternary forms similar
to that of the number ad — S in Article 157 for transformations of binary forms: it is
a square root of the quotient of the determinants. We might therefore conjecture that
the difference in the sign of k also establishes here an essential distinction between

proper and improper transformations and containments. But on looking more closely,
it is clear. f also passes into g by the substitution

—qQ, _Bv -

_ O/, _ B/, _ ’Y/

70/1’ 75//’ 7,}///
and in the value of k, replacing a by —a, § by —f, etc. gives —k. So this substitution
would be dissimilar to the substitution S, and every ternary form containing another
in one way would also contain it in the other. Such a distinction, being of no use for
ternary forms, will therefore be entirely ruled out here.

II. Denoting by F', G the adjoints of f, g, respectively, the coefficients in F' are
determined by the coefficients in f, and the coefficients in G by the values of the
coefficients of the form g, known from the equations supplied by the substitution S.
Expressing the coefficients of the form f by letters and comparing the values of the
coefficients of the forms F', G, we readily confirm that [’ contains the form G and is
transformed into it by the substitution (S”)

ﬁ/’Y” _ 5// /7 ’y/O/l _ ,7//0/7 O/,B” _ O/,ﬂ/
B//,Y o B,y//’ 'Y//a o 'YO//a 0//,8 _ Ozﬂ//
By =By, yd —+a, af —dp
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We omit the calculation itself, which presents no difficulties.
III. The form g is, by the substitution (5”)

By =B", B"y—=pBY", BY =By
”ylo// _ '7”0/7 ’y”Oz _ 70‘//7 ”yO/ _ ,y/a

a/BH o O//,B/ a”ﬂ - aﬁ” 04,3/ _ o/ﬁ
clearly transformed into the same form into which f passes by

) 07
Y k?
0

9

o O
x> O O

)

that is, into the form obtained by multiplying each coefficient of the form f by kk.
We will denote this form by f’.
IV. In exactly the same way it is proved that the form G, by the substitution (S")

/ 7

a, o, «@
ﬁ ﬁ/ B//
v v

passes into the form obtained from F' by multiplying each coefficient by kk. We will
denote this form by F’.

We will say that the substitution S” arises by transposing the substitution S.
Clearly, S then arises in turn by transposing the substitution S”’, and S’, S” each by

transposing the other. — The substitution S’ can conveniently be called the adjoint
of the substitution S, so the adjoint of the substitution S” will be S”.
269.

If not only the form f contains g, but also the latter contains the former, the forms
f, g will be called equivalent. In this case not only will D divide E, but F will also
divide D, from which we easily conclude that D = F must hold. Conversely, if a form
f contains a form g of the same determinant, these two forms will be equivalent. For
(using the same notation as in the preceding article and excluding the case where
D = 0) we will have & = +1, and so the form f’. into which g passes by the
substitution S”, is identical to f, or f is contained in g. It is also clear that in this
case the forms F', G, adjoints of f, g, will be equivalent to each other, and the latter
will pass into the former by the substitution S”. Finally, conversely, if the forms F,
G are assumed equivalent, and the former passes into the latter by the substitution
T, the forms f, g will also be equivalent: f will pass into g by the adjoint of the
substitution 7', and g into f by the transpose of the substitution 7. For by these
two substitutions, respectively, the adjoint of F' passes into the adjoint of G, and the
latter into the former. But these two forms are obtained from f, g by multiplying
each coefficient by D, so we readily conclude that, by the same substitutions, f passes
into g. and g into f, respectively.
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270.

If a ternary form f contains a ternary form f’, and the latter a form f”: then f
will also contain f”. For it is very easy to see that if the following transformations

hold:
f into f’ by substitution | f’ into f” by substitution

a’ 57 7 57 87 C
a,’ /8/7 ’y/ 6/7 8,’ CI
o, B A & e ¢

f will be transformed by the substitution
ad + 6" +40", e+ el +ye",al+ BC + ("
a/é_’_ﬁ/d/_’_,y/é//’ a/€+/8,5/+7,5,/, alc_’_ﬁ/g/_i_,ylg//
a//6 _|_ /B//(S/ + 7//6// O/,E + /8//51 + ’7//6// O//C _|_ BNCI + ,}/IIC//
Thus, in the case where f is equivalent to f/, and f’ to f”, the form f will also be

equivalent to the form f”. — It is also immediately clear how these theorems are to
be applied to more forms.
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271.

It is now clear that all ternary forms, just like binary forms, can be divided into
classes, assigning equivalent forms to the same class and inequivalent forms to dif-
ferent classes. Forms with different determinants will therefore certainly belong to
different classes, so there will be infinitely many classes of ternary forms. Ternary
forms with the same determinant, however, make up sometimes fewer and sometimes
more classes. But the outstanding property of these forms is that all forms with the
same given determinant always make up a finite number of classes. Before develop-
ing this very important theorem more fully, we must describe the following essential
distinction among ternary forms.

Some ternary forms are such that both positive and negative numbers can be
represented by them without distinction, for example the form xx + yy — zz. They
will therefore be called indefinite forms. By others, on the contrary, negative numbers
cannot be represented, but only positive ones (apart from zero, obtained by setting
each indeterminate = 0), as with zx + yy + zz, so they will be called positive forms.
Finally, by others positive numbers cannot be represented, as with —xx — yy — 22,
so they will be called negative forms. Positive and negative forms will be given the
common name definite forms. Here are general criteria by which these properties of
forms can be distinguished.

Multiplying the ternary form

f=azvx+ad2's" +d'2"2" +2b2'2" 4 20 22" + 20" 22’

of determinant D by a, and denoting the coefficients of the adjoint of f, as in Article
267, by A, A’, A", B, B', B", gives

(az + V' + b/$//)2 ~ A"%'% +2B's" — Ala'2 =g
Multiplying again by A’ gives
Allaz + V2" +0'2")? — (A'2” — B2')? + aDa'z’ = h

From this we immediately conclude that if both A" and aD are negative numbers, all
values of h are negative. Clearly, then, the form f can represent only numbers whose
sign is opposite to that of aA’, that is, the same as that of a, or opposite to that of
D. In this case, therefore, f will be a definite form, positive or negative according as
a is positive or negative, or according as D is negative or positive.

If, however, either both aD, A’ are positive, or one is positive and the other
negative (neither = 0), it is easy to see that h can take both positive and negative
values by a suitable choice of the quantities =, 2/, 2. In this case, then, f can take
values with both the same sign as aA’ and the opposite sign, and so it will be an
indefinite form.

In the case where A’ = 0, but not a = 0, we have

g — (al‘ + b”ﬂf/ + b/x,/)Q _ JU/(A//QS/ o 2Bl'//)
Giving 2’ an arbitrary value (but not = 0), and taking z” so that AQNg/ — 2" has
the same sign as Bz’ (which is easily seen to be possible, since B cannot be = 0, as
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this would give BB — A’A” = aD = 0, and therefore also D = 0, a case we exclude),
makes z'(A”2' —2Bz") a positive quantity. It is then easy to see that 2 can be chosen
so that g takes a negative value. Clearly these values can also be chosen so that, if
desired, they are all integers. Finally, it is clear that whatever values are assigned
to 2/, 2", x can be taken so large that g becomes positive. We conclude that in this
case the form f is indefinite. Finally, if a = 0, we will have

f:a,:L‘/$/—I—2bZL‘/:E/,—|—a,/:E/,$/,—I—Ql’(b”:l?/—l—bll‘//)

Taking 2/, 2 arbitrarily, but so that b”z’ 4+ b'x” is not = 0 (which is clearly possible
unless both o’ and b” are = 0; but then we would have D = 0), we readily see that =
can be chosen so that f takes both positive and negative values. So in this case too
f will be an indefinite form.

Just as here we have used the numbers aD, A’ to judge the nature of the form
f, we can also use aD and A”: f is a definite form if both aD and A” are negative,
and indefinite in every other case. In exactly the same way, considering the numbers
a’D and A, or a’D and A”, or "D and A, or finally a”’ D and A’, can serve the same
purpose.

From all this it follows that in a definite form the six numbers A, A’, A”, aD, a'D,
a” D are negative. In a positive form, a, a’, a” will be positive and D negative; in
a negative form, a, a’, a” will be negative and D positive. Thus all ternary forms
with a given positive determinant fall into negative and indefinite forms, and all
those with a negative determinant into positive and indefinite forms. Finally, there
are no positive forms with a positive determinant, or negative forms with a negative
determinant. — From the same considerations it is easy to see that the adjoint of a
definite form is always definite, and indeed negative, while the adjoint of an indefinite
form is indefinite.

Since all numbers representable by a given ternary form can clearly also be repre-
sented by every form equivalent to it, the ternary forms contained in the same class
will either all be indefinite, all positive, or all negative. We may therefore extend
these names of forms to entire classes as well.
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272.

We will treat the theorem proposed in the preceding article, that all ternary forms
of a given determinant fall into a finite number of classes, by a method similar to
the one we used for binary forms. We will first show how any ternary form can be
reduced to a simpler form, and then that for any given determinant there are only
finitely many simplest forms (reached by such reductions). Suppose in general that

a,a, a"

a ternary form f = (b b b,,) of determinant D (different from zero) passes, by the
substitution (S)

a B, v
o, B
a// /8// ’Y”
) )
into an equivalent form g = (7: Tg,/’ 7:;,/,/ ) Our task will be to determine «, 3, 7, etc.

so that the form g becomes simpler than f. Let the adjoints of f, g be, respectively,
(g: gi’, gx ), (]\]\/,[ 1\]\/[[/’ ]\]\/[[,/,/ ) denoted by F, G. Then by Article 269, F' will pass into
G by the adjoint of the substitution S, and G into F' by the substitution obtained

by transposing S. The number
aﬁ"y"+a’ﬁ"7+a”5’y'—a"ﬁ’v—aﬁ"’y' _0/67”
which must be either = +1 or = —1, will be denoted by k. With this understood, we
observe:
LIfweset y=0,7=0,a"=0,5"=0,+" =1, we will have
m = aca + 26" ad + d'd’d/,

m' = app+ 288 +a B8,

m’ =a
n=>bs" 4+,
n =bd +ba,

n// — (lOé,B + b”(aﬁ/ + 50/) + a,a/ﬁ/

Also, aff’ — fa’ must be either = +1 or = —1. It is clear from this that the binary
form (a,b”,a’), whose determinant is A”| is transformed by the substitution «, 3, o/,
B’ into the binary form (m,n”, m’) of determinant M"”, and is therefore equivalent to
it, because a8’ — o’ = +1. Thus M" = A”, which is also easily confirmed directly.
So unless (a,b”,a’) is already a simplest form in its class, we may choose «, 3, o,
B so that (m,n”,;m') is a simpler form. Indeed, the theory of equivalence of binary
forms readily shows that this can be done so that m is no greater than \/—éA” if

A" is negative, or no greater than v/ A” if A” is positive, or m = 0 if A” = 0. Thus
in every case the (absolute) value of m can certainly be lowered below, or at least
as far as, 4 /:E%A" . In this way the form f is reduced to another with a smaller first

coefficient, if possible, and whose adjoint has the same third coefficient as the form
F adjoint to f. This is the first reduction.
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II. If, however, we set « = 1, 3 =0, v = 0, & = 0, & = 0, we will have
k= 3'~" — "y = £1. So the adjoint of the substitution S will be

+1, 0, 0
0 ’Y” -8
07 _’Yla 6/

by which F will pass into G. We will therefore have

m=a n/ — b,"}/” + bl/ / nl/ — b/ﬂ” + b”B/
ml — alﬂlﬁl _|_ Qbﬁ//B// + a”ﬁNBH
m// — a//y/,y/ _|_ 2b’y/’7” + CL”’Y”’V”
n = a/ﬂlryl + b(IB/’yH + ,ylﬁ//) + a//IB//,y//
M/ — A/,y//,y// o 2B,y//_y// + A,/'}/'}/
N — —A/B//’}/I + B(/Bl’}/” + ’}/IB”) . A//,B/"}//
MI/ — AI/BHIB” _ 2Bﬁ/ﬁ// + A”B/ﬁl

It follows that the binary form (A”, B, A’), whose determinant is Da, passes by the
substitution 8, —v/, —8"”, 4" into the form (M", N, M') of determinant Dm, and
so is equivalent to it (because 8’9" —+'8” = £1, or because Da = Dm). So unless
(A", B, A’) is already a simplest form in its class, the coefficients ', 4/, 5", +" can be
chosen so that (M”. N, M') is simpler. This can always be done so that M”, without

regard to sign, is no greater than 1/:|:%Da. In this way the form f is reduced to
another with the same first coefficient, but whose adjoint has, if possible, a smaller
third coefficient than the form F adjoint to f. This is the second reduction.

III. Thus if f is a ternary form to which neither the first nor the second reduction
is applicable, that is, which cannot be transformed into a simpler form by either: we
must have both aa < or = 34", and A”A” < or = 3aD, without regard to sign.
Hence a* will be < or = %GA”A”, and so a* < or = %QD, a’ < or = %D, and a <
or = 3V/D; from this again A”A” < or = %W, and A” < or = %W So as long
as a or A” still exceeds these bounds, one or the other of the preceding reductions
must be applicable to the form f. — This conclusion must not be reversed, however,
since it quite often happens that a ternary form whose first coefficient, and the third
coefficient of its adjoint, are already below those bounds can nevertheless be made
still simpler by one or the other reduction.

IV. If the first and second reductions are applied alternately to any given ternary
form of determinant D, that s, the first or second to the form itself, the second or first
to the resulting form, again the first or second to the next resulting form, etc., then
clearly we must eventually reach a form to which neither can be applied any further.
For the absolute magnitudes both of the first coefficients of the forms obtained in
this way and of the third coefficients of their adjoints continually alternate between
staying the same and decreasing. This process must eventually end somewhere, since
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otherwise there would be two infinite sequences of continually decreasing numbers.
We have now obtained a remarkable theorem: FEwvery ternary form of determinant
D can be reduced to an equivalent form whose first coefficient is no greater than
% /D, and the third coefficient of its adjoint no greater than %W, without regard
to sign, if the given form does not already have these properties. — Instead of the
first coeflicient of the form f and the third of the adjoint of f, we could have treated
in exactly the same way either the first coefficient of the form itself and the second
of its adjoint; or the second of the form itself and the first or third of its adjoint; or
the third of the form itself and the first or second of its adjoint. Each of these routes
would equally have led us to our intended goal. But it is useful to keep consistently
to one method, so that the operations involved can more easily be reduced to a fixed
algorithm. Finally, we observe that for the two coefficients which we have shown how
to lower below fixed bounds. still smaller bounds can be established if definite forms
are separated from indefinite ones; this is not needed for our present purpose.
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273.

Here are some examples to illustrate the preceding rules more fully.

Erample 1. Let f = (ig gé 510); then F = <_2§.)275 _517%6 :g?g), D = —1. Since
(19,1,21) is a reduced binary form to which no other form with a first coefficient
smaller than 19 is equivalent, the first reduction is not applicable here. But the
theory of equivalence of binary forms shows that the binary form (A”, B A )

(—398,257,—166) can be transformed into the simpler equivalent form (—2 10),
into which it passes by the substitution 2,7,3,11. So, setting 5’ = 2, 7 -7,

0, 0
B’ = =3, 74" = 11, we must apply to the form f the substitution {8, 2;’3 If}’ by

which it is found to pass into <_113é97 38111 4_78629 ) ... f'. The third coefficient of the

adjoint of this form is —2, so in this respect f’ must be regarded as simpler than f.
The first reduction can be applied to the form f’. For since the binary

form (19, —82,354) is transformed into (1,0,2) by the substitution 13,4,3,1: we
13, 4,0
must apply to the form f’ the substitution { 3, 1,(1)}, by which it passes into

1, 2, 4769 "
(—95,16, 0 )f :

The second reduction can again be applied to the form f”, whose adjoint is
(:59153:’ 7%‘23’ 1330)- For (—2,—95, —4513) passes by the substitution 47,1, —1,0 into

) )

1,0, 0
(—1,1,—2): so we must apply to f” the substitution { 0, 47, 701 }, by which it passes

5 )

into (i 2577 2 ) . f". Tts first coefficient cannot be decreased any further by the

first reduction, nor can the third coefficient of its adjoint by the second.

Ezxample 2. Let the given form be (17(3’ 2063’ i) ... f, whose adjoint is (;g :gg: _%44

and whose determinant = 2. Applying the second and first reductions alternately
gives, in succession,

substitutions | take into
1, 0, O
0 -1, 0 f < 10, 2, 2 > =f
0, 4, —1
0, —1,0
P T 2,2 2
1, -2,0 ! < v 4 )
0, 0
e " 2, 2, 2 "
,31, _01} / ( -2, 1, 72) /

i [1) 8 f/// ( 0, ) f////
0,0 1 - ‘1 0

The form f”” cannot be reduced any further by the first or second reduction.
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274.

When we have a ternary form whose first coefficient, and the third coefficient of its
adjoint, have been lowered as far as possible by the preceding methods: the following
method gives a further reduction.

Using the same notation as in Article 272, and setting a« = 1, o/ = 0, ' = 1,

=0, 8" =0,~" =1, that is, using the substitution

L B8, v
0, 1, o
0, 0, 1
we have
m=a, m =d+2"5+asp,
m//:a//+2bfy/+2b/7+a77+2b/,7')’/+a,7/7/
n=>b+ady +V8+V"(v+By)+aby,
n':b'—l—a'y—l—b" /’ n":b"+aﬁ
and also

//:A//’ N:B—A,/'Yl, N,:B,—NB—A”'}/

Thus a substitution of this kind leaves unchanged the coefficients a, A” which were
decreased by the preceding reductions. Our task is therefore to obtain decreases in
the remaining coefficients by a suitable choice of 3, v, 7/. For this purpose we first
observe that if A” = 0, we may assume that a = 0 as well. For if a is not = 0, the first
reduction could still be applied once more, since every binary form of determinant 0
is equivalent to a form such as (0,0, ), or one whose first coefficient = 0 (see Article
215). In exactly the same way we may assume that A” = 0 as well if a = 0, so that
either neither of the numbers a, A” is 0, or both are.

In the ﬁrst case it is clear that 3, v, 7/ can be chosen so that, without regard
to sign, n”, N, N’ are no greater, respectively, than 1a, £A”, 2A”. Thus in the
first example of the preceding article, the last form <1 257 2 >, whose adjoint is
<7?13 :126 52) passes by the substitution {1, 1,6 N } into (1) (1) (1) .. f"", whose

adjoint is <_01 _01 _01>.
In the second case, where a = A” = 0, and therefore also b” = 0, we have

1.7

m=0, m' =d, m'=d +2by +20y+dyy
n=b+dy +¥3, n'=b, =0
So we will have
D =d't't =m'n'n

and it is easy to see that 8 and 4/ can be chosen so that n equals the residue of b
of smallest absolute value modulo the greatest common divisor of a’, b’; that is, so
that n is no greater than half this divisor without regard to sign, and hence n = 0
whenever o, b/ are coprime. Having determined /3, 7/ in this way, we can choose the
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value of v so that m” is no greater than b’, without regard to sign. This would indeed
be impossible if b’ = 0, but then we would have D = 0, a case we have excluded. Thus
for the last form in Fzample 2 of the preceding article we obtain n = —2 — 3 + 2+/,

so setting B = —2, v/ = 0 gives n = 0. Further, m” = 2 — 2+, and setting v = 1 gives
1, -2, 1
m” = 0. We therefore have the substitution {0, 1, 0 }, by which that form passes

0, 0, 1
. 0, 2, 0 "
into (07 _170) Lo
275.

Suppose we have a sequence of equivalent ternary forms f, f’, f”, f", etc., and
transformations of each of these forms into the next. From the transformations of
the form f into f’, and of the form f’ into f”, Article 270 gives a transformation of
the form f into f”. From this and the transformation of the form f” into f" follows
a transformation of the form f into f”, etc. Clearly, in this way a transformation of
the form f into any other in the sequence can be found. And since a transformation
of the form f into any other equivalent form g gives a transformation of the form g
into f (S” from S, Articles 268, 269), we can in this way obtain a transformation of
any form in the sequence f’, f”, etc. into the first, f. — Thus for the forms in the
first example of the preceding article we find the substitutions

13, 4, 0] 13, 188, —4| 13, —20, 16
6, 2, —-7| 6, 87, -2| 6 -9, 7
—9, -3, 11|-9, —130, 3|-9, 14, —11

by which f passes into f”, f"”, f"””, respectively, and from the last substitution
1, 4, 4
we obtain {3, 1, g}, by which f”” passes into f. Similarly, for Ezample 2 of the

) )

preceding article, we obtain the substitutions

1, -1, 1]2 -3, -1
-3, 4, =33, 1,
10, —14, 11]2, 4, 1

by which, respectively, the form (170’ ' 206;’ Z) passes into (8: _217 8), and the latter into

the former.
276.

THEOREM. The number of classes into which all ternary forms of a given deter-
minant are divided is always finite.

"

Proof. 1. The number of all forms (‘; Z,/ ’ Z,,) of a given determinant D in which

a=0,b" =0, b is no greater than half the greatest common divisor of the numbers
a’, b'; and a” no greater than ¥, is clearly finite. For since we must have a'b'b’ = D,
the only possible values of b are +1, —1 and the roots, with positive and negative
signs, of the squares dividing D (if there are any others besides 1). There are finitely
many such values. For each value of 0/, however, the value of a’ is determined, and
the values of b, a” are clearly limited to finitely many possibilities.
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I1. Similarly, there are finitely many forms (Z” Z:’ Z,,,, ) of determinant D in which a

is not = 0 and is no greater than %{’/ﬁ; b"b" —aa’ = A” is not = 0 and is no greater
than %\?’/ﬁ; b" is no greater than %a; and ab — b'b" = B and o't/ — bb” = B’ are no
greater than $A”. For the number of all combinations of values of a, b”, A", B, B’
will be finite. Once these are individually determined, the remaining coefficients of
the form, a’, b, b, a”, and the coefficients of its adjoint

bb—d'd" = A, WY —ad" = A, o'V —bb = B

will also be determined by the following equations:

'y — A" BB —aD
o =——" A=="_"Z
7 A” )
B’B’a— @D _, BB +V'D
A== B =% —
,_AB-BB"__ Bd BV
- b a7
y_ AB' —BB" BV +Ba
- D - A
, WY —A bb—A b+ B
a = a - a - b

Now all those forms are obtained by choosing, from all combinations of values of a,
b, A”, B, B’, those for which d’, a”, b, b’ also take integer values, so their number
is clearly finite.

II1. All the forms in I and II therefore constitute finitely many classes. There may
even be fewer classes than forms if some of the forms are equivalent to one another.
Now by the preceding investigations every ternary form of determinant D must be
equivalent to one of those forms, that is, belong to one of the classes which they
constitute: these classes will therefore contain all forms of determinant D, that is, all
ternary forms of determinant D will be divided into finitely many classes. Q.E.D.

253



Arithmetical Investigations

277.

The rules for finding all the forms in I and II of the preceding article follow directly
from their description, so a few examples will be enough. For D = 1, the choices of
signs give these six forms I.

0, 1, 0 0, 1, +1
0,41,0 ) 0, £1, 0

In forms II, @ and A” can have no values other than +1 and —1. For each of the four
resulting combinations, b”, B and B’ must be set = 0, giving four forms

1, -1,1 -1, 1,1 1,1, -1 -1, -1, -1
0, 0, 0): 0, 0,0 ) > 0,0, 0 ) 0, 0, 0
Similarly, for D = —1 we have six forms I and four forms II,
0, -1,0 0, -1, +1) . 1, -1, -1
0,£1,0 ) > 0, %1, 0 ) 0, 0, O )
-1,1, -1 -1, -1,1 1, 1,1
0,0, 0 )> 0, 0,0)> 0,0,0
For D = 2 we obtain six forms I

0, 2 0 0, 2, +1
(0,:t1,0>’ (O,ﬂ:l, 0)
and eight forms II

1,-1,2 —-1,1,2 1,1, -2 -1, -1, -2

0, 0, 0/ 0, 0,0)> 0,0, 0 /> 0, 0, 0

1,-2,1 -1,2,1 1,2 -1 -1, -2, -1

0, 0, 0/ 0, 0,0 )> 0,0, 0 /) 0, 0, 0
The number of classes arising from these forms in these three cases is, however, much
smaller than the number of forms. For it is easily confirmed:

I. The form (8’ i 8) passes into

0, 1, 0 0, 1, 1 0, 1, -1 1,1, -1
0,-1,0 ) 0,£1,0 ) 0, %1, 0 J> 0,0, 0

by the respective substitutions

1, o, 0| o 0 1| o0 o0 1|1, o0 -1
001, o0| 0 1, -1 0, 1, 1|1, 1, —1
0, 0, —1|+1, 1, 0|+1, -1, —-1]0, -1, 1

Y

while the form <(1) (1) })1> passes into <(1) })1 é), (51 (1) (1)) merely by permuting the
indeterminates. Thus those ten ternary forms of determinant 1 reduce to these two
(8: } 8), <_01 _01 _01 ); instead of the first, if preferred, we can also take (i 8: 8).
Since the former form is indefinite and the latter definite, it is clear that every

indefinite ternary form of determinant 1 is equivalent to the form zx + 2yz, and
every definite one to —zx — yy — zz.
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II. In exactly the same way we find that every indefinite ternary form of determi-
nant —1 is equivalent to the form —xzz + 2yz, and every definite one to zx + yy + zz.

III. For determinant 2, the second, sixth and seventh of the eight forms (II) can
be discarded immediately, since they arise from the first merely by permuting the
indeterminates. For the same reason we can also discard the fifth, which arises in
this way from the third, and the eighth, which arises from the fourth. The three
remaining forms, together with the six forms I, constitute three classes. For (8: f 8>

1,0, 0
passes into (07 2 0) by the substitution {8, (1), 0 }, and the form (é (1) _02) into

(813). (5s). (@19),
(B25) ()

by the respective substitutions

1, 0, 1]1, 0, —=1]1, 0, 0|1, 0, 0|1, 0, O
1, 2, 0|1, 2, 01, 2, —1|1, 2, 1|0, 1, 2
1, 1, o1, 1, o1, 1, —1|1, 1, 1]0, 1, 1

) ? ) ) ) ) )

Thus every ternary form of determinant 2 can be reduced to one of these three

0, 2, 0 1,1, -2 -1, -1, -2
0,-1,0 ) 0,0, 0 0, 0, 0

Instead of the first, if preferred, we can also take (% 8: 8). Clearly every definite

ternary form must be equivalent to the third, —xx — yy — 22z, since the first two
are indefinite. Every indefinite form is equivalent to the first or second: to the first,
2xx + 2yz, if its first, second and third coefficients are all even (since it is easy to see
that any substitution takes such a form into a form of the same kind, so it cannot
be equivalent to the second form); but to the second, zx + yy — 2zz, if its first,
second and third coefficients are not all even, but one, two or all are odd (for the
same reason, the first form 2zx + 2yz cannot be transformed into such a form by
any substitution). So what happened in the examples of Articles 273, 274, namely

that the definite form (1195’72218’7510 ) of determinant —1 reduced to xx + yy + 2z, and the

indefinite form (1%{2)?4’2) of determinant 2 to 2xx — 2yz, or, which amounts to the

same thing, to 2zx + 2yz, could have been predicted in advance from the preceding
investigations.
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278.

A ternary form with indeterminates z, z’, 2" represents both numbers, by assigning
specific values to z,2’, 2", and binary forms, by substitutions of the kind

/ / / 1 " "
T = mt + nu, Tr=mt+nu, T =m't+nu

where m,n, m’, etc. denote fixed numbers, and ¢, u the indeterminates of the repre-
sented form. A complete theory of ternary forms would therefore require solutions
to the following problems: I. Find all representations of a given number by a given
ternary form. II. Find all representations of a given binary form by a given ternary
form. III. Decide whether two given ternary forms of the same determinant are
equivalent, and if they are, find all transformations of one into the other. IV. Decide
whether a given ternary form contains another given form of larger determinant, and
if it does, find all transformations of the former into the latter. We will discuss these
problems, which are much more difficult than the analogous problems for binary
forms, more fully elsewhere. Here we restrict our investigation to showing how the
first problem can be reduced to the second, and the second to the third. We will
show how to solve the third in some very simple cases that shed particular light on
the theory of binary forms. We exclude the fourth entirely here.

279.
LEMMA. Given any three integers a,a’,a” (not all = 0): find siz others

B,B'.B",C,C",C" such that
B'C"-B'C' =a B"C -BC" =d BC'-B'C=4d"
Solution. Let « be the greatest common divisor of a,a’,a”. and choose integers

A A", A" so that
Aa+ Ad + A"d" =«

Next choose three integers €, €', ¢” arbitrarily, with the sole condition that the three
numbers ¢’A” —¢”A’, ¢"A—-€A", €A" — ¢’ A, which we will denote, respectively, by
b,b', 0", and their greatest common divisor by /3, are not all = 0. Then set

a't! —ad"bv = apC, a’b —ab’ = apC’, ab —a'b = apC”
Clearly C,C’,C" will be integers. Finally, choose integers B, B’, B” so that
Bb+ B'Y + B =p
put
Ba +B'a +B"d" =h

and set
B=ao%B—hA, B ' =ao®B — hA, B" = oB"” — hA”

These values of B, B’, B”,C,C’, C" will satisfy the required equations.
For we find

aB+d B +d'B"=0
bA+ VA +V'A"=0 so bB+VB +b'B"=ap
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Now the values of C’,C" give
alB<B/0// _ B//c/) — ab/Bl _ a/bB/ _ a/le// + ab//B//
=a(bB+ VB +V'B")—b(aB+d'B'+d"B") = afa

and hence B'C"” — B"C" = a; similarly we find B"C — BC" = d/, BC' — B'C = d".
Q.E.F. — We must omit here the analysis by which this solution was found, as well
as the method for finding all solutions from one.
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280.
Suppose that the binary form

att + 2btu + cuu . ..

whose determinant = D, is represented by the ternary form f, with indeterminates
z, 2, 2", by setting

r = mt + nu, ' =m't+n'u, 2 =m"t+n"u
and that f has the adjoint form F', with indeterminates X, X', X”. Then a calculation
readily confirms (if we use separate letters for the coefficients of the forms f, F), or
Article 268. II. directly shows, that the number D is represented by F on setting

I/ "/ !/ " " " / /
X=mn"—m"n, X' =m'n—mn", X"=mn —m'n

This representation of the number D can conveniently be called adjoint to the rep-
resentation of the form ¢ by f. If the values of X, X', X have no common divisor,
we will, for brevity, call this representation of D proper; otherwise, improper. We
will give the same names to the representation of the form ¢ by f to which that
representation of D is adjoint. Finding all proper representations of the number D
by the form F' now rests on the following points:

I. Every representation of D by F' can be derived from some representation of
some form of determinant D by the form f, i.e., is adjoint to such a representation.

For let any representation of D by F be given by X = L, X' = L', X" = L". By
the lemma in the preceding article, choose m,m’,m”,n,n’,n” so that

m'n” —m'n' = L, m'n—mn" =L, mn' —m/n = L"
and let f be transformed by the substitution
r = mt + nu, ' =m't+n'u, 2 =m"t+n"u

into the binary form ¢ = att 4+ 2btu + cuu. It is then easy to see that D will be the
determinant of the form ¢, and that its representation by f will have the proposed
representation of D by F' as its adjoint.

Example. Let f = zx + 2’2’ + 2"2", so that FF = — XX — X'X' — X"X"; let
D = —209, with the representation by F given by X = 1, X' = 8, X" = 12.
This gives m,m’,m”,n,n’,n” the values —20,1,1,—12,0, 1, respectively, and gives
p = 402tt + 482tu + 145uu.

II. If ¢, x are properly equivalent binary forms, every representation of D by F
that is adjoint to some representation of the form ¢ by f will also be adjoint to some
representation of the form x by f.

Let p, g be the indeterminates of the form y; let ¢ be transformed into x by the
proper substitution t = ap + B¢, v = yp + dq, and let some representation of the
form ¢ by f be given by

x = mt + nu, 2 =m't +n'u, 2" =m"t+n"u...(R)
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It is then easy to see that, if we set

am+yn=g, am' +yn' =g, am”+n" =4"
Bm_i_ 5” — h’ ﬁm, + 5n/ — h,, /Bm” _|_ 5n/l — h/l

the form x will be represented by f on setting
x = gp + hq, v =gp+Hq, 2" =g¢"p+h"q...(R)
and a calculation gives (since ad — fy = 1)
g —¢'"W =m'n" —m"n', ¢"h—gh" =m"n—mn", gh'—gh=mn—m'n

i.e., the representations R, R have the same representation of D by F as their adjoint.

Thus, in the preceding example, the form ¢ is found to be equivalent to x =
13pp—10pq+18qq, into which it is transformed by the proper substitution ¢t = —3p+y¢,
u = 5p—2q. This gives the representation of the form x by f as x = 4q, 2’ = —3p+yq,
2" = 2p — q, from which we obtain the same representation of the number —209 that
we started with.

III. Finally, suppose that two binary forms ¢, x of determinant D, with indeter-
minates t,u; p,q, can be represented by f, and that the same proper representation
of D by F' is adjoint to some representation of one and to some representation of the
other. Then these forms must be properly equivalent. Suppose that ¢ is represented
by f on setting

r = mt + nu, ' =m't 4+ n'u, 2 =m"t+n"u
and y on setting
x=gp+hg. ' =gp+hlq 2" =g"p+1h"q

and that

m'n” —m'n =g —¢'W =L

m"n —mn” = g"h — gh" =L
mn' —m'n=gh' —¢dh=L"
Choose integers [,1’,1” so that LI + L'l' + L"1” = 1, and set
n'l" —n"l' = M, n’l —nl" = M, nl' —n'l=M"

I'm" —1"m' =N "m —Im" = N' Im' —U'm = N"
Finally, set

gM—i—g/M/—l-g”M”:Oz, hM‘i‘h/M/‘i_h”M”:B
gN‘i_g/N/"’g”N”:’Y, hN+h/N/+h//N,/:5

We readily obtain

Oém—l—'yn:g_l(gL+g/L/+g//L//) =g
Bm+dn=h—IU(hL+hL +h'L")=h
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and, in the same way,
am/ _|_ ,yn/ — 'g/7 /Bm/ + 5n/ — h,, am// + Wn// — g//7 Bm// + 5n// — h//
This shows. mt + nu, m’t + n’u, m”t + n”u are taken by the substitution

t=ap+pBq, u=vp+dq...(5)

into gp+hgq, ¢'p+h'q, ¢'p+h"q, respectively. So @ is clearly taken by the substitution
S into the same form as f is on setting

z = gp+ hg, o' =g¢'p+hq, " =¢"p+1h"q

and therefore into the form y, to which it is thus equivalent. Finally, making the
required substitutions readily gives

ad — By =(LI+ LT+ L"")?*=1

so the substitution S is proper, and the forms ¢, x are properly equivalent.

These observations give the following rules for finding all proper representations
of D by F: Work out all classes of binary forms of determinant D, and choose one
form at will from each. Find all proper representations of each of these forms by f
(discarding those that cannot be represented by f), and from each of these represen-
tations derive the representations of the number D by F. From I and II it is clear
that this gives all possible proper representations, so the solution is complete; from
III, that transformations of forms from different classes certainly produce different
representations.

281.

Finding the improper representations of a given number D by the form F is easily
reduced to the preceding case. For if D is divisible by no square (other than 1),
clearly there are no such representations at all. Otherwise, if D is divisible by the
squares A\, uu, vv and so on, all improper representations of D by F' are found by
working out all proper representations of the numbers %, %, %, and so on by the
same form, and multiplying the values of the indeterminates by A, u,v and so on,
respectively.

In this way, finding all representations of a given number by a given ternary form
that is adjoint to some ternary form depends on the second problem. The remaining

cases reduce to this case, which at first may seem to have rather limited scope,
as follows. Let D be the number to be represented by the form (g’gl’g" ), with

h.h! R
G,G'\G"

determinant A, whose adjoint form is ( o H,,) = f. The form adjoint to this in

turn will be (Ag A A9 ) = F, and clearly the representations of the number AD

AR AR AR
by F' (whose determination depends on what precedes) are exactly identical with
the representations of the number D by the proposed form. — Further, when all

coefficients of the form f have a common divisor u, all coefficients of the form F' are
clearly divisible by pu. So AD must also be divisible by up (otherwise there would
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be no representations); and the representations of the number D by the proposed
form coincide with the representations of the number £2 by the form obtained from
F by dividing each coefficient by pu. This form is adjoint to the one obtained from
f by dividing each coefficient by pu.

Finally, we note that this solution of the first problem does not apply in the single
case where D = (; for here not all binary forms of determinant D fall into a finite
number of classes. We will solve this case below on other principles.
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282.

Finding the representations of a given binary form whose determinant is not = 0")
by a given ternary form depends on the following observations:

I. From any proper representation of the binary form (p, ¢,r) = ¢ of determinant
D by the ternary form f of determinant A, we can derive integers B, B’ such that

BB = Ap, BB = —Aq, B'B' = Ar (mod. D)

i.e., a value of the expression \/A(p, —q,r)(mod. D). Let a proper representation of
the form ¢ by f be given by

r = ot + Bu, ' =d't+ pu, 2 =ad"t+B"u

(where z,2’,2"; t,u denote the indeterminates of the forms f,¢). Choose integers
~v,7,~" so that

(a,ﬁ”fa” ,)’er(a”ﬁfozﬁ")’quL(a,@lfo/ﬁ)’y”

= k is either = 4+1 or = —1, and let f be transformed by the substitution

a, B, v
o, B, A
O/l, ﬂ//7 ,_y//

into the form (%"ZI’?,Y) = ¢, whose adjoint is ( gg}g’,’,) = G. Then clearly a = p,

b'=¢q,a =r, A” = D, and A will be the determinant of the form g, so

BB = Ap+ A'D, BB' = -Aq+ B"D, B'B' = Ar+ AD
Thus, for example, the form 19tt + 6tu + 41uu is represented by zx + 2’2’ + 2”2” on
setting x = 3t + 5u, ' = 3t — 4u, 2" = t. Then, setting vy = -1, 7' =1, 9" =0, we
obtain B = —171, B’ = 27, or the value (—171,27) of the expression / — 1(19, —3,
41)(mod. 770).

It follows that, if A(p, —q,r) is not a quadratic residue of D, ¢ cannot be properly
represented by any ternary form of determinant A. So, in the case where A, D are
relatively prime, A must be a characteristic number of the form ¢.

II. Since ~,7',7” can be chosen in infinitely many different ways, different values
of B, B’ will result. Let us see how they are related. Suppose that §,d’,” too are
such that

(O/ﬁ// o O// /)5 + (O// o OZBI/)(S/ + (Oéﬂ/ o 0/5)5“ —

is either = +1 or = —1, and that the form f is transformed by the substitution

a’ 57 5
of, B, o
o, B S

“For brevity, we pass over this case here; it requires a somewhat different method.
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/ 1" i 1"
into (Z’Z,’Z,,) = g, whose adjoint is (;(%’%"

and so will G and &. Applying the rules given in Articles 269, 270" shows that, if
we Set 1/ /" _ ! /! ! !/ / / 1!

(BY" = B"9)0 + (B"y = BY")d" + (BY = f'7)d" = ¢

(’)/O/l _ 7/10/)5 + (’y”Oz _ ,ya//)(;/ + (,ya/ _ ’7’@)5” =

the form & is transformed into G by the substitution

) = &. Then g,g will be equivalent,

k, 0, 0
0, k 0
¢, n, ¢

This gives
B =ntD + tk*B, B’ = (¢D + tkB’

and so, since tk = +1, either B=9B, B’ =B, or B= —9B, B’ = —%' (mod. D). In
the first case we call the values (B, B’), (B,®B’) equivalent; in the second, opposite.
We will say that the representation of the form ¢ belongs to any value of the expression
VA(p, —q,r)(mod. D) that can be derived from it by the method in I. Thus all values
to which the same representation belongs will be either equivalent or opposite.

III. Conversely, suppose that, as in I above, the representation of the form ¢ by
f given by x = at + Bu and so on belongs to the value (B, B) derived from it with
the help of the transformation

a, B, v
o, B,
O//, /8//7 ,_yl/

It will also belong to any other value (98,9B’) that is equivalent or opposite to the
first; i.e., in place of ~,7/,7” we may choose other integers §,¢’,d” for which the
equation (2), namely

(a/ﬁ”—o// /)5+(Q/I/B—O[BN)6/+(O[ﬁ/—alﬁ)(;//::lz].

holds, and which are such that the coefficients numbered 4 and 5 in the form adjoint
to the one into which f is transformed by the substitution (S)

a B, 9
of, B, o
//: ,8”7, 5"

become = B, B’, respectively. For set

+B =9 +1D, +B' =% +(D

“'From the transformation of the form f into g, derive the transformation of g into f; from this and
the transformation of f into g, derive the transformation of g into g; finally, from this, by transposition,
derive the transformation of & into G.
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(taking the upper or lower signs here and below according as the values (B. B'),
(B, B’) are equivalent or opposite). Then (,n will be integers. Let g be transformed
by the substitution

1, 0, ¢
0, 1, n
0, 0, +1

into the form g. It is easy to see that its determinant is A, and that in its adjoint
form the coefficients numbered 4 and 5 become = 9B, B’ respectively. But on setting

aC+pBnEty=0, oC+pfnty =4, o'C+p Mty ="

it is easy to see that f is transformed by the substitution (S) into g, and that the
equation () is satisfied. Q. E. D.
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283.

These principles give the following method for finding all proper representations
of the binary form
p = ptt + 2qtu + ruu

of determinant D by the ternary form f of determinant A.

I. Find all different (i.e., nonequivalent) values of the expression /A(p,—q,
r)(mod. D). We solved this problem above (Article 233) for the case where ¢ is a
primitive form and A is relatively prime to D. The remaining cases are very easily
reduced to this one, but brevity prevents us from explaining this in detail here.
We only note that, whenever A is relatively prime to D, the expression A(p, —q,r)
cannot be a quadratic residue of D unless ¢ is a primitive form. For if we suppose

Ap=BB-DA, —Aq=BB —-DB", Ar=DBDB - DA

we get
(DB" — Aq)* = (DA + Ap)(DA + Ar)

Expanding and substituting qq — pr for D then gives
(qq — pr)(B"B" — AA") — A(Ap+2B"q+ A'r) + AA =0

From this we easily conclude that, if p, ¢, r had a common divisor, it would also divide
AA; but then A could not be relatively prime to D. So p, ¢, cannot have a common
divisor; that is, ¢ will be a primitive form.

II. Let us denote the number of these values by m, and suppose that among them
there are n values opposite to themselves (setting n = 0 when there are none). Then
the remaining m — n values clearly come in opposite pairs (since we suppose that
all values have been found). Discard either value at will from each opposite pair,
and in all %(m + n) values will remain. Thus, for example, of the eight values of
the expression /—1(19, —3,41) (mod. 770), namely (39,237), (171, —27), (269, —83),
(291, —127), (—39,—237), (—171,27), (—269,83), (—291, 127), the last four are to be
discarded as opposite to the first four. Further, if (B, B’) is a value opposite to itself,
clearly 2B, 2B’, and therefore also 2Ap, 2Aq, 2Ar, will be divisible by D. So, if A,
D are relatively prime, 2p, 2¢q, 2r will also be divisible by D. Since, by I, in this case
P, q, r cannot have a common divisor either, 2 too must be divisible by D. This is
impossible unless D is either = +1 or = £2. So, for all values of D greater than 2,
we will always have n = 0 if A is relatively prime to D.

III. Once this is done, every proper representation of the form ¢ by f must clearly
belong to one of the remaining values, and to exactly one. So we must go through
these values in turn and find the representations belonging to each. To find the

representations belonging to a given value (B, B'), first determine the ternary form
g= <‘Z Z:’Zf;) whose determinant = A and in whicha = p, V" = ¢q,d = r, ab—V'b" =
B, a’b”—’ bt = B’. The values of a”, b, b’ are then found with the help of the
equations in II of Article 276. These readily show that, in the case where A, D are

relatively prime, b, b’ a” must be integers (since these three numbers give integers
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when multiplied both by D and by A). Now, if either one of the coefficients b, ', b”
is fractional, or the forms f, g are not equivalent, there can be no representations of
the form ¢ by f belonging to (B, B’). But if b,V/, a” are integers and the forms f, g
are equivalent, every transformation of the former into the latter, such as

a, B, v
o, B, A
Oé”, /B//7 ,.yl/

gives such a representation, namely
r=ot+pu, ' =dt+pu " =d"t+p"u

Clearly there can be no representation of this kind that cannot be derived from some
transformation. In this way, the part of the second problem concerned with finding
proper representations has now been reduced to the third problem.

IV. Further, different transformations of the form f into g always produce different
representations, except in the single case where the value (B, B’) is opposite to itself.
In that case two transformations always give a single representation. For suppose
that f is also transformed into g by the substitution

a fp, 9
of, B8
o, Bl 8

(which gives the same representation as the preceding transformation). Denoting by
k, &, (, n the same numbers as in II of the preceding article, we will have

B =ktB+n¢D, B’ =ktB + D

So, if k, ¢ are supposed to be both = +1 or both = —1, we will have (since we
excluded the case D = 0) ¢ = 0, n = 0. This readily gives § = ~, §' =4/, 0" =~".
Thus the two transformations can differ only when one of the numbers k, ¢ is +1 and
the other —1. Then B = —B, B’ = —B’, (mod. D), or the value (B, B’) is opposite
to itself.

V. From the criteria for definite and indefinite forms given above (Article 271), it
readily follows that, if A is positive, D negative, and ¢ a negative form, g is a negative
definite form. But if A is positive, and either D is positive, or D is negative and ¢ a
positive form, g is an indefinite form. Now f, g certainly cannot be equivalent unless
they agree in this respect. So binary forms of positive determinant, as well as positive
binary forms, clearly cannot be properly represented by a negative ternary form; nor
can negative binary forms be properly represented by an indefinite ternary form of
positive determinant. A ternary form of the former or latter kind represents only
binary forms of the latter or former kind, respectively. In the same way, a definite
ternary form of negative determinant (i.e., a positive form) represents only positive
binary forms, and an indefinite one only negative binary forms and forms of positive
determinant.
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284.

Since the improper representations of the binary form ¢ of determinant D by the
ternary form f, whose adjoint is F', are those from which improper representations
of the number D by the form F follow, ¢ clearly cannot be improperly represented
by f unless D has square factors. Suppose that all squares dividing D (other than
1) are ee, €'/, €’¢”, and so on (there will be finitely many, since we suppose that
D = 0 does not hold). Every improper representation of the form ¢ by f will give
a representation of the number D by F' in which the values of the indeterminates
have one of the numbers e, ¢/, ¢”, and so on as their greatest common divisor. In
this respect, for brevity, we will say that each improper representation of the form ¢
belongs to the square divisor ee or €’¢’ or €”¢”, and so on. Now all representations of
the form ¢ belonging to the same given square divisor ee (whose root e we take to
be positive) are found by the following rules. Their synthetic proof, which we prefer
here for brevity, will readily allow the analysis by which they were developed to be
reconstructed.

First, find all binary forms of determinant % that are transformed into the form
by a proper substitution of the form T' = xt + Au, U = pu, where T, U denote the
indeterminates of such a form; ¢, u those of the form ¢; k, u positive integers (whose
product is therefore = e); and \ a positive integer less than u (or zero). These forms,
with their corresponding transformations, are found as follows:

Set k equal in turn to each positive divisor of e (including 1 and e), and put
pu = ¢. For each pair of fixed values of x, u, give A all integer values from 0 to
p— 1. This will certainly give all transformations. Now the form that is transformed
by any substitution T' = st + Au, U = pu into ¢ is found by determining the form
into which ¢ is transformed by t = %T — %U, U = %U. In this way we obtain the
forms corresponding to each transformation; but of all these forms we must retain
only those whose three coefficients are all integers").

Second, let ® be one of these forms, transformed into ¢ by the substitution T' =
kt + Au, U = pu. Find all proper representations of the form ® by f (if there are
any), and express them generally by

z=AT +BU, o =WT+BU, 2" =A'T+B"U ... (R
Finally, from each (fR) derive the representation
r=at+PBu, 2 =dt+pu, 2"="t+pv ... (p)
by the equations
a = k2, o = kA, o = rA" ... (R)
B=XNA+pB, [ =I"+pB, "= "+ puB"

Treat the other forms found by the first rule (if there are more) in exactly the same
way as the form ®, so that further representations are derived from each of their

I1f we could discuss this problem at greater length here, we could shorten the solution considerably.
It is immediately clear that for x we need take only those divisors of e whose square divides the first
coefficient of the form . We reserve this problem, which also gives simpler solutions to the problems
in Articles 213, 214, for another suitable occasion.
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proper representations. I say that this gives all representations of the form ¢ belong-
ing to the divisor ee, and each exactly once.

Proof. 1. That the ternary form f is indeed transformed by any substitution (p)
into ¢ is so obvious that it needs no further explanation. That each representation
(p) is improper and belongs to the divisor ee follows because the numbers o’ 3" —a” 7/,
a"B —apf”; af’ — B become = e(AB" — A"B'), e(A"B — AB"), e(AB’ — A'B),
respectively. Their greatest common divisor is therefore clearly e (since (R) is a
proper representation).

IT. We will show that, from any given representation (p) of the form ¢, we can find
a proper representation of a form of determinant g included among the forms found
by the first rule. In other words, the given values of a,a’,a”, 3,5, 3" determine
integer values of k, A, u satisfying the prescribed conditions, and values of 2, 21, 2",
B, B’ B’ satisfying the equations (R), in exactly one way. First, the first three
equations in (R) immediately show that we must take x to be the positive greatest
common divisor of «, o/, o’ (for since A'B" — A"B' A"V — AB" AB' — A'B must
have no common divisor, 2, 2, A” cannot have one either). This also determines 2,
', A", as well as p = £ (which is readily seen to be an integer). Suppose that three
integers a, @', a” are chosen so that a2l + o'’ +a”2A” = 1, and for brevity write & for
aB+a' B’ +a”B". The last three equations in (R) then give af+a'8 +a” 8" = A+ uk.
So there is clearly just one value of A between the limits 0 and p — 1. Since this also
gives B, B’ B fixed values, all that remains is to show that these are always integers.
But we have

B = ;(ﬁ =A%) = —(B(1— a) — A(W'F +a"5")) + Ak

(a”(A"B — AB") — o' (AB" — A'B)) + Ak

(a//(a// —Oéﬁ,/) —a/(aﬁ,—a/ﬁ))—kﬂk

DIETIRrTEIR

so it is clearly an integer. In the same way we readily confirm that B’ B also take
integer values. — These arguments show that there can be no improper representa-
tion of the form ¢ by f belonging to the divisor ee which the method given either
fails to produce or produces more than once.

If we now treat the remaining square divisors of D in the same way, finding the
representations belonging to each, we will obtain all improper representations of the
form ¢ by f.

Further, this solution readily shows that the theorem given for proper representa-
tions at the end of the preceding article extends to improper ones as well: in general,
no positive binary form of negative determinant can be represented by a negative
ternary form, and so on. For if ¢ is a binary form that cannot be properly repre-
sented by f because of that theorem, then none of the forms of determinants 6%, %,
and so on that contain ¢ can be properly represented by f either. All these forms
have determinants of the same sign as . Whenever these determinants are negative,
they are all positive or all negative forms according as ¢ belongs to the former or the
latter kind.
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285.

We can say only a little here about the questions making up our third problem (to
which the first two were reduced above): given two ternary forms of the same deter-
minant, decide whether they are equivalent, and, if they are, find all transformations
of one into the other. A complete solution, like the one we gave for the analogous
problems for binary forms, faces still greater difficulties here. So we will restrict our
investigation to certain special cases, for which this digression was chiefly intended.

I For determinant +1, we showed above that all ternary forms fall into two classes,
one containing all indefinite forms, the other all definite (negative) forms. We imme-
diately conclude that any two ternary forms of determinant 1 are equivalent if both
are definite or both indefinite; but if one is definite and the other indefinite, they are
not equivalent (the latter part clearly holds generally for forms of any determinant).
— Likewise, any two forms of determinant —1 will certainly be equivalent if both are
definite or both indefinite. — Two definite forms of determinant 2 will always be
equivalent. Two indefinite ones will not be equivalent if the first three coefficients of
one are all even, but those of the other are not all even; in the remaining cases (if
both have their first three coefficients all even, or neither does) they will be equiva-
lent. — We could give many more special propositions of this kind if we had worked
out more examples above (Article 277).

IL. In all these cases, if f, f’ denote equivalent ternary forms, we can also find one
transformation of either into the other. For, in all cases, we gave above a fairly small
set of forms in each class of ternary forms, to one of which any form of the same class
can be reduced by uniform methods; there we also showed how to reduce all of these
to a single one. Let F be this form in the class containing f, f’. The rules given
above allow us to find transformations of the forms f, f’ into F', as well as of F into
f, f'. From these, Article 270 gives transformations of the form f into f’ and of f’
into f.

II1. It would therefore remain only to show how all possible transformations can be
derived from one transformation of the ternary form f into another f’. This problem
depends on a simpler one: finding all transformations of the ternary form f into itself.
For if f is transformed into itself by several substitutions (7), (7'), ("), and so on,
and by the substitution (¢) into f’, then combining the transformation (¢) with (7),
("), ("), and so on according to Article 270 clearly gives transformations that all
take f into f’. Further, a calculation readily proves that every transformation of the
form f into f’ can be derived in this way by combining the given transformation ()
of the form f into f’ with some (and indeed just one) transformation of the form
f into itself. So combining the given transformation of the form f into f’ with all
transformations of f into itself gives all transformations of f into f/, and each exactly
once.
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Here we restrict the search for all transformations of the form f into itself to the
case where f is a definite form whose coefficients numbered 4, 5,6 are all = 07). So let

f= (aba{f ‘(‘)N ), and let all substitutions that take f into itself be expressed generally
by

a, B, v
o, B, A
O//, B//? ,_y//

so that the following equations must hold:

o n_mn_n
aca +a'ad'a +ad'a"’a"=a ... (Q)

aﬁﬁ_I_allB/B/_'_a//B//B//:a/

a77+a17/7/+a//71/7// :al/

aaﬂ—l—alalﬁl—l-a/,a,/B//:O
I[NNI n_n_n

ay +aay +a'a’y =0
aﬁv+a'ﬁ’7'+a”ﬁ"7"20

We now have three cases to distinguish:

I. When a, d’, o” (which will have the same sign) are all unequal, suppose that
a < da,a <a” (if their order of magnitude is different, the same conclusions follow
in exactly the same way). Then the first equation in (Q) clearly requires o/ = o’ =
0, and so « = £1. Equations 4,5 then give 8 = 0, v = 0. Likewise, equation
2 gives 8” = 0, and so 8/ = +1. From equation 6 we get 7/ = 0, and from 3,
v" = =+1, so (since the signs can be chosen independently) there are in all 8 different
transformations.

II. When two of the numbers a, a/, a” are equal, for example, a’ = a”, and the
third is different, suppose

first that a < a’. Then, as in the preceding case, o/ =0, o/ =0, a = +1, 8 =0,
~ = 0. But equations 2,3, 6 readily give either 8’ = £1, 4 =0, 8/ =0, v/ = +1, or
B =0,4 =41, 8" =+1, 4" =0.

But if, second, a > a/, the same conclusions follow in this way: equations 2,3
necessarily give 3 = 0, v = 0, and either ' = £1, v/ =0, 87/ =0, v/ = %1, or
B =0, =+1, 8" = £1, 4" = 0. Under either supposition, equations 4,5 give
o =0, " =0, and equation 1 gives a = &1. So in either case there are 16 different
transformations. — The remaining two cases, where either a = a” or a = d/, are
handled in exactly the same way, if we interchange the symbols «, o/, o with 3, 3,
B" in the first case, and with 7, 7/, 4" in the second, respectively.

III. When a, da/, a” are all equal, equations 1,2, 3 require that two of the three
numbers «, o', o, and likewise of 3, B’, B”, and also of v, v/, 7v”, be = 0, and
the third = +1. But equations 4,5,6 readily show that only one of the three
numbers «, [, v can be = =+1, and likewise of o/, 3, 7/, and of o, ", ~".

“'The remaining cases where f is a definite form can be reduced to this one. But if f is an indefinite
form, an entirely different method is needed, and there will be infinitely many transformations.

270



Arithmetical Investigations

So there are only six combinations:

a|lald|d =+1

a// a//
B 1B B |B"| B | B | =x1| Theother six coefficients =0
VAN Ay =41
The choices of signs therefore give 48 transformations in all. — The same scheme
includes the preceding cases as well: but of the first six columns we must take only
the first when a, a’, a” are all unequal; the first and second when a’ = a”; the first
and third when a = d/; the first and sixth when a = a”.

It follows that, if the form f = axxz + d’2’'z’ + a”2"2” is transformed into an
equivalent form f’ by the substitution

T = 5y +Ey/ + Cy”, .’El — 5/y+€/y/ + C/y//, .’1?// — 5//y+€//y/ + gl/yl/
all transformations of the form f into f’ are contained in the following scheme:

z |z |2 |2 |2 |2 | =x00y+ey +CY')
x/ x// T x// T x/ — i(é/y + E./y/ + C/y//)
"B” :L,/ x// T :1/,/ T — :i:((s//y +€//y/ + C//y//)

with the distinction that all of the first six columns must be used when a = a’ = a”’;
columns 1 and 2 when o/, a” are equal and a different; 1 and 3 when a = a’; 1 and
6 when a = a”; finally, only the first column when a, a/, a” are all unequal. The
number of transformations will be 48 in the first case, 16 in the second, third, and
fourth, and 8 in the fifth.

*
SOME APPLICATIONS TO THE THEORY OF BINARY FORMS.
Finding a form whose doubling gives a given binary form of the principal genus.

From this brief account of the first elements of the theory of ternary forms, we
turn to some special applications. First place among them belongs to the following
286.

PROBLEM. Given a binary form F' = (A, B,C) of determinant D belonging to the
principal genus, find a binary form f whose doubling gives it.

Solution. 1. Find a proper representation of the form opposite to F, namely
F'= ATT — 2BTU + CUU, by the ternary form zx — 2yz, say

r=aT+BU, y=dT+pBU, 2=d"T+p5'U

The preceding theory of ternary forms readily shows that this is possible. For, by
hypothesis, F' is in the principal genus, so there is a value of the expression /(A,
B,C)(mod. D). From it we can find a ternary form ¢ of determinant 1 containing
(A, —B,C) as a part. All its coefficients are readily seen to be integers. It is just as
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easy to see that ¢ will be an indefinite form (since, by hypothesis, F' certainly is not a
negative form), so it must be equivalent to the form xz — 2yz. We can therefore give
a transformation of the latter into the former, which provides a proper representation
of the form F’ by zx — 2yz. — We will then have

A=aa—-2dd", —-B=aBf—-dp" —d"8, C=pps-28p3"

Further, if we denote the numbers a8’ — o/, /8" — "B, /'8 — aB” by a,b,c,
respectively, they will have no common divisor, and D = bb — 2ac.

II. With the help of the last observation in Article 235, it follows readily that F
is transformed by the substitution 23’, 38, 8, 8”; 2d/, a, a, @’ into the product of the
form (2a, —b, ¢) with itself, and by the substitution 8, 3, 8,28"; o/, a, a, 20/ into the
product of the form (a, —b,2¢) with itself. Now the greatest common divisor of the
numbers 2a, 2b, 2¢ is 2. So, if ¢ is odd, 2a, 2b, ¢ will have no common divisor; that is,
(2a, —b, ¢) will be a properly primitive form. Likewise, if a is odd, (a, —b, 2¢) will be a
properly primitive form. In the first case F' arises by doubling the form (2a, —b, ¢), in
the second by doubling the form (a, —b,2¢c) (see conclusion 4, Article 235); and one
of these cases certainly always occurs. For if both a, ¢ were even, b would necessarily
be odd. We readily confirm that 8”a + b+ 8¢ = 0, o”’a + ab + o’c = 0, which
would imply that £b, ab, and therefore also o and [, were even. But then A and
C would be even, contrary to the hypothesis that F' is a form of the principal genus
and therefore of the properly primitive order. — Further, both a and ¢ may be odd.
In that case we immediately have two forms whose doubling gives F'.

Ezample. Let the given form be F' = (5.2,31), of determinant —151. A value
of the expression /(5,2,31) is found here to be (55,22), giving the ternary form

0= (151” 301” _42 ) The rules of Article 272 give an equivalent form (é (1) Bl ), which is

2, 2, 1
transformed into ¢ by the substitution { 1, —36, —12 } Using the transformations given

in Article 277, we then find that (_11 8: 8) is transformed into ¢ by the substitution

3. =7, =2
{% fé, 03 } Soa =11, b= —17, ¢ = 20. Since a is odd, F' arises by doubling the

form (11,17,40), and is transformed into the product of this form with itself by the
substitution —1, -7, —-7,—18; 2,3, 3, 2.
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Genera actually correspond to all characters except those found impossible in
Articles 263, 264.

287.

We add the following further remarks on the problem solved in the preceding
article.

I. If the form F is transformed by the substitution p,p’,p”,p"; ¢,¢',q¢",q” into
the product of two forms (h, i, k), (h',i, k") (both, as we always suppose, understood
in the proper sense), we have the following equations, which are readily derived from
conclusion 3 of Article 235:

p"hn’ — p'h'n —p(in’ —i'n) =0
(p" —p')(in' +i'n) — p(kn’ — k'n) +p" (hn’ — h'n) = 0
'kn' — p'k'n —pm(in/ . i'n) -0

and three others obtained by interchanging the numbers p, p’, p”, p”" with q, ¢/, q¢”,
q". Here n, n’ are the positive square roots of the quotients obtained by dividing the
determinants of the forms (h,i, k), (R',7', k") by the determinant of the form F. So,
if these forms are identical, or n =n/, h=h', i =1, k = k’, those equations become

(" —p)m=0, (' —p)in=0, (" —p)kn=0

This necessarily gives p’ = p”, and in exactly the same way ¢ = ¢””. — So, giving
the forms (h,i, k), (h',i', k") the same indeterminates ¢, u, and denoting the indeter-
minates of the form F' by T, U, the substitution transforms F' as follows:

T = ptt + 2p'tu + p""uu, U = qtt 4+ 2¢'tu + ¢"uu  into  (htt + 2itu + kuu)?

II. If the form F arises by doubling the form f, it also arises by doubling any other
form in the same class as f; in other words, the class of the form F' arises by doubling
the class of the form f (see Article 238). Thus, in the example of the preceding article,
(5,2,31) also arises by doubling the form (11, —5, 16), which is properly equivalent to
(11,17,40). From one class whose doubling gives the class of the form F', we find all
such classes (if there are more) with the help of Problem 260. In our example there is
no other positive class of this kind, since there is only one positive properly primitive
ambiguous class of determinant —151 (namely the principal class). Composing the
only negative ambiguous class (—1,0, —151) with the class (11, —5, 16) gives the class
(=11, 5. —16), so this will be the only negative class whose doubling gives the class
(5,2,31).

III. The very solution of the problem in the preceding article has shown that every
properly primitive (positive) class of binary forms belonging to the principal genus
can arise by doubling some properly primitive class of the same determinant. So the
theorem of Article 261, which assured us that at least half of all characters assignable
to a given nonsquare determinant D cannot correspond to properly primitive (posi-
tive) genera, can now be extended: such genera actually correspond to ezactly half
of all these characters, and so none can correspond to the other half (see the proof
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of that theorem). In Article 264 all these assignable characters were divided equally
into two kinds P, ). The latter () were proved unable to correspond to properly
primitive (positive) forms, while it remained uncertain whether genera always actu-
ally correspond to each of the remaining P. This doubt is now completely removed,
and we are sure that in the whole collection of characters P there is none without a
corresponding genus. — It also follows readily that, for a negative determinant, in
the negative properly primitive order, where Article 264, I showed all P to be impos-
sible and only @ possible, all Q are actually possible. For let K denote any character
in @, f any form in the negative properly primitive order of forms of determinant
D, and K’ its character, which will be in Q. Then the character composed from K,
K’ (according to Article 246) clearly belongs to P. So there are positive properly
primitive forms of determinant D corresponding to it. Composing such a form with
f clearly gives a negative properly primitive form of determinant D whose character
is K. — Exactly the same argument proves that, in the improperly primitive order,
the characters found by the rules of Article 264 II, III to be the only possible ones
are all possible, whether they are P or (). — Unless we are very much mistaken,
these theorems rank among the most beautiful in the theory of binary forms, all the
more so because, although they are extremely simple, they lie so deep that a rigorous
proof cannot be given without the help of so many other investigations.

Theory of decomposing both numbers and binary forms into three squares.

We now turn to another application of the preceding digression: the decomposition
of both numbers and binary forms into three squares. We begin with the following

288.

PROBLEM. Let M denote a positive number. Find the conditions under which
there can be primitive negative binary forms of determinant —M that are quadratic
residues of M, that is, for which 1 is a characteristic number.

Solution. Let Q denote the collection of all particular characters given by the
relations of the number 1 both to each (odd) prime divisor of M and to the number
8 or 4 when it divides M. These characters will clearly be Rp, Rp’, Rp”, and so on,
where p, p’, p”, and so on denote those prime divisors; also 1,4 when 4 divides it,
and 1,8 when 8 divides M. Further, let us use the letters P, () in the same sense as
in the preceding article, or in Article 264. We now distinguish the following cases.

I. When M is divisible by 4, 2 will be a complete character. Article 233 V shows
that 1 can be a characteristic number only of forms whose character is 2. But 2 is
clearly the character of the principal form (1,0, M), so it belongs to P and therefore
cannot belong to a properly primitive negative form. Since there are no improperly
primitive forms for such a determinant, in this case there are no primitive negative
forms at all that are residues of M.

II. When M = 3 (mod. 4), exactly the same arguments hold, with the sole ex-
ception that in this case there is an improperly primitive negative order. In it the
characters P will be possible or impossible according as M = 3 or = 7 (mod. 8);
see Article 264, III. So, in the first case there will be a genus in this order whose
character is €2, and 1 will be a characteristic number of all forms in it. In the second
case there can be no negative forms at all with this property.
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III. When M =1 (mod. 4), Q is not yet a complete character: the relation to the
number 4 must be added. But  clearly must enter the character of a form whose
characteristic number is 1; conversely, any form whose character is either €; 1,4
or {2; 3,4 has characteristic number 1. Now €2; 1,4 is clearly the character of the
principal genus, which belongs to P, and so is impossible in the negative properly
primitive order. For the same reason, €2; 3,4 will belong to @ (Article 263), so a
genus in the negative properly primitive order will correspond to it, all of whose
forms will have characteristic number 1. There is no improperly primitive order in
this case, or in the next.

IV. When M = 2 (mod. 4), we must add to €2 the relation to 8 to make a complete
character: either 1 and3,8 or 5and7,8 when M = 2 (mod. 8), and either 1 and7,8 or
3 and5,8 when M = 6 (mod. 8). In the first case the character €2; 1 and 3,8 clearly
belongs to P, and so ; 5 and7,8 to (). Thus a negative properly primitive genus
will correspond to it. In the second case, the same argument gives one genus in the
negative properly primitive order whose forms have the prescribed property, namely
the one whose character is 2; 3 andb5, 8.

It follows that primitive negative forms of determinant —M with characteristic
number 1 exist when M is congruent to one of the numbers 1, 2, 3, 5, 6 modulo 8,
and always in just one genus, which will be improper when M = 3. There are no such
forms at all when M = 0, 4 or 7 (mod. 8). Further, if (—a, —b, —c) is a primitive
negative form with characteristic number +1, clearly (a, b, c) is a primitive positive
form with characteristic number —1. So, in the first five cases (when M = 1,2, 3,5,6),
there is one primitive positive genus whose forms have characteristic number —1, and
it is émproper for M = 3. In the remaining three cases (when M = 0,4,7) there can
be no such positive forms at all.
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289.

From the general theory given in Article 282, we obtain the following results on
proper representations of binary forms by the ternary form xx + yy + 2z = f.

I. A binary form ¢ cannot be properly represented by f unless it is a primitive
positive form and —1 (that is, the determinant of the form f) is its characteristic
number. So, for a positive determinant, and also for a negative determinant —M
when M is either divisible by 4 or of the form 8n 4+ 7, there are no binary forms
properly representable by f.

IL. But if ¢ = (p, g, r) is a primitive positive form of determinant —M, and —1 is a
characteristic number of the form ¢, and therefore also of its opposite (p, —q, ), there
will be proper representations of the form ¢ by f belonging to any given value of the
expression y/ — (p, —q,r). For all coefficients of the ternary form g of determinant
—1 (Article 283) will necessarily be integers, and g will be a definite form, so it is
certainly equivalent to f (Article 285, I).

III. By Article 283, III, the number of all representations belonging to the same
value of the expression / — (p, —q,r) is, in every case except M = 1 and M = 2,
as large as the number of transformations of the form f into g, and so, by Article
285, = 48. The same article shows that, given one representation belonging to a
given value, we derive the other 47 from it by permuting the values of x, y, z among
themselves and reversing their signs in every possible way. So all 48 representations
give a single decomposition of the form ¢ into three squares, if we consider only the
squares themselves, without regard to their order or the signs of their roots.

IV. Let the number of all distinct odd primes dividing M be = pu. It follows without
difficulty from Article 233 that the number of all distinct values of the expression
v — (p, —q,r)(mod. M) will be = 2#. By Article 283, we need consider only half of
these (when M > 2). So the number of all proper representations of the form ¢ by f
will be = 48.2¢~1 = 3.2¢F3 while the number of distinct decompositions into three
squares will be = 2#~1,

FEzample. Let ¢ = 19tt + 6tu + 41luu, so M = 770. Here we must consider
the following four values of the expression / — (19, —3,41)(mod. 770) (Article 283):
(39,237), (171, —27), (269, —83), (291, —127). To find the representations belonging

to the value (39,237), we first obtain the ternary form (1397’ 4617’ g) = ¢g. By the rules
17

-6, —0
of Articles 272, 275, we find that f goes into it by the substitution {% f% f% },

which gives the following representation of the form ¢ by f:
r=t—6u, y=-3t—-2u z=-3t—u

For brevity, we do not write out the other 47 representations belonging to the same
value, which arise by permuting these values and reversing their signs. All 48 repre-
sentations give the same decomposition of the form ¢ into the three squares

tt — 12tu 4 36uu, 9tt + 12tu + duu, 9tt + 6tu + uu

In exactly the same way, the value (171, —27) gives the decomposition into the
squares (3t + 5u)?, (3t — 4u)?, tt; the value (269, —83) gives (t + 6u)? + (3t 4+ u)? +
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(3t — 2u)?; and finally the value (291, —127) gives (t + 3u)? + (3t + 4u)? + (3t — 4u)?.
Each of these decompositions is equivalent to 48 representations. — Besides these
192 representations, or four decompositions, there will be no others, since 770 is
divisible by no square, so improper representations cannot exist.

290.

We will briefly discuss separately the forms of determinants —1 and —2, which
were subject to certain exceptions. We first make the general observation that, if ¢,
¢’ are any equivalent binary forms, and () is a given transformation of the former
into the latter, combining any representation of the form ¢ by some ternary form f
with the substitution (©) gives a representation of the form ¢’ by f. Further, proper
representations of ¢ give proper representations of ¢’ in this way; distinct ones give
distinct ones, and all of them give all of them. All this is very easily checked by
calculation. So either of the forms ¢, ¢’ can be represented by f in as many ways as
the other.

I. First let ¢ = tt+uu, and let ¢’ be any other positive binary form of determinant
—1, to which ¢ will therefore be equivalent. Let ¢ go into ¢’ by the substitution
t = at' + pu', u =t + éu'. The form ¢ is represented by the ternary form f =
zz+yy+zz by setting x = ¢, y = u, z = 0. Permuting x, y, z gives six representations,
and changing the signs of ¢, u gives four from each, making 24 distinct representations
in all. A single decomposition into three squares is equivalent to these, and it is easy
to see that there can be no other representations. It follows that the form ¢’, too, can
be decomposed into three squares in only one way, namely (at’ + Bu’)?, (vt + du')?
and 0. This decomposition is equivalent to 24 representations.

II. Let ¢ = tt + 2uu, and let ¢’ be any other positive binary form of determinant
—2, into which ¢ goes by the substitution ¢t = at’ + Su/, u = ¢’ + du’. We then
conclude, as in the preceding case, that ¢, and therefore also ¢’, can be decomposed
into three squares in only one way: ¢ into tt + uu + uu, and ¢’ into (at’ + Bu’)? +
(vt + 6u')2 + (vt + 6u/)2. Tt is easy to see that such a decomposition is equivalent to
24 representations.

It follows that binary forms of determinants —1 and —2 agree completely with
other binary forms as to the number of their representations by the ternary form
xx 4+ yy + zz. For in both cases p = 0, and the formula given in IV of the preceding
article does indeed give 24 representations. The reason is that the two exceptions
affecting these forms compensate for each other.

For brevity, we omit the application to the form xx 4 yy + 2z of the general theory
of improper representations developed in Article 284.

291.

By Article 281, the problem of finding all proper representations of a given positive
number M by the form xx+yy+ zz first reduces to finding the proper representations
of the number —M by the form —zx —yy — 2z = f. By the rules of Article 280, these
are obtained as follows.

I. Find all classes of binary forms of determinant —M whose forms can be properly
represented by XX +YY + ZZ = F (the ternary form whose adjoint is f). When
M =0, 4o0r 7 (mod. 8), Article 288 shows that there are no such classes, so M
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cannot be decomposed into three squares having no common divisor”). But when
M =1, 2, 5 or 6, there will be a positive properly primitive genus, and when M = 3,
an improperly primitive genus, containing all those classes. Let k denote the number
of these classes.

II. Now choose k forms at will from these classes, one from each, and call them o,
¢, ¢”, and so on. Find all proper representations of all of them by F. Their number
will therefore be 3.2#"3k = K, where ;1 denotes the number of (odd) prime factors
of M. Finally, from any such representation, as

X=mt4+nu, Y=mt+nu, Z=m"t+n"u

derive the following representation of M by zx + yy + zz:

/.1 "1 " " / /
r=mn"—m'n, y=mn—mn, z=mn —mn

The collection of these K representations, which we denote by 2, will necessarily
contain all representations of M.

III. So we only need to ask whether identical representations can occur in 2.
Article 280, IIT already shows that representations in €2 derived from different forms,
for example from ¢ and ¢’, must be distinct. So the only remaining question is
whether distinct representations of the same form, for example ¢, by F can give
identical representations of the number M by xz + yy + zz. It is immediately clear
that, if the representations of ¢ include

X=mt+nu, Y=mt+n'u, Z=m"t+n"v ... (r)
they also include
X=-mt—nu, Y=-mt—nu, Z=-m"t—n"u ... ()

and that both give the same representation of M, which we denote by (R). So let
us examine whether this same (R) can also follow from other representations of the
form . From Article 280, I, on setting x = ¢ there, we readily deduce that, if all
proper transformations of the form ¢ into itself are given by

t=at+ Pu, u=~t+0ou
then all representations of the form ¢ from which R follows will be expressed by

x = (am+yn)t + (fm + dn)u
y = (am’ +yn)t + (Bm' + dn')u
z = (am” + ")t + (Bm" + on")u

But the theory of transformations of binary forms of negative determinant developed
in Article 179 shows that, in every case except M = 1 and M = 3, there are only

“This impossibility also follows from the fact that the sum of three odd squares is necessarily =
3 (mod. 8); the sum of two odd squares and one even square is either = 2 or = 6; the sum of one odd
square and two even squares is either = 1 or = 5; and finally the sum of three even squares is either
= 0 or = 4. But in the last case the representation is clearly improper.
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two proper transformations of the form ¢ into itself: «, 5,7, = 1,0,0,1 and =
—1,0,0, —1, respectively. (Since ¢ is a primitive form, what was denoted by m in
Article 179 will be either 1 or 2, so, apart from the exceptional cases, (1) certainly
applies there.) Thus (R) can arise only from r, 1/, so every proper representation of
the number M occurs twice, and no more, in 2. The number of all distinct proper
representations of M will therefore be %K = 3. 2HF2E,

As for the exceptional cases, Article 179 gives the number of proper transforma-
tions of the form ¢ into itself as 4 for M = 1, and 6 for M = 3. And it is easily
confirmed that the numbers of proper representations of the numbers 1, 3 are iK ,
%K , respectively. For each number can be decomposed into three squares in only
one way: 1 into 1 + 040, and 3 into 1 + 1 + 1. The decomposition of 1 gives six
distinct representations, and that of 3 gives eight. But K is = 24 for M = 1 (where
uw=0,k=1), and =48 for M =3 (where p =1, k= 1).

Further, let h denote the number of classes in the principal genus, which by Article
252 equals the number of classes in any other properly primitive genus. We observe
that k =h for M =1, 2, 5 or 6 (mod. 8), but k = %h for M = 3 (mod. 8), with the
single exception of M = 3, where k = h = 1. So, for numbers of the form 8n + 3,
the number of representations is in general = 2**2h, since for the number 3 the two
exceptions compensate for each other.
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292.

We distinguish decompositions of numbers into three squares (as we did above for
binary forms) from representations by the form zz 4 yy + zz by considering only the
sizes of the squares in the former, but also their order and the signs of their roots
in the latter. So we regard the representations z = a, y = b, 2z = c and z = d’,
y =10, 2= as distinct unless a = a’, b =/, ¢ = ¢ all hold. But we regard the
decompositions into aa + bb + cc and into a’a’ 4+ b'b’ + ¢/ as one if these squares are
equal to those without regard to order. It follows that

I. A decomposition of the number M into the squares aa + bb + cc is equivalent
to 48 representations if none is = 0 and all are unequal; but to 24 if either one is
= (0 and the others unequal, or none is = 0 and two are equal. If, however, in a
decomposition of a given number into three squares, two of them are = 0, or one
is = 0 and the others equal, or all are equal, it will be equivalent to 6, or 12, or
8 representations, respectively. But these can occur only in the exceptional cases
M =1, 2, 3, respectively, since the representations must be proper. Excluding these,
let the number of all decompositions of the number M into three squares (without a
common divisor) be F, and suppose that among them there are e with one square 0
and e’ with two equal squares. The former can also be regarded as decompositions
into two squares, and the latter as decompositions into a square and twice a square.
Then the number of all proper representations of the number M by zx + yy + zz will
be

=24(e+e)+48(E —e—¢€') =48F — 24(e + ¢)

But from the theory of binary forms we readily deduce that e will be either = 0 or
= 2¢=1 according as —1 is a quadratic nonresidue or residue of M, and also ¢/ = 0
or = 2*71 according as —2 is a nonresidue or residue of M. Here p denotes the
number of (odd) prime factors of M (see Article 182; we omit a fuller account here).
It follows readily that

E =2+ 2, if both —1 and —2 are N.R. of M;
E =2""2(k+2), if both numbers are residues; finally

E =22k +1), ifone is a residue and the other a nonresidue.

In the excluded cases M = 1 and M = 2, this formula would give £ = %, whereas

it should be £ = 1. But for M = 3 it correctly gives F = 1, the exceptions
compensating for each other.

So, if M is a prime, u = 1, and therefore E = %(k‘ +2) when M =1 (mod. 8);
E = %(k‘ + 1) when M = 3 or = 5. These special theorems were discovered by
induction by the distinguished Le Gendre and given in his excellent paper, already
cited several times, Hist. de [’Ac. de Paris 1785, p. 530 ff., though in a somewhat
different form. This is mainly because he did not distinguish proper from improper
equivalence, and so combined opposite classes.

II. To find all decompositions of the number M into three squares (without a
common divisor), we do not need to find all proper representations of all the forms
o, ¢, ¢". First, it is easy to confirm that all (48) representations of the form ¢
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belonging to the same value of the expression \/ — (p, —q,r) (setting ¢ = (p,q,7))
give the same decomposition of the number M. So it is enough to have one of them,
or, what comes to the same thing, only to write down all distinct decompositions”)
of the form ¢ into three squares; and likewise for the others ¢, ¢”, and so on. Next,
if ¢ belongs to a nonambiguous class, we may entirely omit the form chosen from
the opposite class; in other words, it is enough to consider just one of two opposite
classes. For the choice of a form from each class is completely arbitrary. Suppose
that from the class opposite to the one containing ¢ we choose the form opposite to
@, and let it be = ¢/. Then we readily see that, if the proper decompositions of the
form ¢ are expressed generally by

(gt 4+ hu)? + (g't + W'u)® + (¢t + h'"u)?
all decompositions of the form ¢’ will be expressed by
(gt — hu)? + (g't — K'u)® + (¢t — h'"'u)?

and that these give the same decompositions of the number M as the former. Finally,
if ¢ is a form in an ambiguous class, but is neither in the principal class nor equivalent
to the form (2,0, 3M) or (2,1,1(M + 1)) (according as M is even or odd), we may
omit half the values of the expression \/ — (p, —q, 7). For brevity, however, we do not
discuss this shortcut further here. — We can also use these same shortcuts when all
proper representations of M by xx + yy + zz are wanted, since these are very easily
obtained from the decompositions.

As an example, we will find all decompositions of the number 770 into three
squares. Here ;o = 3, e = ¢/ = 0, and therefore £ = 2k. Classifying the positive
binary forms of determinant —770 gives the number of positive classes as = 32. We
omit this classification for brevity, since anyone can easily construct it by the method
of Article 231. All these classes are properly primitive and distributed among 8
genera, so that k = 4, and therefore £ = 8. The genus whose characteristic number
is —1 must clearly have the particular characters with respect to the numbers 5,7, 11
given by R5; N7; N11. From Article 263, we readily conclude that its character
with respect to the number 8 must be 1 and 3, 8. Now in the genus with character
1 and 3, 8; R5; N7; N11 there are four classes, as whose representatives we choose
the forms (6,2,129), (6,—2,129), (19,3,41), 19, —3,41). But we discard the second
and fourth classes, as they are opposite to the first and third. We have already given
four decompositions of the form (19, 3,41) in Article 289. These give decompositions
of the number 770 into 9 + 361 + 400, 16 + 25 + 729, 81 + 400 + 289, 576 4 169 + 25.
In the same way we find four decompositions of the form 6tt + 4tu + 129uu into

(t — 8u)? + (2t +u)* + (¢t + 8u)?,
(t — 10u)? + (2t + 5u)* + (t + 2u)?
(2t — 5u)? + (t + 10u)? + (t + 2u)?,

(2t + Tu)? + (t — 8u)? + (t — 4u)?

“'We must always understand proper, if we choose to transfer this term from representations to
decompositions.
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arising, respectively, from the following values of the expression / — (6, —2,129):
(48,369), (62,—149), (92, —159), (202,61). These give decompositions of the number
770 into 225 + 256 4 289, 1 4 144 + 625, 64 + 81 + 625, 16 + 225 + 529. Besides these
eight decompositions there are no others.

What concerns decompositions of numbers into three squares having common
divisors follows so easily from the general theory of Article 281 that there is no need
to spend time on it.

Proof of Fermat’s theorems that every integer can be decomposed into three
triangular numbers or four squares.

293.

The preceding investigations also give a proof of the famous theorem that every
positive integer can be decomposed into three triangular numbers, discovered long ago
by Fermat, but for which a rigorous proof had been missing until now. Clearly any
decomposition of the number M into triangular numbers

te(z+1)+ Syly+ 1)+ 32(z2+ 1)
gives a decomposition of the number 8 M + 3 into three odd squares
2z +1)% + 2y + 1)* + (22 + 1)?

and conversely. But by the preceding theory every positive integer 8M + 3 can be
resolved into three squares, which must be odd (see the note to Article 291). The
number of such resolutions depends both on the number of prime factors of 8M + 3
and on the number of classes into which the binary forms of determinant —(8M + 3)
are distributed. There will be just as many decompositions of the number M into
three triangular numbers. We assume, however, that %x(w + 1) is regarded as a
triangular number for any integer value of x. If one preferred to exclude zero, the
theorem would have to be changed to this: Every positive integer is either itself a
triangular number or can be resolved into two or three triangular numbers. A similar
change would be needed in the following theorem if one preferred to exclude zero from
the squares.

The same principles prove another theorem of Fermat: every positive integer can
be decomposed into four squares. Subtract any square (smaller than the number)
from a number of the form 4n + 2, an even square from a number of the form 4n + 1,
or an odd square from a number of the form 4n + 3. In all these cases the remainder
can be resolved into three squares, and so the given number into four. Finally, a
number of the form 4n can be expressed as 4* N, where N belongs to one of the
preceding three forms. Resolving N into four squares also resolves 4*N. From a
number of the form 8n + 3 we can also subtract a square whose root is divisible
by four; from a number of the form 8n 4 7, a square whose root is twice an odd
number; and from a number of the form 8n + 4, an odd square. The remainder can
then be resolved into three squares. This theorem had already been proved by the
distinguished La Grange, Nouv. Mém. de I’Ac. de Berlin 1770, p. 123. His proof,
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entirely different from ours, was explained more fully by the distinguished Euler in
Actis Ac. Petr. Vol. 11, p. 48. — Other theorems of Fermat, which form a kind of
continuation of these, stating that every integer can be resolved into five pentagonal
numbers, six hexagonal numbers, seven heptagonal numbers, and so on, still lack a
proof and seem to require deeper principles.
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Solution of the equation axx + byy + czz = 0.

294.

THEOREM. Let a,b,c be pairwise coprime numbers, none of which is = 0 or
divisible by a square. The equation

axx +byy +czz=0...(Q)

will have no integer solution (apart from x =y = z = 0, which we disregard) unless
—be, —ac, —ab are quadratic residues of a, b, c, respectively, and these numbers do not
all have the same sign. But when these four conditions hold, () will be solvable in
integers.

Proof. If (2) is solvable in integers at all, it can also be solved by values of z,y, z
having no common divisor. For any values satisfying the equation Q still satisfy it
when divided by their greatest common divisor. Now suppose app+bgq+crr = 0 and
that p, ¢, have no common divisor. They will then also be pairwise coprime. For if
q,r had a common divisor pu, this would be coprime to p, but pp would divide app,
and therefore also a, contrary to the hypothesis. Likewise, p,r; p,q will be pairwise
coprime. So —app is represented by the binary form byy + czz, on assigning to y, z
the coprime values ¢, 7. Its determinant —bc will therefore be a quadratic residue of
app, and hence also of a (Article 154). In the same way, —acRb, —abRc. That ()
cannot have a solution if a, b, ¢ all have the same sign is so obvious that it needs no
explanation.

We will arrange the proof of the converse, which forms the second part of the theo-
rem, as follows. First, we show how to find a ternary form equivalent to (8:8:8) o f
whose coeflicients 2,3,4 are divisible by abc. Second, from this we will derive a
solution of the equation (€2).

I. Find three integers A, B, C' having no common divisor and such that A is coprime
to b and ¢; B to a and ¢; C to a and b; while aAA + bBB + ¢CC is divisible by abc.
This is done as follows. Let 2,B,¢ be values of the expressions / — be (mod a),
v —ac (mod b), v/ — ab (mod c), respectively. They will necessarily be coprime to
a, b, ¢, respectively. Choose three integers a, b, ¢ completely at will, provided they are
coprime to a, b, ¢, respectively (for ezample, all = 1), and determine A, B, C' so that

A=bc (modb) and =c¢€ (mod c)
B=c¢a (modc) and =a2 (mod a)
C=ab (moda) and =bB (mod b)

Then
aAA+ bBB + cCC = aa(bA + cbd)

= aa(bAA — AAb) =0 (mod a)
so it will be divisible by a, and likewise by b, ¢, and therefore also by abc. Further,
A is clearly necessarily coprime to b and ¢; B to a and ¢; C to a and b. But if these

values of A, B, C have a (greatest) common divisor p, this will clearly be coprime to
a,b,c, and so to abe. Dividing those values by p therefore gives new ones with no
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common divisor, still making aAA 4+ bBB + ¢CC divisible by abe, and so satisfying
all the conditions.

II. With A, B,C determined in this way, Aa, Bb,Cc will also have no common
divisor. For if they had a common divisor pu, it would necessarily be coprime to a
(since the latter is coprime to both Bb and Cc¢), and similarly to b and ¢. So p would
also have to divide A, B, C, contrary to the hypothesis. We can therefore find integers
a, 3,7 such that aAda+ SBb+~Cc = 1. Find, further, six integers o/, 8,7/, a”, 8", "
such that

B/'Y” _ 7//@// = Aa, ")//Oé” _ O/’y” — Bb, Ct,,@// _ ,3/0// — Ce

Now let f go by the substitution

/ "

a, o, «
6 B/ 5//
v Y, A

into (m’m,/’"f,ﬂ) = g (which will be equivalent to f). I say that m’,m”,n will be

n,n’,n

divisible by abc. For set
IBH"}/—’)////BZA/ "}///OK—O/,')/ZB/ Oé//ﬁ—IBHCY:C/
5’}/—’}/6/:14//7 ")/O/—CV')/,:B”, a/B/—BO/ZCH
and we have
o =B"Cc—-C"Bb, B =C"Aa—A"Cc, ~ =A"Bb— B"Aa
o =C'Bb—B'Ce, B'=ACc—C'Aa, ~"=DB'Aa— A'Bb

Substituting these values into the equations

m,:aa/a/‘i‘bﬁlﬂ,‘i_cf}/,'yl
" n_n

m :aa/,a”—“bﬁ”ﬁ//‘i_cfy 7

N i

n=ada" +b8' 8" + cy'y
gives, modulo a,
m' = bcA”"A"(BBb+ CCc) =0
m” = bcA’A'(BBb+ CCc) =0
n=bcA’A"(BBb+ CCc) =0
that is, m/, m”,n will be divisible by a. In the same way, these numbers are found

to be divisible by b, ¢, and therefore also by abc, as claimed.
III. For convenience, write the determinant of the forms f, g as —abc = d, and set

md — M, m/ — M/d7 ml/ — M”d, n = Nd’ n/ — ]\7/7 n/l — N//
Clearly f goes by the substitution (.5)

ad, o, «
gd, g, p"
vd, Y, v
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Md,M'd,M"d

NAN'dN"d ) = ¢’ of determinant d3, which will therefore be

into the ternary form <
contained under f. I now say that this form ¢’ is necessarily equivalent to (Z’%) =

g". For (%’%: ’]]\\;[,7) = ¢"" is clearly a ternary form of determinant 1. Further, since
by the hypothesis a, b, c do not all have the same sign, f will be an indefinite form,
from which it follows readily that ¢’ and ¢"” must also be indefinite. So ¢"” will

be equivalent to the form ( %:8:8) (Article 277), and we can find a transformation

(S7) of the former into the latter. But clearly (S’) takes the form ¢’ into ¢”. Thus
g", too, will be contained under f, and combining the substitutions (S), (S’) gives a
transformation of the form f into ¢”. If this is

5, &, &
e, g, &'
¢ ¢, ¢

we clearly have two solutions of the equation (), namely x = ¢,y = &',z = ' and
x=108"y=2¢"z=(". Neither set of values can all be = 0, since necessarily

§e'¢" + 6"+ 8"e¢! — 6"¢" — §'e¢” — §"€'¢ = d.  As required.

FEzample. Let the given equation be Txz — 15yy + 232z = 0, which is solvable
because 345 R7,—161 R15,105 R23. Here the values of 2,8, & are 3,7,6; setting
a=b=c=1gives A =98, B =—-39,C = —8. From this we obtain the substitution

3, 5 22
-1, 2, -28
8, 25, -7

. : 1520,14490,—7245 \ __ L
which takes f into (_24157_124674735) = g. This gives

7245, 5, 22
(S)={ —2415, 2, —-28 3, ¢"= (}16,??326?&?§5> :
19320, 25, -7

The form ¢ is found to go into <188) by the substitution

3, 5, 1
—2440, —4066, —813 ,...(9)
—433, =722, —144

9,11.12
Combining this with (S) gives {—1,9,—39 }, which takes f into ¢”. So we have two

»Ey

solutions of the given equation, z = 11,y = 9,z = 4 and ¢ = 12,y = -9,z = 3.
The latter becomes simpler on dividing the values by the common divisor 3, giving
r=4,y=-3,z=1.

286



Arithmetical Investigations

295.

The latter part of the theorem in the preceding article can also be proved as
follows. Find an integer h such that ah = € (mod ¢) (we use the symbols 2, B, ¢ in
the same sense as in the preceding article), and set ahh+b = ci. It is then easy to see
that ¢ is an integer and that the number —ab is the determinant of the binary form
(ac,ah,i)...p. This form certainly will not be positive (since by the hypothesis a, b, ¢
do not all have the same sign, ab and ac cannot both be positive). Further, it will
have characteristic number —1, which we prove synthetically as follows. Determine
integers e, ¢’ such that

e=0 (moda)and =%B (mod d);
ce =2 (mod a) and =hB (mod b)

Then (e, e’) will be a value of the expression / — (ac, ah,i) (mod —ab). For modulo

a we have .
ee=0=—ac, ee =0=—ah

ccee =AA = —bc = —cci so e'e = —i
and modulo b we have
ee = BB = —ac, cee' =hBB = —ach soee =—ah
cce'e = hhBB = —achh = —cci so €'e' = —i
These same three congruences, which hold for both moduli a, b, will also hold modulo
ab. From the theory of ternary forms we readily conclude that ¢ can be represented

by the form (). So let

actt + 2ahtu + ivu = —(at + Bu)? 4 2(yt + ou) (et + Cu)
Multiplying by c gives

aet + hu)? + buu = —c(at + Bu)? + 2¢(yt + du) (et + Cu)

It follows that, if ¢,u are assigned definite values making either vt + du or et + (u
become = 0, we have a solution of the equation €. It is therefore satisfied both by

r=bc—vh, y=v, z=ad-py
and by
r=Cc—ch, y=e¢e z=a(— G

Neither set of values can all become = 0. For if c—~vh = 0,y = 0, we would also have
§ =0and ¢ = —(at + Bu)?, giving ab = 0, contrary to the hypothesis; and likewise
for the other set. — In our example we find the form ¢ to be (161, —63,24), the value
of the expression y/ — ¢ (mod 105) = (7, —51), and the following representation of

the form ¢ by (fé?(’]o >:
© = —(13t — 4u)? + 2(11t — 4u) (15t — 5u)

287



Arithmetical Investigations

This gives the solutions z = 7,y = 11,z = —8; x = 20,y = 15,2 = =5, or, on
dividing by 5 and disregarding the sign of z, t =4,y =3,z = 1.

Of these two methods for solving the equation 2, the latter has the advantage of
usually working with smaller numbers. But the former, which can also be shortened
by various devices we pass over here, seems more elegant, especially because the
numbers a, b, ¢ are treated in exactly the same way and the calculation is unchanged
by any permutation of them. This is different in the second method, where the
calculation is usually most convenient if we take the smallest of the three given
numbers for a and the largest for ¢, as we did in our example.

On the method by which the distinguished Le Gendre treated the fundamental
theorem.

296.

The elegant theorem discussed in the preceding articles was first discovered by the
distinguished Le Gendre, Hist. de I’Ac. de Paris 1784, p. 507, and supplied with
a beautiful proof, entirely different from our two. At the same place this excellent
geometer also tried to derive from it a proof of propositions agreeing with the funda-
mental theorem of the preceding section. We have already said above, in Article 151,
that this proof seems to us unsuitable for that purpose. This is therefore the place
to set out this proof, which is very elegant in itself, briefly and to give the reasons for
our judgement. We begin with the following observation: If the numbers a,b,c are
all =1 (mod 4), the equation axx + byy + czz = 0... () cannot be solvable. For it
is very easy to see that, in this case, the value of axx + byy + czz must be either = 1,
=2 or =3 (mod 4), unless z,y, z are all taken even. So, if {2 were solvable, it could
only be by even values of x,y, z, which is absurd: any values satisfying the equation
Q still satisfy it when divided by their greatest common divisor, which must give at
least one odd value. The different cases of the theorem to be proved now reduce to
the following points.

I. Let p,q be primes of the form 4n + 3 (positive and unequal). We cannot have
p Rq,q Rp simultaneously. For if this were possible, setting 1 = a,—p = b,—q¢ = ¢
would clearly satisfy all conditions for the solvability of the equation azxx + byy +
czz = 0 (Article 294). But by the preceding observation it has no solution, so the
supposition cannot hold. Proposition 7 of Article 131 follows immediately.

II. If p is a prime of the form 4n + 1 and ¢ a prime of the form 4n + 3, we cannot
have ¢ Rp,p N g simultaneously. Otherwise we would have —p R ¢, and the equation
zx + pyy — qzz = 0 would be solvable, whereas by the preceding observation it has
no solution. Cases 4 and 5 of Article 131 follow from this.

III. If p, g are primes of the form 4n+1, we cannot have p R ¢, g N p simultaneously.
Take another prime r of the form 4n + 3 that is a residue of ¢ and of which p is a
nonresidue. Then the cases just proved (II) give ¢ Rr,r N p. So, if pRq,q N p, we
would have gr Rp,pr Rq,pq N r, and therefore —pg Rr. Thus the equation pzx +
quy — rzz = 0 would be solvable, contrary to the preceding observation; so the
supposition cannot hold. Cases 1 and 2 of Article 131 follow from this.

This case is handled more neatly as follows. Let r be a prime of the form 4n + 3
of which p is a nonresidue. Then we also have r N p, and so (assuming p Rq,q N p)
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qr Rp. Further, —p Rq, —p R, and therefore also —p Rqgr. So the equation zz +
pyy — qrzz = 0 would be solvable, contrary to the preceding observation. From this,
and so on.

IV. If p is a prime of the form 4n + 1 and ¢ a prime of the form 4n + 3, we
cannot have p R ¢, ¢ N p simultaneously. Take an auxiliary prime r of the form 4n+ 1
that is a nonresidue of both p,q. Then (by II) ¢ Nr, and (by III) p N r; hence
pq Rr. So,if pRq,q N p, we would also have pr N q, —pr R q, gr Rp, and the equation
pxx — qyy + rzz = 0 would be solvable, which is absurd. — Cases 3 and 6 of Article
131 follow from this.

V. Let p, g be primes of the form 4n+3. We cannot have p N ¢, ¢ N p simultaneously.
For suppose this were possible, and take an auxiliary prime r of the form 4n + 1 that
is a nonresidue of both p, g. We would have ¢qr R p, pr R ¢; further (by II), p N r,q N r,
giving pg Rr and —pq Rr. Thus the equation —pxx—qyy+rzz = 0 would be possible,
contrary to the preceding observation. Case 8 of Article 131 follows from this.
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297.

Anyone looking more closely at the preceding proof will readily see that cases I
and II have been settled without anything to object to. But the proofs of the other
cases rely on the existence of auxiliary numbers. Unless that existence is proved,
the method clearly loses all force. These assumptions may be so plausible that a less
attentive reader might think they need no proof, and they certainly raise the theorem
to be proved to the highest degree of probability; still, if geometric rigor is wanted,
they must not be admitted without proof. As for the assumption in IV and V that
there is a prime r of the form 4n + 1 that is a nonresidue of two other given primes
P, q, Section IV readily shows that all numbers less than 4pg and coprime to it (there
are 2(p—1)(qg—1) of them) divide equally into four classes. One contains nonresidues
of both p, ¢; the other three, residues of p and nonresidues of ¢, nonresidues of p and
residues of ¢, and residues of both p,q. In each class, half the numbers are of the
form 4n + 1 and half of the form 4n + 3. So among them there will be $(p—1)(¢—1)
nonresidues of both p,q of the form 4n + 1. Call these g.¢’,¢”, and so on, and let
the remaining I(p — 1)(¢ — 1) numbers be h, 1/, h”, and so on. Clearly all numbers
contained in the forms 4pqt + g,4pqt + ¢',4pgt + ¢”, and so on, (G) will also be
nonresidues of p, q of the form 4n + 1. To establish the assumption, we therefore
only need to prove that the forms (G) certainly contain prime numbers. This already
seems very plausible in itself, since these forms, together with 4pqt + h, 4pqt + I/,
and so on, (H), contain all numbers coprime to 4pq, and therefore also all prime
numbers (except 2,p,q). There seems to be no reason why the series of primes
should not be equally distributed among those forms, so that an eighth belong to
(@) and the rest to (H). Yet such reasoning clearly falls far short of geometric rigor.
The distinguished Le Gendre himself admits that it seems quite difficult to prove the
theorem that a form kt + [, with k,[ given coprime numbers and ¢ varying, certainly
contains primes. He briefly points to a method that might lead there. But many
preliminary investigations seem necessary to us before this route, at least, could lead
to a rigorous proof. — — As for the other assumption (III, second method), that
there is a prime r of the form 3n + 3 of which another given prime p of the form
4n 4 1 is a nonresidue, the distinguished Le Gendre has added nothing at all. We
proved above (Article 129) that primes of which p is a nonresidue certainly exist.
But our method hardly seems suited to showing the existence of such primes that are
also of the form 4n + 3, as is required here, though not in our first proof. We can,
however, readily prove the truth of this assumption as follows. By Article 287 there
is a positive genus of binary forms of determinant —p with character 3,4; Np. Let
(a, b, c) be such a form, with a odd, as we may assume. Then a will be of the form
4n + 3, and will either itself be prime or at least have a prime factor r of the form
4n 4+ 3. But —pRa, and therefore also —pRr, giving pNr. Still, we must carefully
note that the propositions of Articles 263, 287 rely on the fundamental theorem. So
it would be circular reasoning to base any part of it on them. — — Finally, the
assumption in III of the first method is much more unsupported still, so there is no
need to add anything further about it here.

Let us add an observation on case V, which the preceding method does not ad-
equately prove, but which is readily settled by the following argument. If we had
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pNq, qNp simultaneously there, then —pRq, —qRp, from which we readily derive that
—1 is a characteristic number of the form (p, 0, ¢q). So, by the theory of ternary forms,
this form can be represented by xx + yy 4+ zz. Let

ptt 4+ quu = (at + fu)® + (o't + f'u)? + ('t + B"u)?

or

N n_n
aac+oa +ao o =p,

BB+ 88+ 88" =q.
a/8+a//3,+a”5// — 0
Then equations 1 and 2 make all o, o/, a”, 3,3, 3" odd. But clearly the third
equation cannot then hold. — Case II can also be settled in much the same way.
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298.

PROBLEM. Let a,b,c be any numbers, none of them = 0. Find the conditions
under which the equation

axx +byy +czz =0... (w).

Solution. Let aa, B3,y be the largest squares dividing bc, ac, ab, respectively, and
set aa = ByA, b = ayB, yv¢ = afC. Then A, B,C will be pairwise coprime
integers. The equation (w) will be solvable or unsolvable according as

AXX +BYY +CZZ=0...(Q)

is solvable or unsolvable. This can be decided by Article 294.

Proof. Set bc = Aaa, ac = BPB, ab = €. Then A, B, ¢ are integers free of
square factors, and A = BC, B = AC, € = AB. So ABC¢ = (ABC)?, and therefore
ABC = A2 = BB = (€ is necessarily an integer. Let the greatest common divisor
of the numbers 2, A2 be m, and let 2 = gm, A2A = hm. Then ¢ is coprime to h
and, since 2 is free of square factors, also to m. Now hhm = gAAA = ¢BC, so g
divides hhm, which is clearly impossible unless ¢ = +1. Thus % = +m, A = +h,
so it is an integer; similarly, B,C are integers. This proves the first assertion. —
Since 2l = BC has no square factors, B, C' must be coprime. Similarly, A is coprime
to C and to B. This proves the second assertion. — Finally, if () is satisfied by
X = P)Y = Q, Z = R, then clearly (w) is solved by x = aP,y = 5Q,z = vR.
Conversely, if the latter is satisfied by x = p,y = ¢,z = r, the former is satisfied by
X = Bvyp, Y = avyq, Z = afr. So either both are solvable or neither is. This proves
the third assertion.

Representation of zero by arbitrary ternary forms.

299.

PROBLEM. Given a ternary form

f=axx+d2's’ +ad"2" 2" + 202" 2" 4 20’ xx” + 26" x2’

determine whether it can represent zero, with values of the indeterminates that are
not all = 0.
Solution. I. When a = 0, the values of 2/, 2” can be chosen at will. The equation

(I/ZU/"E/ + be/x// _|_ (I//.'L'//xl/ _ _2x(b/x// _|_ b//x/)

clearly gives = a definite rational value. Whenever this gives a fraction for x, we need
only multiply the values of z, 2, z” by its denominator to obtain integers. The only
values of z/, 2" to exclude are those making b'z” + b”2’ = 0, unless they also make
a'x'x’ + 2bx’x" + a”2"2"” = 0, in which case x can be chosen at will. It is also clear
that all possible solutions can be obtained in this way. The case where b’ is zero and
b” = 0 holds does not belong here: then x does not occur in f, so f is a binary form,
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and whether it can represent zero must be decided from the theory of such forms
applied to f.
II. When a = 0 does not hold, the equation f = 0 is equivalent to

(az + V' + b/x//)2 A" + 9B 2" — Ala 2" =0

where we set

b//b// _ aa/ — A//’

ab— V' = B,

by —aad” = A
If here A’ = 0 but not B = 0, then choosing ax + "2’ + b'z” and z” at will clearly
determines x and z’ rationally. If they are not integers, a suitable multiplier will
at least make them integers. For the one value of x”, namely z” = 0, the value of
ar + b"x’ +b'z” is not arbitrary: it too must be set = 0. But then z’ can be chosen

at will and will give a rational value of x. — If, however, A” is zero and B = 0 holds,
and if A’ is a square = kk, then f = 0 clearly reduces to the two linear equations

ar + "2 + (b + k)2” =0,
ar + b2 + (b — k)2 =0

of which either one or the other must hold. If instead, under the same assumption,
A’ is not a square, the solution of the proposed equation clearly depends on z” =
and ax + b"2’ = 0, which must hold simultaneously.

It hardly needs mentioning that the method in I also applies when a’ is zero or
a” = 0 holds, and the method in IT when A’ = 0.

III. When neither a is zero nor A” = 0 holds, the equation f = 0 is equivalent to

A/l(ax + b/ll,/ + b/x//)Q _ (A,/CC/ o B.’IT,/)Q + DCLIIT//./,U// — 0

where D denotes the determinant of the form f, or Da denotes the number BB—A’A”.
When D = 0, the solution works much as at the end of the preceding case. If A” is
a square = kk, the proposed equation reduces to

kax + (kb" — A2’ + (kb + B)2" =0,
kax + (kb" + A")2' + (kb" — B)2" =0

but if A” is not a square, we must have

ax + b2 + 02" =0,
A"y — B2 =0

When, however, D is not = 0, we have reduced the problem to
A"t — uu + Davv = 0

whose solvability can be decided by the preceding article. If its only solution is
t=0, u=0, v =0, then clearly the proposed equation also has no solution other
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than x = 0, 2’ = 0, 27 = 0. But if it has another solution, any such integer values
of t,u,v give, through the equations

ar + V' + 02" =t,
Ay — By — u,

r =

at least rational values of x,xz’,z”. If these involve fractions, a suitable multiplier
will make them integers.

As soon as one integer solution of f = 0 has been found, the problem can be
reduced to case I, and all solutions found as there, in the following way. Let f =0
be satisfied by the values of z,2’,2” given by «,a’,a”, which we assume have no
common factor. Choose integers 3, 3, 8", v,7',7" by Articles 40, 279 so that

a(f'y" = ")+ (B"y = BY") + " (By = B'y) =1
and let f change under the substitution

x=ay+ By +7y".
x/ — a/y_‘_ﬁ/y/‘i_’)/y”,
:L,// — O//y + B//y/ + Py”y” L (S)
into
g — ny + C/y/yl + C//yl/y// _|_ Zdy/y// + 2d/yy// + 2d//yy/

Then clearly ¢ = 0, and g is equivalent to f. So from all solutions of g = 0 we readily
obtain, through S, all integer solutions of f = 0. Now I shows that all solutions of
g = 0 are contained in the formulas

y = —z(c'pp + 2dpq + " qq),
y' = 2z(d"pp + d'pg),
y" = 2z(d"pq + d'qq)
where p, g are arbitrary integers and z is an arbitrary number, for which fractions are

also allowed, provided y, v, %" remain integers. Substituting these values of y,y’, y"”
in () gives all integer solutions of f = 0. — For example, if

!/ "N I/ " /
f=xx+ax +2"2" —4a'z” + 2xx” + 8z

and one solution of f = 0isx =1, ' = —2, 2/ = 1, then setting 8, 5, 8", v,7,7" =
0,1,0,0,0,1 gives

"1

g=y'y +y"y" —4y'y" +12yy"

So all integer solutions of g = 0 are contained in the formula

y = —z(pp — 4pq + qq),
Y =12zpq,
y" =12zqq
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and therefore all solutions of f =0 in

r = —2z(pp — 4pq + qq)
2’ = 2z(pp + 2pq + qq)

"

x" = —z(pp — 4pq — 11qq)

General solution in rational numbers of indeterminate equations of the second
degree in two unknowns.

300.

The problem of the preceding article directly gives the solution of the indetermi-
nate equation
arz + 2bxy + cyy + 2dx +2ey + f =0

when only rational values are required. We have already solved it above, in Article
216 and the following articles, when integers are required. For all rational values of
x,y can be written as %, o, with ¢, u, v integers. So solving that equation in rational
numbers is clearly the same as solving

att + 2btu + cuu + 2dtv + 2euv + fov =0

in integers; this is the equation treated in the preceding article. Only solutions with
v = 0 must be excluded. Such solutions cannot occur when bb — ac is not a square.
For example, all rational solutions of the equation

zx+8xy+yy+2x—4y+1=0
which was solved generally in integers in Article 221, are contained in the formula

_ pp—4pg+aqq
pp — 4pg — 11qq’
_ _2pp+4pg+2q9
pp — 4pq — 1lqq

where p, g are any integers. — We have dealt only briefly here with these two closely
connected problems, and have left out many observations related to them, partly
to avoid too long a discussion and partly because we have another solution of the
problem in the preceding article, based on more general principles. Since explaining
it requires a deeper investigation of ternary forms, we must reserve it for another
occasion.
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On the average number of genera.

301.

We return to binary forms, several of whose remarkable properties still need to be
discussed. First we will add some observations on the number of genera and classes
in the properly primitive order, positive for negative determinants. For brevity we
restrict the investigation to this order.

The number of genera into which all properly primitive forms, positive for negative
determinants, of a given positive or negative determinant +D divide is always 1, 2,4
or a higher power of 2. Its exponent depends on the factors of D and can be found
entirely in advance from the preceding investigations. Since primes are mixed with
numbers of varying degrees of compositeness in the natural series of numbers, the
number of genera for several successive determinants +D, +(D+1), +(D+2), and so
on, now increases and now decreases, and this irregular series seems to have no order.
Yet if we add the numbers of genera corresponding to many successive determinants

+D, +(D+1) ... £ (D+m)

and divide the sum by the number of determinants, we obtain the average number of
genera. This can be regarded as applying around the middle determinant +(D -+ %m),
and forms a very regular progression. We assume not only that m is large enough, but
also that D is much larger, so that the ratio of the extreme determinants D, D +m
does not differ too much from equality. The regularity of this progression is to be
understood as follows. If D’ is much larger than D, the average number of genera
around the determinant +D’ will be noticeably larger than around D. But if D, D’
do not differ too much, the average numbers of genera around D and D’ will also be
nearly equal. Further, the average number of genera around the positive determinant
+D is always found nearly equal to the average around the negative one, and the
more closely so the larger D is. For a small value the former is a little larger than
the latter. The following examples, taken from a table classifying binary forms for
more than 4000 determinants, will illustrate these observations. Among the hundred
determinants from 801 to 900, there are 7 to which just one genus corresponds, and
32,52,8,1 to which 2,4, 8. 16 genera correspond, respectively. This gives 359 genera
in all, so the average number = 3,59. The hundred negative determinants from —801
to 900 give 360 genera. All the following examples come from negative determinants.
In the 16th hundred, from —1501 to —1600, the average number of genera is 3,89; in
the 25th hundred it is 4,03; in the 51st it is 4,24; from the six hundred determinants
—9401 ...—10000 we obtain 4,59. These examples show that the average number of
genera grows much more slowly than the determinants themselves. But what is the
law of this progression? — A rather difficult theoretical investigation, which would
take too long to explain here, has shown that the average number of genera around
the determinant +D or —D is very closely given by

alogD + 6
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where a, 8 are constants, namely
4
a = — = 0,4052847346
T
with 7 denoting half the circumference of a circle of radius 1, and
1
8 =2ag + 3aah — 6a10g2 = 0,8830460462
where ¢ is the sum of the series
1 1
1—log(1+1)+ 5~ log(1 + 5)
1 1
+ 37 log(1 + §) + etc. = 0,5772156649
(see Euler, Inst. Calc. Diff., p. 444), while h is the sum of the series
1 1 1
Zlog2 + §log3+ Elogll—{—etc.

which has been found by approximation = 0,9375482543. This formula shows that
the average number of genera increases in an arithmetic progression when the deter-
minants increase in a geometric progression. The values of this formula for D = 850%,
15503, 24503, 50503, 97003 are 3,617; 3,86; 4,046; 4,339; 4,604, differing little from the
averages given above. The larger the middle determinant, and the more determinants
used to calculate the average, the less it will differ from the value of the formula. This
formula also lets us find very closely the total number of genera corresponding to suc-
cessive determinants £D,+(D + 1)...+ (D 4 m), however far apart the extremes
D, D+m are, by calculating and adding the corresponding average numbers for each.
This sum will be

= a(log D +log(D + 1) + etc. + log(D 4+ m)) + S(m + 1)
or, with sufficient accuracy,

= a((D +m)log(D +m) — (D —1)log(D — 1))
+(B—a)(m+1)
In this way the sum of the numbers of genera for the determinants —1 to —100 is
found = 234,4, while it is actually 233; similarly, from —1 to —2000, = 7116,6, while

it is 7112; from —9001 to —10000, where it is 4595, the formula gives 4594,9. Such
agreement could hardly have been expected.
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On the average number of classes.

302.

As regards the number of classes, always understood as properly primitive classes,
positive for negative determinants, positive determinants behave quite differently
from negative ones. So we will consider the two separately. They agree in this: for a
given determinant, each genus contains equally many classes. Thus the total number
of classes equals the product of the number of genera and the number of classes in
each genus.

First, for negative determinants, the number of classes corresponding to several
successive determinants —D, —(D + 1), —(D + 2), and so on, forms just as irregular
a progression as the number of genera. But the average number of classes, which
will need no definition, grows very regularly, as the following examples show. The
hundred determinants from —500 to —600 give 1729 classes, so the average number
= 17,29. Similarly, in the 15th hundred the average number of classes is 28,26; from
the two hundreds 24 and 25 we obtain 36,28; from the three 61, 62 and 63 we get 58,50;
from the five 91...95, 71,56; finally, from the five 96...100, 73,54. These examples
show that the average number of classes grows more slowly than the determinants,
but much faster than the average number of genera. A little attention shows that
it grows quite closely in proportion to the square roots of the middle determinants.
Indeed, a theoretical investigation has shown us that the average number of classes
around the determinant —D is approximately expressed by

VD =4

where

2
7::(L7467183115::4Jf
Te

with e denoting the sum of the series

R
-+ =+ —+ — etc.
827 64 125

0 = 0,2026423673 = 2
T

The averages calculated by this formula differ little from those taken above from the
table of classifications. This formula also lets us find very closely the total number
of all properly primitive classes, positive for negative determinants, corresponding to
successive determinants —D, —(D+1),—(D+2)...—(D+m—1), however far apart
the extremes may be, by adding the averages corresponding to those determinants
according to the formula. This gives

=v(vVD+ (D +1)+etc. +/(D+m—1)) —om

or, very nearly,

= 2D+ m - 5)F = (D= )b~ om
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For example, for the hundred determinants —1... — 100 this total is calculated from
the formula = 481,1, while it is actually 477. The thousand determinants —1...—1000
give 15533 classes according to the table; the formula gives 15551,4. The second thou-
sand gives 28595 classes according to the table, and the formula 28585,7; similarly,
the third thousand actually gives 37092 classes, and the formula 37074,3; the tenth
thousand gives 72549 by the table, and 72572 by the formula.
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303.

The table of negative determinants, arranged by their different classifications, of-
fers many other remarkable observations. For determinants of the form —(8n + 3),
the number of classes, both in all the properly primitive genera together and in each
separately, is always divisible by 3, with the sole exception of the determinant —3.
The reason follows directly from Article 256, VI. For determinants whose forms make
up a single genus, the number of classes is always odd. For such a determinant there
is just one ambiguous class, the principal class; the remaining classes occur in oppo-
site pairs, so their number must be even, and the total odd. This latter property also
holds for positive determinants. — Further, the sequence of determinants correspond-
ing to any given classification, that is, to given numbers of genera and classes, always
seems to end. We illustrate this rather surprising observation with a few examples.
The first number, in Roman numerals, gives the number of properly primitive genera,
positive for negative determinants; the next gives the number of classes in each genus.
Then follows the sequence of determinants with this classification, their negative sign
being omitted for brevity.

L1. 1,2,3,4,7

I.3.. 11,19, 23,27, 31, 43, 67, 163

I.5.. 47,79,103. 127

I 7.. 71,151, 223, 343, 463, 487

IL1. 5,689, 10,12, 13, 15, 16, 18, 22, 25, 28, 37, 58

IL 2.. 14,17, 20, 32, 34, 36, 39, 46, 49, 52, 55, 63, 64, 73, 82, 97, 100, 142, 148,

193
IV. 1.. 21,24, 30, 33, 40, 42, 45, 48, 57, 60, 70, 72, 78, 85, 88, 93, 102, 112, 130
133, 177, 190, 232, 253
VIIL 1.. 105, 120, 165, 168, 210, 240, 273, 280, 312, 330, 345. 357, 385, 408, 462,
520, 760
XVL 1.. 840, 1320, 1365, 1848

Similarly, there are 20 determinants, the largest = —1423, with classification 1. 9; 4,
the largest = —1303, with classification I. 11; and so on. Classifications II. 3; II. 4;
II. 5; IV. 2 correspond to no more than 48,31, 44, 69 determinants, respectively, the
largest of these being —652, —862, —1318, —1012. The table from which we took
these examples has been extended far beyond the largest determinants occurring
here®, without any further determinants of these classifications appearing. So there
seems no doubt that the sequences listed really have ended, and by analogy we may
extend the same conclusion to any other classification. For example, since the entire
tenth thousand of determinants offered none with fewer than 24 classes, it is highly
likely that classifications 1. 23; I. 21, and so on; II. 11; II. 10, and so on; IV. 5;
IV. 4; IV. 3; VIIIL. 2 had already ended before —9000, or at least apply to very few
determinants beyond —10000. But rigorous proofs of these observations seem very

) As this is being printed, continuously as far as —3000, and also through the entire tenth thousand
and several other scattered hundreds, together with very many individual determinants carefully chosen.
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difficult. — It is no less remarkable that every determinant whose forms divide into 32
or more genera has at least two classes in each genus. Thus classifications XXXII. 1,
LXIV. 1, and so on, do not occur at all; the smallest such determinant, —9240, has
classification XXXII. 2. It seems quite probable that, as the number of genera grows,
more and more classifications fail to occur. In this respect the 65 determinants given
above, with classifications I. 1; II. 1; IV. 1; VIII. 1; XVI. 1, are very noteworthy. It is
easy to see that they, and only they, have both these remarkable properties: all their
classes of forms are ambiguous, and any forms contained in the same genus must
be both properly and improperly equivalent. These same 65 numbers were already
given by the distinguished Euler, from a slightly different viewpoint to be mentioned
below and with a criterion easy to prove, in Nouv. Mém. de I’Ac. de Berlin, 1776,
p- 338.

304.

The number of properly primitive classes formed by binary forms with a positive
square determinant kk can be determined entirely in advance. It equals the number
of numbers coprime to 2k and smaller than it. From this, arguments that are not
difficult but must be omitted here show that the average number of classes for such
determinants around kk is approximately expressed by %. — Positive nonsquare
determinants, however, show quite remarkable behavior in this respect. For negative
and square determinants, a small number of classes, for example classification I. 1 or
I. 3orII. 1, and so on, occurs only for small determinants and soon ceases altogether.
By contrast, by far the greatest part of positive nonsquare determinants, at least
those not very large, have classifications with just one class in each genus, so that
1. 3; 1. 5; II. 2; II. 3; IV. 2, and so on, are very rare. For example, among the
90 nonsquare determinants below 100, there are 11,4827 with classifications 1. 1,
IT. 1, IV. 1, respectively. Only one, (37), has I. 3; two, (34 and 82), have II. 2; one,
(79), has II. 3. Yet as the determinants grow, larger numbers of classes gradually
become more frequent. Thus among the 96 nonsquare determinants from 101 to 200,
two, (101,197), have 1. 3; four, (145,146,178,194), have II. 2; three, (141, 148,189),
have II. 3. Of the 197 determinants from 801 to 1000, three have I. 3; four II. 2;
fourteen II. 3; two II. 5; two II. 6; fifteen IV. 2; six IV. 3; two IV. 4; four VIIL. 2; the
remaining 145 have one class in each genus. — It would be an interesting question,
worthy of mathematicians’ ingenuity, to investigate the law by which determinants
with one class in each genus become steadily rarer. So far we can neither decide
theoretically nor conjecture with enough confidence from observation whether they
eventually cease altogether, which seems unlikely, or at least become infinitely rare,
or whether their frequency comes ever closer to a fixed limit. The average number
of classes grows only a little faster than the number of genera, and far more slowly
than the square roots of the determinants. Between 800 and 1000 it is found = 5, 01.
Let us add another observation that partly restores the analogy between positive and
negative determinants. We have found that, for a positive determinant D, it is not
so much the number of classes itself as this number multiplied by the logarithm of
t+uy/D, where t, u are the smallest numbers other than 1,0 satisfying tt — Duu = 1,
that is analogous in several ways to the number of classes for a negative determinant.
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These ways cannot be explained more fully here. The average value of that product
is expressed just as accurately by a formula of the form m+/D — n. But so far we
have not been able to determine the values of the constants m, n theoretically. If any
conclusion may be drawn from comparing a few hundreds of determinants, m seems
to differ little from 2%. — We reserve for another occasion a fuller discussion of the
principles behind the preceding investigations into averages of quantities that do not
follow an analytic law, but approach such a law asymptotically ever more closely. We
now turn to another investigation, comparing different properly primitive classes of
the same determinant, and bringing this long section to an end.

A special algorithm for properly primitive classes: regular and irreqular
determinants, and related matters.

305.

THEOREM. Let K be the principal class of forms of a given determinant D, and
C any other class in the principal genus of forms of the same determinant. Let
2C,3C,4C, and so on, be the classes obtained by doubling, tripling, quadrupling, and
so on, the class C, as in Article 249. If the progression C,2C,3C, and so on, is
continued far enough, it eventually reaches a class identical with K. If mC' is the
first class identical with K, and the total number of classes in the principal genus
= n, then either m =n or m is a proper divisor of n.

Proof. 1. All the classes K, C, 2C, 3C, and so on, must belong to the principal genus
by Article 247, so the first n + 1 classes of this series, K, C,2C ...nC, clearly cannot
all be different. Thus either K is identical with one of the classes C,2C,3C ...nC),
or at least two of these classes are identical with each other. Let rC' = sC and r > s.
Then also

(r—1)C=(s-1)C, (r—2)C=(s—2)C
etc. and (r+1—s)C=C

giving (r — s)C = K. This proves the first assertion.
II. This also gives at once either m = n or m < n. It remains only to show that,
in the latter case, m is a proper divisor of n. Since the classes

K,C,2C...(m —1)C, whose collection we denote by &

do not yet exhaust the whole principal genus in this case, let C’ be a class of this
genus not contained in €. Consider the collection of classes obtained by composing
O’ with each class in €, namely

C',C'+C,C"+2C...C"+ (m —1)C, denoted by ¢’

It is easy to see that all classes in € differ both from one another and from all those
in €, and belong to the principal genus. If € and €’ exhaust this genus, we therefore
have n = 2m; if not, 2m < n. In the latter case let C” be a class of the principal
genus contained in neither € nor €', and consider the collection of classes obtained
by composing C” with each class in €, that is,

C".C"+C,0"+2C...C" + (m —1)C, denoted by ¢”
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These clearly all differ from one another and from all those in € and ¢, and belong
to the principal genus. So if €, €', €” exhaust this genus, n = 3m; otherwise n > 3m.
In that case another class C””, contained in the principal genus but in neither €, ¢’
nor ¢”, can be treated in the same way and shows that either n = 4m or n > 4m,
and so on. Since n and m are finite numbers, the principal genus must eventually be
exhausted. Then n is a multiple of m, or m a proper divisor of n. This proves the
second assertion.

Ezample. Let D = —356, C' = (5,2,72)%. We find 2C = (20,8,21),3C =
(4,0,89), 4C = (20,-8,21), 5C = (5,-2,72), 6C = (1,0,356). Here we therefore
have m = 6, while n for this determinant is 12. Taking for C’ the class (8,2, 45), the
other five classes in € are (9, —2,40), (9, 2,40), (8,—2,45), (17,1,21), (17,—1,21).

*)Classes are always expressed here by the simplest forms contained in them.
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306.

The proof of the preceding theorem will be found entirely analogous to the proofs
in Articles 45,49. Indeed, the theory of multiplication of classes has a very close
affinity in every respect with the subject treated in Section III. But the limits of this
work do not let us pursue this theory as fully as it deserves. So we will add only a few
observations here, also leaving out proofs that would require a longer preparation,
and reserve a fuller investigation for another occasion.

L. If the series K, C,2C,3C, and so on, is continued beyond (m — 1)C, the same
classes appear again:

mC =K, (m+1)C=C, (m+2)C =2C etc.

More generally, regarding K as 0C for convenience, the classes gC, g’C are identical
or different according as g and ¢’ are congruent or incongruent modulo m. Thus the
class nC' is always identical with the principal class K.

I1. We will call the collection of classes K,C,2C ... (m — 1)C, denoted above by
¢, the period of the class C'. This expression must not be confused with the periods
of reduced forms of positive nonsquare determinant treated in Article 186 and the
following articles. Clearly, composing any number of classes in the same period
produces a class also contained in that period:

gC+gC+4"'Cete.=(g+ 4 +g¢" +etc.)C

III. Since C'+ (m —1)C = K, the classes C and (m — 1)C' are opposite; so are 2C
and (m —2)C, 3C and (m — 3)C, and so on. If m is even, the class £mC is therefore
opposite to itself and so ambiguous. Conversely, if € contains another ambiguous
class besides K, say gC, then gC = (m — g)C, giving g =m — g = %m Thus, if m
is even, there can be no ambiguous class other than K and %mC ; if m is odd, none
other than K can be contained in €.

IV. Suppose the period of a class hC contained in € is

K, hC,2hC,3hC ... (m' — 1)hC

Then m'h is clearly the smallest multiple of h divisible by m. So if m and h are
coprime, m’ = m, and the two periods contain the same classes arranged in different
orders. More generally, if u denotes the greatest common divisor of m, h, then m/ =
%. Thus the number of classes in the period of any class from € is either m or a
proper divisor of m. More precisely, as many classes in € have periods of m terms
as there are numbers among 0,1,2...m — 1 coprime to m, that is, ¢m, using the
notation of Article 39. In general, as many classes in € have periods of % terms as
there are numbers among 0,1,2...m — 1 having p as their greatest common divisor
with m. Their number is readily seen to be 2. So if m = n, that is, if € contains the
whole principal genus, this genus contains exactly ¢n classes whose periods include
the whole genus, and e classes whose periods have e terms, where e is any divisor
of n. This conclusion holds in general whenever the principal genus contains a class
whose period has n terms.
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V. Under the same assumption, the system of classes of the principal genus is most
conveniently arranged by adopting a class whose period has n terms as a kind of base,
and placing the classes of the principal genus in the order in which they occur in that
period. If we assign the index 0 to the principal class, 1 to the class chosen as base,
and so on, then merely adding indices tells us which class results from composing any
classes of the principal genus. Here is an example for the determinant —356, with

the class (9,2,40) chosen as base:
0 (1,0,356) | 4 (20,8,21) 8 (20,-8,21)
1 (9,2,40) 5 (17,1,21) 9 (8,2,45)
2 (5,2,72) 6 (4,0,89) 10 (5,-2 72)
3 (8,-2,45) | 7 (17,—1,21) | 11 (9, 40)

VI. The analogy with Section III, together with examination of more than 200
negative determinants and far more positive nonsquare ones, may seem to make it
highly probable that this assumption holds for all determinants. Yet that conclusion
would be false, and extending the table of classifications would refute it. For brevity,
let us call determinants for which the whole principal genus can be included in a
single period regular, and the others, for which this is impossible, irregular. This
subject seems to belong to the deepest mysteries of higher arithmetic and to leave
room for extremely difficult investigations. We can illustrate it here only with a few
observations, preceded by the following general one.

VII. If the principal genus contains classes C, C’" whose periods consist of m,m’
classes, and M is the smallest number divisible by m and m/, then the same genus
also contains classes whose periods have M terms. Resolve M into two coprime
factors r, 7/, the former (r) dividing m and the latter (') dividing m’, as in Article
73. Then the class C + T—,/C" = (" has the required property. For suppose the
period of C” has g terms. Then

= grC" = gmC + C”

:K+9”mc g’

! 7!

grm

SO must be divisible by m/, or gr by 7/, and therefore also g by r’. In exactly the
same way ¢ is found divisible by r, and so also by rr’ = M. But clearly MC" = K,
so M is also divisible by ¢g. Thus necessarily M = g. It readily follows that the
largest number of classes contained in any period for a given determinant is divisible
by the number of classes in every other period of a class from the same principal
genus. This also gives a method of finding a class whose period is as large as possible,
and so, for a regular determinant, includes the whole principal genus. It is entirely
analogous to the method of Articles 73,74, though in practice various devices can
shorten the work. The quotient of n by the number of classes in the largest period
is 1 for regular determinants, but for irregular ones is always an integer greater than
1. For the latter it is particularly convenient for expressing the different kinds of
irregularity, and may therefore be called the irreqularity exponent.
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VIII. So far there is no general rule for distinguishing regular from irregular de-
terminants in advance, especially since the latter include both primes and composite
numbers. A few particular observations must therefore suffice. If the principal genus
contains more than two ambiguous classes, the determinant is certainly irregular
and its irregularity exponent even. If that genus contains just one or two, the deter-
minant is either regular or at least has an odd irregularity exponent. All negative
determinants of the form —(216k + 27), except —27 alone, are irregular, with irregu-
larity exponent divisible by 3. The same holds for negative determinants of the forms
—(1000k + 75) and —(1000k 4 675), except —75 alone, and for infinitely many others.
If the irregularity exponent is a prime p, or is at least divisible by p, then n is divisible
by pp. Thus if n has no square divisor, the determinant is certainly regular. Only for
positive square determinants ee can we always tell in advance whether they are regular
or irregular: regular when e is 1 or 2, an odd prime or a power of an odd prime, and ir-
regular in all other cases. Among negative determinants, irregular ones grow steadily
more frequent as the determinants grow. For example, in the whole first thousand
there are thirteen irregular ones: omitting the negative sign, 576, 580, 820, 884, 900,
whose irregularity exponent is 2, and 243, 307, 339, 459,675, 755,891,974, whose ir-
regularity exponent is 3. In the second thousand we have found 13 with exponent
2 and 15 with exponent 3; in the tenth thousand, 31 with exponent 2 and 32 with
exponent 3. We cannot yet decide whether determinants with irregularity exponent
greater than 3 occur below —10000. Beyond this limit any given exponent can oc-
cur. It is highly probable that, as the determinants grow, the frequency of irregular
negative determinants relative to regular ones approaches a constant ratio ever more
closely. Determining that ratio would be very worthy of mathematicians’ ingenuity.
— For positive nonsquare determinants, irregular ones are much rarer. Certainly in-
finitely many have an even irregularity exponent, for ezample 3026, for which it is 2.
There also seems no doubt that ones with odd irregularity exponent exist, although
we must admit that so far none has presented itself to us.

IX. For brevity we cannot discuss here the most convenient arrangement of the
system of classes in the principal genus for an irregular determinant. We only observe
that, since a single base does not suffice, two or even more classes must be chosen,
from whose multiplication and composition all the classes can be produced. This
gives double or multiple indices, serving much the same purpose as single indices for
regular determinants. We will treat this more fully another time.

X. Finally, all the properties considered in this and the preceding article depend
chiefly on the number n, which is analogous to p — 1 in Section III. So this number
deserves the closest attention, and it is most desirable to discover a general connection
between it and its determinant. We think there is all the less reason to lose hope
about this very important question, since we have already succeeded in expressing by
an analytic formula the average value of the product of n and the number of genera,
which can be determined in advance, at least for negative determinants, in Article
302.
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307.

The investigations of the preceding articles cover only the classes of the principal
genus. So they suffice both for positive determinants with just one genus altogether
and for negative determinants with just one positive genus, if we choose not to con-
sider the negative genus. It remains to add some observations on the other properly
primitive genera as well.

I. If a genus G, different from the principal genus G of the same determinant,
contains any ambiguous class, it contains as many as G. Let the ambiguous classes
in G be L, M,N, and so on, including the principal class K, and those in G’ be
L', M',N’', and so on. Denote the collection of the former by A, and of the latter
by A’. Clearly all the classes L + L', M + L', N + L', and so on, are ambiguous
and different, and belong to G’, so must be contained in A’. Thus the number of
classes in A’ certainly cannot be smaller than in A. Likewise the classes L' + L/,
M+ L', N'+ L', and so on, are different and ambiguous, belong to G, and so are
contained in A. Thus the number of classes in A cannot be smaller than in A’. The
numbers of classes in A and A’ must therefore be equal.

II. Since the total number of ambiguous classes equals the number of genera, by
Articles 261,287 II1, if G contains just one ambiguous class, then clearly every genus
must contain one ambiguous class. If G contains two, half of all genera contain two
each and the others none. Finally, if G contains more, say a*), one a-th of all the
genera contain a ambiguous classes each, and the others none.

III. In the case where G contains two ambiguous classes, let G, G’, G”, and so on,
be the genera containing two each, and H, H', H”, and so on, those containing none.
Denote the former collection by & and the latter by $). Composing two ambiguous
classes always gives an ambiguous class, by Article 249. So composing two genera
from & clearly always gives a genus from &. It follows further that composing a
genus from & with one from § gives a genus from $). For if, for ezample, G' + H
belonged not to $ but to &, then G’ + H + G’ would also have to belong to &. This
is a contradiction, since G' + G' = G, and therefore G' + H + G’ = H. Finally, the
genera G+ H, G’ + H, G"” + H, and so on, together with H + H, H' + H, H" + H,
and so on, are clearly all different, and so coincide with & and $) taken together. But
by what we have just proved the genera G+ H, G'+ H, G"+ H, and so on, all belong
to ), and therefore exhaust this collection. So the remaining genera H + H, H' + H,
H"” + H, and so on, must all belong to &. That is, composing two genera from $)
always gives a genus from &.

IV. If E is a class of a genus V different from the principal genus G, then clearly
2F,4F, 6F, and so on, all belong to G, while 3E,5F, 7F, and so on, belong to V. If
the period of 2F has m terms, then in the series F,2F,3F, and so on, the class 2mFE,
and no earlier one, is clearly identical with K. So the period of E has 2m terms.
Thus the number of terms in the period of any class outside the principal genus is
either 2n or a proper divisor of 2n, where n is the number of classes in each genus.

V. Let C be a given class of the principal genus G, and E a class of a genus V
whose doubling gives C', which always exists by Article 286. Let all the ambiguous

“JThis can happen only for irregular determinants, and a will always be a power of two.
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classes, properly primitive and of the same determinant, be K, K’, K”, and so on.
Then all classes whose doubling gives C are E (= E+ K), E+ K', E+ K", and
so on. Denote their collection by Q. Their number equals the number of ambiguous
classes, or the number of genera. Clearly, as many classes in 9 belong to the genus
V as there are ambiguous classes in G. Denoting this number by a, we see that
each genus contains either a classes from Q or none. Thus, when a = 1, each genus
contains one class from £; when a = 2, half of all genera contain two classes each
from 9, and the rest none. The former half either coincides entirely with &, in the
same sense as in IIT above, and the latter with $), or the latter coincides with & and
the former with $). — When « is larger still, one a-th of all the genera always contain
classes from 9, each containing a classes.

VI. Now suppose C'is a class whose period has n terms. In the case where a = 2,
and therefore n is even, it is easy to see that none of £ can belong to G. For such a
class would then be contained in the period of C. If it were = rC, or 2rC = C, then
2r =1 (mod. n), which is a contradiction. Since G belongs to &, all the classes Q
must therefore be distributed among the genera §). Now, for a regular determinant,
G contains exactly pn classes whose periods have n terms. So in the case a = 2, each
genus §) contains exactly 2¢n classes whose periods include 2n terms, and therefore
both their own genus and the principal genus. When a = 1, each genus other than
the principal one contains (n such classes.

VII. On these observations we base the following method of arranging the system
of all properly primitive classes as conveniently as possible for any given regular
determinant; irregular ones are set aside entirely. Choose any class F whose period
contains 2n terms, and therefore both its own genus, say V', and the principal genus
G. Arrange the classes of these two genera in their order in that period. This already
finishes the task when there are no more than these two genera, or when it seems
unnecessary to add the others, for example for a negative determinant with just two
positive genera. If four or more genera are to be arranged, treat the others as follows.
Let V' be one of the others and V + V' = V”. Then V' and V" together contain
two ambiguous classes, either one in each or two in one and none in the other. From
these choose any one A. Composing A with each class in G and V clearly gives 2n
different classes belonging to V' and V" and therefore exhausting these genera. So
these too can be arranged. — If genera remain beyond these four, let V" be one
of them, and V""" V""" V""" the genera obtained by composing V"' with V, V' and
V". These four genera V" ... V""" contain four ambiguous classes. Choosing one
of them, A’, and composing it with each class in G,V, V', V" clearly produces all
classes in V... V""" — If more genera remain, continue in the same way until
all are exhausted. Clearly, if the number of genera to be arranged is 2¥, we need
exactly p — 1 ambiguous classes. Any class in these genera can be produced either
by multiplication of F, or by composing a class obtained from such multiplication
with one or more ambiguous classes. Here are two examples illustrating these rules.
We cannot add more here on the use of such an arrangement or the devices that can
lighten the work.
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I. Determinant —161.

Four positive genera; four classes in each.

G
1,4; RT; R23
(1,0, 161) K
(9,1,18) = 2E
(2,1,81) = 4E
(9,-1,18) = 6E

Y

V/

3,4; R7; N23
(7,0,23) = A
(11,-2,15) = A+ 2E
(14,7,15) = A + 4E
(11,2,15) = A+ 6E

II. Determinant —546.

v
3,4; NT7; R23
(3,1,54) = FE
(6,—1,27) = 3E
(6,1,27) =5E
(3,—1,54) =TFE

V//

1,4; N7; N23
(10,3,17) = A+ E
(5,2,33) = A+ 3E
(5,-2,33) = A+ 5E
(10,—3,17) = A+ TE

Fight positive genera; three classes in each.

G
1 and 3,8; R3; R7; R13
(1,0,546) =
(22,—-2,25) = 2F
(22,2,25) = 4E

V/
1and 3,8, N3; R7; N13
(2,0,273) = A
(11,-2,50) = A+ 2F
(11,2,50) = A+ 4FE

V///
1 and 3,8, N3; N7; R13
(3,0,182) = A’
(17,7,35) = A’ + 2F
(17,-7,35) = A’ + 4F

309

v

5and 7,8, N3; N7; N13
(5,2,110) =
(21,0,26) = 3E
(5,—2,110) = 5F

V//
5and 7,8, R3; N7; R13
(10,2,55) = A+ FE
(13,0,42) = A+ 3E
(10,—2,55) = A+ 5F

VI/I/
5and 7,8; R3; R7; N13
(15,-3,37) = A+ F
(7,0,78) = A’ + 3FE
(15,3,37) = A’ + 5E
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V/////
1and 3,8; R3; N7; N13
(6,0,91) = A+ A’
(19,9,33) = A+ A" +2F
(19,-9,33) = A+ A’ +4F

V//////
5and 7,8, N3; R7; R13
(23,11,29) = A+ A+ FE
(14,0,39) = A + A +3F
(23,-11,29) = A+ A’ +5E
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SECTION VL
VARIOUS APPLICATIONS OF THE PRECEDING INVESTIGATIONS.

308.

We have already indicated in several places how rich higher arithmetic is in truths
useful in other parts of mathematics as well. We thought it worthwhile to treat sep-
arately some applications that deserve a fuller account. Our aim is less to exhaust
this subject, which could easily fill several volumes, than to illustrate it with a few
examples. In this section we will first discuss the decomposition of fractions into
simpler ones, then the conversion of common fractions into decimals. Next we will
explain a new method of exclusion for solving indeterminate equations of the sec-
ond degree, and finally give new, convenient methods for distinguishing primes from
composite numbers and finding the factors of the latter. In the following section
we will establish the general theory of a particular kind of functions, which extends
very widely throughout analysis, insofar as it is very closely connected with higher
arithmetic. In particular, we will seek to advance the theory of the division of the
circle, of which only the first elements have so far become known.

Decomposition of fractions into simpler ones.

309.

PROBLEM. Decompose a fraction 7, whose denominator n is the product of two

coprime numbers a, b, into two other fractions with denominators a,b.

Solution. Let the required fractions be £, %, Then we must have bz + ay = m.
Thus « is a root of the congruence bx = m (mod. a), which can be found by Section
11, while y= m%bx.

As we know, the congruence bxr = m has infinitely many roots, all congruent
modulo a, but just one that is positive and less than a. However, y may also turn out
negative. We hardly need to point out that y can also be found from the congruence
ay = m (mod. b), and = from the equation x = ™7, — For ezample, given the

fraction 22, the number 4 is the value of the expression % (mod. 7), so % decomposes

into % —|—71£1.
310.

Suppose a fraction 7 is given whose denominator n is the product of any number
of pairwise coprime factors a, b, ¢, d, and so on. By the preceding article it can first be
decomposed into two fractions with denominators a and bed, and so on; the second
can again be decomposed into two with denominators b and cd, and so on; the latter
again into two, and so on. Finally the given fraction takes the form

ng—i-é—l-l—&-é—i-etc.

n a b ¢ d
Clearly we may take the numerators «, 3,,d, and so on, positive and less than their
respective denominators, except the last. Once the others have been determined, the
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last is no longer arbitrary, and may even be negative or greater than its denominator,
since we do not assume m < n. It will then usually be useful to put it in the form
© F k, with ¢ positive and less than e, and k an integer. Finally, a,b,c, and so on,
can clearly be chosen as primes or powers of primes.

Example The fraction 331, with denominator =4.3.7.11, decomposes in this way
into §1+ 251, % 1nt0 £ 757;, and —22 1nto % Thus, writing = 17 — 1 for — 11, we
get gy =7 +35+7 +*_1

311.
m 8

A fraction 7 can be put in the form ¢ + ¢ + etc. F k in only one way, with «, 3,
and so on, positive and less than a, b, and so on. For suppose

/ !/ /

m B v v

«
— —+ o ete Fh=— 4t

/
- b b +etc Fk

with o/, 3, and so on, likewise positive and less than a, b, and so on. Then necessarily
a=dao, =0, v=+,and so on, and k = k. Multiplying by n = abe, and so
on, clearly gives m = abed etc. = o’bed ete. (mod. a). Since bed, and so on, is
coprime to a, necessarily & = o/, and hence a = «'. Likewise 8 = [/, and so
on, from which k& = k' also follows at once. Now we are entirely free to choose
which denominator’s numerator to calculate first. So all the numerators can clearly
be found in the same way as « in the preceding article: § from the congruence
Bacd etc. = m (mod. b), v from ~vyabd etc. = m (mod. ¢), and so on. The sum of all
the fractions found in this way either equals the given fraction 7%, or differs from it by
an integer = k. This also gives us a check on the calculation. Thus, in the example
of the preceding article, the values of the expressions g% (mod. 4), 3% (mod. 3),

> 308

% (mod. 7), % (mod. 11) immediately give the numerators 1,2, 1,4 corresponding
to the denominators 4, 3,7, 11, and the sum of these fractions is found to exceed the

given fraction by one.
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Conversion of common fractions into decimals.

312.

DEFINITION. When a common fraction is converted into a decimal, we call the
sequence of decimal digits”) (excluding the integer part, if there is one), whether finite
or continuing indefinitely, the fraction’s mantissa. We use this expression, otherwise
customary only for logarithms, in a wider sense. Thus, for erample, the mantissa
of the fraction é is 125, that of i’—g is 1875, and that of % is 054054 . . ., continuing
indefinitely.

It follows at once from this definition that the fractions %, =, which have the same
denominator, have the same or different mantissas according as their numerators [, m
are congruent or incongruent modulo n. A finite mantissa does not change if any
number of zeros are added on the right. The mantissa of the fraction me is obtained
by removing the first digit from the mantissa of 7. More generally, the mantissa
of % is found by removing the first v digits from that of 7. The mantissa of %
begins at once with a significant digit, that is, one different from zero, if n is not
> 10. But if n > 10, and the denominator is unequal to any power of 10 and has
k digits, the first kK — 1 digits of the mantissa of % are zeros, and only the next, the
k-th, is significant. It follows easily that if %, = have different mantissas, that is, if
[, m are incongruent modulo n, these mantissas certainly cannot agree in their first
k digits, but must differ at or before the k-th digit.

313.

PROBLEM. Given the denominator of a fraction 7' and the first k digits of its
mantissa, find the numerator m, which we suppose less than n.

Solution. Regard those k digits as an integer, multiply it by n, and divide the
product by .10%, or remove the last k digits. If the quotient is an integer, that is,
if the digits removed are zeros, it is clearly the required numerator and the given
mantissa is complete. Otherwise the required numerator is the next greater integer:
the quotient increased by one after the following decimal digits have been discarded.
The reason for this rule is so easily seen from the observations at the end of the
preceding article that a fuller explanation is unnecessary.

FEzxample. If the first two digits of the mantissa of a fraction with denominator 23
are known to be 69, we have the product 23.69 = 1587. Removing its last two digits
and adding one gives the required numerator = 16.

314.

We begin with fractions whose denominators are primes or powers of primes, and
will later show how the others can be reduced to these. First we observe at once that
the mantissa of a fraction ﬁ, whose numerator a we always suppose not divisible
by the prime p, is finite and has p digits if p = 2 or = 5. In the former case this
mantissa, regarded as an integer, = 5*a, and in the latter, = 2*a. These facts are so
obvious that they need no explanation.

“For brevity we restrict the following investigation to the usual decimal system, since it can easily
be extended to any other.
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If p is any other prime, however, 10"a is never divisible by p*, however large r
is taken. Thus the mantissa of F' = p% must continue indefinitely. Suppose 10¢ is
the lowest power of 10 congruent to unity modulo p*. Compare Section III, where
we showed that e either equals (p — 1)p#~! or is a proper divisor of it. It is easy
to see that 10%a is also the first number in the series 10a, 100a, 1000a, and so on,
congruent to a modulo the same number. Now, by Article 312, the mantissas of the
fractions 1].97“, 122“ e 12;“ arise by removing from the mantissa of F' the first digit, the
first two ...e digits, respectively. So the same digits clearly repeat in this mantissa
after the first e digits, and not sooner. We may call these first e digits, whose infinite
repetition forms the mantissa, the period of this mantissa or of the fraction F'. Clearly
the length of the period, that is, the number of digits it contains (= e), is entirely
independent of the numerator a, and is determined by the denominator alone. Thus,
for example, the period of ﬁ is 09, and that of % is 4285717).

315.

Once the period of a fraction is known, its mantissa can therefore be extended to
any number of digits. Further, if b = 10 a (mod. p*), the period of p% clearly results
from placing the first A\ digits of the period of F, assuming A < e, as we may, after
the remaining e — A digits. Thus, with the period of F' we also have the periods of
all fractions whose numerators are congruent to 10a, 100a, 1000a, and so on, modulo
the denominator p#. Thus, for ezxample, since 6 = 3.10? (mod. 7), the period of % is
obtained at once from that of % as 857142.

Whenever p* is the modulus and 10 is a primitive root, by Articles 57,89, the
period of 1 immediately gives the period of any other fraction  whose numerator
m is not divisible by p. We remove as many digits from its left and restore them on
its right as there are units in the index of m, with 10 taken as base. This makes clear
why, in this case, 10 has always been taken as base in Table I; see Article 72.

“The distinguished Robertson marks the beginning and end of the period by placing two dots above
its first and last digits (Theory of circulating fractions, Philos. Trans. 1769 p. 207), which we do not
think necessary here.
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But when 10 is not a primitive root, the period of 1% gives only the periods
of fractions whose numerators are congruent to some power of 10 modulo p*. Let
10¢ be the lowest power of 10 congruent to unity modulo p#, let (p — 1)pH~—! =
ef, and take as base a primitive root r for which the index of 10 is f, by Article
71. In this system the numerators of the fractions whose periods can be obtained
from that of p—l# have indices f,2f,3f...ef — f. Similarly, the period of # gives
the periods of fractions whose numerators 10r, 1007, 10007, and so on, correspond
to the indices f + 1,2f + 1,3f + 1, and so on. The period of the fraction with
numerator rr, whose index is 2, gives the periods of fractions whose numerators
have indices f + 2,2f + 2,3f 4+ 2, and so on. More generally, the period of the
fraction with numerator r gives the periods of fractions whose numerators have
indices f+1,2f +14,3f +1, and so on. It follows easily that, once we have the periods
of the fractions with numerators 1,7, rr, 73 ...rf=1 all the others can be deduced by
transposition alone, using the following rule. Let the index of the numerator m of
the given fraction [%, in the system with base r, = 4, which we suppose less than
(p — 1)p*~1. By division by f, put i = af + 3, with a, 3 positive integers, or also 0,
and 8 < f. Then the period of 1% is obtained from the period of the fraction with
numerator r?, and so 1 when 8 = 0, by placing its first « digits after the others.
Thus we retain that very period when o = 0. This sufficiently explains why, in
constructing Table I, we followed the rule explained in Article 72.
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316.

Following these principles, we have constructed a table of the necessary periods
for all denominators of the form p* below 1000. We will publish it in full, or even
extended further, when an occasion arises. Here Table III, carried only as far as 100,
may suffice as a sample; it hardly needs explanation. For denominators for which
10 is a primitive root, it gives the periods of fractions with numerator 1, namely for
7,17,19,23,29,47,59,61,97. For the others it gives f periods corresponding to the
numerators 1,7, rr, .../ =1 distinguished by the attached numbers (0), (1), (2), and
so on. The same primitive root has always been chosen as base r as in Table I. Thus
the rules of the preceding article give the period of any fraction whose denominator
is in this table, after the numerator’s index has been calculated from Table I. For
denominators so small, however, we can complete the task just as easily without Table
I. By ordinary division we calculate as many initial digits of the required mantissa
as Article 313 requires to distinguish it from all others with the same denominator,
no more than 2 for Table III. We then examine all the periods corresponding to
the given denominator until we reach those initial digits, which will undoubtedly
mark the beginning of the period. But we must point out that these digits may also
be separated: the first, or several of them, may form the end of a period, and the
remaining digit or digits its beginning.

Example. We seek the period of %. Here, for the modulus 19, Table I gives
ind. 12 = 2ind. 2+ ind. 3 = 39 = 3 (mod. 18), by Article 57. In this case there is just
one period, corresponding to the numerator 1, so we must move its first three digits
to the end. This gives the required period 631578947368421052. — The beginning
of the period could have been found just as easily from its first two digits 63.

If we want the period of %, then, for the modulus 53, ind. 45 = 2ind. 3+ind. 5 = 49.
Here the number of periods is 4 = f, and 49 = 12f + 1, so, from the period marked
(1), the first 12 digits must be placed after the last digit. The required period is
therefore 8490566037735. In this case the initial digits 84 are separated in the table.

We further observe that Table III can also give the number corresponding to a
given index for a given modulus, listed there under the heading of denominator, as
we promised in Article 59. By the preceding results, we can clearly find the period of
the fraction whose numerator, though unknown, corresponds to the given index. It
is enough to take as many initial digits of this period as the denominator has digits.
From them, Article 313 gives the numerator, or the required number corresponding
to the given index.

317.

The preceding results give, without calculation, as many digits as we want of the
mantissa of any fraction whose denominator is a prime or a power of a prime within
the table’s limits. But the investigations at the beginning of this section extend
the table’s range much further, to all fractions whose denominators are products of
primes or powers of primes within those limits. For such a fraction can be decomposed
into others whose denominators are these factors, and these can be converted into
decimals to any number of digits; it remains only to add them. We hardly need
to point out that the last digit of the resulting sum may be less than the correct
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one. But the shortfall clearly cannot reach as many units as there are individual
fractions being added. It is therefore useful to calculate these to a few more digits
than we want the given fraction to be correct to. As an example, consider the fraction
% = F"), whose denominator is the product of the numbers 16,9, 5,49, 13,
47,59. By the rules above we find F' = 1+ %4— % —i—%—i— %-ﬁ- %4— 4—77 +%. These
individual fractions are converted into decimals as follows:

1 =1
& = 0,6875

=08

1= 0,4444444444 4444444444 44
2 = 0,4489795918 3673469387 75
£ = 0,3846153846 1538461538 46
L = 0,1489361702 1276595744 68
32 = 0,8813559322 0338983050 84
F = 4,7958315233 1271954166 17

The shortfall of this sum from the correct value is certainly less than five units in
the last, twenty-second, digit, so the first twenty-one digits cannot be changed by it.
Extending the calculation to more digits replaces the last two digits 17 by 1893936.. . ..
— Anyone will see, even without our pointing it out, that this method of converting
common fractions into decimals is particularly suited to the case where many decimal
digits are wanted. When a few suffice, ordinary division or logarithms can usually
be used just as conveniently.

“This fraction is one of those that approximate the square root of 23 as closely as possible; its excess
is less than seven units in the twentieth decimal place.
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318.

We have thus reduced the conversion of fractions whose denominators are com-
posed of several distinct primes to the case where the denominator is a prime or a
power of a prime. So we will add only a few observations about their mantissas. If
the denominator contains neither the factor 2 nor 5, the mantissa here too consists
of periods. For in this case as well the series 10, 100, 1000 eventually reaches a term
congruent to unity modulo the denominator. The exponent of this term, which can
easily be determined by Article 92, also gives the length of the period, independently
of the numerator, provided the latter is coprime to the denominator. — But if the
denominator has the form 2¢5° N, where N is coprime to 10, and « and 3 are num-
bers at least one of which is not 0, the mantissa begins to consist of periods after
the first a or 8 digits, according as « or (8 is greater. These periods agree in length
with those of fractions with denominator N. This follows very easily from the de-
composition of that fraction into two others with denominators 2¢5°% and N, the
former of which terminates after the first « or 8 digits. — We could add many other
observations on this subject, especially on devices for constructing a table like III as
quickly as possible. For brevity we leave them out here all the more readily because
much on this subject has already been given both by the distinguished Robertson in
the work cited and by the distinguished Bernoulli (Nouv. Mém. de I’Ac. de Berlin
1771 p. 273).
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Solving the congruence xx = A by the method of exclusion.

319.

We treated the solvability of the congruence zx = A (mod. m), which is equivalent
to the indeterminate equation zz = A+my, in Section IV (Article 146) in such a way
that nothing further seems to be desired. As for finding the unknown itself, however,
we have already observed above (Article 152) that indirect methods are far preferable
to direct ones. If m is a prime number (to which case the others are easily reduced),
we could use the table of indices I for this purpose, combined with III according to
the observation in Article 316, as we showed more generally in Article 60; but this
method would be restricted to the limits of the table. For these reasons, we hope
that lovers of arithmetic will welcome the following general and convenient method.

First of all, we observe that it is enough to find only those values of x that
are positive and no greater than %m, since every other value is congruent modulo
m to one of these or its negative. For such a value of x, the value of y must lie
between the bounds —% and %m — %. The method that immediately suggests itself
would therefore consist in taking each value of y within these bounds (denoting their
collection by ), calculating the value of A + my, which we shall denote by V', and
retaining only those for which V' is a square. When m is a small number (e.g. below
40), this trial is so brief that there is hardly any need to shorten it; but when m is
large, the work can be shortened as much as we please by the following method of
exclusion.

320.

Let E be any integer coprime to m and greater than 2, and let all its distinct
quadratic nonresidues (i.e. incongruent modulo F) be a,b,c, etc.; finally, let the
roots of the congruences

A+my=a, A+my=b, A+my=c etc. modulo K

be a, 3,7, etc., which may all be taken positive and less than E. If, then, y is assigned
a value congruent to one of these numbers «, 3,7, etc., modulo E, the resulting value
of V.= A+ my will be congruent to one of a, b, ¢, etc., and hence a nonresidue of F;
it therefore cannot be a square. Thus, from €2, all the numbers of the forms Et + «,
Et + B, Et + v, etc., can at once be excluded as useless, and it will be enough to
try the remaining numbers, whose collection we shall call Q'. In this operation, the
number £ may be called an exclusion number.

Now, taking another suitable number E’ as an exclusion number, we shall find in
exactly the same way as many numbers o/, 3,7/, etc., as it has distinct quadratic
nonresidues, to which y cannot be congruent modulo E’. We may therefore again
remove from €’ all the numbers of the forms E't + o/, E't + ', E't ++/, etc. We can
continue in this way, using further exclusion numbers, until the collection of numbers
in ) has been reduced so much that actually trying all those left seems no more
difficult than making further exclusions.

Example. Given the equation zz = 22+ 97y, the bounds for the values of y will be

—% and 24% — %, so that, since the value 0 is obviously useless, {2 will contain the

319



Arithmetical Investigations

numbers 1,2,3...24. For F = 3 there is just one nonresidue, a = 2, giving a = 1;
hence we must exclude from 2 all numbers of the form 3¢ + 1, and the number of
those remaining, ', will be 16. Similarly, for £ = 4 we have a = 2,b = 3, giving
a = 0,8 = 1; hence the numbers of the forms 4t and 4t 4+ 1 must be rejected, leaving
these eight: 2,3,6,11,14,15,18,23. Likewise, for £ = 5, we find that the numbers of
the forms 5t and 5t + 3 must be rejected, leaving 2,6, 11, 14. The exclusion number
6 would remove numbers of the forms 6¢ + 1 and 6t + 4, but these, which coincide
with the numbers of the form 3¢ + 1, are already absent. The exclusion number 7
removes the numbers of the forms 7t 42, 7t + 3, 7t + 5, leaving 6, 11, 14. Substituting
these for y gives, respectively, V' = 604, 1089, 1380, of which only the second value is
a square; hence x = F33.

321.

The operation with the exclusion number E removes, from the values of V' corre-
sponding to the values of y in €, all those that are quadratic nonresidues of F, while
leaving the residues of the same number untouched. It is therefore easy to see that
using the exclusion numbers E and 2F makes no difference if F is odd, since in this
case I/ and 2F have the same residues and nonresidues. Hence, if the numbers 3, 4,
5, etc., are used successively as exclusion numbers, the numbers 6, 10, 14, etc., which
are twice odd numbers, must be skipped as superfluous. It is also clear that the two
operations with the exclusion numbers E, E’' remove all those values of V' that are
nonresidues of both E, E’ or of one of them, leaving those that are residues of both.
Now, when E and E’ have no common divisor, all the numbers removed are non-
residues of the product EE’, and all those left are its residues. It is therefore evident
that using the exclusion number E'E’ has exactly the same effect in this case as using
both E, E’, and is thus superfluous after these have been used. We may therefore also
skip all exclusion numbers that can be resolved into two coprime factors, and it will
be enough to use prime numbers that do not divide m, or powers of primes. Finally,
it is clear that, after the exclusion number p*, a power of the prime p, has been used,
the exclusion number p or p¥, where v < u, becomes superfluous. For, since p* has
left only its own residues among the values of V', certainly no nonresidues of p or of
any lower power p” can remain. If, however, p or p” has already been used before p*,
the latter can evidently remove only those values of V' that are at once residues of p
(or p¥) and nonresidues of p*; hence it will be enough to take only nonresidues of p*
of this kind for a, b, ¢, etc.

322.

The calculation of the numbers «, 3,7, etc., corresponding to any given exclusion
number FE is greatly shortened by the following observations. Let 2,8, &, etc., be
roots of the congruences my = a,my = b,my = ¢, etc., (mod. E), and k a root of
my = —A; it will then be clear that a = A+ k,8 =B +k,v = C+k, etc. Now, if we
really had to obtain 2,95, €, etc., by solving these congruences, this way of finding «,
8,7, etc., would certainly be no shorter than the one shown above; but this is by no
means necessary. For, first, if F is a prime number and m a quadratic residue of E,
it follows from Article 98 that 2, B, €, etc., which are the values of the expressions

e b c e (mod. E), are distinct nonresidues of F, and therefore coincide exactly
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with «, 8,7, etc., apart from their order, which does not matter here. If, under the
same assumption, m is a nonresidue of F, the numbers 2, B, €, etc., will coincide
with all the quadratic residues except 0. If E is the square of an odd prime number,
= pp, and p has already been used as an exclusion number, it is enough, by the
preceding article, to take for a, b, ¢, etc., those nonresidues of pp that are residues of
p, i.e. the numbers p, 2p, 3p ... pp—p (namely, all numbers below pp except 0 that are
divisible by p). It is then easy to see that 2, B, €, etc., must give exactly the same
numbers, only in a different order. Similarly, if, after the exclusion numbers p and pp
have been used, we put E = p3, it will be enough to take for a, b, ¢, etc., the products
of the individual nonresidues of p by pp; then 2, B, €, etc., will give either the same
numbers or the products of pp by the individual residues of p except 0, according as
m is a residue or a nonresidue of p. In general, taking for £ any power of a prime
number, say p*, after all lower powers have been used, we shall obtain for A, B, €,
etc., the products of p#~! either by all numbers less than p, always excepting 0, when
u is even; or by all nonresidues of p less than p, when p is odd and mRp; or by all
residues, when mNp. — If £ =4, and hence a = 2,b = 3, we have for 2,25 either 2
and 3 or 2 and 1, according as m = 1 or = 3 (mod. 4). If, after using the exclusion
number 4, we put £ = 8, we have a = 5, giving 2 the values 5,7,1, 3, according as
m =1,3,5,7 (mod. 8). In general, however, if F is any higher power of two, say 2#,
after the lower powers have been used, we must put a = 2!, b = 3.2#2 when u is
even, giving A = 271 B = 3.2¢72 or = 242 according as m = 1 or = 3; but when
 is odd, we must put a = 5.2#73, giving 2 equal to the product of 273 by 5,7,1 or
3, according as m = 1,3,5 or 7 (mod. 8).

Those familiar with the subject will, moreover, readily devise an apparatus by
which the useless values of y can be removed mechanically from €2, once the numbers
a, 3,7, etc., have been calculated for as many exclusion numbers as seem necessary;
but we cannot discuss this here, any more than other devices for shortening the
work.
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Solving the indeterminate equation mxx + nyy = A by exclusions.

323.

In Section V we showed how to find all representations of a given number A by the
binary form mzx+nyy, or the solutions of the indeterminate equation mxz+nyy = A,
by a general method whose brevity, too, seems to leave nothing to be desired if all
the values of the expression \/—mn are already known modulo A itself and modulo
that number divided by its square factors. Here, however, for the case where mn
is positive, we shall explain a solution much more convenient than the direct one if
those values must first be calculated for the latter. We shall assume that the numbers
m, n and A are positive and pairwise coprime, since the other cases can easily be
reduced to this one. It is also evident that it is enough to find positive values of x,
Yy, since the others follow simply by changing the signs.

It is clear that x must be such that W, for which we shall write V, is positive,
integral and a square. The first condition requires that x be no greater than ./ %;
the second holds of itself when n = 1, and otherwise requires that the value of
the expression % (mod. n) be a quadratic residue of n. Denoting all the distinct
values of the expression / % (mod. n) by +r, £/, etc., we must have x of one of the
forms nt + r,nt — r,nt + ', etc. The simplest procedure would therefore be to take
all numbers of these forms below the bound 4/ % (denoting their collection by ),
substitute them for x, and retain only those for which V' becomes a square. In the
next article we shall show how to shorten this trial as much as we please.

324.

The method of exclusion by which we shall do this consists, as in the preceding
investigation, in taking several numbers at will, which here too we shall call exclusion
numbers, finding the values of x for which the value of V' is a quadratic nonresidue of
these exclusion numbers, and removing such values of x from 2. Reasoning entirely
analogous to that given in Article 321 shows that we need use only exclusion numbers
that are primes or powers of primes. For an exclusion number of the latter kind, we
need remove from the values of V' only those of its nonresidues that are residues of
all lower powers of the same prime, provided the exclusions with these have already
been made.

Let the exclusion number therefore be £ = p#, including the case u = 1, where p
is a prime that does not divide m, and suppose”) that p” is the highest power of the
same prime by which n is divisible. Let a,b, ¢, etc., be quadratic nonresidues of E:
all of them when p = 1, and the necessary ones, namely those that are residues of
the lower powers, when p > 1. Calculate the roots of the congruences mz = A — na,
mz = A—nb,mz = A—nc, etc., (mod. Ep” = p*T¥), and let them be «, 3,7, etc. It
is easy to see that, if a value of x gives zx = a (mod. Ep”), the corresponding value
of V will be = a (mod. E), and thus a nonresidue of E; and similarly for the other
numbers S, , etc. Conversely, it is equally easy to see that, if a value of x produces
V = a (mod. E), then for the same value we have zx = « (mod. Ep”). Thus all

' For brevity, we include together the two cases in which n is and is not divisible by p; in the latter
we must put v = 0.
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values of = for which zx is congruent to none of the numbers «, 3,7, etc., modulo
Ep¥ produce values of V' congruent to none of the numbers a, b, ¢, etc., modulo E.
Now select from the numbers «, 3,7, etc., all the quadratic residues of Ep”, and
call them g,¢’,¢”, etc. Calculate the values of the expressions 1/g,/¢'.\/¢", etc.,
(mod. Ep”), and suppose that these give +h, +h', £h” etc. Once this has been done,
it is clear that all numbers of the forms Ep“t+h, Ep’t+h', Ep’t£h"”, etc., can safely
be removed from {2, and that no value of  remaining in 2 after this exclusion can
correspond to a value of V' of the forms Fu + a, EFu + b, Eu + ¢, etc. Moreover, it is
evident that such values of V' cannot arise from any value of = at all if none of the
numbers «, 3,7, etc., are quadratic residues of Ep”; hence in this case the number F
cannot be used as an exclusion number. — We may use as many exclusion numbers
of this kind as we please, and thus reduce the collection of numbers in €2 as much as
we please.

Let us now see whether primes dividing m, or powers of such primes, can also be
used as exclusion numbers. Let B be the value of the expression % (mod. m). It is
clear that V is always congruent to B modulo m, whatever value is taken for x, and
thus that a necessary condition for the proposed equation to be solvable is that B
be a quadratic residue of m. Now let p denote any odd prime divisor of m, which by
hypothesis divides neither n nor A, and hence does not divide B either. For any value
of x, V will be a residue of p, and therefore of any power of p as well; hence p and
its powers cannot serve as exclusion numbers. By exactly similar reasoning, when
m is divisible by 8, a necessary condition for the proposed equation to be solvable
is B =1 (mod. 8). Then V, for any value of z, will also be = 1 (mod. 8), and
powers of two are therefore unsuitable for exclusion. — But when m is divisible by 4
but not by 8, similar reasoning requires B = 1 (mod. 4), and hence the value of the
expression % (mod. 8) is either 1 or 5; denote it by C. It is easy to see that, for an
even value of z, we have V = C, and for an odd value, V = C' + 4 (mod. 8). Thus
even values must be rejected when C = 5, and odd values when C' = 1. — Finally,
when m is divisible by 2 but not by 4, let C, as before, be the value of the expression

% (mod. 8), which will be 1,3,5 or 7; and let D be the value of %n (mod. 4), which
will be 1 or 3. Now the value of V is evidently always = C' — 2Dxx (mod. 8), and
hence, for even x, = C, and for odd, = C — 2D. It follows easily that all odd values
of x must be rejected when C' = 1; all even values when C =3 and D=1,or C' =7
and D = 3; and that all remaining values produce V =1 (mod. 8), a residue of any
power of two. In the other cases, namely when C' =5, orC =3 and D =3,or C' =7
and D =1, we have V = 3,5 or 7 (mod. 8), whether x is taken even or odd. Thus in
these cases the proposed equation has no solution at all.

Moreover, just as we have shown here how to find the value of x by exclusions, we
can, with the necessary changes, obtain the value of y. The method of exclusion can
therefore always be applied to the proposed problem in two ways, unless m =n =1,
when they coincide. Of these, the one for which {2 contains fewer terms is generally
preferable, and this can easily be estimated beforehand. — Finally, we hardly need
to observe that, if after some exclusions all numbers have disappeared from 2, this
must be regarded as a certain indication that the proposed equation is impossible.
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Example. Let the equation 3zx + 455yy = 10857362 be given. We shall solve it
in two ways, first by finding the values of x, and then those of y. The bound for the
former in this case is \/36191202, which lies between 1902 and 1903; the value of the
expression % (mod. 455) is 354, and the values of the expression /354 (mod. 455)
are £82, 4152, 4173, £212. Hence () consists of the following 33 numbers: 82,152,
173,212, 243,282,303, 373,537,607, 628,667,698, 737, 758,828,992, 1062, 1083, 1122,
1153, 1192, 1213, 1283, 1447, 1517, 1538, 1577, 1608, 1647, 1668, 1738, 1902. The num-
ber 3 cannot be used for exclusion in this case, because it divides m. For the exclusion
number 4 we have a = 2,b = 3, giving a = 0,5 = 3; g = 0, and the values of the
expression /g (mod. 4) are 0 and 2. Thus all numbers of the forms 4¢ and 4¢ + 2,
i.e. all even numbers, must be removed from €2; denote the sixteen remaining num-
bers by €. For E = 5, which also divides n, the congruences mz = A — 2n and
mz = A — 3n (mod. 25) have roots 9 and 24, both residues of 25, and the values
of the expressions /9 and /24 (mod. 25) are +3, £7. Removing from Q' all num-
bers of the forms 25t + 3, 25¢ + 7 leaves these ten (Q”): 173,373,537,667, 737, 1083,
1213,1283,1517,1577. For E = 7, the congruences mz = A — 3n, mz = A — 5n,
mz = A — 6n (mod. 49) have roots 32,39, 18, all residues of 49, and the values of
the expressions 1/32,+/39, /18 (mod. 49) are +9, +23, +19. Removing from " the
numbers of the forms 49t + 9, 49¢ + 19, 49t + 23 leaves these five (2"”"): 537,737,
1083,1213,1517. For EE = 8 we have a = 5, giving a = 5, a nonresidue of 8; hence
the exclusion number 8 cannot be used. The number 9 must be skipped for the same
reason as 3. For £ = 11, the numbers a, b, etc., are 2,6, 7,8,10; v = 0; hence «, 3,
etc., = 8,10,5,0, 1, of which three are residues of 11, namely 0,1,5. It follows that
we must remove from Q" the numbers of the forms 11¢, 11t + 1, 11t + 4, leaving
537,1083,1213. Trying these gives for V' the respective values 21961, 16129, 14161,
of which only the second and third are squares. Thus the proposed equation admits
two solutions with positive values of x,y, namely x = 1083,y = 127 and = = 1213,
y = 119.

Second. If we wish to find the other unknown of the same equation by exclusions,
put the equation in the form 455xx + 3yy = 10857362, interchanging x and y so
that all the notation of Articles 323,324 may be retained. Here the bound for the
values of z lies between 154 and 155; the value of the expression % (mod. n) is 1,
and the values of /1 (mod. 3) are +1 and —1. Hence 2 contains all numbers of the
forms 3t + 1 and 3t — 1, 4.e. all numbers not divisible by 3 up to and including 154,
whose number is 103. Applying the rules given above, however, we find that for the
exclusion numbers 3; 4; 9; 11; 17; 19; 23 we must reject the numbers of the forms
9t+4; 4t, 4t+2, or all even numbers; 27t +1, 27¢t+10; 11¢, 11¢t+1, 11¢+3; 17t +3,
17t+4, 1Tt £5, 17t £7; 19t +£2, 19t +£3, 19t £8, 19t +9; 23¢, 23t £ 1, 23t + 5,
23t +7, 23t +£9, 23t + 10. Removing these leaves 119,127, the only two that give V
a square value, yielding the same solutions as those obtained above.
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The preceding method is already so convenient in itself that it leaves hardly any-
thing to be desired. Nevertheless, various devices can shorten it considerably, and
we can touch on only a few of them here. We shall therefore restrict the investigation
to the case where the exclusion number is an odd prime not dividing A, or a power
of such a prime, especially since the other cases can either be reduced to this one or
treated by an analogous method. Suppose, first, that the exclusion number F = p is
a prime dividing neither of the numbers m,n, and that the values of the expressions
%, -, —%b, —2¢, etc., (mod. p) are respectively k,%A, B, &, etc. The numbers «,
58,7, etc., are then found from the congruences a = k+ %21, 3 =k+B, y =k + C,
etc., (mod. p). But the numbers 2, B, €, etc., can be obtained without calculating
the congruences, by a device entirely similar to that used in Article 322. They will
coincide either with all nonresidues or with all residues of p, except 0, according as
the value of the expression —% (mod. p), or, equivalently here, the number —mn,
is a residue or a nonresidue of p. Thus, in example II of the preceding article, for
E =17 we have k = 7; —mn = —1365 = 12 is a nonresidue of 17. Hence the numbers
A, B, ete., will be 1,2,4,8,9,13, 15,16, and the numbers «, 3, etc., 8,9,11, 15,16, 3,
5,6. Of these, the residues are 8,9,15,16, giving +h, I/, etc., the values +5,3,7,4.
— Those who often have occasion to solve such problems will make their work much
easier if, for several primes p, they calculate the values of h,h/, etc., corresponding
to the individual values of k (1,2,3...p—1), under each of the two assumptions that
—mmn is a residue or a nonresidue of p. We also observe that the number of values h,
—h, k', etc., is always %(p — 1) when both k and —mn are residues or both are non-
residues of p; %(p — 3) when the former is R. and the latter NR.; and %(p + 1) when
the former is VR. and the latter R.. But we must omit the proof of this theorem to
avoid becoming too lengthy.

Second, the cases where E is a prime dividing n, or a power of an odd prime that
does or does not divide n, can be treated still more conveniently. We shall include
all these cases together and, retaining all the notation of Article 324, put n = n'p”,
so that n’ is not divisible by p. The numbers a,b, ¢, etc., will be the products of
pt~1 either by all numbers less than p, except 0, or by all nonresidues of p below p,
according as j is even or odd; denote them generally by up”*~!. Let k be the value of
the expression % (mod. p#*¥). Tt will not be divisible by p, since the same property
is assumed of A; further, it is clear that all of «, 3, v, etc., are congruent to k£ modulo
p, and hence that p* excludes nothing from 2 if kNp. If, however, kRp, and hence
also kRpH™”  let r be a value of the expression y/k (mod. p***), which will not be
divisible by p, and e the value of —% (mod. p). Then o = rr+ 2erap” (mod. p**t7),
from which it follows easily that « is a residue of p**”, and that the values of the
expression \/a (mod. p**") are +(r + eap”); hence all of h, h', h”, etc., are expressed
by r 4+ uep”t¥~!. Finally, it follows without difficulty that the numbers h, b/, ", etc.,
arise by adding r to the products of p***~! either by all numbers below p, except 0,
when p is even; or by all nonresidues of p below this bound, when p is odd and eRp,
or, equivalently here, when —2mrn’/Rp; or by all residues, except 0, when p is odd
and —2mrn/Np.
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Moreover, once the numbers h, i/, etc., have been found for each exclusion number
we wish to use, the exclusion itself can also be performed by mechanical operations,
which anyone familiar with these matters can readily devise for themselves if it seems
worth the effort.

Finally, we must observe that any equation axx +2bxy+cyy = M in which bb—ac
is negative, = — D, can easily be reduced to the form considered above. For, denoting
the greatest common divisor of a,b by m, and putting

D
a=ma. b=mb, —=dc—mbb =n, dr+by=2a
m

the equation is evidently equivalent to ma’z’ + nyy = o’ M, which can be solved by
the rules given above. Of its solutions, however, we must retain only those in which

x' — b’y is divisible by @', or from which x acquires integer values.

Another method for solving the congruence xx = A when A is negative.

327.

Just as the direct solution of the equation axz + 2bxy + cyy = M given in Sec-
tion V assumes the values of the expression /(bb — ac) (mod. M) to be known, so,
conversely, when bb — ac is negative, the indirect solution explained above supplies
a very convenient method for finding these values. Especially for a very large value
of M, it is far preferable to the method of Article 322 and the following articles.
We shall assume, however, that M is a prime number, or at least that its factors, if
it is composite, are still unknown. For, if we knew that a prime p divides M, and
that M = p*M’, with M’ no longer containing the factor p, it would be much more
convenient to find the values of the expression /(bb — ac) separately for the moduli
p' and M’, the former from the values modulo p, Article 101, and to deduce the
values modulo M by combining these, Article 105.

We are therefore to find all the values of the expression /—D (mod. M), assuming
D and M positive, and M of a form of divisors of xz+ D, Article 147 and the following
articles; otherwise it would already be certain that no numbers could satisfy the
proposed expression. Let the required values, which always occur in opposite pairs,
be +r,+r',+7", etc., and let D +rr = Mh, D +7'v' = Mh', D +7"r" = M}", etc.
Further, denote the classes to which the forms (M, r, h), (M,—r,h), (M,r' k'), (M,
—r' ), (M,r" h"). (M, —r" k"), etc., belong respectively by €, —€, &' —¢’ ¢” —¢”,
etc., and their collection by &. Generally speaking, these classes must be regarded as
unknown. Nevertheless, it is clear, first, that all are positive and properly primitive;
second, that all belong to the same genus, whose character can easily be determined
from the nature of the number M, i.e. from its relations to the individual prime
divisors of D, and also to 4 or 8 when these are necessary, Article 230. Since M is
assumed to be of a form of divisors of xx + D, we can be certain beforehand that
this character must correspond to a genus of positive, properly primitive forms of
determinant —D, even if the expression /—D (mod. M) should perhaps have no
solutions. Thus, since this genus is known, all the classes it contains can be found;
let them be C,C’,C”, etc., and their collection G.
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It is therefore clear that each class €, —€, etc., must be identical with some class
in GG. Several classes in & may also be identical with one another, and hence with
the same class in GG; and when G contains just one class, all those in & certainly
coincide with it. Thus, if, from the classes C,C’,C”, etc., we select the simplest
forms f, f’, f”, etc., one from each, a form from each class in & will be found among
them. Now, if axx + 2bxy + cyy is a form contained in the class €, there will be two
representations of M by it belonging to the value r; if one is x = m,y = n, the other
is x = —m,y = —n. The sole exception is the case D = 1, in which there are four
representations; see Article 180.

It follows that, if all representations of M by each of the forms f, f/, f”, etc.,
are found by the indirect method given above, and the values of the expression
V=D (mod. M) to which the individual representations belong are then deduced,
Article 154 and the following articles, all values of this expression will be obtained,
each twice, or, if D = 1, four times. Q. E. F. If there are forms among f, f’, etc.,
by which M cannot be represented, this indicates that they belong to no class in
&, and they must therefore be disregarded. If, however, M cannot be represented
by any of these forms, —D must be a quadratic nonresidue of M. — The following
observations should also be kept in mind in these operations.

I. The representations of M by the forms f, f/, etc., used here are understood to
be those in which the values of the indeterminates are coprime. If others occur in
which these values have a common divisor u, which can happen only when pp divides
M and will certainly happen when —D R %, they must be entirely disregarded for
the present purpose, though they may be useful in another respect.

IT. Other things being equal, the work is evidently easier the smaller the number
of classes f, f/, f”, etc., and therefore shortest when D is one of the 65 numbers given
in Article 303, for which each genus contains only one class.

ITI. Since two such representations x = m,y = n and * = —m,y = —n always
belong to the same value, it is clear that it is enough to consider only representations
in which y is positive. Distinct representations of this kind therefore always corre-
spond to distinct values of the expression /—D (mod. M), so that the number of all
distinct values equals the number of all resulting representations of this kind, always
excepting D = 1, when the former number is half the latter.

IV. Since knowing either of the two opposite values +r, —r immediately gives the
other, the operations can be shortened somewhat further. If the value r is obtained
from a representation of M by a form contained in the class C, i.e. if € = C,
the opposite value —r will evidently arise from a representation by a form in the
class opposite to C, which differs from the class C' unless the latter is ambiguous.
Hence, when not all classes in G are ambiguous, only half the remaining classes need
be considered: one from each opposite pair. The other can be disregarded, since,
without calculation, we can already foresee that its values will be opposite to those
supplied by the first. When C is ambiguous, however, both values r and —r arise
from it together. Namely, if the ambiguous form selected from C'is axx + 2bzy + cyy,
and the value r came from the representation x = m,y = n, the value —r will come

fromx:—m—%T", y=n.
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V. In the case D = 1, there is just one class altogether, from which we may suppose
that the form zz + yy has been selected. If the value r comes from the representation

T = m,y = n, the same value comes from x = —m,y = —n; t=n,y = —m; x = —n,
y = m, and the opposite value —r from z = m,y = —n;z = —m,y = n; = = n,
y=m; x = —n,y = —m. Thus one of these eight representations, which constitute

a single decomposition, is enough, provided we associate the opposite value with the
one obtained.

VI. By Article 155, the value of the expression /—D (mod. M) to which the
representation M = amm + 2bmn + cnn belongs is pu(mb + nc) — v(ma + nb), or any
number congruent to it modulo M, with u, v chosen so that um + vn = 1. Denoting
such a value by v, we have

mv = um(mb + nc) — v(M — mnb — nnc)

= (um + vn)(mb + nc) = mb + nc (mod. M)

Thus v is a value of the expression %

(mod. M); similarly, we find that v is a
value of the expression —%‘*‘"b (mod. M). These formulas are often preferable to

the one from which they were deduced.
328.

Ezamples. 1. We seek all values of the expression /—1365 (mod. 5428681 = M).
The number M is here = 1,1,1,6,11 (mod. 4,3,5,7,13), and is therefore of a form
of divisors of xx + 1, za+ 3, xx — 5, and of a form of non-divisors of xz + 7, zx — 13,
and hence of a form of divisors of xx + 1365. The character of the genus in which
the classes & are found will be 1,4; R3; R5; N7; N13. This genus contains just one
class, from which we choose the form 6xx + 6zy + 229yy. To find all representations
of M by it, we put 2z +y = 2/, giving 32’2’ +455yy = 2M. This equation admits four
solutions in which y is positive, namely y = 127, 2/ = +£1083, y = 119, 2’/ = +1213.
These give four solutions of the equation 6zx + 6xy + 229yy = M in which y is
positive:

478

127

X

Y

—605
127

547
119

—666
119

The first solution gives for v the value of the expression 32%7, or —% (mod. M),
from which we find 2350978; the second produces the opposite value —2350978; the
third gives 2600262, and the fourth its opposite —2600262.

II. If the values of the expression /—286 (mod. 4272943 = M) are sought, the
character of the genus containing the classes & is found to be 1 and 7,8; R11; R13.
It is therefore the principal genus, containing three classes represented by the forms
(1,0,286), (14,6,23), (14,—6,23). The third may be disregarded, since it is opposite
to the second. The form xx + 286yy gives two representations of M in which y is
positive, namely y = 103, = = +1113, yielding the values 1493445, —1493445 of the
proposed expression. But by the form (14, 6,23), M is found not to be representable,
so there are no values other than the two found.

328



Arithmetical Investigations

III. Given the expression /—70 (mod. 997331), the classes & must lie in the
genus whose character is 3 and 5,8; R5; N7. There is just one class in this genus,
represented by the form (5,0,14). But calculation shows that 997331 cannot be
represented by the form (5,0, 14); hence —70 must be a quadratic nonresidue of that
number.

329



Arithmetical Investigations

Two methods for distinguishing composite numbers from primes and finding the
factors of the former.

329.

It is so well known that the problem of distinguishing primes from composite
numbers and resolving the latter into their prime factors is among the most important
and useful problems in all arithmetic, and has occupied the diligence and ingenuity
of mathematicians both ancient and modern, that a lengthy discussion would be
superfluous. Nevertheless, we must admit that all methods proposed so far are either
restricted to very special cases or so laborious and lengthy that they exhaust even a
practiced calculator’s patience for numbers that do not exceed the limits of the tables
constructed by deserving men, that is, numbers for which elaborate methods are
unnecessary; for larger numbers they can generally hardly be used at all. Those tables,
which are in everyone’s hands and which we may hope will gradually be extended
further, certainly suffice in most ordinary cases. Yet an experienced calculator quite
often has occasion to gain great advantages from factoring large numbers, advantages
that amply repay a moderate expenditure of time. Moreover, the dignity of the
science seems to require that every means of solving so elegant and celebrated a
problem be carefully developed. For these reasons we do not doubt that the following
two methods, whose effectiveness and brevity we can confirm from long experience,
will be welcome to lovers of arithmetic. It is, moreover, inherent in the nature of the
problem that every method becomes progressively longer as the numbers to which it
is applied grow larger. With the following methods, however, the difficulties increase
very slowly, and numbers of seven, eight or even more digits have always been treated
successfully, especially by the second method, with all the speed that can reasonably
be expected for such large numbers, which by all methods known hitherto would
require work intolerable even to an indefatigable calculator.

Before using the following methods, it is always very useful to try dividing the
proposed number by some of the smallest primes, say 2,3,5,7, etc., up to 19 or
further. This is not only to avoid regretting the discovery, by subtle and elaborate
methods, of a divisor that could have been found much more easily by division alone”,
but also because, when none of these divisions succeeds, the second method makes
very profitable use of the remainders from them. Thus, for example, if 314159265 is
to be resolved into its factors, division by 3 succeeds twice, followed by divisions by
5 and 7, giving 314159265 = 9.5.7.997331. It is therefore enough to examine more
closely the number 997331, which is found not divisible by 11,13,17,19. Similarly,
given 43429448, we shall remove the factor 8 and apply the more elaborate methods
to the quotient 5428681.

JAll the more so because, generally speaking, scarcely one number in six is found not divisible by
any of 2,3,5...19.
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330.

The FIRST METHOD rests on the theorem that any positive or negative number
that is a quadratic residue of another number M is also a residue of every divisor
of M. It is well known that, if M is divisible by no prime below /M, then M is
certainly prime. If, however, all primes below this bound dividing M are p,q, etc.,
then M either consists of these alone, or their powers, or can contain only one other
prime factor greater than /M, which is found by dividing M by p, q, etc., as often
as possible. Denote the collection of all primes below /M, excluding those by which
division has already been tried unsuccessfully, by 2. It is evident that it is enough
to find all prime divisors of M contained in 2. Now, if we know from any source
that a number r, not a square, is a quadratic residue of M, no prime for which r
is NR. can be a divisor of M. We may therefore remove from 2 all such primes,
which will generally make up about half of the whole. If another number that is not
a square, 7', is also known to be a residue of M, we may again exclude from the
primes remaining in € after the first exclusion those for which 7’ is NR.. These will
again make up about half of them, provided the residues r and r’ are independent,
i.e. unless one is necessarily, of itself, a residue of all numbers of which the other
is a residue, as would happen if rr’ were a square. If still other residues of M are
known, r”, 7", etc., all independent of the others”), similar exclusions can be made
with each. These reduce the collection of numbers in €2 very rapidly, so that soon
either all are removed, in which case M is certainly prime, or so few remain, evidently
including all prime divisors of M, if it has any, that division by them can be tried
without difficulty. For a number not much above a million, six or seven exclusions
will generally be more than enough; for a number of eight or nine digits, nine or ten.
Two points now remain to be discussed: first, how to find sufficiently many suitable
residues of M, and then, how to perform the exclusion itself most conveniently. But
we shall reverse the order of these questions, especially because the second will show
which residues are most suitable for this purpose.

DIf the product of any number of r,7’,r”, etc., is a square, each of them, for example r, will be a
residue of every prime, dividing none of these numbers, that is a residue of the remaining numbers r’,
r”, etc. Thus, for any number of residues to be regarded as independent, no product of two, three, etc.,
may be a square.
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In Section IV we explained in detail how to distinguish the primes of which a given
number r (which we may assume is divisible by no square) is a residue from those
of which it is a nonresidue, or the divisors of the expression xz — r from its non-
divisors: all the former are contained in certain formulas of the kind rz + a, rz + b,
etc., or of the kind 4rz + a, 4rz + b, etc., and the latter in other similar formulas.
Whenever r is a very small number, these formulas allow the exclusions to be made
very conveniently; for example, we must exclude all numbers of the form 4z + 3 when
r = —1; all numbers of the forms 8z + 3 and 8z + 5 when z = 2, etc. But we cannot
always find such residues of the proposed number M, and applying the formulas for
a large value of r is not convenient enough. It is therefore an enormous advantage,
and remarkably eases the work of exclusion, to have a table already constructed for
a sufficiently large collection of numbers (r), both positive and negative, divisible by
no square, distinguishing the primes of which each of these (r) is a residue from those
of which it is a nonresidue. Such a table can be arranged like the sample appended
to this work and already described above; but to be sufficiently useful for the present
purpose, the primes placed in the margin (the moduli) must be continued much
further, say at least to 1000 or 10000. It is also much more convenient to include
composite and negative numbers among the headings, although, as Section IV shows,
this is not absolutely necessary. Such a table will be most convenient to use if its
individual vertical columns are cut out and glued onto strips or rods (like Napier’s), so
that those needed in any given case, namely those corresponding to the numbers r, 1/,
r”’, etc., residues of the proposed number to be factored, can be examined separately.
When they are placed properly beside the first column of the table (which gives the
moduli), that is, so that the positions on the individual rods corresponding to the
same prime in the first column are aligned with it, or lie on the same horizontal line,
we can clearly recognize at a glance the primes that, after the exclusions with the
residues r,r’,r”, remain in Q: they are precisely those numbers in the first column
that have a stroke beside them on all the adjacent rods, and we must reject all those
with a blank space beside them on any rod. An example will make this sufficiently
clear. If it is known from some source that the numbers —6, +13, —14, +17,+37, —53
are residues of 997331, we must put together the first column (which in this case
must extend to 997, the prime immediately below ,/997331) and the strips headed
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by the numbers —6, 413, etc. Here is part of the resulting arrangement:

—6 | +13 | =14 | +17 | +37 | =53

— = ot W

1
13 - -] - -
17 - - -
19 - | - -
23 - | - -

113 — — —
127 | — — — — — —
131 | — — —
etc.

Just as a glance shows here that, among the primes included in this part of the
arrangement, only 127 remains after the exclusions with the residues —6,13, etc.,
in €, so the complete arrangement extended to 997 shows that absolutely no other
prime remains in §2; on trying the division, we find that 997331 is indeed divisible
by 127. In this way, therefore, that number has been resolved into the prime factors
127 x 7853").

This account also makes it sufficiently clear that residues which are not too large,
or can at least be resolved into prime factors which are not too large, are particularly
useful: the direct use of the auxiliary table does not extend beyond the numbers
among its headings, and its indirect use covers only those that can be resolved into
factors contained in the table.

332.

We will give three different methods of finding residues of a given number M.
Before explaining them, we make two observations that allow simpler residues to be
derived from less suitable ones. First, if a number akk divisible by the square kk
(which is assumed coprime to M) is a residue of M, then a is also a residue; for this
reason, residues divisible by large squares are just as useful as small ones, and we will
assume that the square factors of all residues supplied by the following methods have
been removed at once. Second, if two or more numbers are residues, their product
is also a residue. Combining this observation with the preceding one very often
allows us to derive a very simple residue from several that are not all simple enough,
provided they contain many common factors. For this reason, residues composed of
many factors which are not too large are also very suitable, and it will be useful to

“The author would gladly publish the fairly extensive apparatus of the table described here, which he
had constructed for his own use, if the small number of people to whom it can be useful were sufficient
to cover the costs of such an undertaking. If, meanwhile, any lover of arithmetic, having thoroughly
understood the principles, wishes to construct such a table for himself by his own efforts, the author
will take great pleasure in sharing with him by letter all the aids and devices.
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resolve them all into their factors at once. The force of these observations will be
better understood through examples and frequent use than through rules.

I. The simplest method, and the most convenient for those who have already gained
some skill through frequent practice, consists in decomposing M, or more generally
any multiple of M, in any way into two parts kM = a + b (whether both are positive
or one positive and the other negative). Their product with its sign changed will be
a residue of M; for —ab = aa = bb (mod. M), and hence —ab R M. The numbers a,b
should be chosen so that their product is divisible by a large square and the quotient
is either small or at least resolvable into factors which are not too large; this can
always be done without difficulty. We particularly recommend taking for a a square,
or twice a square, or three times a square, etc., differing from the number M by a
number which is either small or resolvable into convenient factors. For example, we

find
997331 = 9992 — 2.5.67

=994% +5.11.13% = 2.7062 + 3.17.32
=3.575% +11.31.4% = 3.577% — 7.13.42
=3.578% — 7.19.37 = 11.299% + 2.3.5.29.42
=11.301% + 5.122

etc. This gives the following residues: 2.5.67, —5.11, —2.3.17, —3.11.31, 3.7.13,
3.7.19.37,—2.3.5.11.29; the last decomposition supplies the residue —5.11, which we
already have. Instead of the residues —3.11.31, —2.3.5.11.29, we can take 3.5.31,
2.3.29, obtained by combining them with —5.11.
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II. The second and third methods follow from the fact that, if two binary forms
(A, B,C), (A", B’,C") of the same determinant M, or —M, or more generally +kM,
belong to the same genus, the numbers AA’, AC’, A'C are residues of kM. This
is readily seen from the fact that any characteristic number of one form, say m, is
also a characteristic number of the other, and hence mA, mC, mA’, mC’ are all
residues of kM. Thus, if (a,b,a’) is a reduced form of positive determinant M, or
more generally kM, and (d’,b',a"), (a”,b",a"), etc., are forms in its period, and
hence equivalent to it and all the more certainly contained in the same genus, the
numbers aa’, aa”, aa’, etc., will all be residues of M. A large number of forms in
such a period can be calculated very easily with the algorithm of Article 187; the
simplest residues usually result from setting a = 1; those containing factors which
are too large should be rejected. Here are the beginnings of the periods of the forms
(1,998, —1327) and (1,1412, —918), whose determinants are 997331, 1994662:

(1, 998, —1327) (1, 1412, —918)
(1327, 329,  670) | (—918, 1342,  211)
(670, 341, —1315) (211, 1401, —151)
(—1315, 974, 37) | (—151, 1317, 1723)

(37, 987, —626) | (1723, 406, —1062)
(—626, 891, 325) | (—1062, 656,  1473)
(325, 734, —1411)| (1473, 817, —901)
(—1411, 677, 382) | (—901, 985,  1137)
(382, 851, —T715) ete.

Thus the number 997331 has all the numbers —1327, 670, etc., as residues; omitting
those containing factors which are too large, we have the following: 2.5.67, 37, 13,
—17.83, —5.11.13, —2.3.17, —2.59, —17.53. The residue 2.5.67, as well as —5.11,
which results from combining the third with the fifth, had already been found above.

III. If C is any class of forms of negative determinant —M, or more generally
—kM, different from the principal class, and its period is 2C, 3C, etc. (Article 307),
the classes 2C, 4C, etc., will belong to the principal genus, and 3C, 5C, etc., to the
same genus as C. Thus, if (a, b, ¢) is a (simplest) form in C, and (da/,¥’,¢') a form in
some class of that period, say nC, either a’ or aa’ will be a residue of M, according
as n is even or odd (in the former case clearly also ¢/, and in the latter ac/, ca’ and
cc’). The period, that is, the simplest forms in its classes, can be worked out with
remarkable ease when a is very small, especially in the case = 3, which can always
be achieved when kM = 2 (mod. 3). Here is the beginning of the period of the class
containing the form (3, 1,332444):

C (3, 1, 332444) | 6C  (729. —209, 1428)
2C (9, —2, 110815) | 7C (476, 209, 2187)
3¢ (27, 7, 36940) | 8C (1027, 342, 1085)
4C (81, 34, 12327)| 9C (932, —437, 1275)
5C (243, 34,  4109) | 10C (425, 12, 2347)

This gives the residues (rejecting the useless ones) 3.476, 1027, 1085, 425, or (re-
moving square factors) 3.7.17, 13.79, 5.7.31, 17. By combining these suitably with
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the eight residues found in II, we easily obtain the following twelve: —2.3, 13, —2.7,
17, 37, =53, —5.11, 79, —83, —2.59, —2.5.31, 2.5.67; the first six are the same as
those we used in Article 331. We could have added the residues 19 and —29 if we
had also wished to use those found in I; the others obtained there already depend on
those developed here.

333.

The SECOND METHOD of factoring a given number M comes from considering
the values of an expression such as /—D (mod. M), and rests on the following
observations.

I. When M is a prime or a power of a prime (the prime being odd and not dividing
D), —D will be a residue or a nonresidue of M according as M is contained in a form
of divisors or in a form of non-divisors of zz + D; in the former case the expression
v/—D (mod. M) will have only two distinct values, which will be opposite.

II. But when M is composite, say = ppp”, etc., where p, p’, p”, etc., denote primes
(distinct, odd, and not dividing D) or powers of such primes, —D will be a residue of
M only when it is a residue of each of p,p’,p”, etc., that is, when all these numbers
are contained in forms of divisors of zx+ D. If we denote the values of the expression
v/—D modulo p,p', p", etc., respectively, by £r, +r/, +r” etc., all the values of the
same expression modulo M arise by finding the numbers which, modulo p, are = r
or = —r, modulo p’, either = 7’ or = —r/, etc. Their number will therefore be = 24,
where p counts the numbers p, p’, p”, etc. Thus, if these values are R,—R, R, —R/,
R, etc., we automatically have R = R modulo all of p,p’, p”, etc., but modulo none
of them R = —R. Hence the greatest common divisor of M and R — R will be M,
and 1 will be the greatest common divisor of M and R+ R. But two values which are
neither identical nor opposite, such as R and R’, must be congruent modulo one or
more of the numbers p,p’, p”, etc., but not modulo all of them, and modulo the rest

= —R’; hence the product of the former will be the greatest common divisor of
M and R — R', and the product of the latter the greatest common divisor of M and
R+ R'. Tt follows easily that, if we calculate all the greatest common divisors of M
and the differences between the individual values of the expression /—D (mod. M)
and any given value, their collection contains the numbers 1,p,p’,p”, etc., and all
products of two, three, etc., of these numbers. In this way, therefore, from the values
of that expression we can obtain the numbers p,p’,p”, etc.

Moreover, the method of Article 327 reduces each of these values to the values
of expressions of the form ' (mod. M), where the denominator n is coprime to
M; for the present purpose it is not even necessary to calculate these expressions
themselves. For the greatest common divisor of M and the difference between R and
R’, which agree with 2, :’1’—,/, is clearly also the greatest common divisor of M and
nn/(R — R'). Equivalently, it is the greatest common divisor of M and mn’ — m’'n,
to which nn/(R — R') is congruent modulo M.
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334.

The preceding observations can be applied to our problem in two ways. The first
not only decides whether the proposed number M is prime or composite, but in
the latter case also supplies the factors themselves; the second has the advantage
of usually allowing a quicker calculation, but sometimes fails to produce the factors
themselves of composite numbers, which it likewise distinguishes completely from
primes, unless it is repeated several times.

I. Find a negative number —D which is a quadratic residue of M for this purpose
the methods given in Article 332 under I and II can be used. In itself, the choice
of residue is arbitrary, and here, unlike the preceding method, we do not need D to
be a small number; but the calculation will be shorter, the smaller the number of
classes of binary forms in each properly primitive genus of determinant —D. Hence
residues among the 65 numbers of Article 303, if any present themselves, will be
particularly suitable. Thus for M = 997331, of all the negative residues obtained
above, —102 would be the most suitable. Find all the distinct values of the expression
V=D (mod. M); if only two result (opposite ones), M will certainly be either a prime
or a power of a prime; if there are more, say 2#, M will be composed of u distinct
primes, or powers of primes, and these factors can be obtained by the method of
the preceding article. Whether these factors are primes or powers of primes will
be very easy to recognize in itself; furthermore, the very procedure by which the
values of the expression /—D are found automatically indicates all primes some
power of which divides M. Namely, if M is divisible by the square of a prime ,
that calculation will certainly also have produced one or more representations of M,
M = amm + 2bmn + cnn, in which the greatest common divisor of the numbers
m,n is 7 (indeed, because in this case —D is also a residue of %) But when no
representation has appeared in which m and n have a common divisor, this is a sure
indication that M is divisible by no square, and hence all of p, p’, p”, etc., are primes.

Example. By the method given above we find four values of the expression
/—408 (mod. 997331) agreeing with the values of i%, +2824; the greatest com-
mon divisors of 997331 with 3.1664 — 113.2824 and 3.1664 + 113.2824, or with 314120
and 324104, will be 7853 and 127, whence 997331 = 127.7853, as above.

II. Take any negative number —D such that M is contained in a form of divisors
of zz 4+ D. In itself, the choice of such a number is arbitrary, but for convenience we
should particularly seek to make the number of classes in the genera of determinant
—D as small as possible. Finding such a number presents no difficulty if we proceed
by trial; for usually, among a considerable collection of numbers tried, M is contained
in a form of divisors for about as many as in a form of non-divisors. It will therefore
be most useful to begin the trial with the 65 numbers of Article 303 (starting with
the largest), and if it should happen that none is suitable (which, generally speaking,
occurs only once in 16384 cases), to proceed to others for which each genus contains
two classes. — Then find the values of the expression /—D (mod. M), and if any
are found, deduce the factors of M from them in exactly the same way as above;
but if no values appear, so that —D is a nonresidue of M, then M certainly cannot
be either a prime or a power of a prime. If, in this case, the factors themselves are
wanted, we must either repeat the same operation, choosing other values for D, or
turn to another method.
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Thus, for example, on making the trial, we find that 997331 is contained in a
form of non-divisors of zx + 1848, xx + 1365, xx + 1320, but in a form of divisors
of zx 4 840; the values of the expression \/—840 (mod. 997331) give the expressions
:I:%, :|:3122858, from which the same factors are deduced as before. — Anyone wanting
further examples may consult Article 328: the first shows that 5428681 = 307.17683;
the second, that 4272943 is a prime; the third, that 997331 is certainly composed of

several primes.

*

The limits of this work have allowed us to pursue here only the main points of
the two methods of finding factors; we reserve a fuller investigation, together with
further auxiliary tables and other aids, for another occasion.
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SEVENTH SECTION
ON
THE EQUATIONS DEFINING DIVISIONS OF THE CIRCLE.

335.

Among the most brilliant advances added to mathematics by the work of recent
mathematicians, the theory of functions depending on the circle undoubtedly holds
a particularly distinguished place. The greatest mathematicians of recent times have
devoted their industry and insight so persistently to this remarkable kind of quan-
tity, to which we are so often led in investigations of the most varied kinds, and
whose help no part of mathematics can do without, and have built from it so vast
a subject, that one could hardly have expected any part of this theory, much less
an elementary part lying, as it were, at its very threshold, still to admit substantial
advances. I am speaking of the theory of trigonometric functions corresponding to
arcs commensurable with the circumference, or the theory of regular polygons; this
section will show how little of it has so far been developed. Readers might wonder
why such an investigation is undertaken in this work in particular, devoted chiefly
to a subject which at first sight seems entirely different; but the treatment itself will
make sufficiently clear how closely this subject is connected with higher arithmetic.

The principles of the theory we are about to present also extend much further than
we carry them here. They can be applied not only to circular functions, but with
equal success to many other transcendental functions, for example those depending
on the integral [ i 1 x4) and also to various kinds of congruences. But since we are
preparing an extensive separate work on those transcendental functions, and congru-
ences will be treated in detail in the continuation of the arithmetical investigations,
we have thought it appropriate to consider only circular functions here. Indeed, even
these, which we could treat in the fullest generality, we will reduce to the simplest
case by the means to be explained in the following articles, both for brevity and to
make the entirely new principles of this theory easier to understand.

The investigation is reduced to the simplest case, in which the number of parts into
which the circle is to be divided is a prime.

336.

Denote the circumference of the circle, or four right angles, by P, and suppose m,n
are integers, and n the product of pairwise coprime factors a, b, ¢, etc. By Article 310

the angle A = ™F can be put in the form A = (%+§+%—|—etc.)P, and its trigonometric
functions can be derived by known methods from the functions belonging to the parts
aP pBP

-, 5, etc. Thus, since we can take primes or powers of primes for a,b, ¢, etc., it
clearly suffices to consider division of the circle into a number of parts equal to a prime
or a power of a prime, and the polygon with n sides will follow immediately from
the polygons with a, b, ¢, etc., sides. Here, however, we will restrict the investigation
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to the case in which the circle is to be divided into a number of parts which is an
(odd) prime, chiefly for the following reason. It is known that the circular functions
corresponding to the angle ”;—5 can be derived from the functions belonging to mTP
by solving an equation of degree p, and likewise from these, by an equation of the

same degree, the functions belonging to ”;—f, etc.; thus, if the polygon with p sides

is already given, determining the polygon with p* sides necessarily requires solving
A — 1 equations of degree p. Although the following theory can also be extended to
this case, this route will still lead to just as many equations of degree p, which, if p
is a prime, cannot in any way be reduced to lower degrees. For example, it will be
shown below that the polygon with 17 sides can be constructed geometrically; but
in determining the polygon with 289 sides there is no way to avoid an equation of
degree 17.

Equations for the trigonometric functions of arcs which are one or more parts of
the whole circumference; reduction of trigonometric functions to the roots of the
equation ™ — 1 = 0.

337.

It is well known that the trigonometric functions of all the angles %, where k
ranges over all the numbers 0,1,2...n — 1, can be expressed by roots of equations
of degree n: namely, the sines by the roots of (I)

o lnx"_Q lnn-3 4, 1lnn—-4n-5 4

1 6 12 ° 61 123

1
+etc. £ —nx =0

2
the cosines by the roots of (II)

1 1 nn—3 lnn—4n->5
n__ -, n—2 - n—4 - n—6
T 6 12 ° 64 123
1 1
+etc. £ o 1" T o = 0

and finally the tangents by the roots of (III)

n_nn—1,, nn-1ln-2n-3 , 4
. 2 vt 1.2.3.4

—etc.tnx =0

These equations (which hold generally for every odd value of n, and II also for
even values) can easily be reduced, on setting n = 2m + 1, to degree m: I and
IIT by dividing the left side by z and substituting y for xz. Equation II clearly

has the root * = 1 (= cos0), and the remaining roots are always equal in pairs
(cos % = cos ("_nl)P, cos % = cos (”_n2)P, etc.); thus its left side is divisible by x — 1,
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and the quotient will be a square. Taking its square root reduces equation II to

1 1 1
™+ §xm_1 - Z(m —1)z™? — g(m —2)z™m3

1lm-2m-3 ., 4
6T 12
I1m-3m—-4 , =
e — —etc. =0
TR T e
whose roots will be the cosines of the angles s Qf , 35 . ’”TP. Further reductions

of these equations, at least for the case in which n is a prime, have not so far been
available.

None of these equations, however, is as easy to handle or as suitable for our
purpose as z" — 1 = 0, whose roots are known to be very closely connected with
theirs. Namely, writing ¢ for the imaginary quantity /—1 for brevity, the roots of
the equation z" — 1 = 0 are given by

kP kP

cos — +isin— =,
n n
where k is to take all the values 0, 1 2...n — 1. Thus, since % = CoS kP — isin k—P
the roots of equation I are given by 4+ 5 (r — f) or by zl ' the roots of equation II

by 3(r+ 1) = 1 and finally the roots of equation III by (1 Tr) For this reason
we will base the investigation on considering the equation x™ — 1 = 0, assuming n
to be an odd prime. To avoid having to interrupt the order of the investigations, we
give the following lemma first.

338.
PROBLEM. Given the equation

(W)...2™ + Az™ ! ete. =0,

find an equation (W') whose roots are the A-th powers of the roots of the equation
(W), where X denotes a given positive integer exponent. Solution. Denote the roots
of the equation W by a, b, ¢, etc.; the roots of the equation W’ must be a*, b*, ¢*, etc.
By Newton’s well-known theorem, the coefficients of the equation W allow us to find
the sums of any powers of the roots a, b, ¢, etc. Thus find the sums

a4+ 0+ A Fete., a4+ b2+ ete. ete.

up to @™ 4+ b™ + ™ + ete.

from which, proceeding in reverse by the same theorem, we can deduce the coefficients
of the equation W’. Q. E. F. — At the same time this shows that, if all the coefficients
in W are rational, all those in W’ will also be rational. It can indeed be proved by
another route that, if the former are all integers, the latter will also all be integers;
but we will not dwell here on this theorem, which is not so necessary for our purpose.
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339.

The equation 2 — 1 = 0 (under the assumption, always to be understood from
now on, that n is an odd prime) has a single real root, z = 1; the remaining n — 1
roots satisfy the equation

ety fete. +2+1=0
and are all imaginary. We will denote their collection by 2, and the function
" 42" 2 4ete.+x+1 by X

respectively. Thus, if 7 is any root in Q, we have 1 = r™ = 2", etc., and generally
ré" = 1 for every integer value of e, positive or negative; hence, if A\, 4 are integers
congruent modulo n, we clearly have r* = r#. But if )\, u are incongruent modulo
n, ™ and 7* will be unequal; for in this case an integer v can be chosen so that
(A — p)v =1 (mod. n), whence r*@~#" = - and therefore 7*~# is certainly not = 1.
It is also clear that every power of r is a root of the equation z™ — 1 = 0; thus, since
the quantities 1 (= 7°),r,7r...7r" 1 are all distinct, they give all the roots of the
equation 2" — 1 = 0, and hence the collection r,rr,73 ... 7"~ ! coincides with . More
generally, it follows easily that © coincides with the collection 7€, r2¢, p3¢ . p(n=1e jf

e is any integer not divisible by n, positive or negative. We therefore have
X =(z—71)(x—r*)(z—r3) .. (x —r("De)

whence
re4r2e ppde g ppnbe = q

and 147+ 4. 47 De=p

nfl) e

We will call two roots such as r and % (=r , or generally r¢ and r~
1

, reciprocal;
clearly the product of the two simple factors z—r and x— . is real, = xo —2z cosw+1,

where the angle w is equal either to the angle % or to one of its multiples.

342



Arithmetical Investigations

340.

Thus, if one root in €2 is denoted by r, all the roots of the equation ™ — 1 = 0 are
expressed by powers of r, and a product formed in any way from several roots of this
equation can be represented by 7, where \ is either 0, or positive and < n. Now let
o(t,u,v...) denote a rational integral algebraic function of the indeterminates ¢, u,
v, etc., expressible as a sum of terms of the form ht®uPv7.... It is clear that, if we
substitute for ¢, u, v, etc., some of the roots of the equation ™ — 1 = 0, say t = a,
u="b,v=c, etc., p(a,b,c...) can be put in the form

A+ Ar+ Alrr + A"p3 1+ AV L

where the coefficients A, A, etc. (some of which may be absent and hence = 0)
are fixed quantities; moreover, all these coefficients will be integers if all the fixed
coefficients in (¢, u,v...), that is, all the h, are integers. If we then replace ¢, u,v...
by aa,bb, cc. . ., respectively, any term such as ht®uv7 .. ., which previously reduced
to 7, will now become 727 It follows easily that

p(aa,bb,cc...) = A+ Alrr + A"r* + A0 4 4 AV 2
imilarly, for any integer value of A\, we have in genera
Similarly, for any integer value of A, we have in general
(b . ) = A4 A 4 AP 4 AV DA

This proposition is of the greatest importance and forms the foundation of the fol-
lowing investigations. — This also gives

o(L,L,1..)=¢p(@ b, "..)=A+ A+ A" +.. .+ A

and
ola,b,c...)+ @laa,bb,cc...) + p(a, b3, ..)
+... .+ (@b " ..)=nA
Thus this sum is always an integer divisible by n whenever all the fixed coefficients
in p(t,u,v...) are integers.
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Theory of the roots of the equation ™ —1 =0 (where n is assumed prime).
Omitting the root 1, the remaining roots () are contained in the equation
X =a2"1 42" 2 4etc.+ 2 +1=0. The function X cannot be resolved into factors
of lower degree whose coefficients are all rational.

341.
THEOREM. If the function X is divisible by the function of lower degree

P=g +A2* '+ Ba* 2+ . + Ko+ L

the coefficients A, B...L cannot all be integers.

Proof. Let X = PQ, and let P be the collection of roots of the equation P = 0,
and £ the collection of roots of the equation @) = 0, so that 2 consists of P and Q
taken together. Further, let SR be the collection of roots reciprocal to those in 3, and
G the collection of roots reciprocal to those in £. Let the roots contained in R be the
roots of the equation R = 0 (which is easily seen to be x)‘—l—%x)”l%—etc.—i—%am—% =0),
and those contained in & the roots of the equation S = 0. Clearly the roots R and
G taken together also form the collection €2, and RS = X. We now distinguish four
cases.

I. When P coincides with PR, and hence P = R. In this case the roots in B
clearly come in reciprocal pairs, so P is a product of %)\ quadratic factors of the form
rx — 2w cosw + 1; since such a factor is = (z — cosw)? + sinw?, it is easily seen that
P necessarily takes a positive real value for every real value of x. Let the equations
whose roots are respectively the squares, cubes, fourth powers ... and powers of order
n — 1 of the roots in P be P =0, P” =0,P"” =0,... PY =0, and let the values of
the functions P, P, P” ... PY obtained by setting = 1 be respectively p,p’,p” ...p".
Then, by what was said above, p will be a positive quantity, and for exactly the
same reason p’,p”, etc., will also be positive. Now p is the value of the function
(1—-t)(1 —u)(1 —wv), etc., obtained by substituting for ¢, u, v, etc., the roots in B; p’
is the value of the same function when we substitute for ¢, u, v, etc., the squares of
those roots, etc.; moreover, the value for t = 1,u = 1,v = 1, etc., is clearly = 0. Thus
the sum p+p' +p” ...+ p" will be an integer divisible by n. It is also easily seen that
the product PP'P"...is = X*, and hence pp'p” ... = n*. Now, if all the coefficients
in P were rational, all those in P/, P”, etc., would also be rational by Article 338; by
Article 42, however, all these coefficients would necessarily be integers. Thus p,p/,
p", etc., would all be integers; since their product is n*, and their number satisfies
n —1> A, some of them (at least n — 1 — X\) must necessarily be = 1, and the rest
equal to n or to a power of n. Thus, if g of them are = 1, the sum p + p’ + etc.
will clearly be = ¢g (mod. n), and hence certainly not divisible by n. The assumption
therefore cannot hold.

II. When ‘B and R do not coincide but contain some common roots, let ¥ be their
collection, and T" = 0 the equation whose roots they are. Then 71" will be the greatest
common divisor of the functions P, R (as is known from the theory of equations). The
roots in ¥ clearly come in reciprocal pairs; hence, by what has been proved above,
the coefficients in T’ cannot all be rational. But they certainly would be if all those
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in P, and hence also all those in R, were rational, as follows directly from the nature
of the operation of finding the greatest common divisor. The assumption is therefore
absurd.

III. When Q and & either coincide or at least contain common roots, in exactly
the same way the coefficients in Q cannot all be rational; but they would be rational
if all those in P were rational. This is therefore impossible.

IV. But if neither the pair P and PR nor the pair  and & has any common root,
all the roots ¥ must be found in &, and all those in 9 in R, whence P = S and
@ = R. Therefore X = PQ will be the product of P and R, that is,

of 22+ AxM 1.+ Ko+ L

1
and a;/\—i—fx "'+fx+f

whence, setting x = 1, we obtain

nL=(1+A...+K+L)?

Now, if all the coefficients in P were rational, and hence also integers by Article 42, L,
which must divide the last coefficient in X, namely unity, would necessarily be = £1,
whence +n would be a square. Since this contradicts the hypothesis, the assumption
cannot hold.

This theorem therefore shows that, however X is resolved into factors, at least
some of their coefficients will be irrational, and hence cannot be determined except
by an equation of higher degree.

The aim of the following investigations is explained.

342.

The aim of the following investigations, which it will be useful to explain briefly, is
to resolve X STEP BY STEP into more and more factors, determining their coefficients
by equations of the lowest possible degree, until we reach linear factors, or the roots
Q) themselves. Namely, we will show that, if the number n — 1 is resolved in any
way into integer factors «, 3,7, etc. (each of which may be taken prime), X can
be resolved into « factors of degree ”T_l, whose coefficients are determined by an
equation of degree «; each of these factors in turn into S others of degree ’L—_l, with
the help of an equation of degree 3, etc. Thus, if ¥ denotes the number of factors «,
58,7, etc., finding the roots € reduces to solving v equations of degrees «, 3,7, etc.
For example, for n = 17, where n — 1 = 2.2.2.2, four quadratic equations must be
solved; for n = 73, three quadratic and two cubic equations.

In what follows we will very often have to consider powers of the root r whose
exponents are themselves powers, and such expressions are troublesome to set in type.
To make printing easier, we will henceforth use the following abbreviation. For r,
rr, 13, etc., we will write [1], [2],[3], etc., and generally for r*, where A denotes any
integer, [A\]. Such expressions are therefore not yet fully determined, but become
so as soon as, for r or [1], a specific root in €2 is chosen. Thus, in general [\], [u]
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will be equal or unequal according as A, ;4 are congruent or incongruent modulo n;
furthermore [0] = 1; [A].[u] = [A+u]; [A]Y = [\v]; the sum [0]4[\]4+[2A] .. .4+[(n—1)A]
is either 0 or n, according as A is not divisible or is divisible by n.

All the roots Q are distributed into certain classes (periods).

343.

If, for the modulus n, g is a number of the kind we called a primitive root in Section
III, the n — 1 numbers 1, ¢, gg...g" >
although in a different order: each number of one sequence has a congruent number
in the other. It follows at once that the roots [1],[g],[gg] ... [¢" 2] coincide with €;
in exactly the same way, more generally,

will be congruent to 1,2,3...n — 1 modulo n,

[, gl gyl [ 7% with Q

coincide, where \ denotes any integer not divisible by n. Further, since ¢"~! =
1 (mod. n), it is readily seen that the two roots [Ag"], [Ag”] are identical or different
according as u,v are congruent or incongruent modulo n — 1. Thus, if G is another
primitive root, the roots [1], [g] . . . [¢" 2] will also agree with [1], [G]...[G"~?] if order
is disregarded. But it is also easily proved that, if e is a divisor of n — 1, and we set
n—1=ef, ¢¢=h, G° = H, the f numbers 1, h, hh...hf~! will be congruent to 1,
H,H?...H’~! modulo n (without regard to order). For suppose G = g (mod. n),
and let p be any positive number < f, and v the least residue of uw (mod. f). Then
ve = pwe (mod. n — 1), hence ¢g¥¢ = g"¢ = G*¢ (mod. n), or H* = h”; that is, each
number of the latter sequence 1, H, H?, etc., has a congruent number in the sequence
1,h,hh..., and likewise conversely. — It is therefore clear that the f roots [1],[h],
[Rh]...[h' 7] are identical with [1],[H], [H?]...[H/~']; more generally, it is readily
seen in the same way that

[A], [AR], [ARA] ... [ARS Y
with [\], [\H], [NH?] ... [\H/7

agree. We will denote the sum of such f roots [A] + [Ah] +etc. + [Ah/ 1], which, since
it does not change when another primitive root is taken for g, must be regarded as
independent of g, by (f;A); the collection of the same roots we will call the period
(f,\), without regard to the order of the roots”). — In writing such a period, it will
be useful to reduce each of its roots to the simplest expression, namely to substitute
for the numbers A\, Ah, Ahh, etc., the least residues modulo n; the terms of the period
may also be arranged by their size, if desired.

For example, for n = 19, where 2 is a primitive root, the period (6, 1) consists of
the roots [1], [8], [64], [512], [4096], [32768], or [1],[7],[8],[11], [12],[18]. Similarly the
period (6,2) consists of [2],[3],[5], [14],[16],[17]. The period (6,3) is found to be
identical with the preceding one. The period (6,4) contains [4], [6], [9], [10], [13], [15].

“n what follows, we may also call the sum the numerical value of the period, or simply the period
where there is no risk of ambiguity.
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Various theorems on the periods of the roots 2.

344.

The following observations about these periods immediately present themselves:

I. Since Abf = A, AR/ = Ak, etc., (mod. n), clearly the same roots that con-
stitute (f,A) also constitute (f, Ah), (f, \hh), etc.; thus, in general, if [\'] denotes
any root in (f, ), this period will be completely identical with (f,\"). Hence, if
two periods consisting of equally many roots (which we will call similar) have any
common root, they are clearly identical. Thus it is impossible for two roots to occur
together in one period, while only one of them occurs in another similar period. It
is also clear that, if two roots [A],[\] belong to the same period of f terms, the
value of the expression )\T/ (mod. n) is congruent to some power of h, or we may put
N = \g"¢ (mod. n).

IL. If f =n—1, e =1, the period (f, 1) clearly coincides with €2; in the other cases
Q will be composed of e periods (f, 1), (f,9), (f,99)-..(f, g !). These periods are
therefore all distinct, and clearly any other similar period (f, A) coincides with one
of them, provided [A] belongs to €, that is, if A is not divisible by n. But the period
(f,0), or (f,kn), clearly consists of f units. It is just as easily seen that, if A is any
number not divisible by n, the collection of e periods (f, ), (f,Ag), (f,Agg) ... ([,
Ag¢™1) also coincides with Q. — Thus, for ezample, for n = 19, f = 6, ) consists of
the three periods (6, 1), (6,2), (6,4), to one of which any other similar period, except
(6,0), reduces.

III. If n — 1 is the product of three positive numbers a, b, ¢, clearly any period
of be terms is composed of b periods of ¢ terms: namely, (be, A) of (¢, ), (¢, Ag?), (c,
Ag%) ... (e, \g™™?), and these will therefore be said to be contained in the former.
Thus, for n = 19, the period (6,1) consists of the three periods (2,1),(2,8),(2,7);
the first contains the roots 7,8, the second r®,r!1, and the third 7, r12.
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345.

THEOREM. Let (f, ), (f, 1) be two similar periods, identical or distinct, and let
(f,\) consist of the roots [\, [N],[\"], etc. Then the product of (f,\) and (f, ) will
be a sum of f similar periods, namely

= (L) + (LN +p) + (F N+ p) +ete. =W

Proof. As above, let n — 1 = ef; let g be a primitive root modulo n, and h = ¢¢,
whence, by what precedes, (f,\) = (f,Ah) = (f, Ahh), etc. The required product
will therefore be

= [u].(f, ) + [uh].(f, A\R) + [uhh].(f, \hh) + etc.

and hence
= [A+p] +Ah+p] 4+ DR
+[Ah+ ph]  +[Ahh+ph] ..o+ AR+ ph)
+[Ahh + phh] +[AR3 + phh) ...+ MRS 4 phh] ete.

This expression contains altogether f f roots. If each vertical column is now summed
separately, we clearly obtain

(A4 p) + (F AN+ )+ o+ (04 0)

This expression is readily seen to agree with W, since, by hypothesis, the numbers
A, NN ete., must be congruent to A, Ah, Ahh ... Ah/ =1 modulo n (the order is im-
material here), and therefore so must also

A, N+p, N+ ete. to
AN+, Mo+, Neh4+p.. M"Y+ 4. Q. E. D.

We add the following corollaries to this theorem:
I. If k& denotes any integer, the product of (f, k) and (f, ku) will be

= (fi kA + ) + (f, k(N 4 1) + (f, k(N + ) + ete.

II. Since each part of which W consists agrees either with the sum (f,0), which
is = f, or with one of (f,1), (f,q9), (f,99)...(f,g°""), W can be reduced to the
following form

W =af +b(f,1) +V'(f,9) +V"(f.99)
+o ()
where the coefficients a, b, b, etc., will be positive integers (or some of them may also
be = 0). It is further clear that the product of (f, k\) and (f, ku) then becomes
=af +b(f, k) +V(fikg)+ ... +b(fkg"")

Thus, for ezample, for n = 19, the product of the sum (6.1) with itself, or the square
of this sum, becomes = (6,2) + (6,8) + (6,9) + (6.12) + (6,13) + (6,19) = 6 + 2(6,
1)+ (6,2) 4+ 2(6,4).
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I1I. Since the product of each part of W and a similar period (f, ) can be reduced
to an analogous form, it is clear that the product of three periods (f, A).(f, u).(f,v)
can also be represented by cf +d(f,1)...+d*(f,¢¢!), and that the coefficients ¢, d,
etc., will be integers and positive (or = 0); moreover, for any integer value of k,

(f kN).(f kp).(f, kv) = cf +d(f k) + d'(f, kg) + ete.

In the same way this theorem extends to products of any number of similar periods,
and it makes no difference whether these periods are all distinct, or partly or all
identical.

IV. It follows that, if in any rational integral algebraic function F' = ¢(t,u,v...)
the indeterminates ¢, u, v, etc., are replaced respectively by similar periods (f, A), (f,
), (f,v), ete., its value can be reduced to the form

A+ B(f,1)+B'(f,9)+B"(f.99) + ...+ B*(f.¢° ")

and the coefficients A, B, B’, etc., will all be integers if all the fixed coefficients in
F are integers. If we then replace t, u, v, etc., respectively by (f,kX), (f, ku), (f, kv),
etc., the value of F reduces to A+ B(f, k) + B'(f,kg) + etc.

346.

THEOREM. Assuming that X is a number not divisible by n, and writing p for (f,
A) for brevity, any other similar period (f,p), where u is also assumed not divisible
by n, can be reduced to the following form

a+Bp+ypp+ ...+ 0p~!

so that the coefficients a, 3, etc., are fized rational quantities.
Proof. For brevity, denote the periods (f, Ag), (f, Agq), (f, Ag?), etc., up to (f,
Ag¢™1), whose number is e — 1, and with one of which (f, ) must agree, by p’,p”,

p"”, etc. We then immediately have the equation

/11

O=14+p+p +p"+p" +etc. ... .. (D)

Expanding the values of the powers of p up to the power with exponent e—1, according
to the rules of the preceding article, gives e — 2 further equations of the following
kind.

O=pp+A+ap+adp +adp"+ad"p" +etc. .. (1)
0=p°+ B+bp+bp +b"p" +"p" +etc. .. (I
0=p"+CHep+dp +p +"p" +ete. .. (IV) ete.

Here all the coefficients A, a,d’, etc., B, b,V etc., etc., will be integers and, as should
be carefully noted and follows directly from the preceding article, completely inde-
pendent of A; that is, the same equations will continue to hold whatever other value
is assigned to A. This observation clearly extends to equation I as well, provided A
is taken not divisible by n. — Let us assume (f, 1) = p’; for it is readily seen that, if
(f, i) agrees with another of the periods p”,p", etc., arguments entirely analogous
to those that follow can be used. Since the number of equations I, II, III, etc., is
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e — 1, the quantities p”, p’”, etc., whose number is = e — 2, can be eliminated from
them by known methods, giving an equation of the following kind (Z), free of those
quantities,

0=A+Bp+ Cpp + etc. + Mpe~L + 9/’

This can be done so that all the coefficients 2,5 .. .91 are integers and certainly not
all = 0. Now, if 91 = 0 does not hold, it is immediately clear that p’ is thereby
determined in the way stated in the theorem. It therefore remains to show that
N = 0 cannot occur.

Assuming O = 0, equation Z becomes Mp*~! +etc. + Bp+2A = 0; since its degree
certainly does not exceed e — 1, no more than e — 1 distinct values of p can satisfy it.
But since the equations from which Z was derived are independent of A, it is clear
that Z also does not depend on A, or holds whatever integer not divisible by n is
taken for X\. Thus equation Z will be satisfied whichever of the e sums (f, 1), (f,g),
(f,99)-..(f,g°71) is set equal to p. It follows directly that these sums cannot all be
unequal, but at least two must be equal to one another. Let one of two such equal
sums contain the roots [(], [(], [¢"], etc., and the other [n], [1], [7"], etc.; assume (as
we may) that all the numbers (, (', (", ete., n,n', 1", etc., are positive and < n; clearly
they will also all be distinct, and none = 0. Denote the function

¢+ 28 28 tete. — 2" — 2" — 27" — etc.

whose highest term does not exceed 2"~! by Y. Clearly Y = 0 when z = [1] is set;
hence Y contains the factor x — [1], which it will have in common with the function
denoted above by X. But this is easily shown to be absurd. For if Y had any
common factor with X, the greatest common divisor of the functions X,Y (which
certainly cannot reach degree n—1, as is already clear from the fact that Y is divisible
by x) would have all its coefficients rational, as follows directly from the nature of
the operations for finding the greatest common divisor of two such functions whose
coefficients are all rational. But in Article 341 we showed that X cannot contain
a factor of degree less than n — 1 whose coefficients are all rational. Therefore the
assumption 9 = 0 cannot hold.

Example. Forn =19, f =6, pp = 6+2p+p’+2p”; from thisand 0 = 1+p+p’+p”
we deduce p' =4 — pp, p” = -5 —p+ pp. Thus

(6,2) =4—(6,1)%, (6,4) = —5—(6,1)+ (6,1)*
(6,4) =4—(6,2)%, (6.1) = —5—(6,2) + (6,2)?
(6,1) =4 —(6,4)%, (6,2) = —5— (6,4) + (6,4)*
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347.

THEOREM. IfF = ¢(t,uv...)isa symmetric”) algebraic rational integral function
of f indeterminates t,u,v, etc., and, on substituting for these the f roots contained
in the period (f,\), the value of F is reduced by the rules of Article 340 to the form

A+ A1)+ A"]2) + etec. =W

then the roots in this expression that belong to any one and the same period of f
terms will have equal coefficients.

Proof. Let [p], [¢] be two roots belonging to one and the same period, and assume
p,q positive and less than n, so that we must show that [p] and [¢] have the same
coefficient in W. Let ¢ = pg”® (mod. n); further, let the roots contained in (f, )
be [A], [N],[\'], etc., where we assume the numbers A, X', X, etc., positive and less
than n; finally, let the least positive residues of the numbers \g”¢, X' g*¢, N’ ¢"¢, etc.,
modulo n, be u, i/, p”, etc. These will clearly be identical with the numbers A\, ', \”,
etc., although in a different order. Now Article 340 shows that

P([Ag"], Ng”e], [N'g"]..) = (D)

reduces to
A+ A'lg7e] + A”[297¢] + etc.

orto A+ A'[9] + A”[0] + etc. = (W)

where 6,0', etc., denote the least residues of the numbers ¢g”¢, 2¢"¢, etc., modulo n.
It is therefore clear that [¢] has the same coefficient in (WW') as [p] has in (W). But it
is readily seen that expanding the expression (I) gives the same result as expanding
o([u], [1].[1"] ete.), since p = Ag¥é, i’ = N g¥¢, etc., (mod. n); the latter expression
in turn gives the same result as p([\], [N], [\"] etc.), since the numbers u, 1/, 1", ete.,
differ from X, ', \”, etc., only in their order, which makes no difference in a symmetric
function. It follows that W’ will be completely identical with WW; hence the root [g]
will have the same coefficient in W as [p]. Q. E. D.
It is therefore clear that W can be reduced to the form

A+a(f,1)+d(f.9)+d"(f,99)...+a(f,g°")

where the coefficients A, a...a° are fixed quantities, which will also be integers if
all the rational coefficients in F' are integers. — Thus, for example, if n = 19,
f =06, A =1, and the function ¢ denotes the sum of the pairwise products of the
indeterminates, its value reduces to 3 + (6,1) + (6,4).

It is further easily seen that, if we then substitute for ¢, u, v, etc., the roots from
another period (f, k\), the value of F' becomes

A+a(f, k) +d'(f, kg) +d"(f, kgg) + etc.

“Functions are called symmetric, as is known, when all the indeterminates occur in them in the
same way, or, more clearly, when they do not change however the indeterminates are permuted among
themselves; such functions are for instance the sum of all of them, the product of all of them, the sum
of their pairwise products, etc.
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348.

In any equation
ol —axl V4 Bl 72— a3 =0

the coefficients «, 3, v, etc., are symmetric functions of the roots, namely « the sum
of all of them, § the sum of their pairwise products, v the sum of their products
taken three at a time, etc. Thus, in the equation whose roots are the roots contained
in the period (f, ), the first coefficient will be = (f, \), while each of the others can
be reduced to a form such as

A+a(f,1)+d(f.g)...+a(f,g°")

where all of A,a,d’, etc., will be integers. It is also clear that the equation whose
roots are those contained in any other period (f,k\) is derived from it by replacing,
in each coefficient, (f, 1) by (f, k); similarly, replacing (f, g) by (f, kg) and, in general,
(f,p) by (f,kp). In this way we can therefore specify e equations z = 0,2’ =0, 2" =0,
etc., whose roots are the roots contained in (f,1), in (f,g), (f,99), etc., as soon as
the e sums (f, 1), (f, 9), (f, g9), etc., are known, or rather as soon as any one of them
has been found, since, by Article 346, all the others can be deduced rationally from
one. At the same time, this resolves the function X into e factors of degree f: for
the product of the functions z, 2/, 2”, etc., will clearly be = X.

Ezample. For n = 19, the sum of all the roots in the period (6,1) is = (6,1) = «;
the sum of their pairwise products is = 3 + (6,1) + (6,4) = (3; similarly, the sum of
the products taken three at a time is found to be =2+ 2(6, 1) + (6,2) = ~; the sum
of the products taken four at a time = 3+ (6,1) 4 (6,4) = d; the sum of the products
taken five at a time = (6,1) = &; the product of all of them = 1. Thus the equation

z=a% -’ + pat —yad + dxr —ex+1=0

includes all the roots contained in (6, 1). If, in the coefficients «, 3, 7, etc., we replace
(6,1),(6,2),(6,4) respectively by (6,2),(6,4),(6,1), we obtain the equation 2z’ = 0,
which includes the roots in (6,2); if the same interchange is applied here again, we
obtain the equation 2z’ = 0, including the roots in (6,4), and the product zz'z"
be = X.

will
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349.

It is usually more convenient, especially when f is a large number, to deduce the
coefficients 3, v, etc., from the sums of the powers of the roots by Newton’s theorem.
For it is immediately clear that the sum of the squares of the roots contained in
(f,A) is = (f,2X), the sum of their cubes = (f,3\), etc. Thus, writing (f, ), (f,2\),
(f,3N), etc., as q,¢,q", etc., for brevity, we have

a=q, 28=aq—¢q, 3y=PBq—ad +q" etc.

Here the products of two periods must immediately be converted into sums of periods
by Article 345. Thus, in our example, writing (6, 1), (6,2), (6,4) respectively as p, p/,
p", we obtain ¢,¢',q",q", ¢"",¢"" respectively = p,p',p',p",p’, p"; hence
a=p, 28=pp—p =6+2p+2p”
3v=0B+p+p")p—pp' +p =6+6p+3p
46=2+2p+p)p—B+p+p")p
+pp —p" =12+ 4p +4p" et

It suffices, however, to calculate only half the coefficients in this way. For it is not
difficult to prove that the last ones, in reverse order, are either equal to the first ones,
namely the last = 1, the next to last = «, the one before that = (3, etc., or can be
deduced from them respectively by replacing (f,1),(f,g), etc., by (f,—1),(f,—g),
etc., or (f,n —1), (f,n — g), etc. The first case occurs when f is even, the second
when f is odd; the last coefficient, however, is always = 1. This rests on the theorem
of Article 79; but, for brevity, we do not dwell on this subject.

350.

THEOREM. Let n — 1 be the product of three positive integers «, 3,7; let the
period (P, \), which has By terms, consist of 5 smaller periods of v terms, namely
(v, N). (7, X)), (v, \), ete. Suppose that, in a function of B indeterminates of the same
kind as in Article 347, namely F = o(t,u,v...), the indeterminates t,u, v, etc., are
replaced respectively by the sums (v, A), (v, X), (v, \"), etc., and its value is reduced
by the rules of Article 345, IV, to

A+a(y,1)+d(7,9)...+a(y,9%7%)
ot d (g =W

Then I say that, if F' is a symmetric function, the periods in W that are contained in
the same period of 7 terms, that is, generally such periods as (v, g") and (v, g™ *#),
where v denotes any integer, will have the same coefficients.

Proof. Since the period (8v,Ag®) is identical with (87, \), the smaller periods
(v, Ag%), (7, Ng®), (7, \"g%), etc., of which the former clearly consists, must agree
with those of which the latter consists, although in a different order. Thus, if we
suppose that, on substituting these respectively for t,u, v, etc., F' becomes W', W’
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will coincide with W. But by Article 347 we have

W' = A+a(y,9%) +d'(7,¢*")
cot aC(%gaﬁ) coF ae(y,go‘5+o‘_l)
= A+a(y,9%) +d'(v,9°)
4 a(y,1). .+ aa(’y,gafl)

Therefore, since this expression must agree with W, the first, second, third, etc.,
coefficients in W (starting with a) must agree, respectively, with those in positions
a+1,a+2,a+3, ete. It follows readily that, in general, the coefficients of the periods
(v, 9"), (7, ), (v, g?¥TH) .. (7, g"“TH), which occupy positions p + 1, + p + 1,
204+ p+1...va+ p+ 1, must agree with one another. Q. E. D.

It is therefore clear that W can be reduced to the form

A+a(By,1) +d (By,9) ... +a*(By,9*h)

where all the coefficients A, a, etc., will be integers if all the fixed coefficients in F' are
integers. It is further easily seen that, if we then substitute for the indeterminates
in F' the § periods of v terms contained in another period of B7y terms, namely
(Bv, Ak), which are clearly (v, Ak), (v, N'k), (7, \"k), etc., the resulting value will be
A+ a(By, k) +d (B, gk) ...+ a*(By,9* k).

It is also clear that the theorem extends to the case where a =1, or vy =n — 1:
here all the coefficients in W will be equal, so that W reduces to the form A+a(87,1).
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351.

Keeping all the notation of the preceding article, it is clear that each coefficient of
the equation whose roots are the 3 sums (v, \), (v, \'), (7, A”), etc., can be reduced
to a form such as

A+a(By,1) +d (By,9) ... +a(By,9*Y)

and that the numbers A,a, etc., are all integers. The equation whose roots are
the 3 periods of v terms contained in another period (87, k) is derived from it by
replacing every period (87, 1) throughout the coefficients by (87, k). Thus, if a = 1,
all the B periods of v terms will be determined by an equation of degree 3, each of
whose coefficients reduces to the form A+a(5v,1), and is therefore a known quantity,
since (B7v,1) = (n—1,1) = —1. If, however, o > 1, the coefficients of the equation
whose roots are all the periods of v terms contained in any given period of 8+ terms
will be known quantities as soon as the numerical values of all the « periods of 5~
terms are known. — The coefficients of these equations can often be calculated more
conveniently, especially when  is not very small, by first finding the sums of powers
of the roots and then deducing the coefficients from them by Newton’s theorem, just
as above in Article 349.

Ezample I. For n = 19, we seek the equation whose roots are the sums (6, 1), (6,2),
(6,4). Denoting these roots respectively by p,p’, p”, and the required equation by

2> — Azz+ Bx — C =0

we obtain
/I

A=p+p' +p", B=pp'+p" +0", C=ppp"

Hence
A=(18,1)=—-1

Further, we have
pp' =p+2p" +3p", pp" =2p+3p"+p",
p/p// — 3p +p/ + 2p/l

whence
B=6(p +9 —I—p”) =6(18,1) = —6

Finally,
C=(p+2p+3p")p" =3(6,0) +11(p+p' +p")
—18—-11=7

so the required equation is
B4 zr—6x—7=0

Using the other method, we have

p+p +p"=-1
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pp=6+2p+p +2p", pp=6+2p"+p" +2p,
p//p,/:6+2p//+p+2p/

whence
pp+p/p/ +p//p// — 18 _|_ 5(p+p/ +p//) — 13

and similarly
PP+ PP =36+34(p+p +p") =2

From these, Newton’s theorem gives the same equation as before.
II. For n = 19, we seek the equation whose roots are the sums (2,1),(2,7),(2,8).
Denoting these respectively by ¢, ¢, ¢”, we find

g+d +4¢"=(6,1),
9 +aq¢" +d'¢" =(6,1)+(6,4), qd'qd" =2+ (6,2)

Thus, keeping the notation of the preceding example, the required equation will be
z® —prz+ (p+phr—2—-p =0

The equation whose roots are the sums (2,2),(2,3),(2,5), contained in (6,2), is de-
duced from the preceding one by replacing p, p’, p” respectively by p/, p”,p. Applying
the same substitution again gives the equation whose roots are the sums (2,4), (2, 6).
(2,9) contained in (6,4).

The solution of the equation X = 0 s built on the preceding investigations.

352.

The preceding theorems, together with their attached corollaries, contain the main
points of the whole theory, and the method for finding the values of the roots {2 can
now be given briefly.

First choose a number g that is a primitive root modulo n, and find the least
residues of the powers of g up to g" 2 modulo n. Resolve n — 1 into factors, and into
prime factors if we wish to reduce the problem to equations of the lowest possible
degree. Let these, in an entirely arbitrary order, be «, 8, ..., and put

n—1 n—1

=py...C=a, o

— =
Distribute all the roots €2 into « periods of a terms; each of these in turn into /3
periods of b terms; each of these again into v periods, etc. By the preceding article,
find the equation of degree «, (A), whose roots are those a sums of a terms; their
values will therefore become known by solving this equation.

But a difficulty arises here, since it seems uncertain to which root of the equation
(A) each sum is to be set equal, namely which root should be denoted by (a, 1), which
by (a,g), etc. This can be resolved as follows. We may use (a, 1) to denote any root
of equation (A); for each of its roots is a sum of a roots from €2, and it is entirely
arbitrary which root from € is denoted by [1]. We may therefore clearly assume that

=~v...(=b, etc.

356



Arithmetical Investigations

one of the roots of which any given root of equation (A) consists is expressed by [1],
so that this root of equation (A) becomes (a, 1). The root [1], however, is not yet fully
determined by this: it remains entirely arbitrary or undetermined which of the roots
constituting (a, 1) we wish to take for [1]. But as soon as (a, 1) is determined, all the
other sums of a terms can also be deduced rationally from it (Article 346). This also
shows that only a single root need be found by solving the equation. — The following,
less direct method can also be used for this purpose. Take a definite root for [1], that
is, put [1] = cos %+i sin %, choosing the integer k at will, provided it is not divisible
by n. Then [2],[3], etc., will also indicate definite roots, and therefore the sums (a, 1),
(a,g), etc., will denote definite quantities. Once these have been calculated with a
light hand from sine tables, namely with enough accuracy to decide which are greater
and which smaller, no doubt can remain about the notation by which the individual
roots of equation (A) are to be distinguished.

When all the o sums of a terms have been found in this way, find, by the preceding
article, the equation (B) of degree 3, whose roots are the 8 sums of b terms contained
in (a, 1); all the coefficients of this equation will be known quantities. Since it is still
arbitrary which of the a = b roots contained in (a,1) is denoted by [1], any given
root of equation (B) can be expressed by (b, 1), for we may clearly assume that one
of the b roots composing it is denoted by [1]. Thus find any one root of equation
(B) by solving it, set it = (b,1), and from it derive, by Article 346, all the other
sums of b terms. This also gives us a check on the calculation, since those sums of
b terms that belong to the same periods of a terms must always yield known sums.
— In some cases it may be just as convenient to find oo — 1 other equations of degree
B, whose roots are respectively the individual 8 sums of b terms contained in the
remaining periods of a terms, (a,g),(a,gg), etc., and to find all the roots both of
these equations and of equation B by solving them. We must then decide, as above
with the help of a sine table, to which periods of b terms the individual roots obtained
in this way are to be set equal. Various other devices can also be used to make this
decision, which cannot be fully explained here; one, however, for the case 8 = 2, is
particularly useful and can be explained more briefly by examples than by rules, and
will be found in the following examples.

After the values of all the a8 sums of b terms have been found in this way, equations
of degree v can in exactly the same way determine from them all the a8y sums of ¢
terms. Namely, we must find either one equation of degree v, whose roots are the v
sums of ¢ terms contained in (b, 1), by Article 350; obtain any one root by solving it,
set it = (¢, 1), and finally deduce from it, by Article 346, all the other similar sums;
or we must develop in the same way a total of a8 equations of degree -, whose roots
are respectively the v sums of ¢ terms contained in the individual periods of b terms,
extract the values of all the roots of all these equations by solving them, and finally
determine their order as above with the help of a sine table, or, for v = 2, by the
device to be shown below in the examples.

Continuing in this way, we will clearly at last obtain all the ”T_l sums of ¢ terms.
Thus, if we develop by Article 348 the equation of degree ¢ whose roots are the ¢
roots from  contained in ({,1), all its coefficients will be known quantities. If any
one of its roots is obtained by solving it, we may set it = [1], and all the other roots
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Q) will be obtained from its powers. If preferred, all the roots of that equation can
also be found by solving it, and, in addition, by solving "T_l — 1 other equations of
degree ¢, which respectively give all the { roots contained in each of the remaining
periods of ¢ terms, all the other roots 2 can be found.

It is also clear that, as soon as the first equation (A) is solved, or as soon as
the values of all the o sums of a terms are known, Article 348 immediately gives
the resolution of the function X into « factors of degree a. Further, after solving
equation (B), or after finding the values of all the a5 sums of b terms, each of those
factors is again resolved into 3, or X into af factors of degree b, etc.
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353.

First example, for n = 19. Since here n — 1 = 3.3.2, finding the roots (2 is to be
reduced to solving two cubic equations and one quadratic equation. This example
will be easier to understand because most of the necessary operations are already
contained in the preceding articles. Taking the number 2 for the primitive root
g gives the following least residues of its powers (the exponents of the powers are
written above the residues in the first row):

0.1.2.3. 4. 5.6. 7.8 9.10. 11. 12. 13. 14. 15. 16. 17
1.2.4.8.16. 13. 7. 14. 9. 18. 17. 15. 11. 3. 6. 12. 5. 10

From this, Articles 344 and 345 easily give the following distribution of all the
roots €2 into three periods of six terms, and of each of these into three periods of two
terms:

(2,1)... [1],[18]
(6,1)% 2,8)... [8],[11]
2,7)... [7,[12]
(2,2)... [2,[17)
Q=814 (6,2)¢ (2,16)... [3],[16]
(2,14)... [5],[14]
(2,4)... [4],[15]
(6,4)¢ (2,13)... [6],[13]
(2,9). [9], [10]

The equation (A), whose roots are the sums (6,1),(6,2),(6,4), is found to be
23 4+ xx — 62 — 7 = 0, one of whose roots is found to be —1,2218761623. Denoting
this by (6,1), we obtain

(6,2) =4 — (6,1)? = 2,5070186441
(6,4) = =5 — (6,1) + (6,1)* = —2.2851424818
Thus X will be resolved into three factors of degree 6 if these values are substituted

in Article 348.
The equation (B), whose roots are the sums (2, 1), (2.7),(2,8), is found to be

z® — (6, 1)xx + ((6,1) + (6,4))z — 2 — (6,2) =0
or
2 +1,2218761623xx — 3,50701864412 — 4,5070186441 = 0

One of its roots is found to be —1,3545631433, which we will denote by (2,1). The
method of Article 346 gives the following equations, in which, for brevity, ¢ is written
for (2,1):

(2,2) =qq—2, (2,3)=¢"—3q

(2,4) =q" —4qq+2, (2,5)=q¢"—5¢"+5¢q
(2,6) = ¢° — 6¢* + 9qq — 2,

(2,7) =q" —7¢° + 144 — 7q

(2,8) = ¢® — 8¢° + 20¢* — 16¢q + 2,

(2,9) = ¢° — 9¢" +27¢° — 30¢° + 9¢
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In the present case these equations can be developed more conveniently by the
following considerations than by the rules of Article 346. If we suppose

1] = Lisi kP
= cos 7o +isin o
we have
18kP . 18kP
[18] = cos + isin
19
kP . . kP
= oS — — i sin —
19 19’
and therefore (2,1) = 2cos %, and also, in general,
] = cos Ak P tis Ak P
= 78in ——
19 19’
and therefore (2, \) = [A]+[18A] = [A]+[—A] = 2cos % Thus, if 3¢ = cosw, we will
have (2,2) = 2cos2w, (2,3) = 2cos 3w, etc. The known equations for the cosines of
multiple angles then give the same formulas as above. — These formulas now give

the following numerical values:

(2,2) = —0,1651586909 |  (2,6) = 0,4909709743
(2,3) = 1,5782810188 | (2,7) = —1,7589475024
(2,4) = —1,9727226068 | (2,8) = 1,8916344834
(2,5) = 1,0938963162 | (2,9) = —0,8033908493

The values of (2,7),(2,8) can also be found from equation (B), whose two remain-
ing roots they are. The doubt as to which of these roots is (2,7) and which is (2, 8)
will be removed either by an approximate calculation using the preceding formulas
or by sine tables. Even a cursory consultation of these shows that (2,1) = 2cosw
when we put w = 1—79P, whence we must have

49 8
2,7) = 2cos —P = 2cos — P,
(2,7) co8 79 cos 75 P
and (2,8) = 2cos 35 P = 2cos 15 P Similarly, the sums (2,2), (2,3),(2,5) can also be
found by means of the equation

z® — (6,2)xx + ((6,1) + (6,2))z — 2 — (6,4) =0

whose roots they are; the uncertainty about which roots are to be set equal to the
respective sums will be removed in exactly the same way as before. Likewise, the
sums (2,4),(2,6),(2,9) can also be found by the equation

23 — (6,4)zz + ((6,2) + (6,4))z —2 — (6,1) =0
Finally, [1] and [18] are the roots of the equation zz — (2,1)x + 1 = 0, one of

which is = $(2,1) +i/(1— 1(2,1)%) = £(2,1) +i/(3 — 1(2,2)), the other = 1(2,1) —
iv/(3 — (2,2)), giving the numerical values = —0,6772815716 = 0,7357239107. The
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sixteen remaining roots can be deduced either by developing the powers of either of
these roots or by solving eight other similar equations. In the latter method, we must
decide, either by sine tables or by the device to be explained in the next example, for
which root the imaginary part is to take the positive sign and for which the negative
sign. The following values were found in this way, with the upper sign understood
to correspond to the first root and the lower to the second:

[1] and [18] = —0,6772815716 + 0,7357239107i
2] and [17] = —0,0825793455 F 0,9965844930i
3] and [16] = 0,7891405094 =+ 0,6142127127;
[4] and [15] = —0,9863613034 + 0,1645945903i
[5] and [14] = 0,5469481581 = 0,8371664783i
[6] and [13] = 0,2454854871 =+ 0,9694002659;
[7] and [12] = —0,8794737512 F 0,4759473930i
8] and [11] = 0,9458172417 = 0,3246994692;
9] and [10] = —0.4016954247 -+ 0,9157733267i

354.

Second example, for n = 17. Here we have n — 1 = 2.2.2.2, so the calculation
of the roots €2 is to be reduced to four quadratic equations. Here we will take the
number 3 for the primitive root; its powers give the following least residues modulo

17:
0.1.2. 3. 4.5. 6. 7. 8 9.10.11.12. 13. 14. 15

1. 3.9.10. 13. 5. 15. 11. 16. 14. 8. 7. 4.12. 2. 6

This gives the following distributions of the collection €2 into two periods of eight
terms, four of four terms, and eight of two terms:

(2.1)... [1,[16]
- DY (213)... [, [13]

B9 L9 8.0

0 (161 N @2.15)... 121, [15]
=(16.1) L d 23). 8014
59 6

) 10)... 7,11
“ 10){(111) 6] [11]

By the rules of Article 351, the equation (A), whose roots are the sums (8, 1), (8, 3),
is found to be zx+x—4 = 0. Its roots are calculated to be —%—&—%\/17 = 1,5615528128
and —F — £,/17 = —2,5615528128. We will set the first = (8,1), so the second must
necessarily be set = (8, 3).

Further, the equation whose roots are the sums (4,1) and (4,9) is found to be
(B) :zz — (8,1)z —1 = 0. Its roots are 3(8,1) £ 31/(4+ (8,1)%) = 3(8,1) £ 3 /(12 +
3(8,1)+4(8,3)). We will set the root in Wthh the radical quantity takes the positive
sign, and whose numerical value is 2,0494811777, = (4, 1); the other root, in which
the radical quantity is taken negatively and whose value is —0,4879283649, must then
be denoted by (4,9). The remaining sums of four terms, namely (4,3) and (4,10),
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can be found in two ways. First, by the method of Article 346, which gives the
following formulas, in which, for brevity, we write for (4, 1) the letter p:

3 1
(4,3) = —5 3 §p3 = 0,3441507314

3 1
(4,10) = 5 H2p—pp— 5p3 = —2,9057035442

The same method also gives the formula (4,9) = —1—6p+pp+p?, which yields the
same value as we gave before. Second, the sums (4, 3), (4, 10) can also be determined
by solving the equation whose roots they are. This equation is zx — (8,3)z — 1 =0,
whence its roots are 3(8,3)£3/(4+(8,3)?), or 3(8,3)+3/(12+4(8,1)+3(8,3)) and
3(8,3) — 33/(12 +4(8,1) + 3(8,3)). The doubt as to which root should be denoted
by (4,3) and which by (4,10) will be removed by the following device, which we
mentioned in Article 352. Develop the product of (4,1)—(4,9) and (4, 3)— (4, 10); the
result will be found to be 2(8,1) —2(8,3)") Now the value of this expression is clearly
positive, namely = +24/17, and the first factor of the product, (4,1) — (4,9), is also
positive, namely = +/(12 4 3(8,1) +4(8, 3)). Thus the other factor, (4,3) — (4, 10),
must necessarily also be positive, and therefore (4,3) must be set equal to the first
root, in which the radical is preceded by the positive sign, and (4, 10) to the second.
This gives the same numerical values as above.

Having found all the sums of four terms, we proceed to the sums of two terms.
The equation (C'), whose roots are (2,1),(2,13), contained in (4,1), is found to be
zz — (4,1)z + (4,3) = 0. Its roots are £(4,1) £ 3/(—4(4,3) + (4,1)?) or $(4,1)
V(4 + (4,9) — 2(4,3)). We set the one in which the radical quantity is taken
positively, and whose value is found to be = 1,8649444588, = (2, 1); thus (2, 13) will
be equal to the other, whose value is = 0,1845367189. If we wish to find the remaining
sums of two terms by the method of Article 346, for (2,2),(2,3),(2,4), (2,5), (2,6),
(2,7),(2,8) we can use the same formulas that we gave in the preceding example for
quantities bearing the same notation, namely (2,2), (or (2,15)), = (2,1)? — 2, etc.
If, however, we prefer to calculate them in pairs by solving a quadratic equation,
for (2,9),(2,15) we find the equation zx — (4,9)x + (4,10) = 0, whose roots are
5(4,9)£3/(4+(4,1)—2(4,10)). How the choice of sign is to be determined here will
be decided in the same way as above. Namely, developing the product of (2,1)—(2, 13)
and (2,9) —(2,15) gives —(4,1)+ (4,9) — (4,3) + (4, 10). Since this is clearly negative,
whereas the factor (2,1) — (2,13) is positive, (2,9) — (2,15) must necessarily be
negative. Thus, in the expression given above, the upper, positive sign must be
taken for (2,15) and the lower, negative sign for (2,9). From this we calculate
(2,9) = —1,9659461994, (2,15) = 1,4780178344. — Likewise, since developing the
product of (2,1) — (2,13) and (2,3) — (2,5) gives (4,9) — (4,10), hence a positive
quantity, we conclude that the factor (2,3) — (2,5) is positive. A calculation similar

“'The true nature of this device consists in the fact that it could be foreseen a priori that the developed
product would contain no sums of four terms, but could be expressed through sums of eight terms alone.
Those familiar with the subject will very easily see the reason for this, which must be passed over here
for brevity.
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to the preceding one then gives

(2,3) = 3(4,3) + 3v/(4 + (4,10) — 2(4,9))
=0,8014767116

(2,5) = 1(4,3) — $V/(4 + (4,10) — 2(4,9))
= —0,5473259801

Finally, entirely similar operations give

(2,10) = $(4,10) — £ /(4 + (4,3) — 2(4,1))
= —1,7004342715
= —1,2052692728

It remains to descend to the roots 2 themselves. The equation (D), whose roots
are [1] and [16], is zz — (2,1)z + 1 = 0, whence the roots 3(2,1) £ 3./((2,1)? — 4),
or rather $(2,1) £iy/(4 — (2,1)%), or 1(2,1) £ 3iv/(2 — (2,15)). We take the upper
sign for [1], the lower for [16]. The fourteen remaining roots will be obtained either
through the powers of [1] or by solving seven quadratic equations, each of which
gives a pair of roots; the uncertainty about the signs of the radical quantities can be
removed by the same device as before. Thus [4] and [13] are the roots of the equation
zx—(2,13)z4+1 = 0, and therefore (2,13)£1i,/(2—(2,9)). Developing the product
of [1] —[16] and [4] — [13], however, gives (2,5) — (2, 3), hence a negative real quantity.
Since [1] — [16] is +i4/(2 — (2,15)), that is, the product of the imaginary quantity ¢
and a positive real quantity, [4] — [13] must also be the product of i and a positive real
quantity, because i¢ = —1. We conclude that the upper sign must be taken for [4] and
the lower for [13]. Similarly, for the roots [8] and [9] we find 1(2,9) + 3i\/(2— (2,1)).
Since the product of [1] —[16] and [8] —[9] is (2,9) — (2, 10), hence negative, the upper
sign must be taken for [8] and the lower for [9]. Calculating the remaining roots in
the same way, we obtain the following numerical values, where the upper signs are
understood to correspond to the first roots and the lower to the second:

1], [16] 0,9324722294 + 0,3612416662i
2], [15] 0,7390089172 = 0,6736956436i
3], [14] ... 0,4457383558 + 0,8951632914;
[4], [13] ... 0,0922683595 + 0,9957341763
5], [12] — 0,2736629901 + 0,9618256432i
6], [11] — 0,6026346364 + 0,7980172273i
7], [10] — 0,8502171357 + 0,5264321629i

8], [9] — 0,9829730997 + 0,1837495178i

* %
*
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What has been given above could indeed suffice for solving the equation 2" — 1 = 0,
and therefore also for finding the trigonometric functions corresponding to arcs com-
mensurable with the circumference. Yet, because of the importance of the subject,
we cannot bring this investigation to an end without first adding here a few items
from the wealth both of observations that shed light on it and of propositions related
to it or dependent on it. We will chiefly choose those that can be completed without
an extensive apparatus of other investigations, and we wish them to be regarded
only as samples of this very extensive theory, which is to be treated at length in the
future.
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Further investigations on the periods of the roots.
Sums with an even number of terms are real quantities.

355.

Since n is always assumed to be odd, 2 is among the factors of n — 1, and the

collection Q is formed from (n—1) periods of two terms. A period such as (2, A) will

consist of the roots [A] and [)\g%(”fl)], where, as above, g denotes any primitive root

modulo n. But we have g%(”_l) = —1 (mod.n), and therefore )\g%(”_l) = —) (see
Article 62), whence [)\g%(”_l)] = [=\]. Thus, if we suppose [A] = cos % + isin %,
and therefore [—\] = cos % —isin %, the sum is (2, \) = 2 cos %. From this we draw
here only the conclusion that the value of any sum of two terms is a real quantity.
Since any period whose number of terms is even = 2a can be divided into a periods
of two terms each, it is clear, more generally, that the value of any sum with an even
number of terms is always a real quantity. Thus, if in Article 352 the factor two is
reserved for the last place among the factors «, 3,7, etc., all operations, until sums of
two terms are reached, will be carried out with real quantities. Imaginary quantities

will be introduced only when you pass from these sums to the roots themselves.

On the equation that determines the distribution of the roots ) into two periods.

356.

The auxiliary equations that determine, for each value of n, the sums constituting
the collection €2 deserve the closest attention: they are connected in a remarkable
way with the deepest properties of the number n. Here, however, we will restrict our
investigation to the following two cases. First, we will discuss the quadratic equation
whose roots are the sums of %(n —1) terms; second, for the case where n — 1 contains
the factor 3, the cubic equation whose roots are the sums of %(n — 1) terms.

Writing, for brevity, m for 1(n— 1), and denoting by g any primitive root modulo
n, the collection Q will consist of two periods (m, 1) and (m, ¢g). The first will contain
the roots [1],[gg], [¢%] - - - [¢" 3], the second [g], [¢°], [¢°] ... [¢"2]. Suppose the least
positive residues of the numbers gg,g*...¢" 3 modulo n are, in any order, R, R/,
R", etc., and likewise those of ¢, ¢3,¢°...¢" 2 are N,N’, N”, etc. Then the roots
constituting (m, 1) will coincide with [1], [R], [R'],[R"], etc., and the roots of the
period (m,g) with [N], [N'],[N”], etc. It is now clear that all the numbers 1, R, R’,
R, etc., are quadratic residues of the number n. Since they are all distinct and
smaller than n, and their number is = J(n — 1), hence equal to the number of all
the positive residues of n below n, these residues will coincide exactly with those
numbers. It follows at once that all the numbers N, N’, N”, etc., which are distinct
both from one another and from 1, R, R’, etc., and together with these exhaust all
the numbers 1,2,3...n— 1, must coincide with all the positive quadratic nonresidues
of n below n. If we now suppose that the equation whose roots are the sums (m, 1),
(m,g) is

xx—Ax+ B =0
then
A= (m,1)+(m,g9) =-1, B=(m,1)x (m,g)
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By Article 345, the product of (m, 1) and (m, g) is
=(m,N+1)+ (m,N +1)+ (m,N"+ 1) + etc. =W

and can therefore be reduced to a form such as a(m,0) + f(m, 1) + v(m,g). To
determine the coefficients «, 3,7, we observe, first, that a« + 8 + v = m (since the
number of sums in W is = m); second, that § = ~ (this follows from Article 350,
since the product (m, 1) x (m,g) is a symmetric function of the sums (m, 1), (m,g),
of which the larger sum (n — 1,1) is composed); third, since all the numbers N + 1,
N’ +1,N" +1, etc., lie strictly between the limits 2 and n + 1, it is clear that either
no sum in W reduces to (m,0), and therefore a = 0, when among the numbers N,
N',N" etc., n — 1 does not occur; or one does, namely (m,n), and hence o = 1,
when n — 1 is found among the numbers N, N', N”, etc. We conclude that in the
first case a =0, =7 = %m, in the second a =1, =7 = %(m —1). At the same
time it follows, since the numbers 8 and v must necessarily be integers, that the first
case occurs, that is, n — 1 (or, equivalently, —1) is not found among the nonresidues
of n, when m is even, or equivalently n is of the form 4k + 1; the second case occurs,
that is, n — 1 or —1 is found among the nonresidues of n, whenever m is odd, or
equivalently n is of the form 4k 4+ 3. Thus the required product, since (m,0) = m,
(m,1) + (m,g) = —1, is in the first case = —3m, in the second = 1(m + 1). The
required equation is therefore, in the former case, xx + = — %(n —1) = 0, whose roots
are —1 & 2./n; in the latter, zz + 2 + 1(n + 1) = 0, whose roots are —1 & 2i\/n.

Thus, whichever root from €2 is taken for [1], the difference between the sums X[R]
and X[M], where for & we substitute all the positive quadratic residues and for 91
all the positive quadratic nonresidues of n below n, will be = £4/n for n = 1, and
= +iy/n for n = 3 (mod. 4). It also follows easily that, if & denotes any integer not
divisible by n, we have

ERP Enp
Y cos — Y cos = +y/n and
P P
Esinkm —Zsinkm =0
n

for n = 1 (mod.4); on the other hand, for n = 3 (mod.4) the former difference
is = 0, the latter = 4+4/n. These theorems are especially worth remembering for
their elegance. We also observe that the upper signs always hold when for k we take
unity or, more generally, a quadratic residue of n, and the lower signs when for k& we
take a nonresidue; also that these theorems can be extended to any composite values
of n with their elegance preserved, or rather increased. But we must refrain from
discussing these matters here, since they require a deeper investigation, and reserve
their consideration for another occasion

“n this way we have obtained a new proof of the theorem that —1 is a residue of all prime numbers
of the form 4k + 1, and a nonresidue of all those of the form 4k 4 3, which was already proved above
(Articles 108, 109 and 262) in several different ways. If we prefer to assume this theorem, there is no
need, in distinguishing the two different cases, to take account of the condition that 3,y are already
integers in themselves.
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Proof of the theorem mentioned in Section IV.

357.

Let the equation of degree m, whose roots are the m roots contained in the period
(m,1), be
2™ —azr™ 4 b2™? —ete. =0

or z=0. Then a = (m, 1), and each of the remaining coefficients b, etc., is contained
in a form such as A4+B(m, 1)+ E(m, g), with 2, B, € integers (Article 348). Denoting
by 2’ the function into which z passes when (m, 1) is everywhere replaced by (m, g),
and (m, g) by (m, gg), or equivalently (m, 1), the roots of the equation 2z’ = 0 will be
the roots contained in (m, g), and the product is

r—1

Thus z can be reduced to a form such as R+ .S(m, 1) +T(m,g), where R, S, T will
be polynomials in z, all of whose coefficients will also be integers. This gives

2 =R+ S(m,g) +T(m,1)
From this, writing for brevity p and ¢ for (m, 1) and (m, g), respectively, we obtain

2 =2R+(S+T)p+q) — (T—-5)(p—2q)
=2R-S-T—(T-S)p—q)

and similarly
22/ =2R—-S—-T+(T—-S)(p—2q)

Thus, putting
2R—-S-T=Y, T-S=Z7

we have 4X =YY — (p — q)2ZZ, and therefore, since (p — q)? = £n,
4X =YY FnzZ

The upper sign holds when n is of the form 4k + 1, the lower when n is of the form
4k 4 3. This is the theorem whose proof we promised above (Article 124). It will
easily be seen that the two highest terms of the function Y are always 2™ + 2™ 1,
and the highest term of the function Z is 2™ !. The remaining coefficients, which
will clearly all be integers, vary with the different nature of the number n and cannot
be given by a general analytic formula.

FEzxample. For n = 17, the rules of Article 348 give the equation whose roots are

the eight roots contained in (8,1) as

2® —pr’ + (44 p +29)2° — (4p + 3¢)2° + (6 + 3p + 5q)z"
—(Ap+39)2° + (4+p+2¢)rr —pr+1=0
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whence
R =%+ 42% + 62* + 42z + 1
S=—a"+a20 —42®+32* — 42+ 2z —
T = 225 — 32° + 52* — 323 + 222

and hence

Y =228 + 27 + 525 + 72° + 42*
+ 723 + bz +x + 2
Z=a"+a5+25+2t + 22+ +

Here are a few more examples:

n|Y Z

3 |2z+1 1

5 |2zx+x+2 T

7T\203 +ax—ax—2 TT + .

11 [22° +2* — 223 + 220 — 2 — 2 4

13220+ 2 +4zt —ad +daz+2+2 |2°+23+2

19 | 22° 4+ 28 — 427 + 326 + 52° — 524 B —aS P+t -3+

— 33 +dzx—z—2
23 | 22 4+ 210 — 529 — 828 — 72" — 420 | 210 + 2% — 27 — 226 — 24P
+ A5+ Tt + 8x3 + b —x — 2 —tt etz

On the equation for the distribution of the roots € into three periods.

358.

We proceed to consider the cubic equations that, when n is of the form 3k + 1,
determine the three sums of %(n — 1) terms constituting the collection Q. Let g be
any primitive root modulo n, and put %(n — 1) = m; the value thus defined will be
an even integer. Then the three sums constituting Q will be (m, 1), (m,g), (m, gg),
for which we will write p,p’,p”, respectively. Clearly, the first contains the roots
[1],9%, [¢%] - - - [¢"*], the second [g],[g*] ... [¢"?], and the third [gg], [¢°]...[g" 2.
Supposing the required equation to be

22— Azx+ Bz —C =0

we ha:Ve / // / / 1 //
A=p+p +p, B=pp+pp +pp,
C — pp/p//
whence we immediately obtain A = —1. Let the least positive residues of the

numbers ¢2, ¢%...¢" % modulo n be, in any order, A, B, ¢, etc., and let £ be their
collection with the number 1 added. Similarly, let 21, B’, &', etc., be the least residues
of the numbers g, g%, g7 ... ¢" 3, and &' their collection; finally, let A", B", ¢” etc., be
the least residues of gg, ¢°, ¢%...¢" 2, and &” their collection. Thus all the numbers
in &, &, &” will be distinct and will coincide with 1,2,3...n—1. Above all, we must
observe here that the number n — 1 necessarily occurs in R, since it is easily seen to
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be the residue of g%m. It also follows easily that two numbers such as h,n — h always
occur in the same one of the three collections &, &, R”. For if one is the residue of the
power ¢*, the other will be the residue of the power g/\+37m, or of g)‘_sTm if A > 37m
Let (RR) denote the count of numbers in the sequence 1,2,3...n — 1 that, together
with the numbers immediately following them, greater by one, are contained in K.
Similarly, let (RR’) be the count of numbers in the same sequence that are themselves
contained in &, while their immediate successors are contained in £. The meaning of
the symbols (RR"), (R'R), (R'R), (R'R"), (R"'R), (R"'K), (R"KR") will then also be clear
at once. I now claim, first, that (RR') = (&' R). Suppose h,h' h”, etc., are all the
numbers of the sequence 1, 2, 3...n—1 that are themselves in K, while the next greater
numbers h+ 1, h' + 1, 1" + 1, etc., are in &, and whose number is therefore = (RR').
It is clear that all the numbers n—h—1, n—h'—1,n—h" —1, etc., are contained in &,
while the next greater numbers n—h,n— 1, etc., are in R. Since there are altogether
(R/'R) such numbers, we certainly cannot have (88) < (R8). In the same way it
is proved that we cannot have (RR’) < (R'R), so these numbers must necessarily be
equal. Exactly the same reasoning proves (RR’) = (R'8), (R'R’) = (R’R&’). Second,
since every number of K, except the largest, n — 1, must have an immediate successor
contained either in &, in &, or in K”, the sum (RR) + (RR') + (RKR") will equal the
count of all the numbers in K diminished by one, namely = m — 1. For a similar
reason we will have
(R'R) + (RA) + (&8
= &R+ R'R)+ R'&)=m

With these preparations, we expand, by the rules of Article 345, the product pp’
into (m, A" +1) + (m, B’ + 1) + (m, € + 1) + etc.. This expression is easily seen to
reduce to (R R)p+ (KK )p'+ (K K")p”. Since, by Article 345 I, the product p'p” arises
from it by replacing (m, 1), (m, g), (m, gg) respectively by (m, g), (m, gg), (mg?), that
is, p,p’,p" respectively by p/,p”,p, we obtain p'p”’ = (RR)p + (R'R)p” + (R'K")p,
and in exactly the same way p"p = (R'R)p” + (&K )p+ (R'KR")p’. From this it follows
immediately, first, that

B=m(p+p +p")=-m
second, since, in the same way as pp’ was expanded before, pp” also reduces to
(R"R)p+(R"R)p +(R"K")p", and this expression must be identical with the preceding
one, we necessarily have (R"8) = (&) and (R"R”) = (R'R). Hence, putting
(ﬁ/ﬁ//) — (ﬁ”ﬁ,) — a,
(R']) = (R'R) = (RR) =1,
RR)=(R"8) = (RA") =c

we obtain m — 1 = (RR) + (RR') + (RR”) = (RR) + b+ c and a + b+ ¢ = m, whence
(RR) = a — 1. Thus those nine unknown quantities have been reduced to three, a, b,
¢, or rather, because of the equation a + b+ ¢ = m, to two. Finally, it is clear that
the square pp expands into (m,1+ 1)+ (m, A+ 1)+ (m, B+ 1)+ (m,C+ 1) + etc..
Among the parts of this expression there will be (m,n), which reduces to (m,0), or

to m; the remaining parts are easily seen to reduce to (8R)p + (RR)p’ + (R]")p",
whence we will have pp = m + (a — 1)p + bp' + ¢p”.
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In this way the preceding investigations have given us these four reductions.

pp=m+(a—1)p+bp' +cp”
pp’ =bp+cp’ + ap”
pp" = cp+ap’ +bp”

/ 1

p'p" =ap+bp' + cp”

Between the three unknowns a, b, ¢ there is the condition

and it is also certain that they are integers. We deduce

C =pxp'p" = app+bpp’ + cpp”
=am + (aa + bb+ cc — a)p
+ (ab + bc + ac)p’ + (ab + be + ac)p”

But since pp'p” is a symmetric function of the sums p,p’, p”, the coefficients mul-
tiplying these in the preceding expression must necessarily be equal (Article 350).
This gives the new equation

aa +bb+cc—a=ab+bc+ac ... (1)

and hence C' = am + (ab+bc+ ac)(p+p' +p"), or, because of I and p+p' +p” = —1,

Now, although C here depends on three unknowns between which we have only
two equations, these equations, together with the condition that a, b, c are integers,
suffice to determine C' completely. To show this, we write equation II as

12a + 12b 4+ 12¢ + 4 = 36aa + 36bb + 36¢c
— 36ab — 36ac — 36bc
—24a + 1264+ 12¢ + 4

By I, the left side is = 12m + 4 = 4n; the right side reduces to
(6a — 3b — 3¢ — 2)? 4+ 27(b — ¢)?

or, writing k for 2a — b — ¢, to (3k —2)2 +27(b— ¢)?. It is thus clear that the number
4n (that is, in general, four times any prime of the form 3m + 1) can be represented
by the form xx + 27yy. This can indeed be deduced without difficulty from the
general theory of binary forms, yet it is quite remarkable that such a decomposition
is connected with the values of a, b, c. But the number 4n can always be decomposed
in only one way into a square and 27 times a square, which we prove as follows™). If
we suppose
dn = tt + 27uu = t't' + 27u'v/

“This proposition could be proved more directly from the principles of Section V.
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we obtain, first,
(tt' — 27un)? + 27(tu + t'u)? = 16nn

second,
(tt' + 27un’)? + 27(tu’' — t'u)? = 16nn

third,
(tu' + t'u) (tu’ — t'u) = dn(u'v’ — uu)

From the third equation it follows that n, since it is a prime number, divides one of
the numbers tu’ +t'u, tu’ — t'u; from the first and second it is clear that each of these
numbers is smaller than n. Thus the one divisible by n must necessarily be = 0, and
therefore also u/u’ — uu = 0, whence v/v’ = uu and t't' = tt: the two decompositions
do not differ. Thus, if we suppose the decomposition of 4n into a square and 27 times
a square to be known (it can be found either by the direct method of Section V or
by the indirect method given in Articles 323 and 324), namely if dn = MM + 27NN,
the squares (3k — 2)2, (b — ¢)? will be determined, and we will now have obtained
two equations in place of equation II. But it is easily seen that not only the square
(3k — 2)? but also the root 3k — 2 itself is fully determined. Since it must necessarily
be either = +M or = —M, the ambiguity is removed by the requirement that & be
an integer. We therefore set 3k — 2 = +M or = —M, according as M is of the form
32+ 1 or 3z + 2P, Now, since k = 2a — b — ¢ = 3a — m, we have a = %(m+k),
b+c=m—a=%(2m— k), whence

C:aa—bc:aa—i(b+c)2+%(b—c)2
=im+k)? - £(2m—k)*+ NN
= 55kk + 3km + NN

and so all the coefficients of the required equation have been found. Q.E.F. — This
formula becomes still simpler if for NN we substitute its value from the equation
(3k — 2)2 + 2TNN = 4n = 12m + 4, which gives, after calculation,

C = §(m+k+3km) = {(m+kn)

The same value can also be reduced to (3k —2) NN + k3 — 2kk + k — km +m. Though
less suitable for use, this expression immediately shows that C' certainly is an integer,
as it should be.

Ezxample. For n = 19, we have 4n = 49 + 27, whence 3k — 2 = +7,k = 3,
C = %(6 + 57) = 7, and the required equation is 2% + 2z — 62 — 7 = 0, as above
(Article 351). — Similarly, for n = 7,13,31,37,43,61,67 the value of k is found to
be, respectively, 1,—1,2, -3, —2,1, —1, whence C =1,—1,8,—11,-8,9, —5.

DClearly, M cannot be of the form 3z, since otherwise 4n would be divisible by 3. — We need not
consider here the ambiguity as to whether b — ¢ should be set = N or = —N. Nor can it, by the nature
of the matter, be removed in any way, since it depends on the choice of the primitive root g: for some
primitive roots the difference b — ¢ is positive, for others negative.
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Although the problem solved in this article is rather intricate, we did not wish to
suppress it, both because of the elegance of its solution and because it gave occasion
to use various devices that can also be applied with great benefit to other questions”).

“Corollary. Let & be a root of the equation > — 1 = 0, and you will have (p + ep’ + eep”)® =
M N2
(M + N/ —27). Put Jin = cos ¢, % = sin ¢; then
p=—1+ 2eon ey
M = +1 (mod.3); 1= M(1.2.3...m)* (mod.n)

Putting 3z + 1 = g, the equation becomes 3® — 3ny — Mn = 0.
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Reducing the equations used to find the roots ) to pure power equations.

359.

The preceding investigations concerned the finding of auxiliary equations; we will
now explain a particularly remarkable property concerning their solution. As is well
known, all the efforts of the greatest geometers to find the general solution of equa-
tions beyond the fourth degree, or (to define more precisely what I am seeking) THE
REDUCTION OF MIXED EQUATIONS TO PURE POWER EQUATIONS, have so far always
been fruitless, and scarcely any doubt remains that this problem proposes something
impossible rather than something beyond the powers of present-day analysis. (Com-
pare our remarks on this subject in Demonstr. nova etc. art. 9.) Nevertheless, it
is certain that there are countless mixed equations of every degree that admit such
a reduction to pure power equations, and we hope that geometers will welcome our
showing that our auxiliary equations always belong to this class. But because of the
great extent of this investigation, we give here only the principal points needed to
show the possibility, and defer to another time the fuller treatment that this subject
so richly deserves. We must first make some general observations about the roots of
the equation x¢ — 1 = 0, including the case where e is composite.

I. These roots are represented (as is known from elementary books) by cos % +
8in %, where k is to take the e numbers 0,1,2,3...e — 1, or any others congruent
to these modulo e. One root, for £ = 0, or generally for k divisible by e, becomes
= 1; every other value of k corresponds to a root different from 1.

II. Since (cos % + isin %)A = cos % + isin %, it is clear that if R is a root
corresponding to a value of k coprime to e, in the progression R, RR, R3, etc., the
term in position e is indeed = 1, but all the preceding terms differ from 1. It follows at
once that all e quantities 1, R, RR, R?... R®"! are unequal, and since they evidently
all satisfy the equation ¢ — 1 = 0, they represent all its roots.

ITI. Finally, under the same assumption, we have

1+ R+ R¥ .. 4 RMemD)

for every integer value of A not divisible by e; for the sum is = %, and the
numerator of this fraction becomes = 0, whereas its denominator does not become

= 0. When, however, X is divisible by e, that sum evidently becomes = e.
360.

Let, as throughout the preceding discussion, n be a prime, g a primitive root
modulo n, and n — 1 the product of three positive integers «, 3,7. For brevity we
will immediately set up the investigation so that it also includes the cases where
« is one or v = 1; when v = 1, the sums (v,1),(v,9), etc., must be replaced by
the roots [1], [g], etc. We therefore suppose that from all the o known sums of
terms (37, 1), (87, 9), (B7,99) ... (87,9 ') we are to derive the sums of v terms. We
previously reduced this task to a mixed equation of degree (8; we will now show how
to accomplish it by a pure power equation of the same degree. For brevity, we will
write, for the sums

(7, 1), (7, 9%), (7, 9°%) ... (v, 9% )
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contained in (f7,1), a,b, c...m respectively; for the sums

a+1) aﬁ—a-{-l)

(v,9), (v, 9°7) .- (159

contained in (f7, ¢g), @',V ... m' respectively; for the sums

a+2) aﬁ—a+2)

(7,99); (7, 9°7) ... (7,9

we write a”’,b” ... m" respectively; and so on as far as those contained in (B, g 1).
I. Now let R denote an unspecified root of the equation z® — 1 = 0, and suppose

that expanding the power with exponent 3 of the function
t=a+Rb+RRc...+ R 'm
according to the rules of Article 345 gives

N+ Aa+ Bb+Cec...+ Mm
+Ad +BY+C'd...+Mm
+ Al/a// + B//b// + CI/C// + M//m/l
+etc. =T
where all the coefficients N, A, B, A’, etc., will be polynomials in R. Suppose also
that the powers with exponent 8 of two other functions
w= R+ Rb+ RRc...+ R 'm,
W' =b+ Re+ RRd...+ R 7*m + RFa

expand into U and U’ respectively. It is easy to see from Article 350 that, since u’
arises from ¢ by interchanging the sums a,b,c...m with b,c,d...a respectively, we

will have
U =N+ Ab+ Bc+Cd...+ Ma

+ AV +Bd+C'd ...+ Md
+ A//b// + B//C// + O//d// L + M”a//
+ etc.

Further, since u = Ru’/, we clearly have U = RAU’, so that, because R? = 1,
the corresponding coefficients in U and U’ are equal. Finally, since ¢ and u differ
only in that a is multiplied by unity in ¢ and in u by R?, it is easy to see that all
corresponding coefficients (that is, those multiplying the same sums) in 7" and U
are equal, and therefore so are all corresponding coefficients in 7" and U’. Hence we
finally conclude that A = B = C, etc., = M; A’ = B’ = (', etc., A” = B" = ",
etc., etc. Thus T reduces to a form such as

N+ A(Bv,1) + A'(Bv,9) + A"(B7, g9) ete.

where each coefficient N, A, A’, etc., may be reduced to a form such as
pRPY 4+ p'RP2 4+ p"RP3 + ete.

in which p,p’,p”, etc., are given integers.
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I1. If for R we take a definite root of the equation 2 — 1 = 0 (whose solution we
suppose already known), and specifically a root of which no power lower than the
one with exponent 5 equals unity, then 7" too will be a definite quantity, from which
t may be derived by the pure power equation ¢ — T = 0. But since this equation
has § roots, namely t, Rt, RRt ... RP~t, it may seem doubtful which root we ought
to adopt. That the choice is entirely arbitrary will, however, become clear as follows.
We must remember that, after all the sums of 5+ terms have been determined, the
root [1] is determined only to the extent that some one of the S~ roots contained in
(87, 1) must be denoted by this symbol; and therefore it is entirely arbitrary which of
the # sums making up (87, 1) we choose to denote by a. Now suppose that, with some
definite sum denoted by a, we obtain ¢ = ¥. It is easy to see that if we subsequently
wish the sum just denoted by b to be denoted by a, those previously denoted by c,
d...a,b now become b,c...m,a, and the value of ¢ now becomes = % = TRA-L.
Similarly, if we choose to denote by a the sum originally denoted by ¢, the value of
t will become TRP~2, and so on: ¢ can be regarded as equal to any of the quantities
T, TRP~L TRP2 etc., that is to any root of the equation 2® — T = 0, according as
we suppose one or another of the sums contained in (5v,1) to be denoted by (v, 1).
Q. E.D.

III. After the quantity ¢ has been determined in this way, we must find 5 — 1
others that arise from ¢ when, in its expression, R is successively replaced by RR,
R3 R*...RP®, namely

t'=a+ RRb+ R'c...+ R*?m,
t" =a+ R+ Rbc... + R33m etc.

The last is already known, since it evidently becomes = a+b+c...+m = (f7,1);
the others may be obtained as follows. If, according to the rules of Article 345 and
in the same way as t? earlier in I, we expand the product t?~2¢, it will be proved by
a method entirely analogous to the preceding one that the result can be reduced to
a form such as

N+ A(By,1) + A (B, 9) + A" (B, g9) etc. =T

in which 91,2, 2l’, etc., are polynomials in R, so that 7" is a known quantity, from
which we will obtain ¢/ = % In exactly the same way, if we suppose that expanding
the product t#—3t" gives T", this expression will have a similar form, and from its
known value we will therefore derive ¢ by the equation t” = %,tg " will
be found by an equation such as t"” = %ﬂﬁ, in which 7" is a known quantity, and
SO On.

This method would not be applicable if ¢ = 0 could occur, whence we would also
have to have T' = T' = T”, etc., = 0; but this can be proved impossible, although
we must omit the proof here because of its length. — There are also special devices
for converting the fractions TT,, TTH, etc., into polynomials in R, as well as shorter
methods, in the case a = 1, of obtaining the values of ¢',t”, etc. We must pass over
all these here without discussion.

; similarly,
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IV. Finally, as soon as t,t',t”, etc., have been found, observation III of the pre-
ceding article immediately gives ¢ +t' +t” + etc. = Ba, so that the value of a will be
known, from which the values of all the remaining sums of + terms may be derived
by Article 346. — The values of b, ¢, d, etc., can also be obtained from the following
equations, whose reason will be readily apparent to any attentive reader:

Bb= R + RO2 + R3¢ + ete.
Be = R?P2¢ 4 R4 4 R26=6¢" 4 ete.
Bd = Rt + R375¢ + R399 4 ete. ete.

Of the many observations relating to the preceding investigation, we touch on only
one here. As regards the solution of the pure power equation = — T = 0, it is clear
that 7" in most cases has an imaginary value P + i@, so that this solution will, as
is known, depend partly on dividing an angle (whose tangent = %) and partly on
dividing a ratio (unity to /(PP + QQ)) into 8 parts. It is very remarkable here
(though we do not pursue this in greater detail) that the value of %\/(PP + QQ)
can always be expressed rationally in terms of quantities already known, so that,
apart from extracting a square root, only the division of an angle is required for the
solution, e.g. for 8 = 3 only the trisection of an angle.

Finally, since nothing prevents our setting a = 1,y = 1 and therefore § =n — 1,
it is evident that solving the equation 2™ — 1 = 0 can at once be reduced to solving
the pure power equation of degree n — 1, namely z"~! — T = 0, where T will be
determined by the roots of the equation "' — 1 = 0. From this, with the help
of the observation just made, it follows that dividing the whole circle into n parts
requires 1° dividing the whole circle into n — 1 parts, 2° dividing another arc, which
can be constructed after that division has been made, into n — 1 parts, 3° extracting
a single square root; and it can indeed be shown that this is always /n.
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Application of the preceding investigations to trigonometric functions.
A method of identifying the angles corresponding to the individual roots 2.

361.

It remains for us to examine more closely the connection between the roots (2
and the trigonometric functions of the angles %, %, % . %. The method we

have given for finding the roots 2 still leaves uncertain (unless sine tables have been
consulted during the work in the way described above, which would, however, be
less direct) which roots correspond to each of these angles, that is which root is
= cos % +isin %, which is = cos % +1sin %, etc. This uncertainty is easily removed

by considering that the cosines of the angles g, %, % . % steadily decrease
(provided their signs are also taken into account), while their sines are all positive;
the angles ("_nl)P, (n_nQ)P, (”_TL?’)P . (n;)P, on the other hand, have respectively the
same cosines as those angles, but negative sines whose absolute magnitudes equal the

sines of those angles. Thus the two roots among 2 with the greatest real parts (equal
(n—1)P
n

to one another) will correspond to the angles %, : to the former, the root in
which the imaginary quantity ¢ is multiplied by a positive quantity; to the latter, the
root in which ¢ is multiplied by a negative quantity. Of the n — 3 remaining roots,
those with the greatest real parts will again correspond to the angles %, %, and
so on. — Once the root corresponding to the angle % has been identified, those
corresponding to the remaining angles can also be distinguished by the fact that, if
the former is supposed to be = [}], the angles %, %, %, etc., evidently correspond
to the roots [2A], [3)\], [4A], etc. Thus in the example of Article 353 one sees at once
that the angle 1—19P can correspond to no root other than [11], and the angle %SP to
the root [8]; similarly, the angles %P, %P, 1—39P, %P, etc., correspond to the roots [3],
[16], [14], [5], etc. In the example of Article 354, the angle =P evidently corresponds
to the root [1], the angle 2P to [2], etc. In this way, therefore, the cosines and sines

of the angles %, %, etc., will be fully determined.
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Tangents, cotangents, secants and cosecants are derived from sines and cosines
without division.

362.

As for the remaining trigonometric functions of these angles, they could easily be
derived from the corresponding cosines and sines by the usual methods: namely, the
secants and tangents by dividing unity and the sines by the cosines, and the cosecants
and cotangents by dividing unity and the cosines by the sines. But the same result is
usually obtained more conveniently with the help of the following formulas, without
divisions, by additions alone. Let w be any of the angles %, % . W, and let
cosw + isinw = R, so that R will be one of the roots €2, and

cosw:%(R—&-%):l—g]]:R,

(1 — RR

sinw:%(R—%)zi( 5R )

Hence

secw = . tangw:w
1+ RR 1+RR "’
cosecw = 21 Cotaungw:M
RR -1’ RR—-1

We will now show how to transform the numerators of these four fractions so that
they become divisible by their denominators.

I. Since R = R*! = R?"*1 we have 2R = R + R?>"*!, an expression evidently
divisible by 1 + RR, since n is odd. Hence

secw=R—R*+ R —R"...+ R>!

and therefore (since sinw = —sin(2n — 1)w, sin3w = —sin(2n — 3)w, etc., evidently
imply sinw — sin 3w + sinbw . .. + sin(2n — 1)w = 0)

secw = cosw — cos 3w + cosbw . .. + cos(2n — 1w
or finally (since cosw = cos(2n — 1)w, cos3w = cos(2n — 3)w, etc.),
= 2(cosw — cos 3w + cosbw . .. F cos(n — 2)w) + cos nw

the upper or lower sign applying according as n has the form 4k + 1 or 4k + 3. This
formula can evidently also be written as

secw = +(1 —2cos2w + 2cosdw... £ 2cos(n — 1)w)

II. Similarly, substituting 1 — R?"*2 for 1 — RR gives

tangw = i(1 — RR+ R* — RS... — R?")
or (since 1 — R?® =0, RR — R? 2 = 2isin 2w, R* — R * = 2isin 4w, etc.),

tangw = 2(sin 2w — sin4w + sinbw . . . F sin(n — 1)w)

III. Since we have 1 + RR + R*... + R 2 =0, it follows that
n=n-1-RR—R' ..R"?

—(1-1)+(1-RR)+(1—-RY...+(1—-R"?
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and each part of this sum is divisible by 1 — RR. Hence
n
1—-RR

=1+ (1+RR)+ (1+RR+RY)...
+(1+RR+R" ..+ R™M
=(n—-1)+(n—-2)RR+ (n—3)R*... + R*"4
so that, multiplying by 2, subtracting
0=(mn—-1)(1+RR+R" ..+ R™?
and again multiplying by R, we obtain

2nR 3 5
—(n—1 - _5)R...
T RE (n—1)R+(n—3)R°+ (n—5)R

—(n—=3)R> 3 — (n—-1)R*™!
from which we immediately deduce
cosec w = %((n —1)sinw+ (n —3)sin3w...
— (n—1)sin(2n — 1)w)
= %((n —1)sinw + (n — 3) sin 3w
+ ete. + 2sin(n — 2)w)
This formula can also be written as

cosecw = ——(2sin 2w + 4sindw + 6sinbw ... + (n — 1) sin(n — 1)w)

-
IV. Multiplying the value of =5 given above by 1+ RR and subtracting
0=(n—-1)(1+RR+R'...+ R™?)
gives
n(l+ RR)
1-RR
from which it immediately follows that

=(n—2)RR+(n—4)R*+ (n—6)R%... — (n —2)R*" 2

cotangw = %((n —2)sin2w + (n — 4) sin 4w
+ (n—6)sinbw... — (n —2)sin(n — 2)w
= %((n —2)sin2w + (n —4)sindw. ..
+ 3sin(n — 3)w + sin(n — 1)w)
This formula may also be written in the following way:

2 . . .
cotangw = ——(sinw + 3sin3w... + (n — 2) sin(n — 2)w)
n
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A method of successively reducing the degree of equations for trigonometric
functions.

363.

Just as, on the assumption n — 1 = ef, the function X can be resolved into e
factors of degree f as soon as the values of all the e sums of f terms are known
(Article 348), so too, if we suppose Z = 0 to be an equation of degree n — 1 whose
roots are the sines or any other trigonometric functions of the angles %, % . (n_nl)P,
the function Z can then be resolved into e factors of degree f. The principal points
of this procedure are as follows.

Let © consist of the e periods of f terms (f,1) = P, P'.P", etc.; let the period
P consist of the roots [1], [al, [b], [c], etc.; P’ of [d], [V],[¢], etc.; P” of [a"], [b"],[¢"],
etc., etc. Let the root [1] correspond to the angle w, and therefore the roots [a], [b],
etc., to the angles aw, bw, etc., the roots [d'], [V'], etc., to the angles d'w,Vw, etc.,

and the roots [a”], [b"], etc., to the angles a”"w,b"w, etc., etc. It is easy to see that
P 2P 3P (n—1)P
n

all these angles taken together agree with the angles as regards

T
their trigonometric functions.”) If, therefore, the function in question is denoted by

the symbol ¢ placed before the angle, and we set the product of the e factors
T —pw, x—paw, T—pbw etc.

=Y, the product of z — pa'w,r — pb'w, etc., = Y’, and the product of z — ¢pa’w,
x — pb’w, etc., =YY", and so on, we necessarily have the product YY'Y” ... = Z. It
now remains to show that all the coefficients in the functions Y,Y”,Y”, etc., can be
reduced to a form such as

A+ B(f,1)+C(f.9)+ D(f,99) ...+ L(f,g°")

Once this is done, they must evidently all be regarded as known as soon as the values
of all the sums of f terms are known. We will accomplish this as follows.

Just as cosw = 3[1] + $[1]" 7!, sinw = —3i[1] + $i[1]"7!, so too, by the preceding
article, the remaining trigonometric functions of the angle w can be reduced to a
form such as A + B[1] + €[1]2 + D[1] + etc.. It is readily seen that the function
of the angle kw then becomes = 2 + B[k] + €[k]> + D[k]> + etc., where k denotes
any integer. Now each coefficient in Y is a symmetric polynomial in pw, paw, pbw,
etc. It is therefore clear that substituting the values of these quantities makes each
coefficient a symmetric polynomial in [1], [a], [b], etc.; hence, by Article 347, they
reduce to the form A+ B(f,1) + C(f, g) + etc.. By exactly the same reasoning, all
the coefficients in Y/, Y”, etc., can also be reduced to a similar form. Q. E. D.

I Two angles agree in this respect if their difference equals either the whole circumference or some
multiple of it. We could call such angles congruent modulo the circumference, if we wished to understand
congruence in a somewhat broader sense.
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364.

We add some further observations on the problem of the preceding article.

I. Since each coefficient in Y’ is a function of the roots contained in the period P’
(which we may set = (f,a’)) identical to the function of the roots in P given by the
corresponding coefficient in Y, it is evident from Article 347 that Y’ can be derived
from Y by substituting everywhere in Y, for (f,1),(f,9),(f,99), etc., respectively,
(f,ad"),(f,d'g),(f,d’ gg), etc. Similarly, Y is derived from Y by substituting every-
where in Y, for (f,1),(f,9),(f,g9), etc., respectively, (f,a”),(f,a"g),(f,a"gg), etc.,
etc. Thus, as soon as the function Y has been expanded, the remaining functions Y”,
Y”, etc., follow from it without difficulty.

II. If we suppose

Y =af —az/~1 4 B2/ — ete.

the coefficients «, 8, etc., will respectively be the sum of the roots of the equation
Y =0 that is the quantities ypw, paw, pbw, etc., the sum of their products in pairs,
and so on. But these coefficients will usually be obtained much more conveniently by a
method similar to that given in Article 349: calculating the sum of the roots pw, paw,
pbw, etc., the sum of their squares, cubes, etc., and deriving those coefficients from
these by Newton’s theorem. — Whenever ¢ denotes the tangent, secant, cotangent
or cosecant, there are further shortcuts, which we pass over here without discussion.

III. The case where f is even deserves special consideration; each period P, P’, P”,
etc., is then composed of %f periods of two terms. Let P consist of (2, 1), (2,a), (2, b),
(2,¢), etc. The numbers 1,a,b,¢, etc., and n—1,n—a.n—b,n—c, etc., taken together
will then agree with 1, a, b, ¢, etc., or at least (which here amounts to the same thing)
be congruent to them modulo n. But we have ¢(n—1)w = tow, p(n—a)w = tpaw,
etc., the upper signs applying whenever ¢ denotes the cosine or secant, and the lower
signs when ¢ denotes the sine, tangent, cotangent or cosecant. It follows that in the
first two cases the factors making up Y always occur in equal pairs, so that Y is a
square, and specifically Y = yy if y is set equal to the product of

T — pw, T— paw, T — pbw etc.

Similarly, in the same cases the remaining functions Y’ Y"”, etc., will be squares.
Specifically, if we suppose that P’ consists of (2,d'),(2,b'),(2,¢), etc., P” of (2,a"),
(2,0"),(2,¢"), etc., etc., and that the product of x — pd'w, x — pb'w, xr — pd'w, ete., is
=1/, the product of x — pa”w, r — pb”w, etc., = y”, and so on, we will have Y/ = y/y/,
Y" = y"y", etc. The function Z will also be a square (compare Article 337 above),
and its square root will equal the product of v,3’,1y”, etc. Further, it is easy to see
that v/, 1", etc., are derived from y in the same way as we said above in I that Y,
Y”, etc., follow from Y'; and that each coefficient in y too can be reduced to the form

A+ B(f,1)+C(f,g) + etc.

since the sums of the individual powers of the roots of the equation y = 0 are evidently
halves of the powers of the roots of the equation Y = 0, and hence reducible to such
a form. In the last four cases, however, Y will be the product of the factors

zx — (pw)?, zz — (paw)?, zz — (pbw)? ete.
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and therefore of the form
af — e/ 72 4 pal =4 — ete.

It is clear that the coefficients A, u, etc., can be derived from the sums of the squares,
fourth powers, etc., of the roots pw, paw, pbw, etc.; and the functions Y',Y”, etc.,
will behave similarly.

FEzxample 1. Let n =17, f = 8 and let ¢ denote the cosine. We then have

(8,17 7.6 3.5, 154
Z=(a"+32" — fa° — 22° + 3=

5..3 5 1 1\2
+T6x —ﬁxm‘—@x—i-ﬁ)

and must therefore resolve \/Z into two factors of degree four, y,y’. The period
P = (8,1) consists of (2,1),(2,9),(2,13),(2,15), so that y will be the product of the
factors

T —pw, T— Iw, T — pldw, * — plbw

Substituting 1[k] + 1[n — k] for pkw gives

ow + 9w + 13w + plbw = %(8, 1),
(pw)? + (p9w)? + (¢13w)? + (pl5w)? = 2 + 1(8,1)

Similarly, the sum of the cubes is = 3(8,1) + £(8,3), and the sum of the fourth
powers = 1% + %(8, 1). Determining the coefficients in y from these by Newton’s
theorem gives
y=a'—3(8,1)z® + 1((8,1) +2(8,3))zz
= 5((8,1) +3(8,3)z + 75((8,1) + (8,3))
Now 3 is derived from y by interchanging (8,1) and (8,3); substituting for (8,1),
(8,3) the values —1 + 1,/17, -3 — $./17 therefore gives

y=a'+ (3 - 1/17)2% - (2 + £V/17)ax
+(E+ i1 - L

y =2t + (L +117)2% — (2 - L /1)
+(;—3V1Nz — &
Similarly, v/Z can be resolved into four factors of degree two, of which the first will
be (x —pw)(z—pl3w), the second (z — p9w)(x —plbw), the third (x —p3w)(z—pdw),
and the fourth (z — pl0w)(z — ¢llw). All the coefficients in these factors can be

expressed in terms of the four sums (4, 1), (4,9), (4,3), (4,10). Evidently, the product
of the first factor and the second will be y, and the product of the third and fourth

/

Y.
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Example 11. If, everything else remaining unchanged, ¢ is supposed to denote the

sine, so that
_ .16 17,14 | 119 12 _ 221 10
Z =x A il T TR
935,8 561,6 , 357 4 51

17
T 2567 ~ 502% t 30487 ~ 20967 T 65536
must be resolved into two factors of degree 8, y,v’, then y will be the product of four
quadratic factors

zr — (pw)?, zx — (p9w)?, zz — (p13w)?, 22 — (P15w)?

Now, since pkw = —1i[k] + 3i[n — k], we have
(ph)? = —324] + 4[n] — 420 — 28]

= 3 — 1[2k] — }[2n — 2]

From this we derive the sum of the squares of the roots pw, 9w, p13w.pl5w, namely

2— i(& 1), the sum of their fourth powers = %— 1%(8, 1), the sum of their sixth powers

=2 2(8,1) — £(8,3), and the sum of their eighth powers 33 — 2L(8,1) — 2-(8, 3).

32~ 256
Hence ¢ ) 6
y=2"—(2-3081)
(3 — 15(8,1) + 5(8,3))a"
+ i — 526 (8,1) + 52:(8,3)
We derive 3/ from y by interchanging (8,1), (8, 3), so that substituting the values of

these sums gives
y=2°— (¥ - L /1720 + (3 — Lv/17)2?
17 _ 71 17 1
y =28 — (& + Ly1n)ab + (3L + Sv17)a
— (3 + LV1Tzx + 3L + LV1T
Similarly, Z can be resolved into four factors whose coefficients can be expressed in

terms of sums of four terms; the product of two of them will be y, and the product
of the remaining two y'.
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Divisions of the circle that can be carried out by quadratic equations or by
geometric constructions.

365.

Through the preceding investigations we have therefore reduced the division of the
circle into n parts, when n is prime, to the solution of as many equations as there are
factors into which the number n — 1 can be resolved; the degrees of these equations
are determined by the sizes of the factors. Thus, whenever n — 1 is a power of the
number 2, as happens for n at the values 3, 5, 17, 257, 65537, etc., the division of the
circle reduces to quadratic equations alone, and the trigonometric functions of the
angles %, %, etc., can be expressed by square roots of greater or lesser complexity
(according to the size of n). In these cases, therefore, the division of the circle into n
parts, or the drawing of a regular polygon of n sides, can evidently be accomplished
by geometric constructions. Thus, e.g. for n = 17, Articles 354 and 361 readily give

the following expression for the cosine of the angle %P:

— i+ V1T + /(34 — 24/17)
+ 2/ (17 + 317 — /(34 — 2\/17)
— 2y/(34+ 2/17))

The cosines of multiples of this angle have a similar form, but the sines have one more
radical sign. It is indeed greatly to be wondered at that, although the geometric
divisibility of the circle into three and five parts was already known in Euclid’s
time, nothing was added to these discoveries over an interval of 2000 years, and all
geometers pronounced it certain that, apart from these divisions and those that follow
from them of themselves, namely divisions into 15,3.2# 5.2% 15.2* and also into 2#
parts, no others could be accomplished by geometric constructions. — Further, it is
easy to prove that if the prime n is = 2™ 4 1, the exponent m too can contain no
prime factors other than the number 2, and must therefore be either = 1, or = 2, or
equal to a higher power of the number 2. For if m were divisible by any odd number
¢ (greater than unity), and m = (7, then 2™ + 1 would be divisible by 27 + 1, and
therefore necessarily composite. Thus all values of n for which we arrive at quadratic
equations alone are contained in the form 22 + 1; the five numbers 3, 5, 17, 257,
65537 arise by setting v = 0,1,2,3,4, or m = 1,2,4,8,16. The division of the circle
can by no means be carried out geometrically for all numbers contained in that form,
but only for those that are prime. Fermat, misled by induction, had indeed asserted
that all numbers contained in that form must be prime; but the distinguished Euler
was the first to notice that this rule is already false for v = 5, or m = 32, since the
number 23?2 4+ 1 = 4294967297 contains the factor 641.

Whenever, however, n — 1 contains prime factors other than 2, we always arrive
at higher equations: namely, at one or more cubic equations when 3 occurs once or
more among the prime factors of n — 1, at equations of the fifth degree when n — 1
is divisible by 5, and so on; AND WE CAN PROVE WITH COMPLETE RIGOR THAT
THESE HIGHER EQUATIONS CAN IN NO WAY BE AVOIDED OR REDUCED TO LOWER
ONES, although the limits of this work do not allow us to give this proof here. We
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nevertheless thought it necessary to mention this, so that no one should hope to
achieve by geometric constructions still other divisions beyond those suggested by
our theory, e.g. divisions into 7, 11, 13, 19, etc., parts, and waste time in vain.

366.

If the circle is to be divided into a® parts, where a denotes a prime, this can
evidently be accomplished geometrically when a = 2, but for no other value of a,
provided a > 1. For then, besides the equations required for division into a parts,
it is necessary to solve o — 1 further equations of degree a; these too can in no way
be avoided or reduced in degree. Thus the degrees of the necessary equations can be
known in general from the prime factors of the number (a — 1)a®~! (that is, also in
the case a = 1).

Finally, if the circle is to be divided into N = a®b%¢? ... parts, where a, b, ¢, etc.,
denote unequal primes, it suffices to have carried out the divisions into a®, b®, ¢7, etc.,
parts (Article 336). To know the degrees of the equations needed for this purpose,
we must therefore consider the prime factors of the numbers

(a—1)a* L, b-1)0""L  (e—1) 1 ete.

or, what here amounts to the same thing, of their product. Observe that this product
expresses the number of numbers coprime to N and smaller than it (Article 38). The
division can therefore be accomplished geometrically only when this number is a
power of two; when, however, it contains prime factors other than 2, say p,p’, etc.,
equations of degree p,p’, etc., can in no way be avoided. From this we conclude in
general that, for the circle to be divisible geometrically into N parts, N must be either
2 or a higher power of 2, or a prime of the form 2™ + 1, or a product of several such
primes, or the product of one or more such primes with 2 or a higher power of 2. More
briefly, it is required that /N contain neither an odd prime factor that is not of the form
2™+ 1, nor any prime factor of the form 2™ + 1 more than once. The following values
of N occur below 300, 38 in all: 2,3,4,5,6,8,10,12,15,16,17, 20, 24, 30, 32, 34, 40, 48,
51,60, 64, 68, 80, 85,96, 102, 120, 128, 136, 160, 170, 192, 204, 240, 255, 256, 257, 272.
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ADDITIONS.

On Article 28. The indeterminate equation ax = by + 1 was first solved not by the
distinguished Euler (as stated there), but already by Bachet de Meziriac, a geometer
of the 17th century and the celebrated editor and commentator of Diophantus, for
whom the distinguished La Grange claimed this honor (Add. d [’Algébre d’Euler p.
525, where the nature of the method is also indicated). Bachet gave his discovery in
the second edition of his book Problemes plaisans et délectables qui se font par les
nombres, 1624; it does not yet appear in the first edition (Lyon 1612), which alone I
have been able to see, although it is already announced there.

On Articles 151, 296, 297. The distinguished Le Gendre set out his proof again
in his excellent work Fssai d’une théorie des nombres, p. 214 ff., but without any
essential change; this method therefore remains subject to all the objections raised in
Article 297. The theorem (on which one assumption rests) that primes occur in every
arithmetic progression I,l + k,l + 2k, etc., if kK and [ have no common divisor, has
indeed been considered at greater length in this work, p. 12 ff.; but the requirements
of geometric rigor still seem not to have been met. Yet even when this theorem has
been fully proved, the other assumption will remain (that there are primes of the form
4n 4+ 3 for which a given prime of the form 4n + 1, taken positively, is a quadratic
nonresidue), and I do not know whether this can be proved rigorously unless the
fundamental theorem itself is already assumed. Further, it should be observed that
the distinguished Le Gendre did not make this latter assumption tacitly, but himself
also acknowledged it, p. 221.

On Articles 288—293. On the same subject, presented here as a special application
of the theory of ternary forms, and apparently so fully treated in rigor and generality
that nothing further could be desired, the distinguished Le Gendre undertook a
much more extensive investigation in Part III of his work, pp. 321—400.”) He used
principles and methods entirely different from ours, but on this path became involved
in several difficulties that prevented him from supporting the principal theorems by
a rigorous proof. He himself candidly indicated these difficulties; but, unless we are
mistaken, these may perhaps be removed more easily than the difficulty that here
too the theorem just mentioned (In every arithmetic progression, etc.) is assumed,
p- 371, end of the note.

On Article 306 VIII. In the third thousand of negative determinants, 37 irregular
ones have been found, of which 18 have index of irregularity 2, and the remaining 19
have index 3.

“Even without our warning, readers will take care not to confuse our ternary forms with what
the distinguished Le Gendre called forme trinaire d’un nombre. By this expression he meant the
decomposition of a number into three squares.
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On the same article X. The question posed here has recently been completely
solved. We will present this investigation, which casts remarkable light on several
parts of both higher arithmetic and analysis, in the continuation of this work as
soon as possible. It has also shown that the coefficient m in Article 304 is = yw =
2,3458847616, where v denotes the same quantity as in Article 302, and 7, as there,
the semicircumference of a circle whose radius is 1.
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TABLES.

TABLE 1. (Articles 58, 91)

2.3.5.7.11 13.77.19.23.29 31.37.41.43.47 53.59.61.67.71 73.79.83.89
3 271
51 2]1.3
7 312.1.5
91| 2|1.%.5.4
111 2|1.8.4.7
131]] 6]5.8.9.7.11
16]] 5|=.3.1.2.1 3
171/ 10| 10.11.7.9.13 12
19|/ 10 | 17.5.2.12.6 13.8
23 1/101]8.20.15.21.3 12.17.5
25| 2]1.7.%.5.16 19.13.18.11
27| 2]1.%.5.16.13 8.15.12.11
291110 ]11.27.18.20.23 2.7.15.24
31| 17112.13.20.4.29 23.1.22.21.27
32| 5]*3.1.2.5 7.4.7.6.3 0
37| 5]11.34.1.28.6 13.5.25.21.15 27
411 61]26.15.22.39.3 31.33.9.36.7 28.32
43 (1 28 139.17.5.7.6 40.16.29.20.25 32.35.18
47 (1 10| 30.18.17.38.27 3.42.29.39.43  5.24.25.37
49 (110 2.13.41.%.16 9.31.35.32.24 7.38.27.36.23
531126 1]25.9.31.38.46 28.42.41.39.6 45.22.33.30.8
59 || 10 | 25.32.34.44.45 23.14.22.27.4 7.41.2.13.53 28
61 || 10 | 47.42.14.23.45 20.49.22.39.25 13.33.18.41.40 51.17
64| 5|*3.1.10.5 15.12.7.14.11  8.9.14.13.12 5.1.3
67 || 121]29.9.39.7.61 23.8.26.20.22 43.44.19.63.64 3.54.5
7111 62| 58.18.14.33.43 27.7.38.5.4 13.30.55.44.17 59.29.37.11
73| 58.6.1.33.55 59.21.62.46.35 11.64.4.51.31 53.5.58.50.44
791129 (50.71.34.19.70 74.9.10.52.1 76.23.21.47.55 7.17.75.54.33 4
81 /11 |25.%.35.22.1 38.15.12.5.7 14.24.29.10.13 45.53.4.20.33 48.52
83|50 ]3.52.81.24.72 67.4.59.16.36 32.60.38.49.69 13.20.34.53.17 43.47
89130 |72.87.18.7.4 65.82.53.31.29 57.77.67.59.34 10.45.19.32.26 68.46.27
971110 ]86.2.11.53.82 83.19.27.79.47 26.41.71.44.60 14.65.32.51.25 20.42.91.18




TABLE II. (Article 99).

+2

+3

+5

+7

+11

+13

+17

+19

+23

+29

+31

+37

+41

+43

+47

+53

+59

+61

+67

+71

+73

+79

+83

+89

+97

11
13
17
19
23
29
31
37
41
43
47
53
59
61
67
71
73
79
83
89
97
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TABLE III. (Article 316).

11
13
17
19
23
27
29
31
37

41
43
47
49
53
99
61
67
71
73
79
81
83
89

97

3 (1)..6
.. 142857
S15(1)..25(2)..4;(3)..8;(4) .. 75 (B) .. 5
..00; (1)..18; (2)..36; (3)..72; (4)..45
..076923; (1)..461538
..0588235294 117647
..0526315789 47368421
.. 0434782608 6956521739 13
..037; (1)..074; (2)..148; (3)..296; (4)..592; (5)..185
.. 0344827586 2068965517 24137931
..0322580645 16129; (1) ..5483870967 74193
..027; (1)..135; (2)..675; (3)..378; (4)..891; (5
..207; (7)..486; (8)..432; (9)..162; (10)..810; (
..02430; (1)..14634; (2)..87804; (3)..26829; (4).
..95121; (7)..70731
.. 0232558139 5348837209 3; (1)..6511627906 9767441860 4
..0212765957 4468085106 3829787234 0425531914 893617
..0204081632 6530612244 8979591836 7346938775 51
.. 0188679245 283; (1) ..4905660377 358; (2)..7547169811 320;
.. 6226415094 339
..0169491525 4237288135 5932203389 8305084745 7627118644 06779661
..0163934426 2295081967 2131147540 9836065573 7704918032 7868852459

0149253731 3432835820 8955223880 597; (1)..1791044776 1194029850
462686567 164
0) .. 0140845070 4225352112 6760563380 28169; (1) ..8732394366 1971830985
154929577 46478
..01369863; (1) ..06849315; (2)..34246575; (3)..71232876; (4)..56164383
..80821917; (6)..04109589; (7). .20547945; (8)..02739726
.. 0126582278 481; (1) ..3670886075 949; (2) .. 6455696202 531
.. 7215189873 417; (4)..9240506329 113; (5) .. 7974683544 303
..012345679; (1) ..135802469; (2)..493827160; (3)..432098765;
.. 753086419; (5) .. 283950617
..0120481927 7108433734 9397590361 4457831325 3
..6024096385 5421686746 9879518072 2891566265 0
.. 0112359550 5617977528 0898876404 4943820224 7191
.. 3370786516 8539325842 6966292134 8314606741 5730

.0103092783 5051546391 7525773195 8762886597 9381443298 9690721649
4845360824 7422680412
3711340206 185567

)..459
11)..054
.60975; (5) .. 65853;
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APPENDIX.

MANUSCRIPT NOTES BY GAUSS.

On Article 40. With a third number C' added, let N be the greatest common divisor
of the numbers \,C, and determine numbers k,~ such that kX +~C = X, whence
kaA+kBB+~C = X. It is clear that N is a common divisor of the numbers A, B.C,
and indeed the greatest; for if there were a greater one = @, then

/

A B c X,
k:oz.g + kﬁg —|—7.§ =% integer, Q). E. A.

Thus what was proposed has been accomplished, on setting ka = a, kB =b, v =
¢, N =p.

On Article 114. The proof can be presented more elegantly as follows: (a®" —
a)? = 2+ (a* + 1)(a® — 2), (a® + a")? = —2 + (a* + 1)(a®" + 2), and hence
V2 =+(a® —a"), /—2=+(a’ +a") (mod. 8n + 1)

In Article 256 VI the 16 positive determinants of the form 8n + 5 for which the
number of properly primitive classes is three times as large as that of improperly
primitive classes, ‘37, .. 573’, are supplemented by: 677, 701, 709, 757, 781, 813,
829, 877, 885, 901, 909, 925, 933, 973, 997, so that among 125 there are 31.

On the words of Article 301: By this method the sum of the numbers of genera
for determinants —: up to —100 is found = 234, 4, whereas it is actually 233. — —
From —1 to —3000, table 11166, formula 11167,9.

On Article 336. If all numbers of the form 22" + 1 were prime, a sufficiently
approximate expression for the number of the numbers in question (N) smaller than

log M 2
log 2

a given number M would be % (

On the theorem in Article 42 on the divisors of a polynomial with integer coeffi-
cients — — 1797 July 22.

On the words of Article 130: After we have rigorously proved that every prime of
the form 4n + 1, taken both positively and negatively, is a nonresidue of some smaller
prime, — — We discovered this proof in 1796, on April 8.

On Article 131. The fundamental theorem was discovered by induction in March
1795. The first proof, given in this section, was found in April 1796.

On the words of Article 133: Let us undertake the investigation (of the fundamen-
tal theorem) still more generally. Consider any two odd coprime numbers, with any
signs, P and Q. — — 1796 April 29.

On the words of Article 145: Moreover, the theorems concerning the residues +2
and —2 would then have had to be assumed; but since our proof has been completed
without these theorems, we obtain from it a new method of proving them. — —
1797 February 4.

On the heading of Section V: Forms and indeterminate equations of the second
degree. — — From June 22, 1796 onward.
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On the words of Article 234: .. we pass to another subject of the greatest im-
portance, hitherto untouched by anyone, the composition of forms. — — These
investigations were begun in the autumn of 1798.

On the words of Article 262: From this principle we can derive a new method
of proving not only the fundamental theorem, but also the other theorems of the
preceding section concerning the residues —1,+2, -2, — — The principles of this
method first presented themselves in 1796, on July 27, but were developed and brought
into their present form in the spring of 1800.

On the words of Article 266: .. but since several truths concerning them, and very
beautiful ones, still remain, whose proper source must be sought in the theory of
ternary forms of the second degree, we insert here a short digression on this theory,
— — February 14, 1799.

On the words of Article 272: namely, by showing first how any ternary form can be
reduced to a simpler form, and then that the number of the simplest forms (reached
by such reductions) is finite for any given determinant. — — 1800 February 13.

On the words of Article 287 III: In an entirely similar way it is proved that in
the improperly primitive order all the characters found to be the only possible ones
by the rules of Article 264 II, III are possible, whether they are P or ). — These
theorems, etc. — — They were first supplied with proofs in April 1798.

On the words of Article 302: The average number of classes, however (which will
need no definition), grows very regularly, — — The first idea at the beginning of
1799.

On the words of Article 306 X: Finally, we observe that, since all the properties
considered in this and the preceding article depend chiefly on the number n, which is
something similar to p — 1 in Section III, this number deserves the closest attention;
it would therefore be most desirable to discover a general relation between it and
the determinant to which it belongs. — — It has turned out as we wished—and so
completely that nothing further remains to be desired. November 30—December 3,
1800.

On Article 365. We discovered that the circle can be divided geometrically into 17
parts in 1796, on March 30.
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CLOSING NOTE ON THE NEW EDITION.

This first volume of GAUSS’s works is a reprint of the seven sections of the Disquis.
Arithm. published in octavo in 1801. The eighth section, referred to at several places
and probably originally intended by GAuUss for publication with the others, is among
his manuscripts. Since he did not finish preparing it in the same way as the first
seven sections, it will accompany the posthumous arithmetical papers in this edition.

Textual changes have been made in the Disqu. Ar. only at the following places:

In Article 125 the two insertions (if > 5) and (> 17; but —13N3, —17N5) have
been added.

In Article 126. Proof. ‘in the series (I), a terms are divisible by p, b terms by p?,
c terms by p3, etc’ has been substituted for ‘in the series (I), a terms are divisible
by p but not by p?, b terms by p? but not by p?, ¢ terms by p? but not by p*, etc.

In Article 128 III the passage ‘For if +b or —b = r (mod. p), then bb = rr (mod. 2p),
and hence the term %(a — bb) is divisible by p. was still followed, in the edition of
1801, by ‘and much more so 2(a — bb).; these latter words have been omitted.

In Article 129, 2y/a+ 1 has everywhere been substituted for 21/a, and accordingly
9 for 4 as the number below which a certainly does not fall.

In Article 139 the end of the investigation of case (4) read ‘It is easy to see that
from this equation we can deduce a'pRh, +ahpRa', +aa’hRp; these agree with what
we found in (2). In the remaining cases the proof is the same.” This has been changed
in accordance with the note that GAUSS added to Article 2 of the paper Theorematis
arithmetici demonstratio nova: ‘It will not be out of place to indicate and correct here
a slight error that, through I know not what negligence, slipped into the exposition
of that proof. On page (108), from line (14) onward, the following reasoning is to
be substituted: It is easy to see that from this equation we can deduce a’'pRh ... («);
+ahRa'...(0); £ahRp...(y). From («), which agrees with («) in (2), it follows,
just as there, that either hRp, hRa’ hold together, or hNp, hiNa'. But in the former
case (§) would give aRa’, contrary to the hypothesis; hence hNp, and therefore by
() also aNp.

In Article 171, in accordance with a manuscript note, ‘in which A is neither greater
than \/%D, C, nor less than 2B’ has been substituted for ‘in which A is not > \/%D,
B not > %A, C not < A’

In Article 174. Second method. ‘Since a will not be > \/%D, all forms obtained in
this way will evidently be reduced.” has been substituted for ‘Any forms obtained in
this way in which a > / %D must be rejected; all the rest will evidently be reduced’

In Article 256 VI the earlier edition includes, among the positive determinants of
the form 8n 4 5 for which the number of classes in the properly primitive order is
three times as large as that in the improperly primitive order, also the determinant
397; but it has equally many classes of both kinds.

In Article 302, in accordance with a manuscript note, the number of classes for
the second thousand of negative determinants is given as 28595, rather than 28603
as in the earlier edition.
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In Article 303 the numbers of determinants for the classifications II. 4; II. 5; IV. 2
are given, from the tables found among the posthumous papers, as 31, 44, 69, rather
than 32, 42, 68 as in the earlier edition.

In Article 325, ‘23t, 23t £ 1, 23t +5, 23t + 7, 23t + 9, 23t +£ 10. When these
have been deleted, 119, 127 are found to remain, and these two alone give V' a square
value’ has been substituted for ‘23t¢, 23t +5, 23t + 7, 23t +9, 23t £+ 10. When these
have been deleted, 119, 127, 137 are found to remain, of which the first two alone
give V' a square value’

In Article 360 IV the words ‘whereas for most other cubic equations whose roots
are all real, trisection of both an angle and a ratio cannot be avoided.’, which followed
‘for example, for g = 3 only trisection of an angle’, and whose incorrectness GAUSS
noted in his own copy, have been omitted.

The notes on pages 80, 102, 133, 211, 263, 265, 449 are taken from the posthumous
manuscripts.

To make the work easier to survey, the outward form of the new edition has been
changed in several respects from the printing of 1801. This was thought all the more
justified because GAUSS, by his own account, also considered saving space in other
respects. Many formulas that were contained in the line of text have been set out
separately. The summaries, which preceded the work as a collection, have also been
placed before the individual divisions, rather than only before the sections as in the
first edition; the more general ones have been used as page headings.

GOTTINGEN,
PRINTED AT THE DIETERICH UNIVERSITY PRESS
W. FR. KAESTNER.
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