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A New Proof of an Arithmetical Theorem

A NEW PROOF

OF AN ARITHMETICAL THEOREM.

1.

Questions in higher arithmetic very often present a singular phenomenon,
which occurs much more rarely in analysis and contributes greatly to their
charm. In analytic investigations we usually cannot reach new truths unless
we have first thoroughly mastered the principles on which they rest and which
must, as it were, open the way to them. In arithmetic, by contrast, most ele-
gant new truths very frequently spring forth through induction and a kind of
unexpected good fortune; their proofs lie so deeply hidden and are wrapped
in such darkness that they elude every attempt and deny access to the keenest
investigations. Moreover, so great and so wonderful is the connection among
arithmetical truths that at first sight seem utterly different, that quite often,
while we are seeking something quite different, we at last most happily reach
the proof so greatly desired and previously sought in vain through long reflec-
tion, by a path far different from the one expected. Usually, however, truths
of this kind are of such a nature that they can be approached by several very
different paths, and the paths that first present themselves are not always the
shortest. It must therefore certainly be highly valued if, after such a truth
has long been investigated in vain, and has then indeed been proved, but
by rather obscure detours, we finally succeed in discovering the simplest and
genuine path.

2.

Among the questions discussed in the preceding article, a distinguished
place is held by the theorem containing almost the whole theory of quadratic
residues, which in the Arithmetical Investigations (Section IV) is distinguished
by the name of the fundamental theorem. The illustrious LEGENDRE must
undoubtedly be regarded as the first discoverer of this most elegant theorem,
after the great geometers EULER and LAGRANGE had, long before, already
discovered several of its special cases by induction. I do not pause here to
enumerate these men’s attempts at a proof; those who wish may consult the
work just mentioned. Let me add only, in confirmation of what was said
in the preceding article, what concerns my own attempts. I came upon the
theorem itself independently in the year 1795, when I was entirely ignorant of
everything that had already been worked out in higher arithmetic and wholly
cut off from access to the literature. But for an entire year it tormented me
and eluded my most strenuous efforts, until at last I obtained the proof given
in the fourth section of that work. Afterwards three others, resting on wholly
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different principles, presented themselves to me; I gave one in the fifth section,
and the others, not inferior to it in elegance, I shall make public on another
occasion. But all these proofs, although they seem to leave nothing to be
desired in rigour, are derived from principles that are too different in kind,
perhaps excepting the first, which nevertheless proceeds by more laborious
reasoning and is burdened by rather lengthy operations. I therefore do not
hesitate to declare that a genuine proof has so far been lacking. Let the
experts now judge whether the one that I recently succeeded in discovering,
and that the following pages present, deserves to be honoured with this name.

3.

THEOREM. Let p be a positive prime number; k any integer not divisible
by p; use the following definitions:

A collection of the numbers 1, 2, 3 ....
B collection of these %(p+1), 5(p+3),

(p—1)
(p+5) ....p—1

D[ D=

Take the products of k by the individual numbers in A, and their least
positive residues modulo p, which are evidently all distinct and belong partly
to A, partly to B. Now if altogether B contains u of the residues, k will be
either a quadratic residue or a quadratic nonresidue of p, according as p is
even or odd.

Proof. Let the residues belonging to A be a, a’ a” ...., and the remaining
ones, belonging to B, be b,b',b”..... It is clear that the complements of the
latter, p—b,p—b,p—0b"...., are all distinct from the numbers a, a’, a” ... .,
but together with these fill out the collection A. Thus we have

1.2.3 ... ip—-1)=add .... (p=b)p-0t)p-10") ....

But the latter product evidently becomes

(-D*ad’a” .... 00V ... =(-1)"k.2k.3k .... $(p— 1)k
(—1)#k2®D1.2.3 ... L(p—1)(mod.p)

Hence we have

1= (—1)tk2@=D

or k21 = +1, according as u is even or odd; our theorem follows imme-
diately.
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4.

We can greatly shorten the following reasoning by introducing some suit-
able notation. Thus the symbol (k,p) will denote for us the number of prod-
ucts among

k, 2k, 3k .... {(p— 1)k,

whose least positive residues modulo p exceed half of it. Further, when z
is any noninteger quantity, we shall use the symbol [z] to denote the integer
immediately smaller than z itself, so that = — [z] is always a positive quantity
lying between the limits 0 and 1. The following relations are now obtained
with little trouble:

L [z] + [-2] = -1

IL. [x] + h = [z + h], whenever h is an integer.

I [z] + [h— 2] =h —1.

IV. If 2 — [z] is a fraction smaller than %, then [2z] —2[z] = 0; but if z — [z]
is greater than 3, then [2z] — 2[z] = 1.

V. Thus, when the least positive residue of the integer h modulo p lies

below %p, we have [%} -2 [%} = 0; but when that residue lies above %p, we

have [%} —2 [g} =1

VI. It follows at once that (k,p) =
2k 4k 6k -1k
BB N
p p p p

Lp—1k
-9 [k] -9 [%] -9 [3}{‘} ) M .
p p p p
VII. From VI and I we obtain without difficulty

(k,p) + (—k,p) = 3(p— 1)

It follows that —k has either the same or the opposite relation to p (insofar
as it is a quadratic residue or nonresidue of it) as +k, according as p is of
the form 4n + 1 or of the form 4n + 3. In the former case —1 is evidently a
residue, in the latter a nonresidue, of p.
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VIII. We shall transform the formula given in VI as follows. By III we
have

M:k—l— k]7
I 2 LD
w:k—l— %]7
L P L D
M:k‘—l— 51“]
I 2 L D

Applying these substitutions to the last 1%1 terms of the upper series in
that expression, we have

first, whenever p is of the form 4n + 1

(k,p) = 1(k = 1)(p — 1)
A ] [

][ [
(k,p) = 1(k = D(p+1)

second, whenever p is of the form 4n + 3
k 3k 5k Lp—1k
—2{{ ] - [} - [] et [2(]9)]}
p p p p

‘{[ﬂ*[?]+m....+ [@;w”

IX. For the special case k = +2, the formulas just given yield (2,p) =
%(p:F 1), taking the upper or lower sign according as p is of the form 4n+1 or
4n + 3. Thus (2,p) is even, and hence 2Rp, whenever p is of the form 8n + 1

or 8n+7; on the other hand, (2,p) is odd and 2Np, whenever p is of the form
8n + 3 or 8n + 5.
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5.

THEOREM. Let x be a positive noninteger quantity, among whose multiples

x, 2z, 3 .... up to nx none is an integer; put [nx] = h, from which it is easily
concluded that among the multiples of the reciprocal quantity %, %, % ..... up
h

to - an integer is likewise not found. Then I say that we have

[z] + [22] + [3z] .. + [nx]

e B ]

Proof. In the series [x] + [2x] 4+ [3z] . ...+ [nz], which we shall put = Q, the

first terms up to and including the term in position [%] are evidently all = 0;

the following ones up to the term in position [%] are all = 1; the following

ones up to the term in position [%] are all = 2, and so on. Hence we have

o f]
+1x¥ _ :{
() I R RERE R
ool
o8]
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6.

THEOREM. Ifk,p denote any positive odd numbers relatively prime to each
other, we have

B
+ [+ m n m+

Lo
Proof. Supposing, as we may, that k < p, we have w less than %k;, but

= ik—=1)(p-1).

Lip
greater than 1(k — 1), and therefore [@} = 1(k —1). Thus the present

theorem evidently follows immediately from the preceding one by putting
there % =2, £(p— 1) =n, and hence 3(k — 1) = h.

Moreover, it can be proved in a similar manner that, if k is an even number
relatively prime to p, we have

[’;]+[2]3":]+[ﬂ.._.+ 5(?’;1)11 =lkp-1)
+[€]+[2ﬂ+[?ﬂ....+ %:p] o

But we do not dwell on this proposition, which is not needed for our
purpose.
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7.

The fundamental theorem now follows immediately by combining the pre-
ceding theorem with proposition VIII of Article 4. Namely, if k, p denote any
unequal positive prime numbers, and we put

(k,p) + m + [2;] + |:3;::|+ F(p;l)k — L
(p,k)+[ﬂ+ [25] + [?Z)]Jr F(kgl)p] —M

it is clear from VIII of Article 4 that L and M are always even numbers.
But by the theorem of Article 6 we have

L+M=(k,p)+(pk)+3(k—1)(p—1)

Thus whenever 1(k — 1)(p — 1) is even, which happens if either both k,p

or at least one of them is of the form 4n+ 1, (k,p) and (p, k) must necessarily
be either both even or both odd. But whenever 1(k—1)(p— 1) is odd, which
happens if both k,p are of the form 4n + 3, one of the numbers (k, p), (p, k)
must necessarily be even and the other odd. Thus in the former case the
relation of k£ to p and the relation of p to k (insofar as one is a residue or
nonresidue of the other) are identical, and in the latter case opposite.

Q. E. D.
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Summation of Certain Special Series

SUMMATION

OF CERTAIN SPECIAL SERIES.

1.

Among the more notable truths to which the theory of circle division has
opened the way, the summation proposed in Disquiss. Arithmet., Article
356, holds a distinguished place. This is due both to its particular elegance
and remarkable fruitfulness, which another investigation will later give us
occasion to discuss more fully, and to the unusual difficulties that beset its
rigorous and complete proof. These difficulties should have been all the less
expected because they concern a certain restriction of the theorem more than
the theorem itself: once this restriction is disregarded, a proof is immediately
available and follows very easily from the theory developed in that work.
The theorem was given there in the following form. Suppose that n is a
prime number. Represent all the quadratic residues of n between 1 and n —1
inclusive by a, and all the nonresidues between the same limits by b; finally,
let w be the arc @, and k any fixed integer not divisible by n. Then we
have

I. for a value of n of the form 4m + 1,

Ycosakw = —1 £ 4/n

Y cosbkw = —% F 4\/n, and hence
Y cosakw — ¥ cosbkw = £4/n

Ysinakw =0

Ysinbkw =0

II. for a value of n of the form 4m + 3,

Y cosakw = —
Y cosbkw = —
Ysinakw = £1/n
Ysinbkw = F5y/n
Ysinakw — Ysinbkw = +4/n

NI DI

These summations were proved with full rigor in the place cited, and the
only difficulty that remains here is to determine the sign to be placed before
the radical. It can indeed be shown without difficulty that this sign depends
on the number k to the following extent: the same sign must hold for all values
of k that are quadratic residues of n, and the opposite sign for all values of k
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that are quadratic nonresidues of n. Thus the whole question turns on the
value £ = 1: as soon as the sign for this value is known, the signs for all the
other values of k are immediately available as well. Yet this very question,
which at first seems to be among the easier ones, presents us with unforeseen
difficulties, and the method that had guided us this far without impediment
utterly refuses any further help.

2.

Before proceeding further, it will be useful to work out some examples of
our summation numerically; we should, however, first make a few general
observations.

I. In the case where n is a prime number of the form 4m + 1, let all the
quadratic residues of n between 1 and %(n — 1) inclusive be represented by
a’, and all the nonresidues between the same limits by &’. All the n — a’ are
known to be among the a, and all the n — & among the b. Since all the a’, ¥/,
n—a', n—b' together evidently make up the entire collection of numbers 1, 2,
3....n—1,all the a’ together with all the n —a’ comprise all the a; likewise
all the b’ together with all the n — b’ comprise all the b. Hence

Y cos akw = Y cosa'kw + ¥ cos(n — a') kw
Y cosbkw = X cos b kw + ¥ cos(n — V') kw

Y sinakw = Ysina'kw + L sin(n — o) kw

Y sin bkw = Ysinb'kw + Lsin(n — b )kw

Now, since cos(n — a')kw = cosa’kw, cos(n — V)kw = cosb'kw, sin(n —
a'Vkw = —sind’kw, sin(n — b')kw = —sinb’kw, it follows at once that
Y sinakw = Ysina'kw — Ysina’'kw = 0
¥ sin bkw = Ysinb'kw — Lsinb'kw = 0
The summation of the cosines takes the form

Y cos akw = 23 cos a’kw
Y cos bkw = 2% cos b kw

so that we must have

1 +4¥ cosa’kw = ++/n
1+ 4Y cosb'kw = Fy/n
2% cos @'kw — 2% cos b kw = ++/n

10
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II. In the case where n is of the form 4m + 3, the complement of any
residue a to n is a nonresidue, and the complement of any b is a residue.
Thus all the n — a coincide with all the b, and all the n — b with all the a.
This gives

Y cos akw = Y cos(n — b)kw = X cos bkw

Since all the a and b together make up all the numbers 1, 2, 3....n — 1,
and hence ¥ cos akw + X cos bkw = cos kw + cos 2kw + cos 3kw + etc. + cos(n —
1)kw = —1, the summations

Y cosakw = —
Y cosbkw = —

NI— NI

follow immediately. Likewise,

Ysinakw = ¥sin(n — b)kw = —X sin bkw
which shows how the two summations
2¥ sinakw = ++/n
23 sin bkw = F+/n
depend on one another.

3.

Here are the numerical calculations for several examples:
I. For n = 5 there is one value of a’, namely a’ = 1, and one value of ¥/,
namely b’ = 2. We have

cosw = +0,3090169944 cos 2w = —0,8090169944

and hence 1 +4cosw = ++/5, 1+4cos2w = —/5.
II. For n = 13 there are three values of a/, namely 1, 3, 4, and as many
values of V', namely 2, 5, 6. We calculate

cosw = +0,8854560257 cos2w = +0,5680647467
cos3w = +0,1205366803 cosbhw = —0,7485107482
cosdw = —0,3546048870 cosbw = —0,9709418174
Sum = +0,6513878190 Sum = —1,1513878189

Hence 1+ 4¥ cosa'w = +4/13, 1+ 4X cosbw = —/13.

11
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III. For n = 17 we have four values of a/, namely 1, 2, 4, 8, and as many
values of ¥, namely 3, 5, 6, 7. The cosines are therefore calculated as follows:

COsSwW =

COS 2w
cos 4w
cos 8w

+0,9324722294
+0,7390089172
+0,0922683595
—0,9829730997

Sum =

Hence 1+ 4¥ cosa'w = +4/17,
IV. For n = 3 there is just one value of a, namely a = 1, to which

corresponds

+0,7807764064

sinw = +0,8660254038

Hence 2sinw = +4/3.

V. For n =7 there are three values of a, namely 1, 2, 4. These give the

sines

sinw =

sin 2w

sin 4w

+0,7818314825
+0,9749279122
—0,4338837391

Sum =

VI. For n = 11 the values of a are 1, 3, 4, 5, 9, to which correspond the

sines

sinw =

sin 3w
sin 4w
sin dw

sin 9w

cos 3w = +0,4457383558
cos bw —0,2736629901
cos 6w —0,6026346364
cos Tw —0,8502171357

Sum = —1,2807764065

1+ 4Ycosbw = —/17.

+1,3228756556, and hence 2% sin aw = ++/7.

+0,5406408175
+0,9898214419
+0,7557495744
+0,2817325568
—0,9096319954

Sum =

+1,6583123952, and hence 2¥ sin aw = ++/11.
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VII. For n = 19 the values of a are 1, 4, 5, 6, 7, 9, 11, 16, 17, to which
correspond the sines

sinw = +0,3246994692
sindw = +0,9694002659
sindw = +0,9965844930
sin 6w = +0,9157733267
sin7w = +0,7357239107
sin 9w = +0,1645945903
sinllw = —0,4759473930
sin 16w = —0,8371664783
sin17w = —0,6142127127
Sum = +2,1794494718, and hence 2% sin aw = +4/19.

4.

In all these examples the radical takes the positive sign. This is also easily
confirmed for the larger values n = 23, n = 29, etc., and already makes it
highly probable that the same holds in general. But a proof of this phe-
nomenon cannot be drawn from the principles set out in the place cited, and
it must with full justification be regarded as a matter for deeper investiga-
tion. The purpose of this paper is therefore to present a rigorous proof of
this most elegant theorem, attempted in vain in various ways over several
years and finally achieved through unusual and quite subtle considerations.
At the same time we shall bring the theorem to a far greater degree of gen-
erality, preserving, or rather increasing, its elegance. Finally, as a crowning
addition, we shall show the remarkable and very close connection between
this summation and another arithmetical theorem of the greatest importance.
We hope that these investigations will themselves be welcome to geometers,
and that the methods by which we have accomplished all this, and which may
also be useful on other occasions, will be considered worthy of their attention.

5.

Our proof comes from considering a special kind of series whose terms
depend on expressions such as

(1—a2m™) (1 —2™ (1 —am2)... . (1—zgmr
(1—2)(1l—zx)(l—2a3)..... (1 —am)

For brevity we shall denote such a fraction by (m, u), and first make a few
general observations about functions of this kind.

13
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I.  Whenever m is a positive integer less than p, the function (m, u) evi-
dently vanishes, since the numerator contains the factor 1 — 2°. For m = p,
the factors in the numerator are identical, in reverse order, to those in the
denominator, so that (u,u) = 1. Finally, for the case where m is a positive

integer greater than u, we have the formulas

1 — ghtl
(wt+lp)=——-=(@+11)
— gpht2 — it
(n+2,p) = ((11_:) )(1(1_m)) = (u+2,2)
B (1 _ xu+3)(1 _ $u+2)(1 _ $u+1) B
3 = (o) Qo) ~ W33 et

or, in general,

(m, p) = (m,m — p)

II. Further, it is easily confirmed that in general

(mo i+ 1) = (m = 1,0+ 1) + 2™ (m — 1, )

and since we likewise have

(m—1,p+1) = (m—2,p+1)+" 2 (m -2, )

(m—2,u+1)=(m—3,pu+1)+2™*3(m—3,u)

(m—=3,u+1)=(m—4,u+1)+2™ 4 (m—4,pu), etc.
and can continue this series as far as

(p+2,p+1)=(p+1Lp+1)+o(u+1,pu)
= (1) +x(p+ 1, 1)

provided that m is a positive integer greater than u + 1, we obtain

(m,p+1) = (1) + x(p+ 1, p) + zz(p + 2, 1)
+ 23 (p + 3, 1) + ete.
+a™H (m =1, p)

14



Summation of Certain Special Series

This shows that if, for some fixed value of u, every function (m,p) is a
polynomial whenever m is a positive integer, then every function (m,pu +
1) must also be a polynomial. Since that supposition holds for p = 1, it
therefore also holds for ;4 = 2, and hence for y = 3, etc. That is, in general,
for any positive integral value of m, (m, ) is a polynomial, or equivalently
the product

1—z™)(1—z™HQ —z™2) ... (1 — ™+

is divisible by

(1—2)1—-2*)(1—-23)....(1 —z")

15
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6.

We shall now consider two series, both of which can lead to our goal. The
first series is

I—2™ (1—a™)(1—2m 1
1—x (1—2)(1—zx)
(=™ (- (1 - )

1—2) (1-—zz) (1-—a3)

1—

+ etc.

or

1—(m,1) 4+ (m,2) — (m,3) + (m,4) — etc.

which for brevity we shall denote by f(z,m). First, it is immediately
evident that whenever m is a positive integer this series terminates after its
term in position m + 1 (with = £1), and that in this case its sum must
therefore be a finite polynomial in z. Further, Article 5, II, shows that in
general, for any value of m,

and hence

flz,m)=1—a2™1t— (1 -2 (m-1,1)
+ (1 —2™3(m—1,2)
— (1= 2™ (m —1,3) + etc.
But evidently
(1—2™2)(m—-1,1)=1—2™1)(m-2,1)
(1—2™3)(m—-1,2)=1—2™1)(m-2,2)
(1—z™Hm—-1,3)=1—2™1)(m—-2,3), etc.

from which we deduce the equation

flz,m) =1 —2™ Y fle,m—2)........ 1]
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7.

Since for m = 0 we have f(z,m) = 1, the formula just found gives

f(z,2)=1-

flz,4) = (1 —51?)(1 —a?)

fla,6) = (1 —2)(1 —2®)(1 —2”)
(x,8

f(z,8) = (1 —z)(1 —23)(1 — 25 (1 — "), ete.

or, in general, for any even value of m,

flz,m) =01 -z)1—-23Q —2%)....1 -2 ... 2.

On the other hand, since for m = 1 we have f(z,m) = 0, we also have

f(z,3)=0
f(z,5) =0
f(z,7) =0 etc

or, in general, for any odd value of m,

fle,m)=0

The latter summation could, moreover, already have been derived from
the fact that in the series

1—(m,1) 4 (m,2) — (m,3) + etc. + (m,m — 1) — (m, m)
the last term cancels the first, the next to last cancels the second, etc.

8.

For our purpose the case where m is a positive odd integer is sufficient.
But the unusual nature of the matter makes it worthwhile to add a few
remarks about the cases where m is fractional or negative. Our series then
evidently no longer terminates, but continues to infinity; it is also easily seen
that it becomes divergent whenever x is given a value less than 1, so that its
summation must be restricted to values of x greater than 1.

17



Summation of Certain Special Series

By formula [1] of Article 6 we have

1
f<$,—2>: 1_;
X
1 1
flz,—4) = 1 - 1
l—2 1—3
1 1 1
flx,—6) = , etc.

1 1 1

T R
so that the value of the function f(z,m) can also be given in finite terms for

a negative even integral value of m. For the remaining values of m, however,

we shall convert the function f(x,m) into an infinite product as follows.
As m tends to a negative infinite value, the function f(z,m) becomes

14+ 1 n 1 1
x—1 x—1 zzx—1

1 1
r—1 zx—1 x23-1

+ —+ etc.

This series is therefore equal to the infinite product

etc. to infinity.

Further, since in general

flx,m) = f(x,m —2\).(1— a:mfl)(l — a:mfg)
(1—2™%). (1 —a™ 2

we have

flz,m) = f(a,—00) . (1= 2™ 1) (1 — 2™ ?)(1 - 2™?)
etc. to infinity.

1— xm—l 1— xm—S 1— xm—5 1— xm—?

l—2! " 1—23 1—25% 1—-27

etc. to infinity.

whose factors evidently converge ever more closely to unity as they con-
tinue.
The case m = —1 deserves particular attention. Here

flx, 1) =14z 423 +270 + 2710 £ ete.

18



Summation of Certain Special Series

This series is therefore equal to the infinite product

l—272 1—a27% 1-276
1 —2 1 1-23 1_25 etc.
or, writing « for 71, we obtain

4 6

l—zz 1—-2% 1—2x

l—x " 1—a3 1—25
8

L+z+2°+a2% +ete. =
1—=z
——e
1—a”
This equality between two rather intricate expressions, to which we shall
return on another occasion, is certainly very remarkable.

9.

Secondly, we shall consider the series

tc.

11l —2a™ (1—a2™)(1—a™m™1)
L T T 0 Z )
L))
(1—2)(1—zz)(1—a3)

+ etc.

or

1+ x%(m, 1) + z(m,2) + x%(m, 3) + zx(m,4) + etc.

which we shall denote by F'(x,m). We restrict this investigation to the
case where m is a positive integer, so that this series too always ends at its
1
term in position m + 1 (with = 22™(m,m)). Since

(m,m)=1, (m,m-—1)=(m,1), (m,m—2)=(m,2), etc.
the series can also be written as follows:

F(z,m) = z2™ 4 a:%(m_l)(m, 1)
+g2(m=2) (m,2) + z2(m=3) (m, 3) + etc.
This gives

(1+ 22™F2)F(z,m) = 1 + 22 (m, 1) + 2(m, 2)
+ a2 (m,3) + etc.
tx2.a" . ™ (m, 1)

3
2

+ 22 . 2™ %(m, 2) + ete.
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Since we have (Article 5, II)

(m,1) + 2™ =(m+1,1)
(m,2) + 2™ (m, 1) = (m +1,2)
(m,3) + 2™ %(m,2) = (m +1,3), etc.

we obtain

or, in general,

(1+22™) 4]
10.
With these preliminary investigations in place, let us now come closer to
our aim. For a prime value of n, the squares 1, 4, 9....(3(n —1))? are all

incongruent to one another modulo n; their least residues for this modulus
must therefore be identical to the numbers a, and hence

3 cos akw = cos kw + cos 4kw + cos 9kw
+ ete. + cos(3(n — 1))%kw
Y sin akw = sin kw + sin 4kw + sin 9kw
+ ete. +sin(3(n — 1))%kw
Likewise, since the same squares 1, 4, 9.... (%(n —1))2, in reverse order,
are congruent to (3(n+1))% (3(n+3))2, (3(n+5))%..... (n —1)%, we also
have
S cos akw = cos(3(n + 1))*kw
+ cos(3(n + 3))%kw + ete. 4 cos(n — 1)%kw
Y sinakw = sin(3(n + 1))%kw
+sin((n + 3))%kw + ete. 4 sin(n — 1)%kw
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Thus, putting

T =1+ cos kw + cos 4kw + cos Ykw
+ etc. + cos(n — 1)%kw

U= sinkw+ sin4kw + sin 9kw
+ etc. + sin(n — 1)%kw

we obtain

1+2¥cosakw =T
2¥ sinakw = U

This shows that the summations proposed in Article 1 depend on summing
the series T and U. We shall therefore leave the former aside and direct our
investigation to these, carrying it out generally enough to include both prime
values of n and any composite values. We shall, however, suppose that the
number k is relatively prime to n: the case where k£ and n have a common
divisor can be reduced to this one without difficulty.

11.
Let us denote the imaginary quantity /—1 by ¢ and put

coskw+isinkw =1

Then 7™ = 1, or r is a root of the equation r» —1 = 0. It is easy to see
that all the numbers k, 2k, 3k....(n — 1)k are not divisible by n and are
incongruent to one another modulo n. Thus the powers of r

1, orr . et

are all unequal, while each also satisfies the equation 2™ — 1 = 0. For this
reason these powers represent all the roots of the equation z™ — 1 = 0.

These conclusions would not hold if k¥ had a common divisor with n. For
if v were such a common divisor, & . ” would be divisible by n, and hence a

power lower than 7", namely r%, would equal unity. In this case, therefore,
n
the powers of r represent at most — roots of the equation 2" — 1 = 0, and

indeed give that many distinct rootys if v is the greatest common divisor of
the numbers &, n. In our case, where k and n are supposed relatively prime,
r can conveniently be called a proper root of the equation ™ — 1 = 0. In
the other case, where k and n have a (greatest) common divisor v, r would
be called an improper root of that equation. Then, however, the same r
would evidently be a proper root of the equation zv —1=0. The simplest
improper root is unity, and when n is a prime number there are no other
improper roots at all.
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12.

Now, if we put

W =1+r+7r*+7r+etc. + ete. +7’(”_1)2

we evidently have W = T + iU, so that T is the real part of W, and U
is obtained from the imaginary part of W by removing the factor i. The
whole question is therefore reduced to finding the sum W. For this purpose
we can use either the series considered in Article 6 or the one we showed
how to sum in Article 9; the former, however, is less suitable when n is even.
Nevertheless, we hope that readers will welcome our treating the case where
n is odd by two methods.

First, then, suppose that n is an odd number, that r denotes any proper
root of the equation z™ — 1 = 0, and that in the function f(z,m) we put
x=rand m=n—1. We evidently obtain

1—am 1—r7! -1
= :—’]”
1—z 1—r
1 —gm-1 1—r2 9
= = —T
1—2x 1—rr
1—:rm_2_1—7“_3_ _3
=3 1,3 = —7r °, etc
as far as
1—=x _1—r_m_ —m
1—am 1—ym -7

(It is worth pointing out that these equations hold only insofar as r is
supposed to be a proper root: if r were an improper root, the numerator
and denominator of some of these fractions would vanish together, and the
fractions would therefore become indeterminate).

From this we deduce the following equation

firmn—1)=1+ r 3 0 foete. + T—%(n—l)n
= (1= =)= (1=

The same equation still holds if we replace r by r*, where A denotes any
integer relatively prime to n: for then r* too is a proper root of the equation
2" —1 = 0. Let us therefore replace r by 2, or equivalently r—2. We
obtain

1472 478 4712 ete. + (=1
=(1=r )L =r O (1 —r10). . (1 =20

22



Summation of Certain Special Series

Let us multiply both sides of this equation by

3 .5

ror3 . o, (2

= ’r‘%(n_l)2

and, since
L 1)2 1) _2)2
r2+4(n )% _ r4(n 3) ’

T(n—l)n—l—i n—1)% _ Ti(n—l—l)Q

1o 1)2 1/, _£r\2
,r6+4(n 1) :,r4(n 5) ’
T(n—2)(n—1)+%(n—1)2 — Ti(n+3)2
1 1
pl2+3(n—1)% _ TZ(n—?)Q’

p(=3)n=2)+5(n=1% _ 3 (n+5)° g
the following equation results:

pi=1% L 50=3) L 205 4 ate 4p 41

4+ pa(D? L3 (03)? 1 (nt5)?

=(r—r Y —r ) =) (T - TR
or, arranging the terms on the left side differently,
1+ 7+t +ete. + 7D
=(r— 7’_1)(7“3 — 7“_3) .. (7“”_2 — 7'_"+2) .. [5]
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13.

The factors on the right side of equation [5] can also be written as follows:

)
P — 3 = (3 — )
0 — T = ("0 — D) ete.
up to
P2 2 (22

The equation then takes this form:
W= (—1)2D (2 — p=2)(pt — =) (46 — p6)
.. (r”fl — r*”H)
Multiplying this equation by [5] in its original form gives
W2 = (=1)z D —r (2 = 2 (3 =173
(T Dy

where (—1)%("71) is either = +1 or = —1, according as n is of the form
440+ 1 or of the form 4y 4+ 3. Hence

W2 = 427D (1 — p=2)(1 = 4)(1 = r79)
(1= Ay

But it is easy to see that =2, r=%, 76 .. . r727%2 give all the roots of

the equation 2™ — 1 = 0 except the root z = 1. The following identity must
therefore hold for an indeterminate:

(x—772)(x—r H@—r"%.. . (z—r2"2)
=" a2 " B pete. 4o+ 1
Thus, putting x = 1, we obtain

A== A =r) L=r2) —

. . Lon(ne .
and since evidently r2"("~1) = 1, our equation becomes

Thus, in the case where n is of the form 4pu + 1, we have
W ==+4y/n, andhence T ==+/n, U=0
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In the other case, where n is of the form 4u + 3, we instead have

W =+iy/n, andso T =0, U==%yn

14.

The method of the preceding article gives only the absolute value of the
sums 7', U, and leaves it uncertain whether 7" in the first case and U in the
second should be set = +4/n or = —y/n. But, at least for the case where
k =1, this can be decided from equation [5] as follows. Since, for k =1,

r—r~ ' =2isinw
r3 — ™3 = 2isin 3w

r® — r~% = 2jsin bw etc.

that equation becomes

W = (22’)%(”_1) sinw sin 3w sin 5w . . . sin(n — 2)w

Now, in the case where n is of the form 4u+1, the sequence of odd numbers

1,3,5,7....4(n—3), 3(n+1)....(n—2)

contains %(n — 1) numbers smaller than in, to which positive sines evi-
dently correspond. The remaining %(n — 1), on the other hand, are greater
than %n, and negative sines correspond to them. The product of all the sines

must therefore equal a positive quantity multiplied by (—1)%(”_1). Thus W
will equal a positive real quantity multiplied by "', or by 1, since i* = 1
and n — 1 is divisible by 4: that is, W will be real and positive. Hence we

must have

W=+yn, T=+n
In the other case, where n is of the form 4u + 3, in the sequence of odd
numbers

1,3,5,7....5(n—1), 3(n+3)....(n—2)

the first §(n + 1) will be smaller than in, but the remaining }(n — 3) will
be greater. Thus, among the sines of the arcs w, 3w, bw....(n — 2)w, there
n—1)

will be %(n — 3) negative ones, and so W will be the product of i3 , a

positive real quantity and (—l)i(”_?’). The third factor is = i%(”_‘q’), which,
multiplied by the first, gives i"~2? = i, since "3 = 1. We must therefore

have

W =+iy/n, and U =+/n
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15.

We shall now show how the same conclusions can be derived from the series
considered in Article 9. In equation [4], replace x2 by —y~!; we then obtain

1=y (A =y (A -y
1—y2 (I-y 21—y
(1 —y 2™ (1 - 2’7”2)(1 y*2m+4)

(1-y2) (1 -y H(1 -y

up to the term in position m + 1

=(1-y HA+y ) A —y)(1+y™?)
LAty [T

+ etc.

If we take for y a proper root of the equation ™ — 1 = 0, say r, and at the
same time put m = n — 1, we obtain

Ly -1
1—y2 1—r2
1— y72m+2 _ 1— 7,4 _ _r4
1—y4 1 —p—4
1— y—2m+4 _ 1— 7”‘6 _ _7,6
1—y6 1—r—6
up to
1— y—Q 1— T2n—2 —_—
= = —T

1— y72m 1 — p—2n+2

Here we should note that none of the denominators 1 — =2, 1 — =4

becomes = 0. Equation [7] therefore takes this form:

, etc.

147+t + 0 +ete. + 771’

=1-—r Ha+rHA-r3) ... QA4

Multiplying, on the right side of this equation, the first term by the last,
the second by the next to last, etc., we obtain
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It is easy to see that these partial products combine to form the product

(r—r H[r3 —r=3)(r® —r70)

B (Tn—4 _ T_n+4)(7"n_2 _ T_n+2)

which will therefore be

=147+t pete +r0V =W

This equation is identical with equation [5], derived in Article 12 from the
first series; the remaining arguments are then established in the same way as
in Articles 13 and 14.

16.

We turn to the other case, where n is an even number. First let n be of
the form 4p + 2, or twice an odd number. It is clear that the numbers %nn,
(An+1)2 — 1, (3n + 2)% — 4, etc., or in general (3n + A)? — A\, give odd
quotients when divided by %n, and are therefore congruent, modulo n, to %n
It1 follows that, if r is a proper root of the equation z — 1 = 0, and hence
r2"™ = —1, we have

r(%”)Q =1
rGniD? —
Fant2)? _ 4
r(amD? = 9 e,

Thus, in the series

1+7+7r 472+ ete. + (D
the term (3™ cancels the first, the next cancels the second, etc., so that

W=0 T=0 U=0
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17.

The case remains where n is of the form 4u, or divisible by four. Here, in
general, (3n + A)2 — A\ is divisible by n, and therefore
FEnEN? AN

Thus, in the series
1+7r+r 479+ ete. + (D
the term r(3™)° equals the first, the next equals the second, etc., so that

W =2(1+47+ 1+ +ete. + r2n D7)

Now suppose that in equation [7] of Article 15 we put m = %n — 1, and
take for y a proper root of the equation y™ — 1 =0, say . Then, just as in
Article 15, the equation takes the following form:

147+ +ete. + r2n=V?
= (1—r YA +r ) =13 (1=

or
W=201-r"Ha4+r2Q-r A +r%
(L=t g
Further, since ran = —1, and therefore
— ln 2 —Lpt2
Lhr 2= =231 — 2P
147t = =41 — 2t
1476 =_pan- 61 —r 2"+6) etc.
and th? product of the factors —7"5”_2, —7"5”_4, —7‘%"_6, etc., up to —r?
is =(—1)1"" L16m ”, the preceding equation can also be written as

W = 2(=1) " i (1 — 1) (1 - 72
(1—7“73)(1—7"74)....(1 r 2"+1)
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Since we have

1—r b= =711 =t
1—7r 2= 721 —pr "2
1—p 3= 77“—3(1 — r‘”+3) etc.

we obtain

1—r L —r2)1—r 3. (1—r 2t

— (=1 %nfl TfénnJr%n 1— 7%n71
(=1) ( )

and hence

W =2(~1)3" 216" (1 — 2"
(1—r 2" 21— 72" 3) (1=t

Multiplying this value of W by the one found earlier, and introducing the
1
factor 1 — r~2™ on both sides, gives

(1= r 2" W? = 4(=1)" 33" (1 — 7~ 1)
1—r 1 —773)....(1 —r

But we have

(1-— 7"_1)(1 - r_2)(1 - 7‘_3) (1= T_”'H) =n

From this we finally conclude

Now it is easy to see that Fi™ is either = 414 or = —i, according as k is of
the form 4p 4+ 1 or of the form 44+ 3.  And since

2= (1+14)% —2i=(1-1)?

in the case where k is of the form 4y + 1, we have

W ==2(141i)y/n, andso T =U==x\n
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but in the other case, where k is of the form 4u + 3,
W==2(1-1i)y/n, andso T =-U==%\n

18.

The method of the preceding article supplied the absolute values of the
functions T', U, and specified the conditions under which they must be given
equal or opposite signs; but it does not yet determine the signs themselves.

For the case where k = 1, we shall supply what is missing as follows.

Let us put p = cos %w + i sin %w, so that » = pp. Since p" = —1, it is clear

that equation [8] can be written as

W =2(1+p" )1+ p (1 +p" ) (14 p7%)
(Y + )

or, with the factors arranged in a different order,

W =21+ )1+ p Y1+ p%)(1+p ")
(LY (14 9"

Now we have
1+ p® =2pcos %w
1+ p74 = 2p 2 cosw
1+ p_6 = 2p3 cos gw
1+ p_8 = 2p_4 cos 2w, etc.

up to

1
1+p "= 2p7%"+2, cos(zn — 1w

1 1
1 n—2 _ ) %nfl T
+p p cos(4n 2)w
Thus we have

1 3
W = 2%”pi” COS —W COS W —W

2 2

1 1
e .COS(ZH - i)w
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The cosines entering this product are evidently all positive, while the factor
1
pi"is = cos45° +isin45° = (1 +1i)y/3. From this we conclude that W is
the product of 1+ ¢ and a positive real quantity, so that necessarily

W=(1+i)/n, T=+y/n U=-+y/n

19.

It will be worthwhile to collect all the summations developed so far into a
single overview here. In general, we have

T = ‘ U= ‘fornoftheform

+y/n | £y/n 4

+y/n| 0 dp+1
0 0 4p+ 2
0 |+vn A +3

and, when we set k = 1, the radical must be given the positive sign. What
we observed by induction in Article 3 for prime values of n has therefore now
been proved with full rigor. Nothing remains except to show how to determine
the signs in every case, for any values of k. But before we can tackle this
task in full generality, we must first consider more closely the cases where n
is a prime number or a power of a prime number.

20.

First let n be an odd prime number. From what we set out in Article 10,
it is clear that W = 14 2%r® = 142X R% if we put R = cosw + i sinw, with
a, as there, denoting indefinitely all the quadratic residues of n lying between
1 and n — 1. If we likewise use b to denote indefinitely all the quadratic
nonresidues between the same limits, we readily see that all the numbers ak
are congruent modulo n either to all the a or to all the b (without regard to
order), according as k is a residue or a nonresidue. Thus, in the first case,
we have

W =1+25R* =1+ R+ R' + R® +etc. + R’

and hence W = +,/n if n is of the form 4u + 1, and W = +iy/n if n is of
the form 4 + 3.
In the other case, where k is a nonresidue of n, we have

W =1+2%Rb
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Since all the a, b evidently make up the complete collection of numbers 1,
2, 3 ..., and therefore
YR+ YR =R+ R*+ R® +etc. + R" ' = —1

we obtain

W =—1-2%R*=—(1+ R+ R*+ R® + etc. + R"*1)°)
and hence W = —y/n if n is of the form 4p + 1, and W = —i/n if n is of
the form 4u + 3.
From this we conclude:
first, if n is of the form 4u 4+ 1 and k is a quadratic residue of n,

T=+yn, U=0

second, if n is of the form 4u + 1 and k is a nonresidue of n,

T=—yn, U=0
third, if n is of the form 4p + 3 and k is a residue of n,

T=0, U=+yn

fourth, if n is of the form 4p + 3 and k is a nonresidue of n,

21.

Second, let n be the square or a higher power of an odd prime number p,
and put n = p>*q, with ¢ either = 1 or = p. Here we should first note that,
if A is any integer not divisible by p*, we have

T)‘A + fr~()\+p%‘J)2 + T(A+2p%Q)2 + T(A+3P%Q)2

+ ete. + p+n—p=q)®
— ,r)\)\{l + ,r2)\p”q + r4)\p“q
+ 707 L ete.  p2ATPTO)

_ 7”»‘(1 _ 7”2)‘n)

=0
1 —r2\p7q

It is then easy to see that

W =14 " + ¢ 4y 4 et 4 p(m77)°
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For the remaining terms of the series

n—1)2

L+ 7+t + 10 +ete. + 7

can be divided into (p* — 1)q partial series, each with p* terms, whose
sums vanish under the transformation just given.

It follows that in the case where ¢ = 1, or where n is a power of a prime
number with an even exponent, we have

W =p*=+/n,andsoT =+/n, U=0

In the other case, where ¢ = p, or where n is a power of a prime number
with an odd exponent, we shall put PP = p- Then p is a proper root of the
equation 2P — 1 = 0, namely p = cos %3600 + 7 sin %3600, and we obtain

W =1+p+p*+p +ete. + p@ D

=p*(1+p+p* +p° + ete. + pP~")

But the sum of the series 1 + p + p* + p? + etc. + p(pfl)2 is determined by
the preceding article. It follows directly that

W =4y/n=T, ifpisof the form 4+ 1
W = +iy/n =14U, if pis of the form 4y + 3
with the positive or negative sign, according as k is a residue or a non-
residue of p.
22.

What we set out in Articles 20 and 21 also readily gives the following
proposition, which will be of considerable use to us below. Put

W =1+ 7"+ 4 p9 4 ete. 4 phn=D)?

with h denoting any integer not divisible by p. Then, in the case where
n = p, or where n is a power of p with an odd exponent, we have

W' =W, if h is a quadratic residue of p

W' = —W, if h is a quadratic nonresidue of p

For W’ evidently arises from W if, for k, we substitute kh. In the first
case, k and kh are alike, and in the second they are unlike, with respect to
being residues or nonresidues of p.

But in the case where n is a power of p with an even exponent, we evidently
have W' = 4/n, and therefore always W/ = W.
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23.

In Articles 20, 21 and 22 we considered odd prime numbers and powers of
such numbers. The case therefore remains where n is a power of two.

For n = 2, we evidently have W =14 r = 0.

For n =4, we obtain W =14 r4r* 4+ 79 =24+ 27, Thus W = 2+ 2i
whenever k is of the form 4u + 1, and W = 2 — 24 whenever k is of the form
4p+ 3.

For n =8, we have W = 14+r+7r* 479 416 4925 4 36 4 49 — 9 4 4y 4 2p2
= 4r. Hence

i)4/8, whenever k is of the form 8u + 1

+1i)y/8, whenever k is of the form 8y + 3

—1—1)y/8, whenever k is of the form 8y + 5

1—14)y/8, whenever k is of the form 8y + 7

If n is a higher power of two, put n = 22*¢, with ¢ either = 1 or = 2, and

» greater than 1. Here we must first observe that, if A\ is any integer not
divisible by 2*~1, we have

” \2 .\ 2 7 \2
7,)\)\ +T(A+2 q) +T(A+2.2 q) _’_T()\+3A2 q)
9, \2
+ ete. 4+ rMH=270)
x+1 x+1
— T)\)\{l + 7n2 Agq + 7’2'2 Agq

43T e, 4 p(2rm27T Ny

T‘A)‘(l _ 702/\71)

=g

It is then easy to see that

(n_2%71)2

W=1+ 2 + A2 + p 92272 +etc. +7r

Put 7277 = p. Then p is a root of the equation 2%¢ — 1 = 0, namely
p = cos %360O + isin 4%3600; we then obtain

W =14p+p*+ p” +etc. + p(yﬂq_l)2

=27 Y1+ p+ pt + p° + ete. + p(4q_1)2)
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But the sum of the series 1+ p + p* + p? + etc. + p(4q_1)2 is determined by
what we explained for the cases n =4, n = 8. From this we conclude

that in the case where ¢ = 1, or where n is a power of the number 4, we
have

W =(1419)2"=(141i)\/n, if kis of the form 4p + 1
W =(1-19)2"=(1—-1)y/n, if kis of the form 4y + 3
these are exactly the formulas given for n = 4;

but in the case where ¢ = 2, or where n is a power of two with an odd
exponent greater than 3, we have

+1i)2%y/2 = (—1+1i)y/n, if kis of the form 8y + 3
1)2”/2 = (=1 —1i)y/n, if kis of the form 8u + 5
1—-1)2"/2=(1—-1i)y/n, ifkisof the form 8u+ 7

1+14)2%y/2 = (1+1)y/n, if kis of the form 8u+ 1
1
11—

W= (
W= (-
W= (-
W= (

these too agree exactly with those we gave for n = 8.

24.

Here too it will be worthwhile to determine the ratio of the sum of the
series

W =1+ "+ 49 4 ete. 4 =1’

to W, where h denotes any odd integer. Since W' arises from W by
changing k into kh, the value of W’ depends on the form of the number kh in
the same way as W depends on the form of k. Put %/ =[. It is clear that

I. in the case where n = 4, or it is a higher power of two with an even
exponent, we have

=1, if his of the form 4y +1

l = —i, if his of the form 4p + 3, and k is of the form 4p + 1
Il =+i, if his of the form 4p + 3, and k is of the same form.
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II. in the case where n = 8, or it is a higher power of two with an odd
exponent, we have

Il =1, if h is of the form 8u + 1,

[l = —1, if h is of the form 8y + 5,

I = 414, if either h is of the form 8y + 3, and k is of the form 4p + 1,
or h is of the form 8u 4 7, and k is of the form 4u + 3,

I = —i, if either h is of the form 8y + 3, and k is of the form 4u + 3,
or h is of the form 8u + 7, and k is of the form 4p + 1.

The preceding articles have completely determined the sum W for the
cases where n is a prime number or a power of a prime number. It therefore
remains to complete the cases where n is composed of several prime numbers;
the following theorem will prepare the way for us:

25.

THEOREM. Let n be the product of two coprime positive integers a, b, and
put

P=1+r% 4 T4aa + raa + etc. + ,r,(bfl)zaa
Q=1+ 4+ p40 4 P90 4 gpe 4 pla1)?0b

Then I claim that W = PQ.

Proof. Let a denote indefinitely the numbers 0,1,2,3....a — 1, 3 the
numbers 0,1,2,3....b— 1, and v the numbers 0,1,2,3....n—1. Then evi-
dently

P=xp40 Q=xyt W =5

Thus PQ = Nreebftbbea on substituting all the values of o and 3, com-
bined with one another in every way. Further, since 2abaf = 2afn, we
have PQ = np(aftba) Byt it is easy to see that the individual values of
af + ba are different from one another and equal to some value of v. Hence
PQ=%Xr""=W.

It should also be noted that 7% is a proper root of the equation 2 —1 = 0,
and r? a proper root of the equation z% — 1 = 0.
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26.

Now let n be the product of three pairwise coprime numbers a, b, c. It is
clear that, on putting bc = ', a and b will also be coprime; hence W is the
product of the two factors

14 798 4 ylaa + roaa + ete. + r(b’fl)Qaa
1 b A Y (a2

But since 7% is a proper root of the equation 2 — 1 = 0, the first factor
itself will be the product of

1 pb g pBb 4 )b | oo 4 ple=D)0b
1+pcc+p4cc+p90(z+etc. +p(b—1)2cc

if we put r*® = p. It is therefore clear that W is the product of the three
factors

12
1 rbbcc 7,4bbcc r9bbcc ete. r(a 1)2bbec
12
1 paace T4aacc 7nQaacc ete. T(b 1)?aacc
_1)2
1 raabb ,r4zzabb T9aabb ete. T(C 1)?aabb

bbce ,.aacc ,.aabb
) ) T

where r r are respectively proper roots of the equations % —
1=0,2°—-1=0,2°-1=0.
27.

It is easy to conclude in general that, if n is the product of any number of
pairwise coprime factors a, b, ¢, etc., W is the product of the same number of
factors, namely

dnn 9nn (a=1)%nn

14 rai +ra +7ra +etc.+7 aa

nn 4nn 9nn (
1+7rww +rww +7rovw +etc.+r b
(c—l)2nn

nn 4nn Inn
14 7rec +rec +re 4etc.+r <« | etc.

nn

where raa, 7%, recc, etc. are proper roots of the equations z¢ — 1 = 0,
2t —1=0. 2°—1=0, etc.
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28.

These principles now make the transition to a complete determination of
W for any value of n immediately clear. Specifically, resolve n into factors
a, b, ¢, etc., that are either distinct prime numbers or powers of distinct prime
numbers, and put ras = A, r6 = B, r'ec = C, etc. Then A, B,C, etc. will
be proper roots of the equations ¢ —1 =0, 2? —1 =0, 2°—1 = 0, etc., and
W the product of the factors

1+ A+ A* + A% +ete. + AV’
1+ B+ B*+ B? + etc. + BO~V*
1+C+C*+ C? + ete. + CleD)?

Each of these factors can be determined from what we showed in Articles
20, 21,23, so the value of the product will also become known. It will be
useful to collect the rules for determmmg these factors in a single overview
here. Since the root A is = k—" 360 , the sum 1—|—A+A4+A9+etc + Ala— 1)
which we shall denote by L, Wlll be determlned by the number &2 in the same
way as W is determined by k in our general investigation. Twelve cases must
now be distinguished.

I. If @ is a prime number of the form 4u + 1, say = p, or a power of such
a prime number with an odd exponent, and k" is a quadratic residue of p,
then L = ++/a.

II. If the other conditions remain unchanged and %” is a quadratic non-
residue of p, then L = —/a.

III. If a is a prime number of the form 4u + 3, say = p, or a power of
such a prime number with an odd exponent, and %” is a quadratic residue of
p, then L = +i/a.

IV. If, with the other conditions as in III, %" is a quadratic nonresidue
of p, then L = —i /a.

V. 1If a is the square, or a higher power with an even exponent, of an
(odd) prime number, then L = +,/a.

VI. Ifa =2, then L =0.

VII. If a =4, or it is a higher power of two with an even exponent, and
En s of the form 4p + 1, then L = (1 + i)y/a.

VIIL. If, with the other conditions as in VII, %” is of the form 4u + 3,
then L = (1 —1i)\/a.

IX. Ifa =8, oritisa higher power of two with an odd exponent, and %"
is of the form 8y + 1, then L = (1 +i)\/a.

X. If, with the other conditions as in IX, %” is of the form 8y + 3, then
L= (-1+1)/a.

XI. If the other conditions remain unchanged and %” is of the form 8u+5,
then L = (-1 —i)\/a.
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XII. If the other conditions remain unchanged and %” is of the form 8u+7,
then L = (1 —i)+/a.

29.
For example, let n =2520=8.9.5.7 and k = 13. Here we obtain

for a = 8, by case XII, L = (1—1),/8

for the factor 9, by case V, the corresponding sum is = /9

for the factor 5, by case II, the corresponding sum is = —./5

for the factor 7, by case III, the corresponding sum is = +i/7.
Thus W = (1 — 1) . (=) . /2520 = (—1 —4),/2520.

For the same value of n, let K = 1; then the corresponding sums are

for the factor 8 the sum (—1+14)./8
for the factor 9 the sum /9

for the factor 5 the sum /5

for the factor 7 the sum — /7

This gives the product W = (1 + 4)4/2520.
30.

Another method for determining the sum W in general follows from what
we set out in Articles 22. 24. Put cosw + isinw = p, and
pea =a, pi =, pe =rqete
so that r = p*, A =a*, B=p* C =~%etc. Then

14 p+ p* + p° + ete. 4 p= 1’

is the product of the factors

1+ a+a*+a” +ete. + ala—1)?
148+ B+ 82 + ete. + g0~V

1+~+9* 4+~ +ete. + 7(0_1)2, etc.
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and therefore W is the product of the factors

w= 1+p+p4+p9+etc.+p("_l)2
1+ A+ A% + A + ete. + Ala—D)?
A =

14+ a+at+a+ete. + ale=1)?
_ 1+ B+ B'+ B? +etc. + BO-V°

143+ B4+ B9 +ete. + pO-1)?
¢ LTCHC 4O fete 4 OV
14+t +9° +ete. + e D)?

The first factor w has already been determined by the investigations given
above (Article 19); the remaining factors 2, B, € etc. follow from the formulas
of Articles 22. 24, which we collect here again to have everything together’).
Twelve cases must be distinguished here, namely

I. If ais an (odd) prime number = p, or a power of such a number with
an odd exponent, and k is a quadratic residue of p, the corresponding factor
is A =+1.

II. If the other conditions remain unchanged and k is a quadratic non-
residue of p, then A = —1.

III. If a is the square of an odd prime number, or a higher power of it
with an even exponent, then 21 = +1.

IV. If ais =4, or a higher power of two with an even exponent, and k is
of the form 4 + 1, then 2 = +1.

V. If, with the other conditions as in IV, k is of the form 4y + 3 and 2
of the form 44 + 1, then 21 = —i.

VI. If, with the other conditions as in IV, k is of the form 4u + 3 and
of the form 4p + 3, then A = +i.

VII. If a is = 8, or a higher power of two with an odd exponent, and k is
of the form 8u + 1, then A = +1.

VIII. If, with the other conditions as in VII, k is of the form 8y + 5, then
A =—1.

IX. If, with the other conditions as in VII, k is of the form 8u + 3 and
of the form 4u + 1, then A = 4.

X. 1If, with the other conditions as in VII, k is of the form 8u + 3 and
of the form 4pu + 3, then A = —i.

XI. If, with the other conditions as in VII, k is of the form 8y + 7 and 7
of the form 4pu + 1, then A = —i.

XII. If, with the other conditions as in VII, k is of the form 8y + 7 and
= of the form 4y + 3, then 2 = +i.

23

23

3

I Clearly, what were k and h there are here = and k for the second factor, 3 and k for the

third factor, etc.
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We omit the case where a = 2; here 2 would indeed be = %, or indetermi-
nate, but then we always have W = 0.

The remaining factors 9B, € etc. depend on b, ¢ etc. in the same way as 2
depends on a, insofar as these enter into their determination.

31.

By this second method, the first example of Article 29 runs as follows:

The factor wis = (1 +)4/2520

For a = 8 the corresponding factor 2 is, by case VIII, = —1

For the second factor of n, 9, the corresponding factor is + 1 (by case III.)
For the factor 5 the corresponding factor is — 1 (by case II.)

For the factor 7 the corresponding factor is — 1 (by case II.)

This gives the product W = (=1 —4),/2520, as in Article 29.

32.
Since the value of W can be determined by two methods, one of which
nk nk nk

rests on the relations of the numbers %%, 5%, %% etc. to the numbers a,b,c
etc., while the other depends on the relations of k to the numbers a, b, ¢ etc.,
there must be a conditional connection among all these relations, so that any
one can be determined from the others. Suppose that all the numbers a, b, ¢
etc. are odd prime numbers, and take k = 1. Divide the factors a, b, ¢ etc.
into two classes: one contains those of the form 4u + 1, denoted by p, p’, p”
etc.; the other consists of those of the form 44+ 3, denoted by ¢, ¢, ¢" etc. We
shall denote the number of the latter by m. With this done, we first observe
that n is of the form 4y + 1 if m is even (this also includes the case where
there are no factors at all in the second class, or m = 0), whereas n is of the
form 4+ 3 if m is odd. Now the determination of W by the first method is
carried out as follows. Let the numbers P, P’ P” etc., Q,Q’, Q" etc. depend
on the relations of the numbers %, 1%’ 1% ete., %, %, % etc. to the numbers
p,p,p" etc., q,q,q" etc., respectively, in such a way that we put

n
P =+1, if — is a quadratic residue of p
p
n
P = -1, if — is a quadratic nonresidue of p
p

and similarly for the others. Then W will be the product of the factors
Py/p, P'\/p', P"\/p" etc. iQ+\/q, iQ'\/¢, iQ"\/q" etc., and therefore

W =PPP'...QQQ". . i"/n
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By the second method, or rather directly from the rules of Article 19, we
have

W = +4/n, if n is of the form 4y + 1,
or equivalently, if m is even

W = +iy/n, if n is of the form 4y + 3,
or if m is odd.

Both cases can be combined in the following formula:

W =4i""/n
It therefore follows that

PP'P"...QQ'Q"...=immm

But ¢"""~™ is = 1 whenever m is of the form 4y or 4p + 1, and = —1
whenever m is of the form 4u+2 or 4+ 3. From this we deduce the following
most elegant

THEOREM. Let a,b,c etc. denote distinct positive odd prime numbers,
and put their product = n. Let m of them be of the form 4u+ 3, and the rest
of the form 4u + 1. The number of those among a,b,c etc. for which %, 7,
= etc., respectively, are nonresidues will be even whenever m is of the form
4y or 4+ 1, but odd whenever m is of the form 4pu+ 2 or 4p+ 3.

Thus, for example, putting a = 3, b =5, ¢ = 7, d = 11, we have three
numbers of the form 4p + 3, namely 3, 7 and 11; and 5.7.11 R3; 3.7.11 R5;
3.5.11R7; 3.5.7N11, so that only % is a nonresidue of d.

33.

The celebrated fundamental theorem about quadratic residues is nothing
other than a special case of the theorem just developed. Specifically, by
limiting the number of the numbers a, b, ¢ etc. to two, it is clear that, if just
one of them, or neither, is of the form 4u + 3, we must have either both aRb,
bRa, or both aNb, bNa; but if both are of the form 4y + 3, one must be a
nonresidue of the other, and the latter a residue of the former. Here, then,
is a fourth proof of this most important theorem, whose first and second
proofs we gave in the Disquisitiones Arithmeticae, and the third recently
in a separate paper (Commentt. T. XVI); we shall later set out two others,
again resting on entirely different principles. It is certainly most remarkable
that this most beautiful theorem, which at first so stubbornly eluded every
attempt, could later be reached by so many paths, worlds apart from one
another.
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34.

The remaining theorems, which form a kind of supplement to the funda-
mental theorem, namely those by which we distinguish the prime numbers for
which —1,42 and —2 are residues or nonresidues, can also be derived from
the same principles. We shall begin with the residue +2.

Putting n = 8a, with a a prime number, and k = 1, the method of Article
28 makes W the product of two factors. One of them will be ++/a, or +i+/a,
if 8, or equivalently 2, is a quadratic residue of a; but —/a or —iy/a if 2 is a
nonresidue of a. The second factor is

1+14)y/8, if ais of the form 8u + 1
1+14)y/8, ifais of the form 8y + 3
1—14)y/8, ifais of the form 8y + 5
(1 —1)y/8, if ais of the form 8u+7

But by Article 18 we always have W = (1 + i)y/n; dividing this value by
the four values of the second factor shows that the first factor must be

(
(
(

+ va, if ais of the form 8u + 1
—iy/a, if a is of the form 8y + 3
—+/a, if ais of the form 8u +5
+iy/a, if ais of the form 8u + 7

It follows immediately that 2 must be a residue of a in the first and fourth

cases, but a nonresidue in the second and third.
35.

The prime numbers for which —1 is a residue or a nonresidue are eas-
ily distinguished with the aid of the following theorem, which is also quite
remarkable in itself.

THEOREM. The product of the two factors

W =1+7r" 4t fete. +r (07D’
W =147+ +etc. 41

is = mn if n is odd; or = 0 if n is twice an odd number; or = 2n if n is
divisible by four.
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Proof. Since we evidently have

W =r+7r*+1° 4 ete. + 1"
=%+ 19 +ete. + r( TV’
=19 +ete. + 727 et

the product WW' can also be written as follows:

L+7+7r% 472 +ete. + (D7
+r 7 4 et 1 418 et 4 ™)
At 0 10 4 ete. (DY)
—|—7“79(r9 + 0 2 30 4 ete. 4+ r(n+2)2)
etc.
e (A L
+ (2% 4 ete. + r(2"72)2)

Summing this expression vertically gives

n
+r(L+rr+rt 4% +ete. + 7772
ri(L+ 08 4 1! ete. 04
+r2(1 + 7% + 712 + 118 4 ete. + 770)
+etc.
+r(”_1)2(1 4 p2n=2 4 opAn—d
+ 75776 ete. + r2("_1)2)
Now, if n is odd, each part of this expression, except the first, n, will be

= 0; for the second is evidently T(i::in), the third % etc. Whenever n

is even, however, we must also except the part

r%””(l ™ P2 3T ete. 4 T

which ils = nri”".l In the first case, therefore, WW'’ = n, but in the second
=n+ nri™; now r4"" is = +1 if n is divisible by four, and then we obtain
WW' = 2n; on the other hand, rA = 1 if n is twice an odd number, in
which case WW' = 0. Q. E. D.
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36.
W/

Article 22 establishes that, if n is an odd prime number, 3 is = +1 or
= —1 according as —1 is a residue or a nonresidue of n. Hence in the first
case we must have W2 = 4n, and in the second W? = —n; by Article 13 we
therefore conclude that the first case can occur only when n is of the form
441+ 1, and the second when n is of the form 4u + 3.

Finally, combining the conditions found for the residues +2 and —1 imme-
diately shows that —2 is a residue of every prime number of the form 8y + 1
or 8u + 3, and a nonresidue of every prime number of the form 8u + 5 or

Sp 7.
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New Proofs and Extensions

NEW PROOFS AND EXTENSIONS
OF THE
FUNDAMENTAL THEOREM

IN THE THEORY OF QUADRATIC RESIDUES.

The fundamental theorem about quadratic residues, which ranks among
the most beautiful truths of higher arithmetic, was readily discovered by in-
duction, but proved with far greater difficulty. It often happens in this field
that the proofs of the simplest truths, which seem to offer themselves to the
investigator through induction of their own accord, lie deeply hidden and can
finally be brought to light only after many unsuccessful attempts, perhaps
by a path very different from the one along which they were sought. Then it
often happens that, once one path has been found, several others gradually
open up, leading to the same goal: some more briefly and directly, others
as if by a roundabout way, starting from very different principles between
which and the question at hand one would scarcely have suspected any con-
nection. This remarkable connection among more hidden truths not only
gives these investigations a particular charm; it also deserves careful study
and unravelling, since it often yields new resources or advances for the science
itself.

Although the arithmetical theorem considered here might therefore seem,
through the earlier efforts that supplied four entirely different proofs”), to
have been fully dealt with, I nevertheless return to the same subject and add
two further proofs, which will certainly shed new light on it. The first is
related to the third in a certain respect, since it starts from the same lemma,;
it then follows a different path, however, so that it can rightly be regarded as
a new proof, which in elegance will seem, if not superior to that third proof,
at least by no means inferior. The sixth proof rests on an entirely different
and subtler principle, and gives a new example of the remarkable connection
between arithmetical truths that at first sight seem very far apart. These two
proofs are accompanied by a very simple new algorithm for deciding whether
a given integer is a quadratic residue or a nonresidue of a given prime number.

“Two are given in the fourth and fifth sections of the Disquisitiones Arithmeticae; the third
in a separate paper (Commentt. Soc. Gotting. Vol. XVI), and the fourth in the paper
Summatio quarundam serierum singularium (Commentt. Recentiores, Vol. I).
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There was another reason that led me to publish now, in particular, the
new proofs promised nine years ago. When I began in 1805 to investigate
the theory of cubic and biquadratic residues, a far more difficult subject,
I experienced much the same course of events as before in the theory of
quadratic residues. The theorems that completely settle these questions, and
display a remarkable analogy with the theorems about quadratic residues,
were immediately discovered by induction as soon as they were sought along
a suitable path; but all attempts to obtain proofs complete in every respect
remained unsuccessful for a long time. This was precisely what prompted
me to strive so eagerly to add more and more proofs to those already known
for quadratic residues, sustained by the hope that, among many different
methods, one or another might help to illuminate the related subject. This
hope was by no means in vain, and tireless work was finally followed by good
results. Soon it will be possible to bring the fruits of my nights of work before
the public; but before I undertake this arduous task, I have resolved to return
once more to the theory of quadratic residues, complete everything that still
remains to be done in it, and thus, as it were, take leave of this part of higher
arithmetic.
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FIFTH PROOF OF THE FUNDAMENTAL THEOREM
IN THE THEORY OF QUADRATIC RESIDUES.

1.

We have already stated in the introduction that the fifth and third proofs
start from the same lemma. For convenience, we have thought it appropriate
to repeat it here in notation adapted to the present investigation.

LEMMA. Let m be a prime number (positive and odd), and M an integer
not divisible by m. Take the least positive residues of the numbers

M, 2M, 3M, 4M ...... F(m—1)M

modulo m. Some will be less than %m, and others greater; let the number
of the latter be = n. Then M is a quadratic residue or a nonresidue of m,
according as n is even or odd.

PROOF. Let those of these residues which are less than %m be a,b,c,d
etc., and the remaining ones, greater than im, be o/, ¥/, ¢/, d etc. The
complements of the latter to m, namely m —a/, m — b, m — ¢, m — d’ etc.,
are evidently all less than %m and distinct both from one another and from
the residues a, b, ¢, d etc. Thus, taken together with these, they are precisely
all the numbers 1, 2, 3, 4.... %(m — 1), though in a different order. Putting
the product

we therefore have

P=abcd....x (m—a)(m—-b)m—-)m-d)....

and hence

(—1)"P =abcd....x (a' —=m)(b —m)(d —m)(d —m)....
Furthermore, modulo m, we have

PM2™m=D = gbed .. x 'V d ..

= abed.. x (@' —m)(b —m)(d —m)(d —m)..
and hence
PM:m=D) = p(—1)"

It follows that M2(m=1) = +1, taking the upper or lower sign according
as n is even or odd. With the aid of the theorem proved in Article 106 of the
Disquisitiones Arithmeticae, the lemma follows immediately.
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2.

THEOREM. Let m, M be positive odd integers coprime to one another, and
let n be the number of those among the least positive residues of the numbers

M, 2M, 3M ..... F(m—1)M

modulo m which are greater than %m Likewise, let N be the number of
those among the least positive residues of the numbers

modulo M which are greater than %M . Then the three numbers n, N,
1(m —1)(M — 1) are either all even, or one is even and the other two odd.
ProoOF. Let us denote

by f the collection of numbers 1, 2, 3..... %(m —1).

by f/ the collection of numbers m —1, m —2, m —3..... %(m +1)
by F' the collection of numbers 1, 2, 3..... %(M -1)

by F’ the collection of numbers M —1, M —2, M —3..... LM +1)

Thus n indicates how many numbers M f have their least positive residues
modulo m in the collection f’. Likewise, N indicates how many numbers mF
have their least positive residues modulo M in the collection F”’. Finally, let

¢ denote the collection of numbers 1, 2, 3..... %(mM -1)
¢’ denote the collection of numbers mM — 1, mM —2, mM —3..... LimM +1)

Every integer not divisible by m must be congruent modulo m either to a
residue from f or to one from f’. Likewise, every integer not divisible by M
is congruent modulo M either to a residue from F or to one from F’. Thus
all the numbers in ¢, among which evidently none is divisible by both m and
M, can be divided into eight classes as follows.

I. The first class contains the numbers congruent modulo m to a number
from f, and modulo M to a number from F. We shall denote their number
by a.

II. The numbers congruent modulo m, M, respectively, to numbers from
f, F'; we put their number = §.

III. The numbers congruent modulo m, M, respectively, to numbers from
f', F; we put their number = ~.

IV. The numbers congruent modulo m, M, respectively, to numbers from
f', F'; let their number be = 4.

V. The numbers divisible by m, but congruent modulo M to residues
from F'.

VI. The numbers divisible by m, but congruent modulo M to residues
from F”.
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VII. The numbers divisible by M, but congruent modulo m to residues
from f.

VIII. The numbers divisible by M, but congruent modulo m to residues
from f’.

Evidently classes V and VI together contain all the numbers mF. The
number contained in VIis = IV, so the number contained in V is %(M— 1)—N.
Likewise, classes VII and VIII together contain all the numbers M f; class VIII
contains n numbers, and class VII contains £(m — 1) — n.

In just the same way, all the numbers in ¢’ are divided into eight classes
IX .. XVI. If we keep the same order in doing this, it is easy to see that the
numbers in the classes

IX, X, XI, XII, XIII, XTIV, XV, XVI
are, respectively, the complements to mM of the numbers in the classes
IV, 11, I1, 1, VI, V, VIII, VII

so that class IX contains § numbers, class X contains «, and so on. It
is now clear that, if all the numbers of the first class are combined with all
those of the ninth, we obtain all the numbers below mM which are congruent
modulo m to a number from f, and modulo M to a number from F. It is
easy to see that their number equals the number of all combinations of each
individual f with each individual F. We therefore have

a+6=1(m—1)(M-1)
and by a similar argument we also have

B+v=3(m—1)(M-1)

Combining all the numbers of classes II, IV and VI evidently gives all the
numbers below %mM which are congruent to a residue from F’ modulo M.
These same numbers can also be written as follows:

F', M+F 2M+F, 3M+F'....3(m—3)M+F'

Their total number is therefore = }(m — 1)(M — 1), or we have

B+6+N=21(m—1)(M-1)

Likewise, combining all of classes III, IV and VIII gives

Y+d6+n=1(m—1)(M-1)
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These four equations give the following:

2 =1(m—1)(M —1)+n+N
28=1(m—-1)(M—1)+n—N
2y=%i(m-1)(M-1)—n+N
20=1(m—-1)(M—-1)—n—N

each of which establishes the theorem.

3.

If we now suppose that m and M are prime numbers, the fundamental
theorem follows immediately by combining the preceding theorem with the
lemma of Article 1. For it is clear that

I. whenever the numbers m, M both have the form 4k + 1, or just one
of them does, the number 3(m — 1)(M — 1) is even. Thus n and N are
either both even or both odd, and consequently either each of m and M is a
quadratic residue of the other, or each is a quadratic nonresidue of the other.

II. Whenever both numbers m, M are of the form 4k + 3, however,
1(m —1)(M —1) is odd. Hence one of the numbers n, N is even and the
other odd, and consequently one of the numbers m, M is a quadratic residue
of the other, and the other a quadratic nonresidue of the first. Q. E. D.
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SIXTH PROOF OF THE FUNDAMENTAL THEOREM
IN THE THEORY OF QUADRATIC RESIDUES.

1.

THEOREM. Let p denote a prime number (positive and odd), n a positive
integer not divisible by p, and x an indeterminate quantity. Then the function

14+ 2" 4+ 22" + 2°" + ete. + 2™

is divisible by

14+ x+ax+2° +ete. + 2P 1

PrOOF. Take a positive integer g such that gn =1 (mod. p), and put
gn =1+ hp. Then we have

L+a" + 22 + 23" +ete. 2™ (1 —2"P)(1 — )
l+z+ar+adtetcart (1—2m)(1—2aP)
(1 —2")(1 — 29" — x + ghPtl)
- (1 —2m)(1 —aP)
L—a™ 1—a% a(l—a") 1 —axhr

- 1—aP 1—2" 1—an 1—aP

which is evidently a polynomial. Q. E. D.
Thus every polynomial in x divisible by 3 = - -
2.
Let a denote a positive primitive root modulo p; that is, let a be
a positive integer such that the least positive residues of the powers
Lo, aa, 0. . ... aP~2 modulo p are precisely the numbers 1,2,3,4..... p—1,
without regard to order. Further, denoting by fx the function

T4+ 2%+ 2% 422 fete. + 22 41

it is clear that fr — 1 — 2 — zo — 2> — etc. — 2P~ ! is divisible by 1 — 2P,

and therefore all the more by 117”;3 =14z +zx+ 23+ etc. + 2P~ 1. This last
function therefore also divides fx itself. Since z represents an indeterminate

quantity, it follows that f(x™) is also divisible by I:, and hence, by the

preceding article, by 117_“3: , whenever n is an 1nteger not divisible by p. If,

on the other hand, n is an integer divisible by p, the individual terms of the
function f(2™), each decreased by one, are divisible by 1 — zP. In this case,
therefore, f(x™) — p is also divisible by 1 — P,
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THEOREM. Putting

3 4 p—2
z— 2%+ 2% — 2% + 2% —etc. — % =&

then €€ F p is divisible by 1= -, taking the upper sign whenever p is of the
orm + an e lower w eneverp is 0 e jorm + 3.
4k + 1, and the | h th 4k + 3
PRrROOF. It is easy to see that, of the following p — 1 functions
+ € — xx 4+ 2T — goot!
+ ete. 4 2@ L
_ xaf o $20¢ + l,aoe—‘roc o :L,ozg—l—oz
+ete. 4+ 2t
+ .%'aaf _ .,E2o¢a + xa3+ao¢ _ xa4+aa
+ etc. 4+ T
o xag’g o x2a3 + xa4+a3 _ xa5+a3
aPtliyas

+etc. +x

etc., as far as

p—2 p—2 p—1_ P2 Py aP—2
e { o wQa 4z +a S +a

Oé2p74+01p72

+etc. +x

the first is = 0, while each of the others is divisible by 1 — 2P. Their sum
is therefore also divisible by 1 — 2P, and is found to be

= &€ — (fzz) = 1) + (f(=*F) = 1) = (f(a*Fh) — 1)
f(xo‘3 1) —1) — ete.
(f(w“p -1

flaa) + f(a*F) = faoth)

+f( T _ete. + f(a® ) = Q
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1—xP
1—x

2, a+1, ac+1, 2 +1..... aP~2 + 1, only one is divisible by p, namely

Thus this expression €2 is also divisible by . Now, among the exponents

az -1 + 1. Hence, by the preceding article, the following individual parts
of the expression {2

flaz), f@h),  flzootl),  (fa®t)  ete.

Lo
with the sole exception of the term f (x‘ﬂ(p 1)H), are divisible by =2,

Those parts may therefore be removed, leaving the following function still
divisible by =2

g6 T fat

Here the upper or lower sign applies according as p is of the form 4k + 1

1
af@*l)ﬂ) 1—gP
11—z

or of the form 4k + 3. Since, moreover, f(z
€€ F p is also divisible by =2, Q. E. D.

—X
To prevent any ambiguity from the double sign, we shall use € to denote
the number +1 or —1, according as p is of the form 4k + 1 or 4k + 3. Thus

(1—z)(€E—ep)
1—xP

— p is divisible by

is a polynomial in x, which we shall denote by Z.

4.
Let ¢ be a positive odd number, so that %(q — 1) is an integer. Then
({{)%(q_l) - (5p)%(q_1) is divisible by ££ — ep, and hence also by 11_fp. Let us

x
put e3(a-1) — 4, and

1—aP
=1 _ sp3la—1) — )
£ J4 -
Then Y is a polynomial in x, and § = . + 1 whenever one of the numbers

p,q, or indeed both, is of the form 4k + 1. On the other hand, § = —1
whenever both p, g are of the form 4k + 3.
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5.

Let us now suppose that ¢ too is a prime number, different from p. It is
clear from the theorem proved in Article 51 of the Disquisitiones Arithmeticae
that

£ — (29 — 2% + 29 — 29  etc. — :cqap_Q)

is divisible by ¢, or is of the form ¢X, where X is a polynomial in = whose
numerical coefficients are also integers (as is also to be understood of the other
polynomials Z,Y, W occurring here). For the modulus p and primitive root
a, let us denote the index of the number ¢ by p; that is, let ¢ = a# (mod. p).

The numbers ¢, qo, gac, ga’.. ... qa?~2 are therefore congruent modulo p,
respectively, to the numbers o, a#tl o#t2. . . aP72 1, a, aa....at L
so that
yn
z? — x®
1+1
z?% — ©
-2
pao a
3 ut3
el «

pP—p—2 P
i —z¢
paa?

p—p
i T — z®

p—p+1
2% — g

—2

p w
i T — g®
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are divisible by 1 — zP. Taking these quantities alternately with positive
and negative signs and adding them shows that 1 — 2P divides the function

3 p—2
x? — x4 299 — 29 fetec. — 29 T FE

with the upper or lower sign applying according as u is even or odd; that is,
according as ¢ is a quadratic residue or a nonresidue of p. We shall therefore
put

2 — 1 4 g9 _ 2007 4 ote, — g907 7 _ ¢
=(1-a")W

taking v = +1 or v = —1, according as ¢ is a quadratic residue or a
nonresidue of p. It is clear that W is a polynomial.

6.

With these preparations, we combine the preceding equations to obtain

gEX = ep(5p2 1) — 5)
11__96; (Z(0p2 7D — )
+YEE—-WE(L —x))

Let us suppose that dividing the function £X by

+

2P P2 4P et x4 1
yields the quotient U with remainder 7', or that we have

1— 2P

X =7 U+T

where U, T are polynomials whose numerical coefficients are also integers,
and T is certainly of lower degree than the divisor. We therefore have

qT — ep(6p2 ™)) — )
1—2aP 1
— (Z(5p2la—1) _
[, (Z0p? 7)
+YEE-WE( —z) — qU)
This equation evidently cannot hold unless the left side and the right

side each vanish separately. Thus Ep(ép%(q_l) — 1) is divisible by ¢, as is
6p%(q71) — ~; and therefore, since §0 = 1, the number p%(qfl) — 76 is also
divisible by gq.
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Now, if 8 denotes unity taken positively or negatively, according as p is a
quadratic residue or a quadratic nonresidue of the number ¢, then p%(qfl) —-p
is divisible by ¢, and hence so is § — . This cannot happen unless 5 = 4.
The fundamental theorem follows immediately. Namely,

I. Whenever the numbers p, ¢ both have the form 4k + 1, or just one of
them does, so that 6 = +1, we have § = . Consequently either ¢ is a
quadratic residue of p and at the same time p a quadratic residue of ¢; or ¢
is a nonresidue of p and at the same time p a nonresidue of q.

II. Whenever both p, q are of the form 4k + 3, so that § = —1, we have
B8 = —v. Consequently either ¢ is a quadratic residue of p and at the same
time p a nonresidue of g; or ¢ is a nonresidue of p and at the same time p a
residue of q.

Q. E. D.
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A new algorithm for deciding whether a given positive integer is a quadratic
residue or a nonresidue of a given positive prime number.

1.

Before presenting a new solution to this problem, we shall briefly recall the
solution given in the Disquisitiones Arithmeticae. It can be carried out quite
readily with the help of the fundamental theorem and the following known
theorems:

I. The relation of the number a to the number b (whether the former is
a quadratic residue or a nonresidue of the latter) is the same as that of the
number ¢ to b, if a = ¢ (mod. b).

II. If a is the product of the factors «, 3,7, etc., and b is prime, the
relation of a to b depends on the relations of these factors to b as follows: a
is a quadratic residue of b or a nonresidue according as an even or an odd
number of those factors are nonresidues of b. Thus a factor that is a square
can be disregarded entirely in this examination; if a factor is an integer raised
to an odd power, that integer itself can take its place.

III. The number 2 is a quadratic residue of every prime of the form 8m + 1
or 8m + 7, and a nonresidue of every prime of the form 8m + 3 or 8m + 5.

Suppose, then, that a number a is given whose relation to a prime b is
sought. If a is greater than b, first replace it by its least positive residue
modulo b. Once this residue has been resolved into prime factors, theorem II
reduces the question to finding the relation of each factor to b. The relation
of the factor 2 (if it occurs once, three times, five times, etc.) is known from
theorem III; by the fundamental theorem, the relation of each remaining
factor depends on the relation of b itself to that factor. Thus, in place of the
single relation of the given number to the prime b, we must now investigate
several relations of the number b to other odd primes smaller than b. These
problems are reduced in the same way to smaller moduli, and these successive
reductions must evidently come to an end.

2.

To illustrate this solution, suppose that the relation of the number 103 to
379 is sought. Since 103 is already less than 379 and is itself prime, the fun-
damental theorem applies immediately: it tells us that the required relation
is opposite to that of the number 379 to 103. This in turn is the same as
the relation of the number 70 to 103, which itself depends on the relations
of 2, 5, 7 to 103. The first of these is known from theorem III. By the fun-
damental theorem, the second depends on the relation of the number 103 to
5, which by theorem I is the same as that of 3 to 5; this in turn depends,
by the fundamental theorem, on the relation of 5 to 3, which by theorem
I is the same as that of 2 to 3, known from theorem III. Likewise, by the
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fundamental theorem, the relation of 7 to 103 depends on that of 103 to 7,
which by theorem I is the same as that of 5 to 7; this in turn depends, by
the fundamental theorem, on the relation of 7 to 5, which by theorem I is the
same as that of 2 to 5, known from theorem III. If we now wish to turn this
analysis into a synthesis, the decision is reduced to fourteen steps. We give
them all here, so that the greater elegance of the new solution may stand out
more clearly.
1. The number 2 is a quadratic residue of the number 103 (theorem III).
2. The number 2 is a quadratic nonresidue of the number 3 (theorem III).
3. The number 5 is a quadratic nonresidue of the number 3 (from I and 2).
4. The number 3 is a quadratic nonresidue of the number 5
(the fundamental theorem and 3).
The number 103 is a quadratic nonresidue of the number 5 (I and 4).
The number 5 is a quadratic nonresidue of the number 103
(the fundamental theorem and 5).

7. The number 2 is a quadratic nonresidue of the number 5 (theorem III).
The number 7 is a quadratic nonresidue of the number 5 (I and 7).
9. The number 5 is a quadratic nonresidue of the number 7

(the fundamental theorem and 8).
10. The number 103 is a quadratic nonresidue of the number 7 (I and 9).
11.  The number 7 is a quadratic residue of the number 103

(the fundamental theorem and 10).
12.  The number 70 is a quadratic nonresidue of the number 103

(11, 1, 6, 11).
13. The number 379 is a quadratic nonresidue of the number 103

(I and 12).
14. The number 103 is a quadratic residue of the number 379

(the fundamental theorem and 13).

For brevity, in what follows we shall use the notation introduced in Com-
ment. Gotting. Vol. XVI. By [z] we shall mean the quantity x itself when x
is an integer, and the greatest integer below x when x is not an integer. Thus
x — [z] is always nonnegative and less than unity.

3.

PROBLEM. Let a, b be positive integers coprime to one another, and put

[%a] =d'. Find the sum

2] B[22

o«

®
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SOLUTION. For brevity, let us denote such a sum by ¢(a,b), so that we

also have
a 2a 3a ba
gO(b, a) = [g} + |:b:| + |:b:| + etc. + |:b:|

if we put [1b] = V. In the third proof of the fundamental theorem it was
shown that, when a and b are odd,

o(a,b) + ¢(b,a) = a't/

By following the same method, the truth of this proposition extends easily
to the case in which one of the numbers a, b is odd, as we already indicated
there. Divide a by b, as in the method for finding the greatest common divisor
of two integers, and let 5 be the quotient and ¢ the remainder; then divide b
by ¢, and so on, obtaining the equations

a=pb+c
b=~c+d
c=4dd+e
d=ce+ f etc.

In this way the continually decreasing sequence of numbers b, c,d, e, f etc.
will eventually reach unity, since by hypothesis a and b are coprime. The last
equation is therefore

k=A+1

Since evidently

al T c c

51 =[6+3]=9+[3)

2a | [ 2c 2c
3a] [ 3c 3c
[b_ = [+ b] 354 M

etc.. we have

p(b,a) = (b, c) + 380V + V)

and consequently

p(a,b) = a't/ = SBY + V) — (b, c)
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By similar reasoning, on putting [3c] = ¢, [3d] = d’ [3e] = ¢’ etc., we
obtain

@(ba C) =b'd - %’Y(Clcl + C/) - (P(Ca d)
plc,d) =d — 35(d'd +d') — p(d,e).
p(d,e) = d'e — je(e'e +¢') = ple, f)

etc., as far as

(k1) = KT — 2NV + 1) — o(1,1)

Since evidently ¢(l,1) = 0, we obtain from this the formula

o(a,b) =a't) —v'd +d —de +etc. £ KT
— 3BMY +V) + 5y(d + ) — 38(dd + d)
+ Se(ee’ +€) —ete. F AN + 1)

4.

It now follows easily from the third proof that the relation of the number
b to a, whenever a is prime, can be read directly from the value of the sum
(a,2b). According as this sum is even or odd, b is a quadratic residue of a
or a nonresidue. The sum ¢(a, b) itself can also be used for the same purpose,
provided that we distinguish the case in which b is odd from that in which it
is even. Namely,

I. When b is odd, b is a quadratic residue or a nonresidue of a according
as ¢(a,b) is even or odd.

II. When b is even, the same rule holds if, in addition, a is of the form
8n + 1 or 8n + 7; but if, for an even value of b, the modulus «a is of the form
8n + 3 or 8n + 5, the opposite rule must be applied: b is a quadratic residue
of a if p(a,b) is odd, and a nonresidue if ¢(a,b) is even.

All this follows very easily from Article 4 of the third proof.
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5.
Example. To find the relation of the number 103 to the prime 379, we
have, for calculating the sum (379, 103),

a=379|a =189
b=103 b =51
c=T70] =35
d=33| d =16

e=4 e =2

(LIS S R
[T
0N = w

and hence

©(379,103) = 9639 — 1785 + 560 — 32 — 3978 + 630 — 272 + 24
= 4786

so 103 is a quadratic residue of the number 379. If we prefer to use the
sum (379,206) for the same purpose, we have the following scheme:

379 | 189
206 | 103
173 | 86
33| 16
8 4

=~ Ot — =

from which we obtain

©(379,206) = 19467 — 8858 + 1376 — 64 — 5356 + 3741 — 680 + 40
= 9666

Thus 103 is a quadratic residue of the number 379.
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6.

To determine the relation of the number b to a, it is not necessary to
calculate the individual terms of the sum ¢(a,b); it is enough to know how
many of them are odd. Our rule can therefore also be stated as follows:

As above, take a = b+ ¢, b =~vc+d, ¢ = dd + e etc., until the sequence
of numbers a, b, ¢, d, e etc. reaches unity. Put [3a] = a/, [3b] =V, [3c] =¢
etc., and let u count the odd numbers in the sequence a’,V',c etc. that
are immediately followed by an odd number. Further, let v count the odd
numbers in the sequence (3,7, etc. whose corresponding numbers in the
sequence ', ¢/, d’ etc., respectively, have the form 4n + 1 or 4n + 2. Then b
is a quadratic residue or a nonresidue of a according as u + v is even or odd,
with the sole exception that, when b is even and a is of the form 8n + 3 or
8n + 5, the opposite rule holds.

In our example the sequence a’,b’,c’,d’, e has two instances in which an
odd entry is immediately followed by an odd entry, so u = 2; the sequence
B',4',8 & does contain two odd numbers, but their corresponding numbers
in the sequence V', ¢/, d’, ¢’ have the form 4n + 3, so v = 0. Thus p + v is even,
and consequently 103 is a quadratic residue of the number 379.
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Theory of Biquadratic Residues

THEORY OF BIQUADRATIC RESIDUES.

FIRST PAPER.

1.

The theory of quadratic residues reduces to a few fundamental theorems
that rank among the most beautiful jewels of higher arithmetic. As is well
known, these were first easily discovered through inductive observation and
then proved in many different ways, leaving nothing further to be desired.

The theory of cubic and biquadratic residues, however, requires much
deeper investigation. When we began to explore it in 1805, besides the re-
sults that lie, as it were, at the threshold, some special theorems presented
themselves, remarkable both for their simplicity and for the difficulty of their
proofs. But we soon found that the principles of arithmetic used up to then
were wholly insufficient to establish the general theory. Rather, the theory
necessarily requires the field of higher arithmetic to be enlarged, as it were,
infinitely many times over. What this means will become entirely clear as
these investigations continue. As soon as we entered this new field, inductive
observation immediately opened a path to knowledge of the simplest theorems
encompassing the entire theory. Their proofs, however, lay so deeply hidden
that only after many unsuccessful attempts could they finally be brought to
light.

Now that we are preparing to publish these studies, we shall begin with
the theory of biquadratic residues. In this first paper we shall present the
investigations that could already be completed on this side of the enlarged
field of arithmetic. They pave the way to that field, as it were, and also
contribute some new developments to the theory of the division of the circle.

2.

We introduced the notion of a biquadratic residue in Article 115 of the
Disquisitiones Arithmeticae: an integer a, positive or negative, is called a bi-
quadratic residue of the integer p if a can be congruent to a fourth power mod-
ulo p, and a biquadratic nonresidue if no such congruence exists. Throughout
the following investigations, unless we expressly state otherwise, we shall as-
sume that the modulus p is an odd positive prime and that a is not divisible
by p, since all the remaining cases can very easily be reduced to this one.

3.

Clearly, every biquadratic residue of p is also a quadratic residue of the
same number, and hence every quadratic nonresidue is also a biquadratic
nonresidue. The converse also holds whenever p is a prime of the form 4n + 3.
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For if, in this case, a is a quadratic residue of p, let us put a = bb (mod. p).
Here b is either a quadratic residue of p or a nonresidue. In the first case,
let us put b = cc, giving a = ¢*; that is, a is a biquadratic residue of p. In
the second case, —b is a quadratic residue of p (since —1 is a nonresidue of
every prime of the form 4n + 3). Putting —b = cc again gives a = ¢, and
a is a biquadratic residue of p. It is also easy to see that in this case the
congruence x* = a (mod. p) has no solutions besides x = ¢ and x = —c. Since
these evident propositions exhaust the entire theory of biquadratic residues
for prime moduli of the form 4n + 3, we shall exclude these moduli altogether

from our investigation, restricting it to prime moduli of the form 4n + 1.

4.

Thus, when p is a prime of the form 4n 41, the converse of the proposition
in the preceding article does not hold: there can be quadratic residues that
are not also biquadratic residues. This happens whenever a quadratic residue
is congruent to the square of a quadratic nonresidue. For put a = bb, with b
a quadratic nonresidue of p. If the congruence z* = a could be satisfied by a
value = = ¢, we would have ¢* = bb, so that the product (cc— b)(cc+b) would
be divisible by p. Then p would have to divide either the factor cc — b or the
other factor cc + b; that is, either +b or —b would be a quadratic residue of
p, and therefore both would be (since —1 is a quadratic residue), contrary to
the hypothesis.

All integers not divisible by p could therefore be divided into three classes:
the first would contain the biquadratic residues, the second the biquadratic
nonresidues that are also quadratic residues, and the third the quadratic
nonresidues. Clearly it suffices to classify only the numbers 1,2,3..... p—1.
Half would belong to the third class, while the other half would be divided
between the first and second classes.
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5.

It will be better, however, to establish four classes as follows.

Let A be the collection of all biquadratic residues of p between 1 and p—1,
inclusive, and let e be any chosen quadratic nonresidue of p. Further, let B
be the collection of the least positive residues of the products eA modulo p,
and let C, D respectively be the collections of the least positive residues of
the products eed, e3A modulo p. It is then easy to see that the individual
numbers in B are distinct, as are those in C' and those in D; zero cannot occur
among any of these numbers. Also, all numbers in A and C are quadratic
residues of p, while all those in B and D are quadratic nonresidues. Thus
neither of the collections A, C' can have a number in common with B or D.
But neither can A have a number in common with C, nor B with D. For
suppose

I. that some number in A, say a, also occurs in C, where it arises from

the congruent product eea’, with o’ a number in A. Put a = o?, o = o4,

and choose an integer © such that ©a/ = 1. We then have eea/* = a*, and

multiplying by ©* gives

ce = o*O?

That is, ee is a biquadratic residue, and hence e a quadratic residue, con-
trary to the hypothesis.

II. Similarly, suppose that a number belongs to both collections B, D, aris-
ing from the products ea, e3a’, with a,a’ numbers in A. The congruence
ea = e3a’ would imply a = eea’. We would thus have a number arising from
the product eea’ that belonged to both C and A, which we have just proved
impossible.

It is also easy to prove that all quadratic residues of p between 1 and p—1,
inclusive, must occur either in A or in C, and all quadratic nonresidues of p
between those limits must occur either in B or in D. For

I. Every such quadratic residue that is also a biquadratic residue belongs
to A by hypothesis.

IT. Write a quadratic residue h (less than p) that is also a biquadratic
nonresidue as = gg, where g is a quadratic nonresidue. Choose an integer ~
such that ey = g. Then « is a quadratic residue of p, which we write as = kk.
Hence

h = gg = eeyy = eek?

Since the least residue of k* belongs to A, the number h, which arises by
multiplying it by ee, must belong to C.

III. Let A denote a quadratic nonresidue of p between 1 and p — 1. Find
an integer g between the same limits such that eg = h. Then g is a quadratic
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residue and so belongs to either A or C. In the first case, h evidently belongs
to B, and in the second to D.

All this shows that the numbers 1,2,3..... p — 1 are distributed among
the four lists A, B, C, D so that each occurs in one of them; each list must
therefore contain %(p — 1) numbers. In this classification, the numbers be-
longing to A and C are intrinsic to those classes. The distinction between B
and D, however, is arbitrary insofar as it depends on the choice of e, which
itself always belongs to B. Thus, if a number from D is chosen instead, the
classes B, D are interchanged.

6.

Since —1 is a quadratic residue of p, let us put —1 = ff (mod.p). The
four roots of the congruence z* = 1 are then 1, f,—1,—f. Thus if a is a
biquadratic residue of p, say = o, the four roots of the congruence z* = a are
a, fa, —a, — fa, which are easily seen to be pairwise incongruent. Hence, if we
collect the least positive residues of the fourth powers 1,16, 81,256.. .. (p—1)4,
they are always equal in groups of four, giving %(p — 1) distinct biquadratic
residues that form the collection A. If we collect the least residues of the
fourth powers only as far as (%p — %)4, each occurs twice.

7.

The product of two biquadratic residues is clearly a biquadratic residue:
multiplying two numbers from class A always gives a product whose least
positive residue belongs to the same class. Similarly, the product of a number
from B and one from D, or of a number from C and one from C, has its least
residue in A.

In B lie the residues of the products A.B and C.D; in C those of A.C,
B.B and D.D; and finally in D those of A.D and B.C.

The proofs are so evident that it suffices to indicate one. Let, for example,
c and d be numbers from C and D, and put ¢ = eea, d = e3d’, with a,d’
numbers from A. Then ead’ is a biquadratic residue, so its least residue
belongs to A. For the product we have cd= e.e‘ad’, so its least residue
belongs to B.

We can now also easily decide which class contains a product of several
factors. Assign to the classes A, B, C, D the characters 0, 1,2, 3, respectively.
The character of a product is then either the sum of the characters of its
individual factors or the least residue of that sum modulo 4.

8.

It seemed worthwhile to develop these elementary propositions without
using the theory of power residues. With its help, everything can be proved
much more easily still.
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Let g be a primitive root for the modulus p: a number such that in the se-
quence of powers g, gg, g° . . . ., none before gP~! is congruent to unity modulo
p. Then the least positive residues of the numbers 1, ¢, gg,g>....g° "2 agree,
apart from their order, with 1,2,3..... p—1, and are distributed among four
classes as follows:

o) ‘ least residues of the numbers

All, g4,987912 ..... gp_5
Blg, ¢°¢% 9" ... gr*
C 99,99 ¢". ... gP3

D|g%g" g™ g .. .gP?

All the preceding propositions follow directly from this.

Just as the numbers 1,2,3....p — 1 have here been divided among four
classes, whose collections we denote by A, B, C, D, we may assign any integer
not divisible by p to one of these classes according to its least residue modulo
D.

9.

We denote by f the least residue of the power g%(pfl) modulo p. Since
ff= 2(” D=1 (Disquis. Arithm., Article 62), the symbol f clearly has
the same meaning here as in Article 6. Thus the power gi/\(pfl), with A a
positive integer, is congruent modulo p to 1, f,—1,—f, according as A has
the form 4m,4m + 1,4m + 2,4m + 3, respectively, or according as the least
residue of g* belongs to A, B, C, D, respectively. This gives us a very simple
criterion for deciding which class contains a given number h not divisible by
p: h belongs to A, B,C or D according as the power hiP=1) s congruent
modulo p to 1, f, —1 or —f.

As a corollary, —1 always belongs to class A when p has the form 8n+1, and
to class C' when p has the form 8n+5. A proof of this theorem independent of
the theory of power residues can easily be obtained from what we established
in Article 115, III of the Disquisitiones Arithmeticae.

10.

Since all primitive roots for the modulus p arise as residues of the powers
¢*, on taking for A all numbers coprime to p — 1, it is easy to see that these
roots are equally divided between B and D, with the base g always in B.
If we replace g as base by another primitive root from B, the classification
remains the same; if we use a primitive root from D as base, the classes B
and D are interchanged.

If the classification is based on the criterion in the preceding article, the
distinction between B and D depends on which root of the congruence xx =

—1 (mod. p) we choose as the characteristic number f.
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11.

To make it easier to illustrate by examples the subtler investigations that
we are about to undertake, we give here the construction of the classes for all
moduli below 100. For each modulus we have chosen the least primitive root.

A

B 2,56
C | 4,10,12
D| 7,811

p=17
g=3, f=13
1,4,13,16
3,5,12,14

2,8,9,15
6,7,10,11

DQw

p=29
g=2, f=12

1,7,16,20,23,24,25
2,3,11,14,17,19,21
4,5,6,9,13,22,28
8,10, 12,15, 18,26, 27

SQwm~

p =37
g=2, f=31

1,7,9,10,12, 16, 26, 33, 34
2,14, 15,18, 20, 24, 29, 31, 32
3,4,11,21, 25,27, 28, 30, 36
5,6,8,13,17,19,22, 23,35

QW
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p=41
g=6, f =32

1,4,10,16,18,23,25, 31, 37,40
6,14, 15,17, 19, 22,24, 26, 27, 35
2,5,8,9,20,21,32,33, 36, 39

3,7,11,12, 13,28, 29, 30, 34, 38

SQwW

p=2>53
g=2, f=30

1,10, 13,15, 16, 24, 28, 36, 42, 44, 46, 47, 49
2,3,19, 20, 26,30, 31, 32, 35, 39, 41, 45, 48
4,6,7,9,11,17,25,29, 37, 38, 40, 43, 52

5,8,12,14, 18,21, 22, 23,27, 33, 34, 50, 51

QW

p =061
g=2, f=11

1,9,12,13, 15, 16,20, 22, 25, 34, 42, 47, 56, 57, 58
2,7,18,23, 24,26, 30, 32, 33, 40, 44, 50, 51, 53, 55
3,4,5,14, 19,27, 36, 39, 41, 45, 46, 48, 49, 52, 60
6,8,10,11,17,21, 28,29, 31, 35,37, 38, 43, 54, 59

SQw

p="73
g=>5, =27

1,2,4,8,9,16,18, 32,36, 37,41, 55, 57, 64, 65, 69, 71, 72
5,7,10,14, 17,20, 28, 33, 34, 39, 40, 45, 53, 56, 59, 63, 66, 68
3,6,12,19, 23,24, 25,27, 35, 38, 46, 48, 49, 50, 54, 61, 67, 70
11,13,15, 21,22, 26, 29, 30, 31, 42, 43, 44, 47, 51, 52, 58, 60, 62

QW

p =289
g=3, f=34

A|1,2,4,8,11,16,22, 25,32, 39, 44. 45,

50, 57,64, 67,73,78,81, 85,87, 88

B | 3,6,7,12,14,23, 24,28, 33, 41, 43, 46,
48,56, 61,65, 66,75, 77, 82, 83, 86

C | 5,9,10,17, 18,20, 21, 34, 36, 40, 42, 47,
49,53, 55,68, 69,71, 72,79, 80, 84

D | 13,15. 19,26,27, 29. 30, 31, 35, 37, 38. 51,
52,54, 58,59, 60, 62, 63, 70, 74, 76
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p=97
g=5, f=22

A|1,4,6,9,16,22,24, 33,35, 36,43, 47,
50,54, 61, 62, 64, 73, 75,81, 88, 91, 93, 96
B | 5,13,14,17,19, 20,21, 23,29, 30, 41, 45,
52,56, 67,68, 74, 76, 77, 78, 80, 83, 84, 92
C |2,3,8,11,12, 18, 25,27, 31, 32, 44, 48,
49,53, 65. 66,70, 72, 79, 85, 86, 89, 94, 95
D | 7,10, 15,26, 28, 34, 37, 38, 39. 40, 42, 46,
51,55, 57, 58,59, 60, 63, 69, 71, 82, 87, 90

12.

Since 2 is a quadratic residue of every prime of the form 8n + 1, but a
nonresidue of every prime of the form 8n + 5, for prime moduli of the first
form 2 belongs to class A or C, and for moduli of the second form to B
or D. The distinction between B and D is not intrinsic, depending only
on the choice of f, so we shall set moduli of the form 8n + 5 aside for a
while. An inductive investigation of moduli of the form 8n + 1 gives 2 in A
for p = 73, 89,113,233, 257,281, 337, 353, etc.; in contrast, 2 belongs to C' for
p=17,41,97,137,193,241,313, 401, 409, 433,449, 457, etc.

Since, moreover, for a prime modulus of the form 8n+1, —1 is a biquadratic
residue, —2 clearly always belongs to the same class as +2.
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13.

When we compare the examples in the preceding article, at least at first
sight no simple criterion seems to offer itself for distinguishing the first moduli
from the second. Nevertheless, there are two such criteria, remarkable for
their elegance and simplicity. The following considerations will prepare the
way to one of them.

The modulus p, being a prime of the form 8n + 1, can be expressed in the
form aa + 2bb in exactly one way (Disquiss. Arithm., Article 182, II). We
assume that the roots a, b are taken positive. Clearly a is odd and b even; let
us put b = 2*¢, with ¢ odd. We now observe:

I. Since p = aa (mod. ¢), p is a quadratic residue of ¢, and hence also of
each prime factor into which c is resolved. Conversely, by the fundamental
theorem, each of these prime factors is a quadratic residue of p, and so their
product c is also a quadratic residue of p. Since this also holds for 2, b is
clearly a quadratic residue of p, and hence both bb and —bb are biquadratic
residues.

II. Thus —2bb must belong to the same class as 2. Since aa = —2bb, 2
clearly belongs to class A or C according as a is a quadratic residue of p or a
quadratic nonresidue.

III. Now suppose that a has been resolved into prime factors. Denote
those of the form 8m + 1 or 8m + 7 by «, ', a”, etc., and those of the form
8m+3 or 8m+5 by 3,5, 5", etc.; let the number of the latter be = p. Since
p = 2bb (mod. a), p is a quadratic residue of those prime factors of a of which
2 is a quadratic residue, that is, of a, o/, o, etc.; it is a quadratic nonresidue
of those factors of which 2 is a quadratic nonresidue, that is, of 3,45, 5",
etc. Conversely, by the fundamental theorem, each of «,d/,a”, etc., is a
quadratic residue of p, while each of 3, 3, 8", etc., is a quadratic nonresidue.
We therefore conclude that their product a is a quadratic residue of p or a
nonresidue according as p is even or odd.

IV. It is easy to verify that the product of all a,a’,a”, etc., has the form
8m + 1 or 8m + 7, and that the same holds for the product of all 3, 3’, 3",
etc., when their number is even. In this case the product a must therefore
also have the form 8m + 1 or 8m + 7. In contrast, the product of all 3, 5, 5",
etc., when their number is odd, has the form 8m + 3 or 8m + 5, and the same
therefore holds for the product a in this case.

From all this we obtain the elegant theorem:

Whenever a has the form 8m + 1 or 8m + 7, 2 belongs to A; whenever a
has the form 8m + 3 or 8m + 5, 2 belongs to C'.
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The examples listed in the preceding article confirm this. The first
moduli decompose as follows: 73 =1+ 2.36, 89 =81+ 2.4,
113 =81+2.16, 233 =225+ 2.4, 257 =225+ 2. 16, 281 =81 + 2. 100,
337 =49 + 2. 144, 353 = 225 + 2. 64; the second as follows: 17=9+ 2.4,
41=9+2.16,97=25+4+2.36,137=9+2.64, 193 =121+ 2. 36,
241 =169+ 2.36,313=25+4+2.144, 401 =9+ 2.196, 409 = 121 + 2. 144,
433 =361 +2.36, 449 =441+ 2.4, 457 = 169 + 2 . 144.

14.

The decomposition of p into a square and twice a square has revealed such
a remarkable connection with the classification of 2 that it seems worthwhile
to ask whether a decomposition into two squares, which p is also known
to admit, might give a similar result. Here are the decompositions of the
numbers p for which 2 belongs to class

A C
9+ 64 1416
25+64 | 25416
49464 | 81416

169464 | 121 416
1+256 | 49+ 144
254256 | 225+ 16
814256 | 169 + 144
289+64 | 14400
9 + 400
289 + 144
49 + 400
441 4+ 16

First we observe that, of the two squares into which p decomposes, one
must be odd, which we put = aa, and the other even, which we put = bb.
Since aa has the form 8n+ 1, values of b that are twice an odd number clearly
correspond to values of p of the form 8n + 5, which are excluded from our
inductive investigation here, since they would have 2 in class B or D. For
values of p of the form 8n + 1, however, b must be divisible by four. If we
may trust the inductive evidence presented by this table, 2 belongs to class
A for every modulus for which b has the form 8n, and to class C' for every
modulus for which b has the form 8n + 4. This theorem, however, requires
much deeper investigation than the one obtained in the preceding article. Its
proof must be preceded by several preliminary investigations concerning the
order in which the numbers in A, B, C, D follow one another.
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15.

Let us denote the number of numbers in A immediately followed by a
number in A, B, C, D, respectively, by (00), (01), (02), (03); likewise the num-
ber of numbers in B followed by a number in A, B,C, D, respectively, by
(10), (11),(12), (13). Similarly, let C contain respectively (20), (21), (22), (23)
numbers, and D contain (30), (31), (32), (33) numbers, followed by a number
in A, B,C,D. We propose to determine these sixteen counts a priori. To
help readers compare the general reasoning with examples, it seemed useful
to give here the numerical values of the entries in the scheme (.5)

(00), (01), (02), (03)
(10), (11), (12), (13)
(20). (21), (22), (23)
(30), (31), (32), (33)
for each modulus whose classification we gave in Article 11.
p=>5 p=13 p=17 p=29
0,1,0.0 | 0,1,2,0 | 0,2,1,0 2.3,0.2
0,0,0,1 | 1,1,0,1 | 2,0,1,1 | 1,1,2,3
0,0,0,0 0,1,0,1 1,1,1,1 2,1,2.1
0,0,1,0 | 1,0,1,1 | 0,1,1,2 | 1,2,3,1
p =37 p=41 =53 p =61
2,1,2,4 | 0,4,3,2 | 2,3,6,2 | 4,3,2,6
2,2,4,1 4,2,2,2 4,4,2,3 | 3,3,6,3
2,2,2,2 | 3,2,3,2 | 2,4,2,4 | 4,3,4,3
2,4,1,2 | 2,2,2,4 | 4,2,3,4 | 3,6,3,3
5,6,4,2 3,8,6,4 2,6,7,8
6,2,5,5 8,4,5,5 6,8,5,5
4,5,4,5 6,5,6,5 7,5,7,5
2,5,5,6 | 4,5,5,8 | 8,5,5,6

Since moduli of the forms 8n + 1 and 8n + 5 behave differently, we must
treat them separately. We begin with the first.

16.

The symbol (00) indicates how many different ways the equation a+1 = o/

can be satisfied, with a, o’ denoting arbitrary numbers in A. For a modulus
of the form 8n + 1, as understood here, o/ and p — o’ belong to the same
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collection. We may therefore say more elegantly that (00) expresses the num-

ber of different ways of satisfying the equation 1 + a + o/ = p. Clearly the

congruence 1 4+ o+ o' =0 (mod. p can also take the place of this equation.
Likewise,

(01) indicates the number of solutions of the congruence 1+a+ 5 = 0 (mod. p)
(02) the number of solutions of the congruence 1 + a+~v =0

(03) the number of solutions of the congruence 1 +a+d§ =0

(11) the number of solutions of the congruence 1+ 8+ ' =0, etc.

where 8 and 3’ denote arbitrary numbers in B, v numbers in C, and §
numbers in D. We immediately obtain the following six equations:

From any given solution of the congruence 1 + o + 8 = 0 we obtain a
solution of 1+ + ¢’ = 0 by taking for § the number between 1....p—1 that
satisfies 36 = 1 (which clearly belongs to D), and for ¢’ the least positive
residue of the product ad (which likewise belongs to D). The reverse passage
from a given solution of 1448+ ¢’ = 0 to a solution of 1 +a+ 8 = 0 is equally
clear: choose 3 so that 3§ = 1, and at the same time put o = 3¢’. Thus the
two congruences have the same number of solutions, or (01) = (33).

Similarly, from the congruence 1+ « + v = 0 we derive 4/ ++” +1 =0 by
choosing 7/ in C so that 7y = 1, and 4" in the same collection congruent to
the product ay’. It follows easily that these two congruences admit the same
number of solutions, or (02) = (22).

Likewise, from 1+ « + 6 = 0 we derive 3+ 8’ +1 = 0 by choosing 3, 8’ so
that 80 = 1, fa = ', giving (03) = (11).

Finally, from 1+ 8 + v = 0 we similarly derive both 6 + 1+ 8 = 0 and
v+ 8 +1=0, and conclude that (12) = (13) = (23).

We have thus obtained eleven equations among our sixteen unknowns, re-
ducing them to five. The scheme S can therefore be written as

h,

.

)

1
)
L

o~

)

3 3
3 =3
@.33(\1

) )

Three further equations of condition can easily be added. Every number
in A, except the last, p — 1, must be followed by a number in one of the

collections A, B,C or D. Thus

(00) + (01) +

(02) + (03) = 2n — 1
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and likewise
(10) + (11) + (12) + (13)

(20) + (21) + (22) + (23) =
(30) + (31) + (32) + (33) = 2n

In the notation just introduced, the first three equations give

2n
n

h+it+k+1=2n—-1
1+1+2m=2n
k+m=n

The fourth is identical to the second. These equations allow us to eliminate
three unknowns, so that all sixteen have now been reduced to two.

17.

To determine them completely, it will be useful to investigate the number
of solutions of the congruence

l+a+p+~v=0 (mod. p)

where «, 8,7 denote arbitrary numbers in A, B,C. Clearly a = p — 1 is
inadmissible, since 5 + v = 0 cannot hold. Substituting the remaining values
for « in turn gives h, i, k, [ values of 1+« belonging to A, B, C, D, respectively.
For each given value of 1+ a belonging to A, say 1+ a = o, the congruence
a’ 4 B 4+ v = 0 admits as many solutions as 1 + 3’ ++' = 0 (put 8 = a4,
v = a%'), that is, (12) = m solutions. Likewise, for each given value of
1 + a belonging to B, say 1+ o = %, the congruence 8 + 8+ v = 0 has
as many solutions as 1 + o' + 8 = 0 (put 8 = %/, v = p°3), that is,
(01) = 7 solutions. Similarly, for each given value of 1+ « belonging to C, say
1+ a =Y, the congruence 7° + 3+~ = 0 can be solved in as many different
ways as 1+6+ o’ =0 (put 8 =+%, v = 4°/), so the number of solutions is
(03) = I. Finally, for each given value of 1+« belonging to D, say 1+a = &°,
the congruence §° + 8 + v = 0 has as many solutions as 1 + ' 4+ ¢ = 0 (put
B =6%", v=6%"), that is, (23) = m solutions. Adding all these counts, the
congruence 1+ a + 8+ v = 0 clearly admits

hm +ii + kl +Im

different solutions.

In exactly the same way we find that, on substituting for S the num-
bers in B in turn, the sum 1 + 8 takes respectively (10), (11), (12),(13), or
1,1, m, m, values belonging to A, B, C, D. For each given value of 1+ 3 belong-
ing to these collections, the congruence 1+ 8+ o+~ = 0 admits respectively
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(02),(31),(20), (13), or k,m,k, m, different solutions. The total number of
solutions is therefore
=ik +Im+ km+mm

We obtain the same value by basing the calculation on the values of the sum
147.
18.

These two expressions for the same count give the equation
0=hm+it+ kl —ik — km —mm
and hence, eliminating h by means of h =2m — k — 1,
0= (k—m)?+ii+kl —ik—kk—m
The last two equations of Article 16 give k = %(Z +1). Substituting this value
turns ¢ + kl — 1k — kk into %(l —1i)2, so the preceding equation, multiplied by
4, becomes
0=4(k—m)?+ (1 —1i)?—4m
Since 4m = 2(k +m) — 2(k — m) = 2n — 2(k — m), it follows that
2n = 4(k —m)? + 2(k —m) + (1 —i)?
or
8n+1=(4(k —m)+1)* +4(1 —i)?
Thus, putting
4k—m)+1=a, 20—2i=Db
we have
p = aa + bb

It is known that p can be decomposed into two squares in exactly one
way, with the odd square taken as aa and the even square as bb, so aa, bb are
completely determined numbers. But a itself is also completely determined:
the square root must be taken positive or negative according as the positive
root has the form 4M +1 or 4M +3. We shall shortly discuss how to determine
the sign of b.

Combining these new equations with the last three equations of Article 16
completely determines the five numbers h, i, k, [, m in terms of a,b and n, as
follows:

8h=4n—3a—5
8i=4dn+a—2b—1
8k=4n+a—1
8l=4n+a+2b—-1
8qm=4n—a+1
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If, in place of n, we prefer to use the modulus p, the scheme S, with every
entry multiplied by 16 to avoid fractions, is

p—6a—11 p+2a—4b—-3|p+2a—3|p+2a+4b—3
p+2a—4b—-3 | p+2a+4b—-3|p—2a+1|p—2a—+1
p+2a—3 p—2a+1 p+2a—3|p—2a+1
p+2a+4b—3 | p—2a+1 p—2a+1|p+2a—4b—-3

19.

It remains to show how to choose the sign of b. In Article 10 we pointed
out that the distinction between B and D, which is not intrinsic, depends
on the choice of f, for which either root of zx = —1 must be taken, and
that the two collections are interchanged when one root is replaced by the
other. Inspection of the scheme just given shows that a similar interchange
accompanies a change in the sign of b. We can therefore foresee that there
must be a connection between the sign of b and f. To find it, we first observe
that, if © denotes a nonnegative integer and z takes all the values 1,2,3....p—
1, then modulo p we have either ¥X2z# = 0 or Xz# = —1, according as p is
not divisible by p — 1 or is divisible by it. The latter part of the theorem
follows from the fact that for a value of p divisible by p—1, 2# = 1. We prove
the former part as follows. Let g denote a primitive root. All the values
of z coincide with the least residues of all g when y takes all the values
0,1,2,3....p— 2, and hence ¥z* = Xg"¥Y. Now

ghr=1) — 1
gt —1
(" =Tt =g _1=0

g = , and hence

For a value of p not divisible by p — 1, ¢g* cannot be congruent to 1, or
equivalently g" — 1 cannot be divisible by p. Hence ¥z* = 0. Q. E. D.
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Now expand the power (z* + 1)%(1’71) by the binomial theorem. The pre-
ceding lemma gives

¥t + 1)i(p71) = —2 (mod. p)

The least residues of all z* give all the numbers in A, each occurring four
times. Among the least residues of z* + 1 we therefore have

4(00) to A
4(01) to B
4(02) to C
4(03) to D

belonging to those classes, and four are = 0 (namely, when z* = p—1). Using
the criteria for the collections A, B, C, D, we obtain

S(z* 4+ 1)1 = 4(00) + 4£(01)
— 4(02) — 4£(03)

and hence
—2=14(00) +4f(01) — 4(02) — 4f(03)

or, substituting for (00), (01), etc., the values found in the preceding article,
—2=-2a—2—-2bf

We therefore conclude that we must always have a + bf = 0, or, multiplying

by f,
b=af

This congruence determines the sign of b when f has already been chosen, or
determines f when the sign of b is prescribed in some other way.
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20.

Having completely solved our problem for moduli of the form 8n 4 1, we
turn to the other case, where p has the form 8n + 5. We can treat it more
briefly, since all the arguments differ little from the preceding ones.

Since, for such a modulus, —1 belongs to class C, the numbers in the
collections A, B,C, D have their complements to the sum p in the classes
C,D, A, B, respectively. It follows readily that

denotes the number of

symbol | solutions of the congruence
(00) |[14+a+~v=0

(01) l+a+46=0

(02) |14+a+a =0

(03) l+a+B8=0

(10) 1+8+~v=0

(11) | 1+p+0=0

(12) | 1+B84+a=0

(13) | 1+p+p0' =

(20) |14+~y++'=

(21) 1+94+6=0

(22) |14+9+a=0

(23) |[1+y+B8=0

(30) 1+04+~7v=0

(31) 140+6=0

32) |14+d4+a=0

(33) 1+0+8=0

from which we immediately obtain six equations:

(00) = (22), (01) = (32), (03)=(12),
(10) = (23), (11)=(33), (21)=(30)

Multiplying the congruence 14+a+~v = 0 by a number 4/ from the collection
C, chosen so that vy = 1, and taking for 7" the least residue of the product
o', which must evidently also belong to the collection C, gives v +~+"+1 = 0,
from which we conclude that (00) = (20).

In exactly the same way we obtain the equations (01) = (13), (03) = (31),
(10) = (11) = (21).

With these eleven equations we can reduce our sixteen unknowns to five
and write the scheme S as follows:

o
&

s &3
23
\.:‘:\‘

3 S S

o~
~
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We also have the equations

(00) + (01) + (02) + (03) = 2n + 1
(10) + (11) + (12) + (13) = 2n+1
(20) + (21) + (22) + (23) = 2n

(30) 4+ (31) + (32) + (33) =2n+ 1

or, using the notation just introduced, these three (I):

h+i+k+1=2n+1
2m+1+1=2n+1
h+m=n

With their help we can therefore now reduce our unknowns to two.

We shall derive the remaining equations by considering the number of
solutions of the congruence 1 + a + 5+ v = 0 (here too, a, 3,7 denote
unspecified numbers from the collections A, B, C, respectively). Consider
first that 1 + « gives h, i, k,l numbers belonging to A, B, C, D, respectively,
and that for each given value of a in these four cases there are m,l,i,m
solutions, respectively. The total number of solutions will be

=hm—+i+1k+1Im

Second, since 1+ (3 gives m,m,[,7 numbers belonging to A, B,C, D, and for
each given value of § in these four cases there are h,m, h, m solutions, the
total number of solutions will be

= hm +mm + hl + im
From this we derive the equation
O0=mm-+hl+im—il—ik—Im
which, using the equation k = 2m — h obtained from (I), becomes
0=mm+hl+ hi —il —im —Im
Now from equations I we also have [ + ¢ = 1 + 2h, and hence

2 =1+2h+(i—1)
2 =1+2h—(i—1)

Substituting these values into the preceding equation gives

0 = 4mm — 4m — 1 — 8hm + 4hh + (i — 1)*

83



Theory of Biquadratic Residues

If, finally, we replace 4m here with 2(h + m) — 2(h — m), or, by the last
equation in I, with 2n — 2(h — m), we obtain

0=4(h—m)?—2n+2h—m)—1+ (i —1)?

and hence
8n+5=(4h—m)+1)*+4(i —1)2

Thus, putting
4h—m)+1=a, 2i—2l=5b

gives
p = aa+ bb

Since here too p can be split in only one way into two squares, one even and
the other odd, aa and bb will be completely determined numbers: evidently
aa must be set equal to the odd square and bb to the even one. Moreover,
the sign of a must be chosen so that a = 1 (mod. 4), and the sign of b so that
b= af (mod. p), as is readily proved by arguments entirely similar to those
used in the preceding article.

With these preliminaries, the five numbers h, i, k,[,m are determined in
terms of a,b and n as follows:

8h=4n+a—1
8i=4n+a+2b+3
8k =4n —3a+ 3
8l=4n+a—2b+3
8m=4n —a+1

Or, if we prefer expressions in terms of p, the terms of the scheme S, multiplied
by 16, will be as follows:

p+2a—T7|p+2a+4b+1|p—2a+1 p+2a—4b+1
p—2a—3|p—2a—3 p+2a—4b+1 | p+2a+4b+1
p+2a—7|p—2a—3 p+2a—7 p—2a—3

p—2a—3|p+2a—4b+1|p+2a+4b+1|p—2a—3
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21.

Having solved our problem, we return to the main investigation, now un-
dertaking the complete determination of the collection to which the number
2 belongs.

I. Whenever p has the form 8n+ 1, we already know that the number 2 lies
either in the collection A or in the collection C. In the former case we readily
see that the numbers & (p—1), £ (p+1) also belong to A, and in the latter to C.
Now consider that, if  and « + 1 are consecutive numbers in the collection
A, then p — a — 1, p — « are also such numbers; or, equivalently, numbers
in the collection A that are followed by a number in the same collection are
always paired (o and p — 1 — ). Their number, (00), will therefore always
be even, unless one is paired with itself, that is, unless %(p — 1) belongs to A,
in which case their number will be odd. From this we conclude that (00) is
odd whenever 2 belongs to the collection A, and even whenever 2 belongs to
C. But we have

16(00) = aa + bb — 6a — 11

or, putting a = 4¢ + 1, b = 4r (see Article 14),
(00) =qq—q+rr—1

Since qq — q is evidently always even, (00) will be odd or even according as r
is even or odd. Thus 2 will belong to A or to C' according as b has the form
8m or the form 8m + 4. This is precisely the theorem found by inductive
investigation in Article 14.

II. We can treat the other case, where p has the form 8n + 5, just as
completely. Here the number 2 belongs either to B or to D. We readily see
that in the former case (p — 1) belongs to B and 3(p+ 1) to D, whereas in
the latter $(p—1) belongs to D and 1(p+1) to B. Now consider that, if 3 is
a number from B followed by a number from D, then p — 8 — 1 will also be a
number from B and p—  from D; that is, numbers with this property always
occur in pairs. Their number, (13), will therefore be even, except when one
of them is paired with itself, that is, when %(p —1) belongs to B and %(p+ 1)
to D; in this case (13) will be odd. From this we conclude that (13) is even
whenever 2 belongs to D, and odd whenever 2 belongs to B. But we have

16(13) = aa +bb+2a+4b+ 1
or, putting a =4qg+ 1, b = 4r + 2,
(13) =qq+q+rr+2r+1

Thus (13) will be odd whenever r is even; conversely, (13) will be even when-
ever r is odd. From this we conclude that 2 belongs to B whenever b has the
form 8m + 2, and to D whenever b has the form 8m + 6.
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The result of these investigations can be stated as follows:
The number 2 belongs to the collection A, B,C or D according as the
number %b has the form 4m, 4m + 1, 4m + 2 or 4m + 3.

22.

In the Disquisitiones Arithmeticae we explained the general theory of circle

division and of the solution of the equation z? — 1 = 0. Among other things,

we showed that, if p is a divisor of the number p — 1, the function ”f :11 can

be split into p factors of degree P=L with the help of an auxiliary equation
of degree u. Besides the general theory of this factorization, we separately
considered the special cases where yu = 2 or = 3 in Articles 356-358 of
that work, and showed how to give the auxiliary equation a priori, that is,
without working out the scheme of least residues of the powers of a primitive
root for the modulus p. Even without our pointing it out, attentive readers
will readily see the very close connection between the next case of that theory,
namely p = 4, and the investigations developed here in Articles 15-20, with
whose help that case too can be treated completely without difficulty. But we
reserve this treatment for another occasion, and accordingly have preferred
to carry out the investigation in this paper in a purely arithmetical form,
without bringing in the theory of the equation P — 1 = 0 at all. Instead, as a
finishing touch, we shall add some further new, purely arithmetical theorems
very closely connected with the subject treated so far.
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23.

If the power (z%+ 1)%(5" - g expanded by the binomial theorem, there will
be three terms in which the exponent of z is divisible by p — 1, namely

2P0 paPl and 1

where P denotes the middle coefficient

Thus, substituting for x the numbers 1,2,3....p — 1 in turn, we obtain by
the lemma in Article 19

St + 1) D =—2-p

But, considering what we explained in Article 19, and also that the numbers
in the collections A, B, C, D, raised to the power with exponent %(p —1), are
congruent modulo p to the numbers +1,—1,41, —1, respectively, we readily
see that

Szt 4+ 1)2®P~1 = 4(00) — 4(01) + 4(02) — 4(03)
and hence, by the schemes given at the ends of Articles 18, 20,

Szt + 1)z = —2q — 2
Comparing these two values gives a particularly elegant theorem: we have
P =2a (mod. p)

Denoting the four products

12,3 1lp—1)
Hp+3).2p+7) . tp+11)..... lp—-1)
Sp+1) .1 +3) . 1p+5)..... 3(p—1)
1(Bp+1).3(3p+5).2(3p+9)..... (p—1)

by q,r, s, t, respectively, we can write the preceding theorem as

2a=" (mod. p)
q
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Since each factor of g has its complement to p in ¢, we have ¢ =t (mod. p)
whenever the number of factors is even, that is, whenever p has the form
8m + 1, and ¢ = —t whenever the number of factors is odd, or p has the form
8m + 5. Likewise, in the former case » = s, and in the latter r = —s. In both
cases qr = st, and since we know that ¢rst = —1, we have qgqrr = —1, and
hence gr = +f (mod. p). Combining this congruence with the theorem just
found gives rr = £2af, and thus, by Articles 19, 20,

2b = +rr (mod. p)*)

It is very remarkable that the splitting of the number p into two squares
can be found by entirely direct operations: the root of the odd square will

be the least absolute residue of {—q, and the root of the even square the least

absolute residue of %rr modulo p. The expression 2qu whose value for p = 5

is = 1, can also be written as follows for larger values of p:

But since we also know the sign with which this formula gives the root of
the odd square, namely the sign that always makes it of the form 4m + 1, it
deserves particular attention that a similar general criterion for the sign of
the root of the even square has not yet been found. If anyone finds such a
criterion and communicates it to us, we shall be very grateful. Meanwhile, it
seemed appropriate to include here the values of the numbers a, b, f obtained,

for values of p below 200, from the least residues of the expressions 2%, %rr,

qr.

Dand {(a F b)g)? = a = (==gr)?
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p| a bl f
50 +1] +2] 2
13| =3| —=2| 5
17| +1| —4| 13
29| 45| 42| 12
37| +1| —6| 31
41 45| +4] 9
53| —7| —2| 23
61| +5| —6| 11
73| —3| —8| 27
89| +5| —8| 34
97 | 49| +4| 22
101 | +1[-10] 91
109 | —3[+10| 33
113 —7| 48| 15
137 | =11 | +4| 37
149 | —7|—10| 44
157 | —11| —6 | 129
173 | +13 | +2| 80
181 | +9 | +10 | 162
193 | —7|+12] 81
197 | +1|—14 183
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Theory of Biquadratic Residues

THEORY OF BIQUADRATIC RESIDUES.

SECOND PAPER.

24.

In the first paper we completely dealt with everything required for the
biquadratic classification of the number +2. Namely, we think of all numbers
not divisible by the modulus p (assumed to be a prime number of the form
4n + 1) as distributed among four collections A, B, C, D, according as each,
raised to the power with exponent i(p — 1), becomes congruent modulo p
to +1, +f, —1, —f, with f denoting either root of the congruence ff =
—1 (mod. p). We found that the decision as to which collection the number
+2 belongs to depends on splitting the number p into two squares: if we
put p = aa + bb, with aa denoting the odd square and bb the even one,
and further assume that the signs of a,b are chosen so that a = 1 (mod. 4),
b = af (mod. p), then the number +2 must belong to the collection A, B, C, D
according as %b has the form 4n, 4n + 1, 4n + 2, 4n + 3, respectively.

A rule for classifying the number —2 also follows immediately. Since —1
belongs to class A when %b is even, and to class C' when it is odd, the theorem
in Article 7 shows that the number —2 belongs to class A, B, C, D according
as %b has the form 4n, 4n + 3, 4n + 2, 4n + 1, respectively.

These theorems can also be expressed as follows:

Belongs +2 -2
to the collection | if b, modulo 8, is congruent to
A 0 0
B 2a 6a
C 4a 4a
D 6a 2a

We readily see that, stated in this way, the theorems no longer depend on
the condition @ = 1 (mod. 4), but still hold if @ = 3 (mod. 4), provided that
the other condition, af = b (mod. p), is maintained.

It is equally easy to see that the content of these theorems can be elegantly
condensed into a single formula, namely:

if a and b are taken positive, we always have

b%ab

a2 21(P=1) (mod. p)
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25.

Let us now see how far inductive investigation points towards the classifi-
cation of the number 3. The table in Article 11, continued further (always
taking the least primitive root), shows that +3 belongs

to the collection

A for B for C for D for
P a b P a b P a b P a b
13| =3 | 42| 17| 41| -4 37| +1| -6 51 +1] 42
109 | —3|+10| 29| +5| +2| 61| +5|—6]| 41| +5| —4
181 +9|+10 | B3| —=7| 42| 73| —3|—-8|149| —-7|+10
193 | =7 | —=12| 89| +5| =8| 97| 49| +4| 173 | +13| +2
229 | -15| +2 101 | +1|410| 157 | —-11| —6
277 | +9 | +14 || 113 | —7| -8 241 | —-15| —4
137 | —11| —4
197 | +1 | -14
233 | +13 | +8
257 +1|-16
269 | +13 | +10
281 | 45| +16
293 | +17 | 42

At least at first sight, we see no simple connection between the values of
the numbers a, b to which the same collection corresponds. But, considering
that a similar decision in the theory of quadratic residues is made by a simpler
rule for the number —3 than for the number +3, we may hope for equally
favourable success in the theory of biquadratic residues. We find that —3
belongs to the collection

A for B for C for D for
P a b P a b P a b P a b
371 +1| —6 51 +1| 42 13| =3 | +2| 29| +5| +2
61| +5| —6| 17| +1| —4| 73| —-3| =8| 41| +5| —4

157 | -11| =61 89| +5| =8| 97| +9| +4| 53| -7 | +2
193 -7 |-12 | 113| -7 =8| 109 | —3|+10 101 | +1 | +10
137 11| —4 181 | +9|+10 || 197 | +1| —-14
149 | =7 14101229 | =15 | 42269 | +13 | +10
173 | +13 | +2 (| 241 | —15| —4 | 293 | +17 | +2
233 | +13 | +8| 277 | +9 | +14
257 | +1|—16
281 | +5 | +16
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where the law suggested by inductive investigation presents itself at once.
Namely, —3 belongs to the collection

whenever b is divisible by 3, equivalently b = 0 (mod. 3)
whenever a + b is divisible by 3, equivalently b = 2a (mod. 3)
whenever « is divisible by 3, equivalently a = 0 (mod. 3)
whenever a — b is divisible by 3, equivalently b = a (mod. 3)

SRR

26.
We find that the number +5 is to be assigned to the collection

Afor p= 101, 109, 149, 181, 269
Bforp= 13, 17, 73, 97, 157, 193, 197, 233, 277, 293
C for p= 29, 41, 61, 89, 229, 241, 281

D for p= 37, 53, 113, 137, 173, 257

Considering the values of the numbers a, b corresponding to each p, we find
the law here as readily as for the classification of the number —3. Namely,
we arrive at the collection

A, whenever b= 0 (mod. 5)
B, whenever b=a

C, whenever a =0

D, whenever b = 4a

These rules evidently cover all cases, since for b = 2a or b = 3a (mod. 5)
we would have aa+bb = 0, Q. E. A., since by hypothesis p is a prime number
different from 5.

27.

Likewise, inductive investigation applied to the numbers —7, —11, +13,
417, —19, —23 and carried far enough points to the following rules:

For the number —7

Ala=0, orb=0 (mod.7)
B | b=4a, or b=ba
Cl|b=a, orb=6ba
D | b=2a, or b= 3a

For the number —11.
A b=0, 5a, or 6a (mod. 11)
B|b=a, 3aor4a
C|la=0, or b=2aor 9a
D | b=Ta, 8a or 10a
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For the number +13.

b=0, 4a, 9a (mod. 13)
b=6a, 11la, 12a
a=0; b=3a, 10a
b=a, 2a, Ta

QW

For the number +17.

a=0; b=0, a, 16a (mod. 17)
b = 2a, 6a, 8a, l4a
b= ba, Ta, 10a, 12a
b = 3a, 9a, 1la, 15a

QW

For the number —19.

b=0, 2a, ba, 14a, 17a (mod. 19)
b=3a, Ta, 11la, 13a, 18a

a =0; b=4a, 9a, 10a, 15a
b=a, 6a, 8a, 12a, 16a

OQw

For the number —23.

a=0; b=0, 7a, 10a, 13a, 16a (mod. 23)
b= 2a, 3a, 4a, 1la, 15a, 17a

=a, ba, 9a, 14a, 18a, 22a
b= 6a, 8a, 12a, 19a, 20a, 21a

SQwW

28.

The special theorems obtained in this way by inductive investigation are
found to be confirmed as far as that investigation is continued, and reveal a
particularly beautiful form of the criteria. But when they are compared with
one another to draw general conclusions, the following observations immedi-
ately present themselves.

The criteria for deciding which collection the prime number 4+¢q belongs to
(taking the upper or lower sign according as ¢ has the form 4n + 1 or 4n + 3)
depend on the forms of the numbers a,b compared with one another with
respect to the modulus ¢q. Namely,
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I. Whenever a = 0 (mod. ¢), +¢ belongs to a definite collection, which is A
for g =7, 17, 23, and C for ¢ = 3, 11, 13, 19. This suggests the conjecture
that the former case holds generally whenever g has the form 8n+ 1, and the
latter whenever ¢ has the form 8n 4 3. Moreover, the collections B and D can
already be excluded without inductive investigation when the value of a is
divisible by ¢, in which case p = bb (mod. ¢), that is, p is a quadratic residue
of ¢; hence, by the fundamental theorem, +¢ must be a quadratic residue of
D.

II. When a is not divisible by ¢, the criterion depends on the value of the
expression g (mod. ¢q). This expression does admit ¢ different values, namely
0, 1, 2, 3....q — 1; but whenever ¢ has the form 4n + 1, the two values of
the expression y/ — 1 (mod. ¢) must be excluded. They evidently cannot be
values of the expression g (mod. q), since p = aa + bb is always assumed to
be a prime number different from . The number of admissible values of the
expression g (mod. q) is therefore = ¢ —2 for ¢ = 1 (mod. 4), while it remains
= ¢ for ¢ = 3 (mod. 4).

These values are now distributed among four classes: some, to be denoted
without further specification by «, correspond to the collection A; others,
denoted by 3, to the collection B; others, 7y, to the collection C'; and finally
the rest, §, to the collection D. Thus 4q is to be assigned to the collection
A, B,C, D according as b = aa, b = fa, b = va, b = da (mod. q).

But the law of this distribution seems more deeply hidden, although some
general features are readily noticed. The number of values in three of the
classes is found to be the same, namely = i(q —1) or i(q + 1), while in
one (specifically, the one corresponding to the collection with the criterion
a = 0) it is smaller by one. Thus the total number of different criteria for
each collection is the same, namely = (¢ — 1) or 1(q + 1). We further
observe that 0 is always found in the first class (among the «), and that
the complements of the numbers «, 8,v,d to ¢, namely ¢ — «, ¢ — 5, ¢ — 7,
q — 0, are found in the first, fourth, third and second classes, respectively.
Finally, we see that the values of the expressions é, %, %, % (mod. q) belong
to the first, fourth, third and second classes whenever the criterion a = 0
corresponds to the collection A, but to the third, second, first and fourth
classes, respectively, whenever the criterion a = 0 refers to the collection C.
But this is about the limit of what can be reached by inductive investigation,
unless we rather boldly presume to anticipate what will later be drawn from
the genuine sources.

29.

Before going further, we should note that the criteria for prime numbers
(taken positively when they have the form 4n 4 1, negatively when they have
the form 4n+ 3) suffice to decide the question for all other numbers, provided
that the theorem of Article 7 and the criteria for —1 and +2 are also used.
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Thus, for example, if criteria for the number 43 are wanted, the criteria given
in Article 25, which concern —3, will also hold for +3 whenever %b is even.
The collections A, B,C, D must instead be exchanged with the collections
C,D, A, B whenever %b is odd, giving the following rules:

+3 belongs

to the 3
collection if

4 b=0 (mod. 12);

or simultaneously @ = 0 (mod. 3), b =2 (mod. 4)
B b= 8a or 10a (mod. 12)
b= 6a (mod. 12);

c .
or simultaneously a = 0 (mod. 3), b =0 (mod. 4)
D b = 2a or 4a (mod. 12)

Likewise, the criteria for 46 are obtained by combining the criteria for F2
and —3; namely,

+6 belongs
clfection | 1
A b=0, 2a,22a (mod. 24);

or simultaneously a = 0 (mod. 3), b = 4a (mod. 8)
b=4a, 6a, 8a (mod.24);

B or simultaneously a = 0 (mod. 3), b = 2a (mod. 8)

o b = 10a, 12a, 14a (mod. 24);

or simultaneously @ = 0 (mod. 3), b =0 (mod. 8)
D b = 16a, 18a,20a (mod. 24);
or simultaneously a = 0 (mod. 3), b = 6a (mod. 8)

while —6 belongs
coliection | if

A b=0, 10a,l14a (mod. 24);
or simultaneously a = 0 (mod. 3), b = 4a (mod. 8)
B b=4a, 8a,18a (mod. 24);
or simultaneously a = 0 (mod. 3), b = 6a (mod. 8)

b = 2a,12a,22a (mod. 24);

© or simultaneously @ = 0 (mod. 3), b =0 (mod. 8)
D b = 6a, 16a,20a (mod. 24);
or simultaneously a = 0 (mod. 3), b = 2a (mod. 8)

In the same way, the criteria for the number +21 will be assembled from
the criteria for —3 and —7; the criteria for —105 from those for —1, —3, +5,
-7, etc.
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30.

Inductive investigation thus opens up a very rich harvest of particular
theorems related to the theorem for the number 2. But a common bond is
lacking, rigorous proofs are lacking, since the method by which we completed
the treatment of the number 2 in the first paper admits no further applica-
tion. There are indeed various methods by which proofs could be obtained
for particular cases, especially those concerning the distribution of quadratic
residues between the collections A,C. We do not dwell on them, however,
since a general theory embracing all cases must be our aim. Having begun to
devote our thoughts to this matter in 1805, we soon became convinced that
the true source of the general theory must be sought in an extension of the
domain of arithmetic, as we already indicated in Article 1.

While higher arithmetic, in the questions treated so far, deals only with real
integers, the theorems on biquadratic residues shine in their full simplicity and
genuine beauty only when the domain of arithmetic is extended to imaginary
quantities. Its objects are then, without restriction, numbers of the form
a + bi, where i denotes, as usual, the imaginary quantity / — 1, and a,b
range without restriction over all real integers between —oo and +oco. We
shall call such numbers complex integers, treating real numbers as a species
contained within the complex numbers rather than as opposed to them. The
present paper will set out both the elementary theory of complex numbers
and the first beginnings of the theory of biquadratic residues, which we shall
undertake to complete in every respect in a subsequent continuation”.

'We should at least mention here in passing that the domain thus defined is particularly
suited to the theory of biquadratic residues. The theory of cubic residues must similarly be
built on the consideration of numbers of the form a + bh, where h is an imaginary root of the
equation h® —1 =0, say h = —% +v % .1; and likewise the theory of residues of higher powers
will require the introduction of other imaginary quantities.
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31.

First we introduce some names that will help us to be brief and clear.
The domain of complex numbers a + bi contains

I. real numbers, where b = 0, and among these, according to the nature of
a7

1) zero,
2) positive numbers,

3) negative numbers;

II. imaginary numbers, where b is unequal to zero. Here we distinguish in
turn

1) imaginary numbers without a real part, that is, where a = 0;

2) imaginary numbers with a real part, where b is nonzero and a = 0
also does not hold.

The former may, if desired, be called pure imaginary numbers, and the latter
mixed imaginary numbers.

In this theory we use four units, +1, —1, +¢, —i, which will be called
simply positive, negative, positive imaginary and negative imaginary.

We shall call the three products of any complex number by —1, +i, —1 its
companions or numbers associated with it. Thus, except for zero (which is
associated with itself), four distinct numbers are always associated.

By contrast, we call the number obtained from a complex number by ex-
changing ¢ with —¢ its conjugate. Among imaginary numbers, therefore, two
distinct numbers are always conjugate, while real numbers are their own con-
jugates, if we choose to extend the name to them.

We call the product of a complex number and its conjugate the norm of
each. The square of a real number is therefore to be taken as its norm.

In general we have eight related numbers, namely,

a+bi a—b
—b+4+ai| —b—ai
—a—bi| —a+bi

b—ai b+ ai

in which we see two groups of four associated numbers and four pairs of
conjugates; their common norm is aa + bb. But the eight numbers reduce
to four distinct ones whenever either a = +£b, or a,b = 0 for one of the two
numbers.
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The following results follow immediately from these definitions:

The conjugate of the product of two complex numbers is the product of
their conjugates.

The same holds for a product of more factors, and also for quotients.

The norm of the product of two complex numbers is equal to the product
of their norms.

This theorem also extends to products of any number of factors and to
quotients.

The norm of any complex number (except zero, an exception that from
now on we shall generally leave understood) is a positive number.

Moreover, nothing prevents us from extending our definitions to fractional
or even irrational values of a,b; but a 4 bi will be called a complex integer
only when each of a,b is an integer, and rational only when each of a,b is
rational.

32.

The rules for arithmetic operations on complex numbers are well known:
introducing the norm reduces division to multiplication, since

a+ bi c—di ac+bd bc—ad

= bi) . = .
c+di (a+bi) cc+ dd cc+dd+cc+dd ‘

The square root is extracted with the help of the formula

\/(CH_bi):i<\/\/(aa+2bb)+a+i\/\/(aa +2bb)—a>

if b is positive, or of the formula

V(aa +0bb) +a
2

\/(a—i—bi):j:(\/ _i\/\/(aa—i—bb)—a)

2

if b is negative. There is no need to dwell here on how transforming the
complex quantity a + bi into r(cos ¢ + isin @) makes calculations easier.
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33.

We call a complex integer that can be resolved into two factors different
from the units”) a composite complex number; a number that admits no such
factorization will be called a complex prime. It follows immediately that
every real composite number is also a composite complex number. But a real
prime may be a composite complex number, and this holds for the number 2
and all positive real primes of the form 4n + 1 (except the number 1), since
they are known to be decomposable into two positive squares. For example,
2=(14+9)(1—19),5=(142:)(1—2i), 13 = (3+27)(3—2i), 17 = (1+44)(1—4i),
etc.

On the other hand, positive real primes of the form 4n 4+ 3 are always
complex primes. For if such a number ¢ were = (a + bi)(a + (i), we should
also have ¢ = (a — bi)(a — Bi), and therefore qq = (aa + bb)(ac + 5). But
qq can be resolved into positive factors greater than unity in only one way,
namely into ¢ X ¢, so we should have to have ¢ = aa+bb = aa+ 55, Q. E. A.;
for the sum of two squares cannot have the form 4n + 3.

Negative real numbers evidently retain the same names as positive ones,
and the same holds for pure imaginary numbers.

It therefore remains to show how to distinguish composites from primes
among mixed imaginary numbers. This is done by the following

THEOREM. FEvery mized imaginary integer a + bi is a complex prime or
a composite number according as its norm is a real prime or a composite
number.

Proof. 1. Since the norm of a composite complex number is always com-
posite, a complex number whose norm is a real prime must evidently be a
complex prime. Q. E. P.

II. If, however, the norm aa + bb is composite, let p be a positive real prime
dividing it. We must now distinguish two cases.

1) If p has the form 4n + 3, we know that aa + bb cannot be divisible by p
unless p divides both a, b, so that a + b will be composite.

) Or, equivalently, factors whose norms are greater than unity.
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2) If p does not have the form 4n + 3, it can certainly be decomposed into
two squares. We therefore put p = aa + 85. Since

(ac + bB)(ace — bB) = aa(aa + BB) — BB(aa + bb)

and this is therefore divisible by p, p must divide one of the factors aa + bg,
ac — bB. Moreover, since

(s +bB)? + (ba — ap)® = (ac = bB)* + (ba + af)® = (aa + bb)(acx + 313)

and this is therefore divisible by pp, in the first case ba — a3, and in the
second ba + a8, must also be divisible by p. Thus in the first case

a+bi aa+bB8 ba-—af .
- = + .1
o+ Bi p p

will be a complex integer, while in the second

a+bi ac—0b8 ba+al .
. = + 1
o —pi p p

will be an integer. Since the given number is therefore divisible by o + i
or by a — Bi, and the norm of the quotient = 22+ differs from unity by
hypothesis, a + bi is evidently a composite complex number in either case.

Q. E.S.
34.

The following four kinds therefore exhaust the entire range of complex
primes:

1) the four units, 1,+i, —1, —i, which, however, we shall usually leave un-
derstood to be excluded when discussing prime numbers;

2) the number 1 4 ¢ with its three associates —1 + 14, —1 — 4, 1 — 4;

3) the positive real primes of the form 4n + 3 with their three associates
each;

4) the complex numbers whose norms are real primes of the form 4n + 1
greater than unity. To each given norm of this kind there always cor-
respond eight complex primes and no more, since such a norm can be
decomposed into two squares in only one way.
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35.

Just as real integers are divided into even and odd, and the former in
turn into those divisible by four and those that are twice an odd number, an
equally essential distinction presents itself among complex numbers. They
are either

not divisible by 1 + ¢, namely numbers a + b in which one of the numbers
a,b is odd and the other even;

or divisible by 1 4 ¢ but not by 2, whenever both a, b are odd;

or divisible by 2, whenever both a, b are even.

The numbers of the first class may suitably be called odd complex numbers,
those of the second half-even, and those of the third even.

A product of several complex factors will always be odd when all the factors
are odd; half-even when one factor is half-even and the others odd; and even
when the factors include at least two half-even ones or at least one even one.

The norm of any odd complex number has the form 4n + 1; the norm of a
half-even number has the form 8n + 2; finally, the norm of an even number
is the product of a number of the form 4n + 1 and the number 4 or a higher
power of two.

36.

Since the relation between four associated complex numbers is analogous
to that between two opposite real numbers (that is, numbers equal in absolute
value and bearing opposite signs), and the positive one of these is usually and
rightly regarded as primary, the question arises whether a similar distinction
can be established among four associated complex numbers, and whether it
should be considered useful. To decide this, we must consider that the princi-
ple of distinction must be such that the product of two numbers regarded as
primary among their respective associates always becomes primary among its
own associates. But we soon become convinced that no such principle exists
at all unless the distinction is restricted to integers; indeed, a useful distinc-
tion must be limited to odd numbers. For these, however, the proposed aim
can be reached in two ways. Namely,

I. The product of two numbers a + bi, a’ + b'i such that a,a’ have the form
4n + 1 and b,V are even will have the same property: the real part will be
=1 (mod. 4), and the imaginary part even. And it is easy to see that among
four associated odd numbers only one has that form.

II. If a number a + bi is such that ¢ — 1 and b are either both divisible by
four or both twice an odd number, its product with a complex number of the
same form will have the same form; and it is easy to see that only one of four
associated odd numbers has this form.
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Of these two principles, which are almost equally suitable, we shall adopt
the latter: among four associated odd complex numbers we shall regard as
primary the one congruent to the positive unit modulo 2 + 2. This will let
us state several notable theorems more concisely. For example, the complex
primes —142¢, —1 — 24, +3+ 27, +3 — 24, +1 + 44, +1 — 41, etc., are primary,
as are the real numbers —3, —7, —11, —19, etc., which must evidently always
be taken with a negative sign. The conjugate of an odd primary complex
number will also be primary.

For half-even and even numbers in general, a similar distinction would be
too arbitrary and of little use. Of the associated primes 1 + ¢, 1 — 4, —1 + 1,
—1 — 4, we can indeed choose one as primary in preference to the others, but
we shall not extend such a distinction to composites.

37.

If some factors of a composite complex number are themselves composite,
and these in turn are resolved into their factors, we evidently arrive eventually
at prime factors; that is, every composite number can be resolved into prime
factors. If any of these are not primary, replace each by the product of its
primary associate and i, —1 or —i¢. In this way, every composite complex
number M can evidently be reduced to the form

M = i*A“BPCY .. ..

where A, B, C, etc., are distinct primary complex primes, and u = 0,1,2 or
3. Concerning this factorization, we have the theorem that it can be carried
out in only one way. On a passing consideration this theorem might seem
evident in itself, but it certainly needs a proof. The following paves the way
to that proof.

THEOREM. The product M = A*BPC7Y ...., where A, B,C, etc., denote
distinct primary complex primes, cannot be divisible by any primary complex
prime that does not occur among A, B, C, etc.

Proof. Let P be a primary complex prime not contained among A, B, C,
etc., and let p,a,b,c, etc., be the norms of the numbers P, A, B,C, etc. It
follows readily that the norm of M will be = a®bP¢?, etc.; hence, if M were di-
visible by P, this number would have to be divisible by p. Since the individual
norms are either real primes (from the sequence 2,5, 13,17, etc.) or squares of
real primes (from the sequence 9,49, 121, etc.), this evidently cannot happen
unless p is identical with one of the norms a, b, ¢, etc. We therefore suppose
p = a. But since P, A are distinct primary complex primes by hypothesis,
it is easy to see that these conditions cannot hold together unless P, A are
conjugate imaginary complex numbers, and consequently p = a is an odd real
prime (not the square of a prime). We therefore suppose A = k+1i, P = k—1i.
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Hence, extending the notion and notation of congruence to complex integers,
we have A = 2k (mod. P), from which it follows readily that

M =2°k*BPC7.... (mod. P)
Therefore, if M is assumed divisible by P, then
20kBPCT ...

will also be divisible by P, and consequently the norm of this number, which

1S
= 2p2pBey

will be divisible by p. But since 2 and k are certainly not divisible by
p, it follows that p must be identical with one of the numbers b,c, etc.;
let, for example, p = b. From this, however, we conclude that either B = k-+1i
or B = k—1i, that is, either B = A or B = P, both contrary to the hypothesis.

The other theorem, that factorization into primes can be carried out in only
one way, follows very easily from this theorem, by reasoning entirely analogous
to that which we used for real numbers in the Disquisitiones Arithmeticae
(Article 16). It would therefore be superfluous to dwell on it here.

38.

We now turn to the congruence of numbers with respect to complex mod-
uli. At the outset of this investigation, however, we should indicate how the
domain of complex quantities can be made visible to intuition.

Every real quantity can be expressed by a segment of a line infinite in both
directions, taken from an arbitrary starting point and measured against an
arbitrary segment adopted as the unit. It can thus be represented by the other
endpoint, with points on one side of the starting point representing positive
quantities and those on the other negative quantities. In the same way, any
complex quantity can be represented by a point in an infinite plane in which
a fixed line corresponds to the real quantities: the complex quantity x4+ iy by
the point with abscissa = z and ordinate, taken positively on one side of the
line of abscissas and negatively on the other, = y. In this way we may say
that any complex quantity measures the difference between the position of
the point to which it corresponds and that of the starting point. The positive
unit denotes an arbitrary fixed displacement in an arbitrary fixed direction;
the negative unit an equally large displacement in the opposite direction;
and the imaginary units equally large displacements in the two perpendicular
lateral directions.

This sheds considerable light on the metaphysics of the quantities we call
imaginary. If the starting point is denoted by (0), and two complex quanti-
ties m, m’ correspond to points M, M’ whose positions relative to (0) they
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express, the difference m —m’ is nothing other than the position of M relative
to M’. On the other hand, if the product mm/’ represents the position of N
relative to (0), it is easy to see that this position is determined by the position
of M relative to (0) in the same way as the position of M’ is determined by
the position of the point corresponding to the positive unit. Thus we may
aptly say that the positions of the points corresponding to the complex quan-
tities mm’ m,m’,1 form a proportion. But we reserve a fuller treatment of
this matter for another occasion. The difficulties in which the theory of imagi-
nary quantities is thought to be entangled have largely arisen from unsuitable
names (some have even used the discordant name of impossible quantities).
Had we started from the concepts offered by two-dimensional manifolds, as
seen in their greatest purity in our intuitions of space, and called positive
quantities direct, negative quantities inverse and imaginary quantities lat-
eral, simplicity would have taken the place of complications, and clarity the
place of darkness.

39.

What was set out in the preceding article concerns continuous complex
quantities. In arithmetic, which deals only with integers, the representation
of complex numbers will be a system of equally spaced points arranged on
equally spaced lines so as to divide the infinite plane into infinitely many
equal squares. All numbers divisible by a given complex number a + bi = m
will likewise form infinitely many squares with sides = y/(aa + bb), or areas
= aa + bb. The latter squares will be inclined to the former whenever neither
of the numbers a,b is = 0. Each number not divisible by the modulus m
will correspond to a point either inside such a square or on a side shared
by two squares; the latter case, however, cannot occur unless a,b have a
common divisor. It is also clear that numbers congruent modulo m occupy
corresponding positions in their squares. Hence, if we collect all the numbers
lying inside a specified square, together with all those that may lie on two of
its non-opposite sides, and finally add a number divisible by m, we readily
obtain a complete system of incongruent residues modulo m: every integer
must be congruent to one of them, and to only one. Nor would it be difficult
to show that the number of these residues equals the norm of the modulus,
namely = aa + bb. But it seems advisable to prove this very important
theorem in another, purely arithmetical way.

40.

THEOREM. For a given complex modulus m = a + bi, whose norm is
aa +bb = p and for which a,b are relatively prime, every complex integer will
be congruent to a residue in the sequence 0,1,2,3....p — 1, and to no more
than one.
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Proof. 1. Let «, 8 be integers such that aa + b = 1. Then
i =ab— Ba+m(B+ ai)
Thus, for a given complex integer A + Bi, we have
A+ Bi=A+ (ab— Ba)B +m(SB + aBi)
Denote by h the least positive residue of A + (ab — Sa)B modulo p, and put
A+ (ab— Ba)B = h+ kp = h + m(ak — bki)

Then
A+ Bi=h+m(BB + ak + (B — bk)1)

or

A+ Bi = h(mod. m). Q. E. P.

II. Whenever two real numbers h,h’ are congruent to the same complex
number modulo m, they are also congruent to each other. We therefore put
h —h' =m(c+ di), giving

(h—h')(a — bi) = p(c+ di)

and hence
(h—h)a=pc, (h—h)b=—pd

and also, since aae + b8 =1,
h —h' = p(ca — dp), i. e. h = h/(mod. p)

Thus h and A/, if distinct, cannot both belong to the collection of numbers
0,1,2,3....p—1. Q. E. S.
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41.

THEOREM. For a complex modulus m = . a+bi, whose norm is aa+bb = p
and for which a,b are not relatively prime but have greatest common divisor
A (which we suppose taken positively), every complex number is congruent to

a residue x + yi such that x is one of the numbers 0,1,2,3....5% —1 and y
one of the numbers 0,1,2,3....A—1, and to exactly one of all the p residues
of this form.

Proof. 1. Taking integers «, 8 such that aa + b = A, we have A\i =
ab — pa + m(B + «i). Now let A + Bi be a given complex number, y the
least positive residue of B modulo A, and x the least positive residue of

A+ (ab— Ba) . ? modulo £, and put

B—
A—l—(ab—ﬁa).Ty:x—l—g.k
Then B
A+B¢_(m+y¢):%.M(B—y)i_(ab_ﬁa) Ay
_P By
_)\'k+ ;y m(B + ai)
a b . B—y
—<)\—)\.z>km+/\(6+az)m

which is divisible by m; equivalently, A + Bi = x + yi(mod. m) Q. E. P.

II. Suppose that, modulo m, two numbers x + yi, 2’ + y'i are congruent to
the same complex number, and therefore also to each other modulo m. All
the more, they are congruent modulo A, so y = y/(mod.\). If both y,y’ are
therefore assumed to belong to the numbers 0,1,2,3.... A — 1, we must have
y = y'. We then also have z = 2/(mod. m): z — 2’ is divisible by m, and

consequently the integer “”_)\x, is divisible by § + % .1, or

_ /
x )\x EO(mOd.i-Fi.i)

But since %,% are relatively prime, the second part of the theorem in the
preceding article shows that m_)\z/ is also divisible by the norm of § + % .1,
that is, by the number -5, and consequently = — 2’ by §. Thus, if both z, 2’
are also assumed to belong to the collection of numbers 0,1,2,3.... 5 -1, we
must have = 2/, or the residues x + yi, 2’ + /i are identical. Q. E. S.

It is also evident that this includes the case where the modulus is real,
namely b = 0 and consequently A = *+a, as well as the case where it is purely

imaginary, namely ¢ = 0 and consequently A = +b. In either case we have

P _
A
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42.

Thus, assigning complex numbers congruent to one another modulo a given
modulus to the same class, and incongruent numbers to different classes, we
obtain altogether p classes exhausting the whole range of integers, where p
denotes the norm of the modulus. A collection of that many numbers, one
taken from each class, gives a complete system of incongruent residues, such
as we specified in Articles 40, 41. In that system, the choice of residues
representing their classes was based on the principle of adopting in each class
a residue = + yi¢ for which y has its least value and, among all those with
that same least value of y, the one for which = has its least value, excluding
negative values for both x and y. But other purposes will call for other
principles. In particular, we should note the method of choosing residues
that give the simplest quotients when divided by the modulus. If o+ 37,/ +
B'i,a” + B, etc., are quotients obtained by dividing congruent numbers by
the modulus, the differences among a, o/, a”, etc., are evidently integers, as
are the differences among 3, 3, 3”, etc. It is clear that there is always one
residue for which a and g lie between the bounds 0 and 1, the former included
and the latter excluded. We simply call such a residue a least residue. If
preferred, the bounds —% and —i—% may be adopted instead, one included and
the other excluded; we shall call a residue satisfying this restriction absolutely
least.

Concerning - these least residues, the following problems arise.

43.

The least residue of a given complex number A+ Bi modulo a+bi, of norm
= p, is found as follows. If x + yi is the required least residue, (z + yi)(a — bi)
will be the least residue of the product (A+ Bi)(a—bi) modulo (a+bi)(a—bi),
that is, modulo p. Put

aA+bB=Fp+f, aB—-bA=Gp+yg

so that f, g are the least residues of aA 4+ bB,aB — bA modulo p. Then

. ftgi
or b
I el R e
p
b
y:ag:; L B_aG—bF

Evidently, the least residues f, g must be taken either between the bounds
0 and p — 1 or between —%p and —|—%p, according as the complex number’s
simply least or absolutely least residue is required.
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44.

A complete system of least residues for a given modulus can be constructed
in several ways. The first method begins by determining the bounds within
which the real terms must lie, and then, for each value within those bounds,
assigning bounds to the imaginary parts. The general criterion for a least
residue x+yi modulo a+bi is that both ax+by = & and ay—bx = n lie between
the bounds 0 and aa+bb when simply least residues are considered, or between
—1(aa+0bb) and +2(aa+ bb) when absolutely least residues are required, one
bound being excluded. Special rules would require distinguishing the cases
arising from the different signs of the numbers a,b. Since developing that
distinction presents no difficulty, we refrain from dwelling on it here; it will
suffice to show the nature of the method by a single example.

For the modulus 5 + 2¢, the simply least residues = + y¢ must be such that
both 5z + 2y = ¢ and 5y — 2x = n equal one of the numbers 0,1,2,3....28.
The equation 29x = 5£ — 27 shows that positive values of & cannot exceed 52—%8,
and negative values, disregarding their sign, cannot exceed %. All admissi-
ble values of x are therefore —1,0,1,2,3,4. For x = —1, 2y must equal one
of the numbers 5,6,7....33, and 5y one of the numbers —2, —1,0,1....26;
hence the least value of y is 43 and the greatest +5. Treating the remaining
values of x in the same way gives the following table of all the least residues:

x|y
—113,4,5
0]0,1,2,3,4,5

+1/1,2,3.4,5.6
+21,2,3,4,5,6
+312,3,4.5,6
+42,3,4
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Similarly, for absolutely least residues, £ and n must equal one of the
numbers —14, —13, —12.... 4+ 14. Hence 292 cannot lie outside the bounds
—7.14 and 47 . 14, so z must equal one of the numbers —3, -2, —-1,0,1, 2, 3.
For © = -3, 2y = £ — 5z = £ + 15 will equal one of the numbers 1,2,3....29,
while 5y = n+2x = n—6 will equal one of the numbers —20, —19, —18....438;
this gives for y the single value +1. Treating the remaining values of z in the
same way, we have the table of all the absolutely least residues:

T |y
—3 |41

2| —2,-1,0,+1,+2
—1|-3,-2,-1,0,+1,+2
0] —-2,-1,0,+1,+2
+1|-2,-1,0,+1,+2,+3
+2 | —2,-1,0,+1,+2
+3 | -1

45.

In applying the second method, it will be useful to distinguish two cases.
In the first case, where a and b have no common divisor, put aa + b = 1,
and let k be the least positive residue of Sa — ab modulo p. The identities

a(fa — ab) = Bp — b(aa + Bb),
b(Ba — ab) = —ap + a(aa + (b)

then show that ak = —b, bk = a(mod. p). Thus, putting as above az +by = &,

ay — br = n, we have n = k{, £ = —kn(mod. p). All the numbers & + ni
to which simply least residues x + yi correspond are therefore obtained by
taking either for &, successively, the values 0,1,2,3....p — 1, and for 7 the
least positive residues of the products k£ modulo p, or, in another order, for
1 those values and for £ the least residues of the products —kn. From each
& 4 mi the corresponding x + yi is then found by the formula

E+mi a—bn an+b§ .
- = + .1
a — bi D P

T+ yi =
It is also clear that n, as & increases by one, either increases by k or
decreases by p — k, and consequently = + yi undergoes

— kb ak+0b .
+ .1
p

or this one a_kb+b+ <ak+b—a>i
b p

This observation serves to make the construction easier.

a
either the change
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Finally, if absolutely least residues x + y¢ are required, these instructions
evidently change only in that £ must successively be given values between the
bounds —%p and +%p, while for n we must take the absolutely least residues
of the products k€. Here is a table of least residues for the modulus 5 + 21,
arranged in this way:

Simply least residues.

E+mi|l x+yi E+mi| x+yi E+mi|l x+yi

0 0110 + 25¢ +5% (|20 4 21 | +2 + 5¢
14+17¢ | =1+ 30 || 11+ 130 | +1 434 || 214 9¢ | +3+ 3¢
2450 +1 1244 +2417(22426¢|+2 + 6¢

3+220|+1+47|| 134+ 187 | +1 + 44 || 23 + 144 | +3 + 4¢
4+ 104 +2¢|| 14+60|+2429|| 244 2¢ | +4+ 20
O+27i | —1+5¢||15+23¢|+1+ 57|25+ 193 | +3 + 57
6+ 157 +30 || 16+ 113 | +2 434 || 264 Ti | +4+ 3¢
T4+3i| +1+2|| 17+ 281 | +1 4 64|27 + 244 | +3 + 61
8 + 201 +44 || 18 + 167 | +2 444 || 28 + 12¢ | +4 + 41
9+8i|+1+2¢| 19440 |+3+2¢

Absolutely least residues.

E+mi| x+yi E+mi|l x+yi E+mi| x+yi
—14—-6i|—2—2i||—4— 10z —2i +5— 2 +1
13+ 11¢| =341¢|| =3+7i| —1+¢| +6—144|4+2— 24
—12—4| —2—13|| —2—52 —1 +7+3¢| +1+41
—11—-13¢|—-1—-3¢||-14+12¢ | -1+ 23 +8—-91| +2—1
—10+ 44 —2 0 0 +94+8i|+1+ 22
—9—-8i|—1—-2¢||+1—12¢ |+1 —2¢| +10— 43 +2
—84+91| —241|| +2+5¢ +i||+11+13¢|+1 4 3¢
—7—3| —1—1¢|| 43 —-Ti| +1—1 +12 44| 4241
—6+ 147 | -2 4 24 || +4 4 107 +2i || +13 —11i| +3 —1
-5+ 2t -1 +14 + 64 | +2 + 2¢

The second case, where a, b are not relatively prime, can easily be reduced
to the preceding one. Let A\ be the greatest common divisor of a,b, and let
a=M\a', b= M\. Let F denote any least residue modulo A\, with the modulus
regarded as a complex number: that is, let it represent any number z + yi
such that x, y lie either between the bounds 0 and A or between —%)\ and —i—%/\,
according as simply least or absolutely least residues are considered. Further,
let F' denote any least residue modulo a’ + b'i. Then (a’ + b'i)F + F' will
represent any least residue modulo a + bi, and a complete system of these
residues results when all values of F' are combined with all values of F”.
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46.

Two complex numbers are called relatively prime if they have no common
divisors other than the units. Whenever such common divisors do exist, those
whose norm is greatest are called greatest common divisors.

If the factorization of two given numbers into prime factors is available,
the greatest common divisor is determined in exactly the same way as for
real numbers (Disquiss. Ar. Article 18). This also shows that every common
divisor of two given numbers must divide their greatest common divisor found
in this way. Since it is already evident that its three associates are also
common divisors, there will always be four numbers, and no more, that are
to be called greatest common divisors; their norm will be a multiple of the
norm of any other common divisor.

If the factorization of two given numbers into simple factors is not available,
the greatest common divisor is found by an algorithm similar to that for real
numbers. Let m,m’ be the two given numbers, and form by repeated division
the sequence m”,m"”, etc., so that m” is the absolutely least residue of m
modulo m/, then m” the absolutely least residue of m’ modulo m”, and so
on. Denoting the norms of m,m’,m”,m'”, etc., respectively by p,p’,p",p"”,

/!
p m//

ete., o will be the norm of the quotient 7 and thus, by the definition

of an absolutely least residue, certainly no greater than %; the same holds
for 2, etc. The positive real integers p/,p”,p", etc., will therefore form a
steadily decreasing sequence, so that a term 0 must eventually be reached.
Equivalently, in the sequence m,m’,m”, m"”, etc., we shall eventually reach
a term that divides the preceding term without a remainder. Let this be
m ) and put

m=km' +m”

m/ — kjm// _|_ ml//

m// — k,/m”/ + m////

and so on, as far as
m( — (), (n+1)

Going through these equations in reverse order shows that m(™t1) divides
each preceding term m®™ . om" m! m; going through the same equations in
forward order makes it clear that every common divisor of m,m’ also divides
each subsequent term. The first conclusion shows that m(*1) is a common
divisor of m,m’; the second, that this divisor is greatest.

Whenever the last residue m(™*1) equals one of the four units 1, —1,4, —i,
this will show that m and m’ are relatively prime.
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47.

If the equations of the preceding article, omitting the last, are combined
so as to eliminate m”,m"” . m""....m(™ an equation of the following form
results:

m ) — hm + 'm/

where h,h/ are integers; more specifically, if we use the notation introduced
in Disquiss. Ar. Article 27,

kKKK )]
KD (=2 R K K]

the upper or lower signs applying according as n is even or odd. We state
this theorem as follows:

A greatest common divisor of two complex numbers m,m’ can be put in
the form hm + h'm’, with h,h' integers.

This evidently holds for the greatest common divisor to which the algo-
rithm of the preceding article led, and also for its three associates. For these,
the coefficients h,h’ must be replaced either by hi,h'i, by —h,—h' or by
—hi, —h'i.

Thus, whenever the numbers m, m’ are relatively prime, the following equa-
tion can be satisfied:

1=hm+hm
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For example, let the given numbers be 31 + 6i = m, 11 — 20i = m’. Here

we find
k=i, m” = +11 — 5i
E=+1—4i, m" =+5—4i
k' = +2, m" = +1 + 3i
B — 1 — 2, m" = 44
M= 43—
and hence

[k;/’ k//7 k///] — _6 _ 57]
ke, K, K k") = +4 — 10i

and therefore
m"" =i = (6+5i)m + (4 — 10i)m’

as well as
1=(5—6i)m+ (=10 — 4i)m’

which is confirmed by carrying out the calculation.

48.

The foregoing has prepared everything required for the theory of congru-
ences of the first degree in the arithmetic of complex numbers. But since
this theory does not differ essentially from the one that applies to the arith-
metic of real numbers and has been set out at length in the Disquisitiones
Arithmeticae, it will suffice to set down the main points here.

I. The congruence mt = 1 (mod. m') is equivalent to the indeterminate
equation mt+m’u = 1. If this equation is satisfied by the values t = h,u = I/,
the general solution of the congruence is expressed by t = h(mod. m'). The
condition for solvability is that the modulus m’ and the coefficient m have no
common divisor.

IT. The solution of the congruence ax + b = ¢(mod. M), in the case where
a, M are relatively prime, depends on the solution of

at =1 (mod. M)

If ¢t = h satisfies this congruence, the general solution of the former is con-
tained in the formula
x = (¢ —b)h (mod. M)
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ITI, The congruence ax + b = c¢(mod. M), in the case where a, M have a
common divisor A, is equivalent to

a c—b d%
)\.x y mo.)\

Thus, when ) is taken to be the greatest common divisor of a, M, the solution
of the given congruence is reduced to the preceding case. It is clear that the
necessary and sufficient condition for solvability is that A also divide the
difference ¢ — b.

49.

So far we have touched only on elementary matters, which nevertheless
could not be omitted for the sake of the connection. In deeper investigations,
the arithmetic of complex numbers resembles the arithmetic of real numbers
in that more elegant and simpler theorems result when we admit only moduli
that are prime numbers. Indeed, extending them to composite moduli usually
involves more length than difficulty, and more work than ingenuity. The
following discussion will therefore deal chiefly with prime moduli.

50.

Let X denote a function of the indeterminate x of the following form:
Az™ + Bz '+ Ca™ % + ete. + Mz + N;

where n is a positive real integer, A, B, C, etc., real or imaginary integers,
and m a complex integer. Here too we shall call any integer a root of the
congruence X = 0 (mod m) if, when substituted for z, it gives X a value
divisible by the modulus m. We shall not regard solutions given by roots
congruent modulo the modulus as different.

Whenever the modulus is a prime number, here too such a congruence of
degree n cannot have more than n different solutions. Let o denote any fixed
integer (complex). X can be put by division by = —«a, with the indeterminate
left free, in the form X = (z — @)X’ + h, where h is a fixed integer and X’
a function of degree n — 1 with integer coefficients. Whenever « is a root of
the congruence X = 0 (mod m), h is evidently divisible by m; equivalently,
with the indeterminate left free, we have X = (z — a)X’ (mod m).

Similarly, if 8 denotes a fixed integer and X’ is put in the form (z —
B)X" + 1/, X" will be a function of degree n — 2 with integer coefficients.
If B is supposed to be a root of the congruence X = 0, it must also satisfy
(B—a)X’ =0, and also X’ = 0 if the roots «, 8 are incongruent. We conclude
that A’ must also be divisible by m; equivalently, with the indeterminate left
free, X = (z — a)(z — 8)X” (mod m).
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In the same way, on adding a third root «y, incongruent to the preceding
ones, we shall have, with the indeterminate left free, X = (x — a)(x — §)(x —
v) X", where X" is a function of degree n — 3 with integer coefficients. We
may continue in the same way. It is also clear that the coefficient of the
highest term in each function is = A, which we may suppose not divisible
by m, since otherwise the congruence X = 0 would essentially have to be
assigned a lower degree. Thus, whenever there are n incongruent roots, say
a,B,7....v, we have, with the indeterminate left free,

X=Alx—a)(zr—-B)(x—7)....(x—v) (modm)

Consequently, substituting a new value incongruent to each of o, 3,v....v
would certainly give X a value not divisible by m, from which the theorem
follows at once.

This proof essentially agrees with the one we gave in Disq. Ar. Article 43,
every step of which applies to complex numbers just as it does to real numbers.

51.

Most of what was given in the third section of the Disquisitiones Arith-
meticae concerning residues of powers also holds in the arithmetic of complex
numbers, with slight changes; indeed, the proofs of the theorems could gen-
erally be retained. So that nothing is missing, however, we shall present the
principal theorems supported by concise proofs. Throughout, the modulus is
to be understood to be a prime number.

THEOREM. If k denotes an integer not divisible by the modulus m, of norm
=p, then k"1 =1 (mod m).

Proof. Let a,b,c, etc., form a complete system of incongruent residues
modulo m, but with the residue divisible by m omitted, so that the number
of these numbers, whose collection we denote by C, is = p — 1. Further, let
C’ be the collection of products ka, kb, kc, etc. By hypothesis, none of these
products is divisible by m, so each has a congruent residue in the collection C"
we may thus have ak = o/, bk =V, ck = ¢/, etc., (mod. m), where the numbers
a', V', c, etc., themselves occur in the collection C. Denote the collection of
a' b, c, etc., by C". Let P, P', P” be the products of the individual numbers
in the collections C, C’, C”, respectively; that is,

P =abe....
P =kl tabe.... = kPP
P'=dvd. ...
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Since the numbers in C” are congruent, in succession, to the numbers in
C', we have P = P, or P" = kP~'P. But any two numbers in C” are readily
seen to be incongruent, and therefore all are distinct. The numbers in C”
must consequently coincide exactly with those in C, with only their order
changed, giving P” = P. Thus (kP~! — 1)P is divisible by m. Since m is
a prime number dividing none of the individual factors of P, kP~! — 1 must
necessarily be divisible by m. Q. E. D.

52.

THEOREM. Ifk, as in the preceding article, denotes an integer not divisible
by the modulus m, and t the least exponent (apart from 0) for which k' = 1
(mod m), then t divides every other exponent u for which k* =1 (mod m).

Proof. If t did not divide u, let gt be the multiple of u next greater than w,
so that gt — u is a positive integer less than ¢. From k! = 1, k% = 1 it follows
that 0 = k9 — k% = k“(k9% — 1), and hence k9% = 1: there is a power
of k with an exponent less than ¢ that is congruent to unity, contrary to the
hypothesis.

It follows as a corollary that ¢ certainly divides p — 1.

Here too we shall call numbers k for which ¢ = p — 1 primitive roots for.
the modulus m. We shall now show that such numbers really exist.

53.
Factor the number p — 1 into its prime factors, so that
p—1=a"b’c....

where a, b, ¢, etc., denote distinct positive real prime numbers. Let A, B, C,
etc., be integers (complex) not divisible by m, and respectively not satisfying
the congruences

modulo m. The existence of such numbers is clear from the theorem of
Article 50. Finally, let h be congruent modulo m to the product

A% B O L
Then I say that A will be a primitive root.
Proof. Denoting by t the exponent of the lowest power h! congruent to
unity, if h were not a primitive root, ¢ would be a proper divisor of p — 1;

that is, 2% would be an integer greater than unity. This integer evidently

¢

has its real prime factors among a, b, ¢, etc. Let us therefore suppose, as we
may, that p;—l is divisible by a, and put p — 1 = atu. Since h! = 1, we then
also have h'* =1, or

p—1 p—1 p—1 p—1 p—1 p—1
Aao"aBbB"lCc'Y'a

Il
—
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But 7;;—61 is evidently an integer, so

B e = (B ) =1
and similarly C BT = 1, and so on; consequently we must have
—1 p—1
A’ "o =1 Now determine a positive integer A\ such that
M. =1 (mod a)
This can be done, since the prime number a does not divide b%¢7 ... .; put
—1 p—1
MNP ... =1+ au. Evidently AN " = 1; or, since \ . pa;al . % =
(14 au)% =(p—-1Du+ pgl, we have AP~Dr A% = 1. Hence, since

A=D1 =1 holds of itself, we also have A = 1, contrary to the hypothesis.
The supposition that t is a proper divisor of p — 1 therefore cannot stand, and
h must necessarily be a primitive root.
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54.

Let h be a primitive root for the modulus m, of norm = p. The terms of
the progression
1,h, hh, k> ... hP~2

will be incongruent to one another. It follows easily that every integer not
divisible by the modulus must be congruent to one of them: this sequence
gives a complete system of incongruent residues with zero excluded. The
exponent of the power to which a given number is congruent may be called
its index, while h is regarded as the base. Here are some examples, in which
we have placed the absolutely least residue beside each index.

First example.

m=5+4i, p=41, h=14+2%

Ind. |Residue||Ind.|Residue||Ind. |Residue||Ind. | Residue||Ind. | Residue
0 +1 8 —4| 16|—-2+2i| 24 +2i|| 32| +1+74
1+1+ 2 9] =3+ 17|—1+2i|| 25 —3i|| 33|+1+ 3
2] +1—14|| 10 —il| 18 +43|| 26|42+ 2¢|| 34 +2
3| +3+4f 11| +2—q|| 19|+1+3¢|| 27| +2+1¢|| 35 -3
4 —2i|| 12| —1—14|| 20 1| 28 +4|| 36|+2 — 2
5 +3i|| 13|+1-—33|| 21|—1-—2¢|| 29| +3—i||l 37|+1—2¢
6|—2—2i|| 14 =2 22| =144 30 +i|| 38 —44
7 —2—14f| 15 +3| 23| —3—1|| 31| =2+l 39 —1—3¢

Second example.

m=7, p=49, h=14+2%
Ind.|Residue||Ind. |Residue||Ind. | Residue||Ind. | Residue || Ind. | Residue

+1 =24 17| =3+14|| 27|=34+2¢|| 37| —244| 47| +3+¢
—=2| 18|42+ 2:¢|| 28 +31|| 38|43 — 3¢
—2+3¢|| 19| —2—14|| 29|+1+3¢|| 39|42+ 3

0 +1|| 10| —1—1<|| 20 +2¢|| 30|42 —2¢|| 40 +3
1 +1+2¢|| 11|41 —3¢|| 21|4+3+2¢|| 31|—-142¢| 41| +3 —1
21 -3 -3¢ 12 —i|| 22| —1+17|| 32 +2|| 42| -2 -2
S|+3 =2 13| +2—¢|| 23| =3 —4|| 33|+2—3¢|| 43| +2+1
4 =3¢l 14| -3+ 3¢|| 24 —1{ 34| +1+14|| 44 —21
5|—1—=34|| 15|—2—3¢|| 25|—-1—2i|| 35|—143¢|| 45|-3—2
6|—2+2i|| 16 =3|| 26|+3+ 3| 36 +if| 46| +1—1
7

8

9

55.
We add some observations about primitive roots and the calculation of
indices, omitting their proofs because they are easy.
I. In a given system, indices congruent modulo p—1 correspond to residues
congruent modulo m, and conversely.
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II. Residues corresponding to indices relatively prime to p — 1 are them-
selves primitive roots, and conversely.

III. Suppose that, with a primitive root h taken as the base, the index of
another primitive root A’ is ¢, and, conversely, ¢’ is the index of h when A’ is
taken as the base. Then t¢/ =1 (mod p—1). Under the same assumptions, if
the indices of some other number in these two systems are respectively u, v/,
then tu' = u,t'u =4 (mod p —1).

IV. Excluding the numbers 1, 144 and their three associates each, as being
too trivial, from the moduli we consider leaves the prime numbers that we
placed third and fourth in Article 34. The norms of the latter are real prime
numbers of the form 4n + 1; those of the former, however, are squares of odd
real prime numbers. Thus, in either case, p — 1 is divisible by 4.

V. Denote the index of —1 by u. Then 2u =0 (mod p—1), so either u =0
or u = %(p — 1). But since the index 0 corresponds to the residue +1, the
index of —1 must be 3(p — 1).

VI. Similarly, denoting by u the index of i, we have
2u= 3(p—1) (mod p— 1), and therefore either u = (p — 1) or
U= %(p — 1). Here, however, the ambiguity depends on the choice of
primitive root. Specifically, if, with the primitive root h taken as the base,
the index of i is 2(p — 1), the index becomes 2(p — 1) when h* is taken as
the base, where p denotes a positive integer of the form 4n + 3 relatively
prime to p — 1, for example the number p — 2 itself; and conversely. Thus
one half of the primitive roots gives i the index %(p — 1), and the other half
the index %(p —1). Evidently, for the former bases —i has the index
3(p—1), and for the latter the index 1(p —1).

VII. Whenever the modulus is a positive real prime number of the form
4n + 3, say = ¢, so that p = qq, the indices of all real numbers are divisible
by q¢ + 1. For, if ¢ denotes the index of the real number k, then, because
k%1 = (mod ¢q), we have (g—1)t = 0 (mod qq— 1), and consequently thTl is
an integer. Similarly, the indices of purely imaginary numbers such as ki are
divisible by %(q +1). Thus primitive roots for such moduli must evidently be
sought only among mixed numbers.

VIII. For a modulus m that is a mixed complex prime number, however,
whose norm p is consequently a real prime number of the form 4n + 1, any
primitive roots may also be chosen among real numbers, among which a
complete system of incongruent residues can indeed be exhibited (Article 40).
Every real number that is a primitive root for the complex modulus m is
evidently also, in the arithmetic of real numbers, a primitive root for the
modulus p, and conversely.
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56.

Although the theory of quadratic residues and nonresidues in the arith-
metic of complex numbers is contained within the theory of biquadratic
residues itself, we shall present its principal theorems separately here before
turning to the latter. For brevity, however, we shall discuss only the principal
case, where the modulus is an odd complex prime number.

Let m be such a modulus, and p its norm. Evidently, any integer not
divisible by m, a condition always to be understood here, can or cannot be
congruent to a square modulo m, according as its index, with some primitive
root taken as the base, is even or odd. In the former case that integer is
called a quadratic residue of m, and in the latter a nonresidue. It follows that,
among p — 1 numbers forming a complete system of incongruent residues not
divisible by m, one half belongs to the quadratic residues and the other half
to the quadratic nonresidues. Any other number outside this system must
be assigned the same character in this respect as the number in the system
congruent to it.

It also follows that the product of two quadratic residues, as well as the
product of two nonresidues, is a quadratic residue, whereas the product of a
quadratic residue and a nonresidue is a nonresidue. In general, a product of
any number of factors is a quadratic residue or a nonresidue according as the
number of nonresidues among its factors is even or odd.

The following general criterion for distinguishing quadratic residues from
nonresidues presents itself at once:

A number k not divisible by the modulus is a quadratic residue or a non-
residue of it according as k2D =1 or k2D = —1 (mod m).

This theorem follows at once from the fact that, with any primitive root
taken as the base, the index of the power k3 ®=1 hecomes either = 0 or

= 1(p — 1), according as the index of k is even or odd.

)
57.

For a given modulus, it is easy to divide a complete system of incongru-
ent residues into two classes, quadratic residues and nonresidues. This also
assigns all the remaining numbers to their respective classes. But a much
deeper investigation is needed to find criteria distinguishing the moduli for
which a given number is a quadratic residue from those for which it is a
nonresidue.

As for the real units +1 and —1, these are actual squares in the arithmetic
of complex numbers, and therefore quadratic residues for every modulus. It
follows just as easily from the criterion in the preceding article that 4, and
likewise —i, is a quadratic residue of every modulus whose norm p has the form
8n + 1, but a nonresidue of every modulus whose norm has the form 8n 4+ 5.
Since it evidently makes no difference whether m or one of its associates
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im, —m, —im is taken as the modulus, we may suppose that the modulus
is the primary one among its associates (Article 36, IT). Thus, putting the
modulus = a + bi, we may suppose a odd and b even. We then always have
aa = 1 (mod 8), while bb is either = 0 or = 4 (mod 8), according as b is
divisible by four or twice an odd number. Thus +i and —i are evidently
quadratic residues of the modulus in the former case and nonresidues in the
latter.

58.

Since the character of a composite number, whether it is a quadratic residue
or a nonresidue, depends on the characters of its factors, it evidently suffices
to restrict the development of criteria distinguishing the moduli for which a
given number £ is a quadratic residue from those for which it is a nonresidue
to values of k that are prime numbers and, moreover, primary among their
associates. In this investigation, examining eramples immediately supplies
very elegant theorems.

Let us begin with 1 4 4, which is found to be a quadratic residue of the
moduli

—1+42i, +3—2i, —5—2i, —1 —6i, +5+4i, +5 — 4,
—7, +7+42i, =5+ 6i, etc.

but a quadratic nonresidue of the following:

—1—2i, =3, +34+2i, +1+4i, +1 —4i, —5 + 2,
—1+6i, +7—2i, —5 — 6i, —3 + 8i, —3 — &i,
+5+8i, +5—8i, +9+4i, +9 —4i etc.

Examining this list carefully, in which we have always entered the primary
one of each four associated moduli, we readily notice that all the moduli a+bi
in the first class satisfy a+b = +1 (mod 8), while those in the second satisfy
a+b = —3 (mod 8). If, in place of the primary modulus m, we take its
associate —m, this criterion must evidently change so that a +b = —1 for
moduli in the first class, and = 43 (mod 8) for those in the second. Thus,
provided our examination of examples has not misled us, in general, if a + bi
denotes a prime number in which a is odd. b even, 1+ is a quadratic residue
or a quadratic nonresidue of it according as a +b = +1 or = £3 (mod 8).

The same rule holds for —1 —1¢ as for 144. On the other hand, considering
1 — 4 as the product of —i and 1 + ¢, 1 — ¢ evidently has the same character
as must be assigned to 1 + ¢ whenever b is divisible by four, but the opposite
character whenever b is twice an odd number. It follows easily that 1 — i is
a quadratic residue of the prime number a + bi whenever a — b = +1, but
a nonresidue whenever a — b = £3 (mod 8), always supposing a odd and b
even.
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This second proposition can also be deduced from the first with the help
of a more general theorem, which we state as follows:

In the theory of quadratic residues, the character of o+ 87 with respect to
the modulus a + bi is the same as that of o — 37 with respect to the modulus
a — bi.

The proof of this theorem follows from the fact that both moduli have the
same norm p, and that whenever (a + ﬁz) (=1 _ 1 is divisible by a + bi,

(o — Bz) —1is also d1V1Slble by a — bi, while whenever (o + ﬂz) (=1 41
is divisible by a+bi, (o — ﬁz) (P=1) 4+ 1 must also be divisible by a — bi.
59.

Let us proceed to odd prime numbers.

We find that —1 4 2¢ is a quadratic residue of the moduli +3 + 27, +1 — 41,
-5+ 2i, =5 — 2¢, —1 — 6%, +7 — 24, —3 + 8¢, +5 + 8¢, +5 — 8¢, +9 + 44, etc.,

but a nonresidue of the moduli —1 — 2i, —3, +3 — 2i, +1 + 44, —1 + 64,
+5+ 44, +5 — 44, =7, +7 + 2¢, —5 + 6i, —5 — 6¢, —3 — 8¢, +9 — 44, etc.

Reducing the moduli of the first class to their absolutely least residues
modulo —1+ 24, we find only +1 and —1, namely +3+2i = —1, +1—4i = —1,
—5+2i=+41, -5 —-2i = —1, etc.

On the other hand, all moduli of the second class are found to be congruent
modulo —1 + 24 either to +¢ or to —i.

But +1, —1 are themselves quadratic residues of the modulus —1+2i, while
+i and —¢ are its nonresidues. Thus, as far as the examination of examples
can be trusted, the following theorem emerges: —1 4 2i is a quadratic residue
or a quadratic nonresidue of the prime number a + bi according as the latter
is a quadratic residue or a quadratic nonresidue of —1 + 2¢, provided that
a + bi is the primary one of its four associates, or rather, that a is odd and b
even.

Analogous theorems concerning +1 — 24, —1 — 24, +1 + 24 follow directly
from this theorem.

60.

Examining examples similarly for —3 or +3, we find that each is a quadratic
residue of the moduli +3 + 27, +3 —2¢, —1+4+64, —1—64, —7, =5+ 6¢, —5 — 61,
-3+ 8, =3 — &, +9+ 47, +9 — 44, etc.,

but a nonresidue of —1 + 2¢, —1 — 24, +1 + 44, +1 — 44, —5 + 2¢, —5 — 24
+5+ 44, +5 —4a, +7+ 29, +7 — 23, +5 + 8¢, +5 — 81, etc.

The former are congruent modulo 3 to one of the four numbers
+1, -1, +1%, —t, the latter to one of +1 + 4,41 —4¢,—1 +4,—1 — 4. The former
are precisely the quadratic residues of 3, and the latter its nonresidues.

Thus this examination of examples shows that the prime number a + bi,
supposing a odd and b even, has the same relation to —3, and also to +3,
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as the latter has to it, in respect of whether one is a quadratic residue or a
nonresidue of the other.

Extending a similar examination to other prime numbers, we find this most
elegant law of reciprocity confirmed everywhere, and are led to the following
fundamental theorem about quadratic residues in the arithmetic of complex
numbers:

If a 4+ bi, A + Bi denote prime numbers such that a, A are odd and b, B
even, either each is a quadratic residue of the other, or each is a nonresidue
of the other.

Yet despite the theorem’s great simplicity, its proof is beset by great dif-
ficulties. We shall not dwell on these here, however, since the theorem itself
is only a special case of a more general theorem that, as it were, exhausts
the substance of the theory of biquadratic residues. Let us now turn to that
theory.
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61.

We extend to the arithmetic of complex numbers what was said in Arti-
cle 2 of the preceding paper about the notion of a biquadratic residue and
nonresidue. Here, as there, we restrict the investigation to moduli that are
prime numbers. It will also usually be tacitly understood that the modulus
is chosen to be primary among its associates, that is, = 1 modulo 2 + 2¢, and
that the numbers whose character, as biquadratic residues or nonresidues, is
under consideration are not divisible by the modulus.

For a given modulus, therefore, the numbers not divisible by it could be
divided into three classes: the first containing biquadratic residues; the sec-
ond, those biquadratic nonresidues that are quadratic residues; and the third,
quadratic nonresidues.

But here too it is better to establish two classes in place of the third, so
that there are four in all.

With any primitive root taken as the base, biquadratic residues will have
indices divisible by 4, or of the form 4n; those nonresidues that are quadratic
residues will have indices of the form 4n + 2; finally, the indices of quadratic
nonresidues will be partly of the form 4n + 1, partly of the form 4n + 3. Four
classes do arise in this way, but the distinction between the latter two would
not be absolute: it would depend on the choice of the primitive root taken
as the base. For it is easy to see that one half of the primitive roots gives a
given quadratic nonresidue an index of the form 4n + 1, and the other half an
index of the form 4n 4 3. To remove this ambiguity, we shall always suppose
that a primitive root is chosen for which the index i(p — 1) belongs to the
number +i (compare Article 55, VI). This gives a classification that we can
state more concisely, independently of primitive roots, as follows.

Let the first class contain those numbers k for which piP—D) = 1; these
numbers are biquadratic residues of the modulus.1

Let the second class contain those for which k1?1 = .

The third, those for which ki1 = 1.

Finally, the fourth, those for which i = .

The third class will contain those biquadratic nonresidues that are
quadratic residues; quadratic nonresidues will be distributed between the
second and fourth classes.

We shall assign to the numbers in these classes the biquadratic characters
0,1,2,3, respectively. If we define the character A of a number £ modulo
m as the exponent of that power of 7 to which ki1 s congruent, then
evidently characters congruent modulo 4 must be regarded as equivalent. For
the time being, this notion is restricted to moduli that are prime numbers: in
a continuation of these investigations we shall show how it can also be applied
to composite moduli.
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62.

To make an extensive examination of examples concerning the characters of
numbers easier, we append a compact table here. With its help, the character
of any given number with respect to a modulus whose norm does not exceed
157 is obtained with little work, provided that the following observations are
taken into account.

Since the character of a composite number is equal to, or congruent modulo
4 to, the sum of the characters of its individual factors, it suffices if we can
assign the characters of prime numbers for a given modulus. Further, since
the characters of the units —1,4, —i are evidently congruent to the numbers
%(p —1), i(p -1), %(p — 1) modulo 4, it will also suffice to give the characters
of numbers that are primary among their associates. Finally, since moduli
congruent modulo m have the same character, it suffices to enter in the table
the characters of numbers contained in a system of absolutely least residues.
In addition, reasoning similar to that in Article 58 shows that, if for the
modulus a + bi the character of A + Bi is A, while for the modulus a — bi
X is the character of A — Bi, then we always have A = —) (mod 4), or,
equivalently, A + )\’ is divisible by 4. It therefore suffices to enter in the table
moduli in which b is either 0 or positive.

Thus, for example, if the character of 11 — 6¢ with respect to the modulus
—5 — 61 is sought, we substitute the numbers 11 + 6i, —5 + 64 for them. We
then determine (Article 43) the absolutely least residue of 11 + 6i modulo
—5+ 64, which is —1 —4¢ = —1 x (14 44). Since for the modulus —5 + 6i the
character of —1 is 30, while the character of 1 + 44, from the table, is 2, we
obtain 32, or 0, as the character of 11+6¢ for the modulus —5464; and, by the
last observation, this is also the character of 11 — 6¢ for the modulus —5 — 6.
Likewise, if the character of —5 + 67 with respect to the modulus 11 4 67 is
sought, its absolutely least residue 1 — 5¢ is factored into —¢ 1 44, 3 — 24, to
which the characters 117, 0, 1 correspond. Hence the character sought will be
118, or 2; the same character must also be assigned to —5 — 6¢ with respect
to the modulus 11 — 6.

Modulus. | Character. | Numbers.
-3 3 1+1
+3 4+ 24 3 1+74
+1+ 44 1 —1+27
3 1+2
-5+ 2 0 —1-—24
1 1412
2 —1+2¢
—1+6¢ 0 -3
1 1+4, —142¢
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Modulus. | Character. | Numbers.
—1+4+6¢ 2 —1—24
+5 + 44 0 1+74
1 -3
3 —1+2i, —1—21
=7 0 -3
1 —1+2i, 3—21
2 1+74
3 —1—2i, 3+2¢
+7+ 21 0 1+4, 3+2i, 3—2i, 1 —4i
1 -3
2 —1—2¢, 1+ 4
3 —14+ 2
-5+ 6¢ 0 1414, =3, 3+2¢, 3—2¢
1 1—44
2 1+44
3 —1+4+2¢, —1—2¢
-3+ & 0 —1+2i, 3—2i, 1 —44
1 1412, 3+ 2
2 -3
3 —1—2¢, 1+4s, =5+ 2
+5+ 8 0 —-1—-2¢
1 —5—2¢, —1+46¢
2 —14+2¢, 3—2
3 1+4, =3, 3+2¢, 1+4¢, 1 —44
+9 4+ 41 0 —1+4+2i, 3+2¢
1 1414, —1—2¢, 3—21¢
2 -3, 1+ 4
3 1—4i, —5+2i
—1+10z 0 1+4, —142i, —1—2i, 3424
1 -3
2 3—2i, =5+4+21, 5—4
3 1441, 1 —4
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Modulus. | Character. | Numbers.
T3+ 10i 1 T+d, —1—2i, 14
2 -3, 342, 1+4i, —5—2¢
3 —142i, 3—2i
-7+ & 0 1+14, =7
1 342i, 3—2i, 1—4i, —5—2i
2 —1—-24, 1+4i, —5+2i, —1—61
3 —142i, =3, —1+ 61
—-11 0 -3
1 1+4, 3—2i, 14+4i, —=5+4+2i, 5+4i
2 142, —1-2i
3 34+2i, 1 —41, —5—2i, 5—4i
—11+ 44 0 1+4, —1+4+2i, 3+2¢, 5+4i
1 —1—-2i, —1+61¢
2 -5+ 2
3 —-3,3—2i, 1+4i, 1 —4i, —5—2i
+7+ 10¢ 0 1+4i, 1 —4i, —14+6i, —1 —6¢
1 —142i, 3+2¢, -5+ 2
2 144, 3—2i
3 -1-2i, =3, —=5—24
+11 + 6¢ 0 1+4, 1424, =3, 14+4i, 1 —4i, -7
1 —1—2¢, 3+2i, 3—2i
2 —5—2¢, =146, 5—4
3 —5+2i, b+4i, 7—2i.

63.

We shall now seek, by examining examples, common criteria for the moduli
for which a given prime number has the same character. We always suppose
the moduli to be primary among their associates, that is, numbers a + bi for
which either a =1,b=0o0r a =3,b =2 (mod 4).
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For the number 1 + ¢, with which we begin, the rule suggested by the
examples is more easily grasped if we separate moduli of the first kind, for
which a = 1,b = 0, from moduli of the second kind, for which a = 3,b = 2.
With the help of the table in the preceding article, we find the following
correspondences:

Character | Moduli of the first kind.

0 5+4i, —7+8i, —7—8i, —11+4i

1 1—4i, —3+8i, —3—8i, 9+4i, —11
2 5—di, —7, —11 — 4i

3 —3, 1+4i, 5+8i, 5—8i, 9—4i

If we consider these seventeen examples carefully, in all of them we find the
character = 1(a — b — 1) (mod 4).
Likewise, the correspondences are

Character | Moduli of the second kind.
0 3—2i, —1—6i, T+ 2i, =5+ 67, —1+ 10z, 11 + 6¢
1 —5+2i, —1+6¢, 7—2i¢, —1— 104, 3+ 107
2 —1+42i, —=5—2i, 3—104, 7+ 10¢
3 -1—-2i, 3+2i, —5—64, 7— 107, 11 — 63

In all these twenty examples, with a little attention, the character is found
to be = 1(a —b—5) (mod 4).

These two rules can easily be combined into one valid for both kinds of
moduli, if we consider that ibb is = 0 for moduli of the first kind and = 1
(mod 4) for those of the second. Thus the character of 1 + i with respect to
any prime modulus that is primary among its associates is = 1(a —b—1—bb)
(mod 4).

We should note in passing that, since (b+1)? always has the form 8n+1, or,
equivalently, i(2b+bb) is even, this character is always even or odd according
as %(a +b—1) is even or odd. This agrees with the rule for the quadratic
character stated in Article 58.

Since (a —b—1),%(a — b+ 3) are integers, one even and the other odd,
their product will be even, or, equivalently, £(a—b—1)(a—b+3) =0 (mod 4).
Hence the following expression can also be used in place of the one given for
the biquadratic character:

1 1 1
Z(a—b—1—bb)—§(a—b—1)(a—b—|—3):g(—aa+2ab—3bb+1)

This form also has the advantage that it is not restricted to primary moduli,
but supposes only that a is odd and b even. For under this supposition either
a+bi or —a —bi will evidently be primary among its associates, and the value
of that formula is the same for either modulus.
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64.

Starting from the last rule obtained in the preceding article, we find

Number ‘ Character =

—1+4 | i(aa+2ab—bb—1)
—1—1 i(*aa+2ab+bb+ 1)
+1—4 z(aa+2ab+3bb—l)

This follows at once from the fact that the character of ¢ is %(aa +bb—1),
while that of —1 is %(aa +bb—1) = %bb, since aa — 1 always has the form
8n. These four rules, although so far obtained by examining examples, are
evidently connected in such a way that, as soon as the proof of one has been
completed, the other three will have been proved at the same time. It is
scarcely necessary to point out that these rules too suppose only that a is
odd and b even.

If we are willing to use formulas restricted to primary moduli, we can use
the following form:

Number ‘ Character =

—1+i [3(—a—b+1-1bb)
—1—i | 3(a—b—1+0bb)
+1—i | 3(—a—b+1+bb)

The simplest formulas result if, as we did at the beginning of our exami-
nation of examples, we distinguish moduli of the first and second kinds. The
characters are

Number | For moduli of the first kind ‘ For moduli of the second kind

-1+ i(—a—b+1) i(—a—b-13)

—1—i la—b-1) 1la—b+3)

+1—i H(—a—b+1) +(—a—b+5)
65.

For the number —1 + 2i, to which we now proceed, we shall likewise use
the same distinction between those moduli a + bi for which ¢« = 1,0 = 0 and
those for which a = 3,b = 2. The table in Article 62 shows that, with respect
to that number, the following correspondences hold:

Character | Moduli of the first kind

0 —3+8i, +5—8i, +9+ 4i, —11 + 4
1 1+ 4i, +5—4i, -7, —3—8i
2 +1—4i, +5+8i, -7 —8i, —11
3 —3, 45+ 4i, +9 —4i, —7+8i, —11 — 4
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Reducing each of these moduli to its absolutely least residue modulo —1 +
24, we observe that all those to which character 0 corresponds are = 1; those
to which character 1 corresponds are = 7; those whose character is 2 become
= —1,; finally, all those whose character is 3 become = —i. But the characters
of 1,4,—1, —i for the modulus —1 + 27 are themselves 0, 1,2, 3, respectively.
Thus, in all these 17 examples, the character of —1 + 2¢ with respect to a
modulus a + bi of the first kind is identical with the character of that number
with respect to the modulus —1 + 21.

Likewise, with the help of the table, we find the correspondences

Character | Moduli of the second kind

0 +3+2i, —5—2i, —1+10i, —1 — 104, +11 + 61
1 +3—2i, —1+6i, —5—6i, +7+ 10i, +7 — 10i

2 —5+2i, —1—6i, +7—2i

3 —1—2i, +7+2i, =5+ 6i, +3+ 10, +3 — 10i, +11 — 6i

Reducing these moduli to their least residues modulo —1 + 2¢, all those to
which the characters 0, 1,2, 3 respectively correspond are found congruent to
—1,—i,4+1,+¢. But when, conversely, —1 + 2¢ is taken as the modulus, these
very numbers have the characters 2, 3,0, 1, respectively. Consequently, in all
these 19 examples, the character of —1 4+ 2i with respect to a modulus of
the second kind differs by two units from the character of that number with
respect to —1 + 2¢ taken as the modulus.

Moreover, it is readily seen that entirely similar results will hold for —1—23.

66.

For the number —3, we omit the distinction between moduli of the first
and second kinds, since the result shows that it is superfluous here. Thus the
correspondences are

Character | Moduli
0 —1+6i, —1—6i, —7, —5+ 61,
—5—6¢, —11, 11 + 67, 11 — 6¢
) —1—2¢, 1 —4¢, =5+ 2¢, 5+4i, 7+ 21,
5—8i, —1+410i, —7—8i, —11 — 44, 7—10:
5 3424, 3—2¢, -3+ 8i, —3 — 8i,
9+ 44, 3+10¢, 3 — 1012
—1+4+2¢, 1+44, —5—2¢, 5—44, 7— 21,
s 548, —1—-10s, =7+ 8¢, =11+ 44, 74 107
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Reducing these moduli to their least residues modulo 3, we see that those
to which character 0 corresponds are partly = 1, partly = —1; those whose
character is 1 become either = 1 — i or = —1 + ¢; those whose character
is 2 become either = 7 or = —i; finally, those to which character 3 belongs
are either = 1 +4 or = —1 — ¢. From this examination of examples we
therefore conclude that the character of —3 for a modulus that is a prime
number primary among its associates is identical with the character of that
very number when 3, or equivalently —3, is considered as the modulus.

67.

Examining examples similarly for other prime numbers, we find that 3 +
2i,—1 + 67,7 + 2¢, —5 £ 64, etc., give theorems similar to the one reached in
Article 65 for —1+2¢, whereas 1+44,544¢, —3+8¢,5+8i,9+41, etc., behave
in the same way as —3. The examination of examples thus leads to a most
elegant theorem,. which, by analogy with the theory of quadratic residues in
the arithmetic of real numbers, may be called the FUNDAMENTAL THEOREM
of the theory of biquadratic residues, namely:

Let a + bi,a’ + Vi denote distinct prime numbers, primary among their
respective associates, that is, congruent to unity modulo 2+2i. The biquadratic
character of a-+bi with respect to the modulus a’ +b'i will be identical with the
character of a’ +b'i with respect to the modulus a + bi, if either both numbers
a + bi,a + Vi, or at least one of them, belong to the first kind, that is, are
congruent to unity modulo 4. On the other hand, those characters will differ
from one another by two units if neither number a + bi, a’ + b'i belongs to the
first kind, that is, if each is congruent modulo 4 to 3 + 2i.

Yet despite the great simplicity of this theorem, its proof must be counted
among the most deeply hidden mysteries of higher arithmetic. At least as
matters now stand, it can be unravelled only through the most subtle inves-
tigations, which would go far beyond the limits of the present paper. We
therefore reserve the publication of this proof, as well as the development of
the connection between this theorem and those that we had begun to estab-
lish by examining examples at the beginning of this paper, for a third paper.
Nevertheless, by way of conclusion, we shall give here what is required to
prove the theorems proposed in Articles 63. 64.
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68.

We begin with prime numbers a + bi for which b = 0 (the third species
in Article 34). Here, for the number to be primary among its associates, a
must therefore be a negative real prime number of the form —(4n + 3), for
which we shall write —¢q, such as —3, -7, —11, —19, etc. Denoting by A the
character of 1 4 ¢, with that number taken as the modulus, we must have

1

A= (144)1@ ) = 25(@a-D) 5= (mod g)

But it is known that 2 is a quadratic residue or a quadratic nonresidue of ¢
according as g has the form 8n + 7 or the form 8n+ 3. From this we conclude
that, in general,

1

95(4-1) = (_1)i(q+1) =20t (mod q)

and consequently, raising to the power with exponent %(q +1),

2821 = j5(@+*  (;mod q)

The preceding equation therefore takes the form
1

A = 5@t +5(ea-1) = ;3 (a+q) (mod q)

whence it follows that

g+ a)= (g + 1)~ fla+1) (mod 4)

1
A= 1

1
or, since 1(¢+1)2=0 (mod 4), A= —3(¢+ 1) = 7(a — 1) (mod 4). This is
precisely the theorem of Article 63 for the case b = 0.
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69.

Moduli a + bi for which b = 0 does not hold (numbers of the fourth species
in Art. 34) are much harder to deal with, however, and several investigations
must come first. We shall denote the norm aa + bb, which will be a real prime
of the form 4n + 1, by p.

Let S denote the collection of all simply least residues for the modulus
a + bi = m, with zero excluded, so that the count of the numbers contained
in Sis=p-—1 Let x4+ yi denote any number of this system, and put
ax +by = & ay —bx = n. Then &, n will be integers lying between the bounds
0 and p, excluding the bounds. For in the present case, where a, b are relatively
prime, the formulas of Art. 45, namely n = k&,£ = —kn (mod p), show that
neither of the numbers &, 7 can be = 0 unless the other vanishes at the same
time, so that z = 0,y = 0, a combination we have already excluded. Thus the
criterion for a number x + yi to be contained in S is that the four numbers
& n,p— & p—n be positive.

We further observe that & = 7 cannot hold for any such number. For it
would follow that p(z + y) = a(§ + 1) + b(§ —n) = 2a&, which is absurd,
since none of the factors 2,a,¢ is divisible by p. Similarly, the equation
plx —y+a+b) =2a+ (a+0b)(p—&—n) shows that £ +n = p cannot
hold. Since the numbers & — n,p — & — 1 must therefore be either positive
or negative, we obtain from this a subdivision of the system S into four
collections C,C",C",C"", assigning the numbers as follows:

Into collection ‘ Numbers for which
C & —n positive, p— & —n positive
C’ & — n positive, p — & —n negative
c” & — n negative, p— & — 1 negative
c"” & —n negative, p— & — n positive

The criterion for a number of the collection C is thus, strictly speaking,
sixfold: the six numbers &, 1, p—&,p—n,& —n, p— & —n must be positive. But
conditions 2,5 and 6 evidently already imply the others. The same applies to
the collections C’, C”,C", so that the complete criteria are threefold, namely:

For collection ‘ The following numbers must be positive

C m, §—n, p—&—n
' p—¢& &—m, E+n—p
c’ p—n, n=§& &§+n—p
c” £, n—§& p—§&—n

134



Theory of Biquadratic Residues

Even without our pointing it out, anyone will readily understand that, in
the geometric representation of complex numbers (see Art. 39), the numbers
of the system S lie inside the square whose sides join the points representing
the numbers 0, a + bi, (1+1)(a+ bi),i(a+ bi), and that the subdivision of the
system S corresponds to the division of the square by its diagonals. Here,
however, we have preferred to use purely arithmetical reasoning, leaving illus-
tration by a geometric representation to the experienced reader for the sake
of brevity.

70.

If four complex numbers r = x +yi, v’ = 2’ + /i, 7" = 2" +y"i,r" = 2" +
y"i are related in such a way that v’ = m+ir, 7" = m+ir’ = (14+i)m—r,r" =
m +ir"” = im —ir, and the first, r, is supposed to belong to the collection C,
then the others /, r”, v’ will belong respectively to the collections C’,C”, C".
For, putting £ = azx + by,n = ay — bz, & = ax’ + by',n' = ay — ba’,&" =
ax// + by//’ 77// — ay// _ bm//’€/// — ax/// + by///’ 77/// — ay/// _ bx///7 we ﬁnd

n=p—¢&=p—n"=¢"
f_77:§/+77/_p:77,/_61/:]7_5”/_77”/
p_g_n:§/_n/:§//+n//_p:n///_€///

from which the truth of the theorem follows at once by the criteria. Since
r = m + ir"”’ holds again, it is easy to see that, if r is supposed to belong to
C’, the numbers ', 7", r"" belong respectively to C”,C" C; if it belongs to
C”, they belong to C",C, C’; and finally, if it belongs to C"”, they belong to
c,c,cr.

At the same time, we conclude that the individual collections C, C’, C", C""
contain equally many numbers, namely i(p —1).

37.

THEOREM. Let k denote an integer not divisible by m. If each number
of the collection C' is multiplied by k, and the simply least residues of the
products modulo m are distributed among the collections C,C’,C",C", with
the counts of the residues belonging to these individual collections denoted
respectively by c,c’,c”,c"”, then the character of the number k with respect to
the modulus m will be = ¢ + 2" + 3¢ (mod 4).
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Proof. Let those c¢ least residues belonging to C' be «, 3,7, 9, etc.; next,
let the ¢’ residues belonging to C' be m + ia/,m + i3, m + iy, m + id’, etc.;
further, let the ¢’ residues belonging to C” be (1+i)m—a”, (1+i)m—p", (1+
iym—~",(1+14i)m —¢", etc.; and finally, let the ¢ residues belonging to C"”
be im — i, im —iB",im — iy, im — i6", etc. Now consider four products,
namely:

1) the product of all 1(p — 1) numbers constituting the collection C:

2) the product of the products obtained by multiplying each of these num-
bers by k;

3) the product of the least residues of these products, namely of the num-
bers a, 3,7, 4, etc., m +ia’,m + i3, etc., etc.

4) the product of all ¢ + ¢ + ¢ + " numbers «, 8,7, 4, etc., ', ', +, ¢,
etc., o, B",+", 8", etc.

Denoting these four products in order by P, P’, P”, P"”, we evidently have
P =ki-Dp  p'=pr pr=prEt 3 mod m)

and therefore

1 o 7" "
Pk4(p 1) = P///Zc +2c"+3¢ (mod m)

It is easy to see, however, that the numbers o/, 3',v,d, etc., o”,5",~",
6", ete., o, B",~", 6", etc., all belong to the collection C, and are distinct
both from one another and from the numbers «, 3,7,9d, etc., just as the
latter themselves are distinct from one another. All these numbers taken
together, disregarding their order, must therefore be exactly the same as all
the numbers constituting the collection C'. Hence we conclude that P = P",
and consequently

PEi(=1) = pje+2’+3c” (mod m)

Finally, since none of the individual factors of the product P is divisible by
m, we conclude that

1 L 2 "
k4(p 1) = ¢ +2c"+3c (mod m)

so that ¢ + 2¢” + 3¢ will be the character of the number & with respect to
the modulus m. Q. E. D.
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72.

To apply the general theorem of the preceding article to the number 1 + 4,
we must subdivide the collection C' again into two smaller collections G and
G’. We shall assign to the collection G' those numbers z + yi for which
ax + by = £ is less than %p, and to the other collection G’ those for which &
is greater than %p. We shall denote the counts of the numbers contained in
the collections G, G’ respectively by g, ¢’, so that g + ¢’ = i(p —1).

The complete criterion for numbers belonging to G is therefore that the
three numbers n,& — n,p — 2£ be positive. For the third condition for the
collection C, requiring p — & —n to be positive, is already implicitly contained
in these conditions, since p—&—n = (£ —n)+ (p—2¢). Similarly, the complete
criterion for numbers belonging to G’ consists in positive values of the three
numbers 1, p — & — 1,26 — p.

It follows easily that the product of any number of the collection G by the
number 1 + ¢ belongs to the collection C". For, putting

(x+yi)(1+i)=2"+yi, and a2’ +by =€, ay’ — bz’ =1, we find
=&—n, n-&=2n p-&-n=p-2

that is, the criterion for the number = + yi to belong to the collection G is
identical with the criterion for the number 2’ + 3’ to belong to the collection
C///.

In precisely the same way, it is shown that the product of any number of
the collection G’ by 1 + 4 belongs to the collection C”.

Thus, if in the preceding article we give k the value 1 + i, we have ¢ =
0, =0, = ¢, = g, and the character of the number 1 + ¢ becomes
39 + 29 = %(p — 1) + g. Since the characters of the numbers i, —1 are
%(p - 1), %(p — 1), the characters of the numbers —1 4+ i,—1 —¢,1 — ¢ will
respectively be %(p —1)+g,g9, %(p — 1) + g. The whole matter now turns,
therefore, on determining the number g.
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73.

What we have set out in Arts. 69—72 is, strictly speaking, independent of
the assumption that m is a primary number. From now on, however, we shall
at least suppose that a is odd and b even, and further that a,b and a — b are
positive numbers. First of all, we must establish the bounds on the values of
x in the collection G.

Putting ay — bx = n,(a + b)x — (a — b)y = (,p — 2ax — 2by = 0, the
criterion for numbers x 4 yi to belong to the collection G consists in the three
conditions that 7, (, 0 be positive numbers. Since pr = (a — b)n + al, p(a —
2x) = af + 2bn, it is evident that z and 2a — z must be positive numbers,
or that 2 must equal one of the numbers 1,2,3...3(a — 1). Further, since
(a—0)0 = 2b( +p(a—b—2x), it is clear that, as long as z is less than 3(a—b),
the second condition (requiring ¢ to be positive) already implies the third
(that @ must be positive). Conversely, whenever x is greater than %(a —b),
the second condition is already contained in the third. Thus, for the values z

takes in 1,2,3. (a —b—1), we need only ensure that n and ¢ are positive,
(a—kb)

or that y is greater than % and less than . For such a given value of z,

the total count of numbers T+ yiis therefore

(a+b)x bx
=
if we use the brackets in the same sense in which we have already used them
repeatedly elsewhere (compare Theorematis arithm. dem. nova, Art. 4, and
Theorematis fund. in doctr de residuis quadr. etc. Algom'thm. nov., Art. 3).
For the values z takes in $(a —b+1),3(a —b+3)....3(a—1), on the other
hand, it suffices to give n and 0 positive values, or to make y greater than bf
—2ax

and less than P=**, or 1b + gqaczazr 2‘” Thus, for such a given value of x, the
total count of numbers x + i 1s

lb n aa — 2ax bﬁ
2 2b a
Hence we conclude that the count of numbers in the collection G is
(a+b)x 1. aa—2ax bx
=Y |— Y= —_— | =Y | —
g { a—>b + Zb + 2b a

where the first sum extends over all integer values of x from 1 to %(a —-b—1),
the second from 3(a — b+ 1) to 2(a — 1), and the third from 1 to 3(a —1).
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If we use the symbol ¢ in the same sense as in the place cited ( Theorematis
fund. etc., Algor. nov., Art. 3), namely so that
t'u
t

(t, ) [U} n 2u N 3u n

u) = |— — — ...

b t t t

where t,u denote any positive numbers and ¢’ the number [%t], then the first
term becomes = ¢(a—b, a+b), and the third = —¢(a, b); the second, however,

becomes . ) 0
aa — 2ax
=-bb+X|——
4 + 20 ]

But, writing the terms in reverse order, we have
aa — 2ax a 3a | 5a (b—1)a
Y|l———| = | = — — e
= =Ll 3] (] e [P
= ()0(2177 a) - (P(ba a)

Our formula therefore takes the following form:

1
g = <p(a - ba a+ b) + ‘10(21)7 a) - QO(CL, b) - (P(ba CL) + be

Let us first consider the term ¢(a — b,a + b), which immediately changes
into p(a—b,2b) +1+2+4 3+ etc. + 3(a—b— 1), or into

@la —b,2b) + é((a —-b)?%-1)

Next, since the general theorem gives ¢(t,u) + ¢(u,t) = [3t] . [2u] when

t,u are relatively prime positive integers, we have ’
o(a —b,2b) = %b(a —b—1)— ¢(2b,a - )
and consequently
pla—ba+b)= é(aa+2ab—3bb—4b— 1) — ¢(2b,a —b)

Let us arrange the parts of ¢(2b,a — b) as follows:

[a— b] . [B(a— b)] . [5((1 - b)} et [(b— 1)(a — b)]

2 2 2 2
+ {agb] + [Q(Gb_ b)] + [S(Gb_ b)} +oete. + éb(ab_b)]

139



Theory of Biquadratic Residues

The second series evidently becomes
1
=@(b,a—0b) =p(bja) —1—2—3 — etc. f§b
1
= ¢(b,a) — g(bb + 2b)

We write the first series, with the order of its terms reversed, as follows:

B(a—l—l—b)—;ﬂ [1(a+3—b)—22]

+ [1(a+5b)2b] + ete. + [1( —-1) -

(b ;bl)a]

This expression. Since, with ¢ denoting an integer and u a fraction, we gen-
erally have [t —u] =t — 1 — [u], it changes into the following:

b= [g]-[5] - [5] - o ~[52]

= éb(Qa —4—b) — ¢(2b,a) + ¢(b,a)

Hence 1
©(2b,a — b) = 2¢(b,a) — ¢(2b,a) + Zb(a —3-0b)

and therefore
1
w(la—b,a+b) = ¢(2b,a) —2¢(b,a) + g(aa —bb+2b—1)

Substituting this value in the formula for g given above, and also substituting
¢(a,b) + ¢(b,a) = 1b(a — 1), we obtain

1
g =2p(2b,a) — 2p(b,a) + g(aa —2ab+bb+4b—1)
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74.

Precisely similar reasoning deals with the case where a, b remain positive
but a — b is negative, or b — a positive. The equations p(a — 2x) = 2bn + af,
p(b—a+2x) = 2b(+(b—a)f show that 1a—z and z+3(b—a) must be positive,
and hence that z must equal one of the numbers —3(b—a—1),—1(b—a —
3),—2(b—a—5).... + 3(a — 1). Further, the equation pz + (b — a)n = a(
shows that, for negative values of z, the condition requiring 7 to be positive
is already contained in the condition requiring ¢ to be positive, whereas the
reverse holds whenever x is given a positive value. Thus the values of y, for

a fixed negative value of x, must lie between (aa+_b2x and 2 _22;“”, whereas for
a positive value of z they must lie between %"’3 and B _221;”. For x = 0, these

bounds are evidently 0 and 2 _22;”

_ [lat+b)z 1. aa—2ax]  [bx
g= E[a—b +X 2b+72b b .

, with the value y = 0 itself excluded. Hence

where the first sum extends over all negative values of. = from —1 to —%(b —

a — 1); the second over all values of z from —3(b—a — 1) to 3(a — 1); and

the third over all positive values of z from +1 to (a — 1). In this way
the first sum gives —p(b — a,b + a), the second, as in the preceding article,
100 + ¢(2b,a) — ¢(b,a), and finally the third —¢(a, b); thus we have

g=—pb—ab+a)+ p(2b,a) — p(b,a) — p(a,b) + ibb

Now, in the same way as in the preceding article, we obtain

o(b—a,b+a) = (b —a,2b) — é((b—a)Q )

= é(?)bb —2ab—aa —4b+1) — p(2b,b — a)
as well as
©(2b,b — a) = p(2b,a) — 2p(b,a) + ib(b —1—a)

and consequently

o(b—a,b+a)=2p(b,a) — p(2b,a) + %(bb —aa—2b+1)
and finally

g =2p(2b,a) — 2p(b,a) + é(aa — 2ab+bb+4b — 1)

It is therefore proved that the same formula for g holds whether a — b is
positive or negative, provided that a, b are positive.
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75.
To obtain a further reduction, we put
L=[o]+ 2a] 3] | ey |22
-~ L2p 2b 2b ' 2b
B _(%b—i- la (3b+2)a (3b+3)a ba
M = % % 2% + etc. + 2%
fa+b 20+ b 3a+b 1ba+b
N=|—— tc.
2 ]+[ 2 ]+[ 2 }J““Jr 2
It is easy to see that [u]+[u+3] = [2u] holds in general, whatever real quantity

u denotes. Thus L + N = ¢(b,a), and since evidently L + M = ¢(2b,a), we
have
90(2177 G) - So(ba a) =M-N

Further, it is evident that the sum of the first term of the series N and

the next-to-last term of the series M, namely [“2—‘;1’] + [(b;;)a}, is = %(a - 1),
and that the same sum is formed by the second term of the series N and the
third-to-last term of the series M, and so on. Since the last term of the series
M is also = 1(a—1), while the last term of the series N is = [¢£2] = 1(aF1),
with the upper or lower sign applying according as a is of the form 4n + 1 or

4n — 1, we have

1 1

and therefore
1 1
p(2b,a) —p(b,a) = L(a=1)b+ (e F1) - 2N
Thus the formula for g found in Arts. 73 and 74 becomes

1
g:§((a+b)2—1)+2n—4N

putting a F 1 = 4n, where n will be an integer. Since this gives 1 = 16nn —
8an + aa, this formula can also be written as follows:

1 1
g= g(—aa+2ab+bb+1)+4(§(a+1)n—nn—N)

Since g is the character of the number —1 — ¢ for the modulus a + bi, this
character is therefore = 1(—aa + 2ab + bb + 1) (mod 4). This is precisely
the theorem found above (Art. 64) by examining examples, and the theorems
concerning the characters of the numbers 1 44, 1 — ¢, —1 4 ¢ follow from it
at once. Thus these four theorems have now been rigorously proved for the

case where a and b are positive.
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76.

If a remains positive and b is negative, put b = —¥', so that V' is positive.
It is now proved that, for the modulus a + b7, the character of the number
—1—iis = §(—aa + 2ab/ + b'b' + 1) (mod 4). Hence the character of the
number —1 + 4 for the modulus a — b'7, by the theorem stated in Art. 62, is
= %(aa —2ab’ — b’V — 1), that is, the character of the number —1 + i for the
modulus a+ bi becomes = % (aa +2ab—bb—1). This is precisely the theorem
stated in Art. 64, from which the other three concerning the characters of
the numbers 1 + 4, 1 — ¢, —1 — ¢ follow at once. Thus these theorems are
also proved for the case where b is negative, that is, for all cases where a is
positive.

Finally, if a is negative, put a = —a’, b = —b’. By what has already been
proved, the character of the number 1+ ¢ with respect to the modulus a’ + b
is = 2(—d'a’ +2d' — 3Vt +1) (mod 4), and it makes no difference whether
we take the number a’ + /i or its opposite —a’ —'i as the modulus. Thus the
character of the number 1+ 4 with respect to the modulus a + b7 is evidently
= %(—aa + 2ab — 3bb + 1), and the same applies to the characters of the
numbers 1 —¢, —1 44, —1 — 4.

We therefore conclude that the proof of the theorems concerning the char-
acters of the numbers 1+, 1 —i, —1 + 14, —1 — 4 (Arts. 63. 64) is no longer

subject to any restriction.

143



REVIEWS

OF HIS OWN

WRITINGS.



Reviews of His Own Writings

Gottingische gelehrte Anzeigen. 1808 May 12.

A paper submitted by Professor GAUSS to the Royal Society of Sciences
on January 15 of this year,

Theorematis arithmetici demonstratio nova,

an account of whose contents we still owe here, concerns the famous funda-
mental theorem in the theory of quadratic residues, which plays so important
a role both throughout higher arithmetic and in the neighbouring parts of
analysis. As is well known, an integer «a is called a quadratic residue of the
integer b if there are numbers of the form xzx — a divisible by b, while in the
opposite case a is called a quadratic nonresidue of b. The number a may
be positive or negative, whereas b is always regarded as positive. Higher
arithmetic teaches that all prime numbers b for which a given number « is
a quadratic residue are included in certain linear forms, while other linear
forms contain all the primes of which a is a nonresidue. Thus, for example,
—1 is a quadratic residue of all primes of the form 4n + 1 and a quadratic
nonresidue of all primes of the form 4n + 3; further, +2 is a quadratic residue
of all primes of the forms 8n + 1, 8n + 7, but a quadratic nonresidue of all
primes of the forms 8n + 3, 8n 4+ 5. There are infinitely many similar special
theorems, but all can be derived by combining the two just mentioned with
the following general theorem: Two distinct positive (odd) primes, p, g, al-
ways bear the same relation to each other (that is, one is a quadratic residue
or nonresidue of the other according as the other is a residue or nonresidue
of the first) if either both have the form 4n + 1, or at least one does. Their
mutual relation is opposite, however (that is, one is a nonresidue of the other
if the latter is a residue of the former, and conversely), whenever both have
the form 4n + 3. This is the fundamental theorem mentioned above, which
can be expressed in more than one form. The form chosen here is the one in
which it is newly proved in Professor (GAUSS’s paper.

The most beautiful theorems of higher arithmetic, especially those dis-
cussed here, have the peculiarity that they are easily discovered by examining
examples, whereas their proofs lie extremely well hidden and can be found
only through very deep investigations. This is precisely what gives higher
arithmetic the magical appeal that has made it the favourite field of the fore-
most mathematicians, quite apart from its inexhaustible wealth, in which it
so far surpasses every other part of pure mathematics. The two special the-
orems mentioned above were already known to FERMAT, who claimed also
to possess their proofs. Whether he was mistaken in this we cannot decide,
since he never published anything about them; but we can certainly regard
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it as possible, since there are several examples of self-deception among other
great mathematicians, notably EULER, LEGENDRE, and also FERMAT himself.
EULER gave the first proof of the first of these theorems. But this great math-
ematician did not succeed in proving the other, despite his devoted efforts
over many years; it was left to LAGRANGE to fill that gap. Both mathemati-
cians also proved various other special theorems, but a greater number, which
they found by examining examples, always eluded their attempts at proof. It
is, however, a remarkable twist of chance that neither mathematician discov-
ered in this way the general fundamental theorem, which admits of so simple
a statement. It was first presented, though in a somewhat different form, by
LEGENDRE in the Histoire de I’Académie des Sciences de Paris 1785. Both
there and later in his Essai d’une théorie des nombres, this excellent analyst
sought to base the proof on very ingenious investigations, which nevertheless
failed to reach the desired goal; and, unless we are mistaken, that goal could
not have been reached by this route either.

The author of the paper to which this review is devoted entered the field
of higher arithmetic at a time when all earlier work by other mathematicians
in this subject was entirely unknown to him. It is chiefly to this circumstance
that we must attribute his having followed a wholly distinctive course through-
out. He found that fundamental theorem very early by examining examples,
but only a whole year later, after many difficulties and unsuccessful attempts,
did he succeed in finding the first completely rigorous proof, developed in the
fourth section of his Disquisitiones Arithmeticae. This proof, however, rests
on very laborious and lengthy arguments. He subsequently found three other
proofs, which are free of that inconvenience but instead require other very
deep investigations, wholly different in content. One of these proofs is also
given in the cited work, Art. 262; the other two will be made known in due
course. The wish therefore remained that it might be possible to discover a
shorter proof, independent of investigations of an unrelated kind. The au-
thor thus hopes that friends of higher arithmetic will take pleasure in a fifth
proof, presented in the present paper in fewer than five pages, which seems
to leave nothing to be desired in any respect. Given the concentrated brevity
of this proof, we can admittedly give only an imperfect idea of its course here.
Anything more would be all the more unnecessary, since Volume XVI of the
Commentationes, in which it has already been printed, will appear shortly.
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The proof rests on the following new theorem: Let p denote a (positive odd)
prime and k any integer not divisible by p. Suppose further that, among the
remainders obtained by dividing the %(p— 1) products k, 2k, 3k . ... %(p— 1)k
by p, there are in all x4 remainders greater than %p (and hence %(p— 1)—p less
than %p) Then k will be a quadratic residue of p if u is even, but a quadratic
nonresidue if p is odd. The number p, which depends only on k£ and p, may
be represented by the symbol (k,p). A sequence of deductions that cannot
be abridged now shows that, if £ and p are two relatively prime odd numbers,
(k,p) + (p, k) + %(k —1)(p — 1) is always an even number. It follows that,
whenever k£ and p both have the form 4n + 3, one of the numbers (k, p), (p, k)
must be even and the other odd; in all other cases, that is, whenever both
numbers k and p, or at least one of them, have the form 4n + 1, either .(k, p),
(p, k) must both be even or both must be odd. Combined with the theorem
above, this immediately gives the truth of the fundamental theorem.—The
same route by which these results are obtained also gives, in the paper, a new
proof of the two special theorems mentioned above. It is easy to show that
(=1,p) = %(p — 1), hence even or odd according as p has the form 4n + 1 or
4n+3; similarly, (2,p) = %(p—l) if p has the form 4n+1, and (2,p) = %(p—i— 1)
if p has the form 4n + 3. Thus (2, p) is even whenever p has the form 8n + 1
or 8n + 7, but odd whenever p has the form 8n + 3 or 8n + 5.
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Gottingische Gelehrte Anzeigen. 1808 September 19.

A lecture submitted by Professor GAUss to the Royal Society of Sciences,
Summatio quarumdam serierum singularium,

aims to develop more fully and in greater generality a remarkable investi-
gation concerning the division of the circle, whose foundation had already
been laid in the Disquisitionibus Arithmeticis, to provide it with complete
proofs, and to show its unexpected connection with other important truths.
Let n denote a prime, k any integer not divisible by n, and w the arc %3600.
Among the numbers 1,2,3,4,....n — 1, let the distinct quadratic residues of
n be represented by a,a’,a”, and so on, while the numbers remaining after
these have been excluded, or the quadratic nonresidues of n, are represented
by b,b',b"”, and so on. It is proved in the cited work, Art. 356, that, when n
has the form 4n + 1,

cos akw + cos d'kw + cos a” kw + etc.
/ 11 = :t\/n‘
— cos bkw — cosb' kw — cos b’ kw — etc.

and

sin akw + sin @' kw + sin a”kw + etc. 0
— sinbkw — sinbkw — sinb"kw —ete. [

whereas, when n has the form 4m + 3, the sum of the first series becomes
= 0 and that of the second = 4+/n. The sign to be placed before the radical
depends on the value of the number k, or rather on its relation to n, and is
easily determined for all values of k at a given value of n once it is determined
for one. For it can be shown that the same sign applies to all values of k
that are quadratic residues of n, and the opposite sign to all those that are
quadratic nonresidues of n. Since the investigation had already been carried
this far in the cited work, and only the determination of the sign for any
one value of k remained, one would have thought that, with the main matter
settled, this further determination could easily be supplied. This seemed all
the more likely because examining examples immediately gives an extremely
simple result: for & = 1, or for all values that are quadratic residues of
n, the radical in the formulas above must always be taken positively. Yet in
seeking a proof of this observation we encounter wholly unexpected difficulties,
and the procedure that led so satisfactorily to the absolute value of those
series proves entirely inadequate when the complete determination of the
signs is required. The metaphysical reason for this phenomenon (to use the
expression customary among French mathematicians) must be sought in the
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fact that, in dividing the circle, analysis makes no distinction between the arcs
w,2w,3w...(n—1)w, but treats them all alike. As this gives the investigation
a new interest, Professor GAUSS found in it, as it were, an invitation to leave
nothing untried in overcoming the difficulty. Only after many and varied
unsuccessful attempts did he succeed, by a route remarkable in itself. He
starts from the summation of certain series whose terms have the following
form:
(1—2™)(1—2™ (1 —2m™2).. (1 —azm rth
(I—2z)(1—az) (1—2a3)....(1 —aH)

If, for brevity, we denote such a function by (m, u), which, as the paper shows,
is always a polynomial in x, then the series

1—(m,1)+ (m,2) — (m,3) + etc.

1+ 2% (m, 1) +2(m, 2) + % (m, 3) + etc.

terminate after the term in position m+1, provided that m denotes a positive
integer. For even values of m the sum of the first series becomes

=(1-2)1-2)(1-2°...01—z™ ")

and = 0 for odd values of m, whereas the sum of the second series always
becomes ) , )
=(1+z2)(1+2)(14+2z2)...(1 +22™)

For fractional and negative values of m, too, the summation of these series
leads to interesting results, though they are not needed for the present pur-
pose. We content ourselves with giving just one of them here. The infinite
series

142+ 2%+ 2%+ 20 + ete.

whose exponents are the triangular numbers is the product of the factors

4 6 8

l—xxxl—x Xl—x Xl—a:
1—x 1—23 1—25" 1—27

etc.

or, if preferred, of
(14 2)2(1 + zz)%(1 + 2°)2(1 + z1)? etc.

multiplied by
(1—2)(1—2zz)l —23)(1 — z%) ete.

An account of how these summations are applied to the main subject would
take us too far here. We may refer readers to the paper itself all the more
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readily since it will soon appear in print. The summations quoted above are
only a special application of the summation of the following series:

1 4 cos kw + cos 4kw 4 cos 9kw + etc. + cos(n — 1)%kw =T

sin kw + sin 4kw 4 sin 9kw + ete. + sin(n — 1)%kw = U

which the paper gives for all values of k, and without the restriction that n
be prime. It is shown that

T=+\yn, T==+yn, T=0, T=0

and
U=+yn, U=0, U=0, U==yn

according as n has the forms 4m,4m + 1,4m + 2, 4m + 3, respectively. Here
again the sign of the radical depends on k. Its determination requires many
individual cases to be distinguished, and is developed and proved by two dif-
ferent routes in such a way that nothing will remain to be desired. Comparing
these two routes also leads to the following very remarkable theorem: Let n
be the product of any number of distinct odd primes a,b, ¢, d, and so on, of
which altogether p have the form 4m + 3. Suppose further that among those
factors there are altogether v for each of which the product of the others
(respectively 2, %, % %, and so on) is a quadratic nonresidue. Then v will
be even whenever p has the form 4m or 4m + 1, but odd whenever u has
the form 4m + 2 or 4m + 3. The known fundamental theorem concerning
quadratic residues is only a special case of this theorem; conversely, the theo-
rem just stated is easily derived from that fundamental theorem. Thus these
investigations also provide a fourth proof of this important theorem, which
the author first proved by two entirely different routes in the Disquisitionibus
Arithmeticis, and recently by a third, equally different route in a separate

paper.
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Gottingische gelehrte Anzeigen. 1817 March 10.

On 10 February Court Councillor GAUSS submitted a lecture to the Royal
Society, entitled:

Theorematis fundamentalis in doctrina de residuis quadraticis
demonstrationes et ampliationes novae.

A distinctive feature of higher arithmetic is that so many of its most beauti-
ful theorems can be discovered with the greatest ease by examining examples,
while their proofs are far from readily apparent. Often they are found only
after many unsuccessful attempts, through deeply probing investigations and
fortunate combinations. This remarkable phenomenon arises from the often
wonderful interconnection between the different branches of this part of math-
ematics. For the same reason, theorems for which a proof was initially sought
in vain for years can often later be proved in several entirely different ways.
Once a new theorem has been discovered through examples, finding some
proof must of course be the first requirement; but after this has succeeded,
in higher arithmetic we must not always regard the investigation as finished
and the search for other proofs as a needless luxury. For one thing, we do not
usually find the most beautiful and simplest proofs first; for another, insight
into the wonderful interconnection of the truth of higher arithmetic is pre-
cisely one of the chief attractions of this study, and not infrequently leads in
turn to the discovery of new truths. For these reasons, finding new proofs of
truths already known must here often be considered at least as important as
discovering the truth itself. These reflections are familiar to those who know
higher arithmetic: much of EULER’s contribution to it is known to consist in
finding proofs of theorems which FERMAT had already discovered, apparently
through examples.

The theory of quadratic residues provides a clear illustration of these re-
marks. It rests chiefly on the so-called fundamental theorem, which states
that the mutual relations of two (odd positive) primes to one another (insofar
as one is a quadratic residue or nonresidue of the other) are the same when-
ever one or both primes have the form 4k 4 1, but opposite whenever both
primes have the form 4k + 3. For readers less familiar with higher arithmetic,
we recall that an integer is called a quadratic residue of another if adding
a multiple of the latter to the former can give a square; it is called a non-
residue if this is impossible. We do not intend to repeat the whole history
of this beautiful theorem, so easily discovered through examples. We merely
observe that the author of the present paper, after investigations initially pur-
sued in vain for quite some time, has already given, one after another, four
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entirely different proofs. Two are contained in the Disquisitionibus Arithmeti-
cts; the third is the subject of a separate paper in the sixteenth volume of
the Commentationes; and the fourth is interwoven with the paper summatio
quarumdam serierum singularium in the first volume of the Commentationes
recentiores. For these two papers readers may consult our reviews of 1808,
May 12 and September 19, which also give fuller historical references. That
the author did not stop at these four proofs, although each leaves nothing
to be desired as regards rigour, needs no justification among the friends of
higher arithmetic. Still, he would probably not have worked so eagerly to
add further proofs if a particular circumstance had not prompted him to do
so, and this must be mentioned here. In the year 1805 he began to study the
theories of cubic and biquadratic residues, which are much richer and more
interesting still than the theory of quadratic residues. These investigations
revealed the same phenomena as the latter theory, only, as it were, on a larger
scale. As soon as the right path was taken, examining examples immediately
yielded a number of extremely simple theorems which exhaust those theories,
bear a surprising resemblance to the theorems for quadratic residues, and
in particular also provide a counterpart to the fundamental theorem. But
the difficulty of finding entirely satisfactory proofs of these theorems proved
greater still, and only after many attempts, continued over a considerable
number of years, did the author finally reach his goal. The close analogy
between the theorems for quadratic and higher residues suggested that there
must also be analogous proofs for the two. Yet the methods of proof first
found for quadratic residues could not be applied to the higher residues at
all; this was precisely what led him to keep seeking further new proofs for
the former. The author therefore wishes the present paper, which opens up
some further resources for the theory of quadratic residues, to be regarded
as a precursor to the theory of cubic and biquadratic residues. He intends to
publish that theory in the future; its subjects are among the most difficult in
higher arithmetic.

The present paper consists of three independent parts. It contains the fifth
and sixth proofs of the fundamental theorem, and a new method, connected
with the third proof, - for deciding whether a given integer is a quadratic
residue or nonresidue of a given prime. Of the first four proofs, the third
was unquestionably the one that combined the greatest simplicity with in-
dependence from investigations of a different kind; LEGENDRE therefore also
included it in the new edition of his Essai d’une théorie des nombres. The fifth
proof seems at least to equal the third in both respects. The two proofs are
related insofar as they start from the same theorem, but in their subsequent
development they are completely different from one another.
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The theorem is as follows. Let m be a (positive odd) prime and M an
integer not divisible by m. If, among the remainders obtained by dividing
the products

M, 2M, 3M, 4M ...... T(m—1)M

by m, the number of those greater than %m is denoted by n, then M is a
quadratic residue or nonresidue of m according as n is even or odd. To obtain
a proof of the fundamental theorem, it is now assumed that M, too, is an
odd positive prime, and that N has the same meaning with respect to M
and m as n has with respect to m and M. Thus whether N is even or odd
determines whether m is a quadratic residue or nonresidue of M. By a very
short chain of arguments the author shows that the number of all positive
integers which are less than %mM and at the same time on division by m
leave a remainder less than %m, and on division by M a remainder less than
1M,
=im-1)M-1)+in+iN

and consequently that
1m—=1)(M—-1)+n+N

is always an even number. Thus, whenever at least one of the numbers m, M
has the form 4k + 1, so that $(m — 1)(M — 1) is even, n + N will also be
even; hence n and N are either both even or both odd. If, on the other hand,
both m and M have the form 4k 4 3, then n 4+ N must be odd, so one of the
numbers n, N is even and the other odd. Together with the theorem above,
this gives the fundamental theorem at once.

The sizth proof is as short and elegant as the fifth, but rests on somewhat
more intricate combinations. The limited space of these pages allows us only
to touch on its main point, omitting the details. Let the following symbols
denote:

p,q two (distinct positive odd) primes,

« a so-called primitive root for the modulus p, that is, an integer not divis-
ible by p (here taken positive), such that no power lower than a?~! is
congruent to one modulo p

z an indeterminate quantity

& the function

r—a2%+2° — 2"+ 2% — ete. — 2

where, for convenience in printing, ¢,7n,0... A stand for the numbers
ao, a3, ot aP2,
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€ one, taken positively if p has the form 4k + 1, negatively if p has the form
4k + 3;

6 one, taken positively if at least one of the numbers p, ¢ has the form 4k + 1,
negatively if both have the form 4k + 3;

~ one, taken positively if ¢ is a quadratic residue of p, negatively if ¢ is a
quadratic nonresidue of p;

B one, taken positively if p is a quadratic residue of ¢, negatively if p is a
quadratic nonresidue of q.

With these preparations it follows readily from Article 51 of the Disquisi-
tiones Arithmeticae that the function

€9 — 27+ 29 — 3% + 27 — 2% 4 ete. + 2

has, when expanded, coefficients all divisible by ¢. Hence, if this function
is set = ¢X, then X is a polynomial whose coeflicients, too, are integers.
By arguments which it would take too much space to discuss here, the paper
proves that dividing the function ¢ X¢ by 2P~ ! +2P~2 4 2P 3 f P4 fetc.+2+1
leaves the remainder

ep(6p2 @V — )

and therefore that dividing the function X¢ by the same divisor leaves the
remainder

ep(op2(17 — )
q

This quantity must therefore be an integer. Since §d = 1, it follows readily
that

$(g—1) _

P Yo

must be divisible by ¢. A known theorem also gives that p%(q_l) — B is
divisible by ¢, so necessarily 5 = =6, from which the fundamental theorem
again follows at once.
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The fundamental theorem, together with some known theorems, can indeed
provide a fairly short way of deciding whether a given positive integer is a
quadratic residue or nonresidue of a given prime, as the paper shows in detail.
But further reflection on the third proof of the fundamental theorem led the
author to a much more flexible solution. This forms the paper’s third part;
here we give only its final rule, omitting the reasoning behind it for brevity.
To decide whether the positive integer b, not divisible by the prime a, is a
quadratic residue or nonresidue of that prime, form, in just the same way as
when finding the greatest common divisor of a and b, the equations

a=pb+c
b=~c+d
c=4dd+e
d=ce+ f etc.

until the sequence of numbers a, b, ¢, d, e, f and so on reaches .the unit. Let.
the numbers %a, %b, %c, %d and so on, with their fractional part % discarded
whenever any of the numbers a,b,c,d and so on is odd, be denoted by
a',b',c,d and so on. Let p be the number of occurrences of two odd num-
bers immediately following one another in the sequence a’,b’, ¢, d and so on.
Finally, let v be the number of odd numbers in the sequence (3,7, d,¢ and
so on to which, in the sequence V', c,d’, e’ and so on, a number of the form
4k + 1 or 4k + 2 respectively corresponds. Then b is a quadratic residue or
nonresidue of a according as p + v is even or odd, except in the single case
where b is even and a has the form 8k 4 3 or 8k + 5. In that case the rule is
reversed: an even pu + v indicates that b is a quadratic nonresidue of a, while
an odd p 4+ v indicates that b is a quadratic residue of a.
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.Gottingische gelehrta Anzeigen. 1825 April 11.

On 5 April Court Councillor GAUSS presented a lecture to the Royal Society,
entitled:

Theoria Residuorum Biquadraticorum, Commentatio prima.

The theory of quadratic residues is known to form one of the most inter-
esting parts of higher arithmetic. After repeated investigations it can now
be regarded as complete and closed. Accounts of its history can be found in
these pages for 1808 May 12 and September 19, and 1817 March 10. The
last of these also gave some preliminary information about the investigations
which the author of the present paper had been pursuing since the year 1805
into the related theory of cubic and biquadratic residues, equally fruitful and
interesting but far more difficult. Although he already possessed the essential
elements of this theory at that time, other work has so far prevented him from
publishing anything about it. Only now has he been able to begin writing
up part of these investigations. He has begun with the theory of biquadratic
residues, which is more closely related to the theory of quadratic residues
than is that of cubic residues. The present paper, however, is by no means
intended to exhaust this exceptionally rich subject. The development of the
general theory, which requires a quite distinctive extension of the domain
of higher arithmetic, is reserved for a future continuation. This first paper
contains those investigations which could be set out completely without such
an extension. Only some of the results can be selected for this review.

An integer a is called a biquadratic residue of the integer p if there are
numbers of the form z* — a divisible by p; a biquadratic nonresidue if no
numbers of that form can be divisible by p. Clearly all biquadratic residues
of p are also quadratic residues of the same number, and hence all quadratic
nonresidues are also biquadratic nonresidues. But not all quadratic residues
are also biquadratic residues. It suffices to restrict the investigations to the
case where p is a prime of the form 4n + 1 and a is not divisible by p, since
all other cases can easily be reduced to this one.

The investigations of this subject divide into two parts, according as p
or a is regarded as given. The first is much less difficult than the second
and, compared with it, is to be regarded as entirely elementary. The paper
contains a complete account of everything essential to be said about it.

From the second part, by contrast, only a few special cases are treated
here. These could be dealt with without too much preparation and can serve
as preliminaries to the general theory to be given in the future. They are the
cases where a = —1 and a = +2 are set.
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The first presents no difficulty at all: the Disquisitiones Arithmeticae had
already shown that —1 is a biquadratic residue of p whenever p has the form
8n + 1, but only a quadratic residue and a biquadratic nonresidue of p when
p has the form 8n + 5. The case a = £2 is quite different. It has long
been known that +2 and —2 are quadratic, and therefore also biquadratic,
nonresidues of p when p has the form 8n + 5, and at least quadratic residues
when p has the form 8n + 1. It is also known that for this form of p, +2 and
—2 are either both biquadratic residues or both biquadratic nonresidues: but
deciding which of these two cases occurs is an investigation of a much higher
order. The paper develops two different criteria for this purpose.

The first criterion is connected with the decomposition of the number p
into one square plus twice another, which, as is known (since, as already
remarked, p is assumed to be prime), is always possible and possible in only
one way. If we set p = gg + 2hh, then 42 is a biquadratic residue of p when
g has the form 8n+ 1 or 87+ 7, but a biquadratic nonresidue when ¢ has the
form 8n + 3 or 8n + 5.

The second criterion is connected with the decomposition of the number
p into two squares, which is also known to be always possible and possible
in only one way. If we set p = ee + ff and suppose that ee denotes the
odd square and ff the even square, then the assumed form p = 8n + 1
already implies that % f, too, is even. Thus f has either the form 8m or the
form 8m + 4: in the first case £2 is a biquadratic residue, in the other a
biquadratic nonresidue of p.

We only touch here on an observation for which higher arithmetic so of-
ten provides an occasion: it is not so much the beauty and simplicity of the
theorems themselves as the difficulty of proving them that makes them es-
pecially remarkable. Once there is reason to suspect a connection between
the behaviour of the number £2 and the two decompositions of the number
p just described, it is extremely easy to discover that connection by examin-
ing examples. But even for the first criterion its proof is not quite easy; for
the second it lies much deeper, closely bound up with other subtle auxiliary
investigations, which in turn lead to a remarkable extension of the theory of
circle division. It is chiefly this wonderful interconnection of truths. that,
as has often been observed, gives higher arithmetic such a distinctive appeal.
Naturally these proofs themselves cannot be excerpted here; readers must
consult the paper itself. But a couple of other new arithmetical theorems,
also closely connected with the proof of the second criterion, deserve to be
singled out here because of their simplicity.
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Let p be a prime of the form 4k + 1, and put this number = ee + ff so
that ee denotes the odd square and ff the even square. If we further set

(k+1)(k+2)(k+3)..... 2k =r

then +e is always the least remainder obtained by dividing QLq by p, and +f

the least remainder obtained by dividing %rr by p (where the least remainder
is always understood to be taken between the bounds —%p and +%p). The
number QLq, whose value for p = 5 is 1, can for larger values of p also be put

in the following form:

It is very remarkable that the decomposition of the number p into two squares
can thus be obtained quite directly. But an accompanying circumstance is
almost more remarkable still. This procedure always gives the root of the odd
square, e, with a positive sign if e, taken positively, has the form 4m + 1, and
with a negative sign if e, taken positively, has the form 4m + 3. By contrast,
no general rule whatever has yet been found for the sign with which the root
of the even square, f, emerges from this operation, either a priori or by ex-
amining examples. At the end of the paper the author therefore recommends
this subject to the friends of higher arithmetic for further investigation, con-
vinced that success would also open up a fruitful source of new extensions of
this beautiful part of mathematics.
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Gottingische gelehrte Anzeigen. 1831, April 23.

A paper presented to the Royal Society on April 15 by Court Councillor
GAuss:

Theoria residuorum biquadraticorum, commentatio secunda,

continues the paper already printed in the sixth volume of the Commenta-
tiones novae, which was also reviewed in these pages at the time, in 1825, on
April 11. Even this continuation, although more than twice as long as the first
paper, does not yet exhaust this exceptionally rich subject, and completion
of the whole will remain reserved for a future third paper.

Although the basic concepts of these theories and the contents of the first
paper may be assumed known to everyone who has made higher arithmetic
a subject of study, we nevertheless wish to recall those concepts briefly here
for the convenience of readers interested in this part of mathematics who do
not have the first paper immediately to hand. With respect to any integer
p, another integer k is called a biquadratic residue if there are numbers of
the form z* — k that are divisible by p; in the opposite case it is called a
biquadratic nonresidue of p. It is sufficient here to restrict attention to the
case where p is a prime of the form 4n + 1, and k is not divisible by that
prime, since all other cases are either clear in themselves or can be reduced
to this one.

For such a given value of p, all numbers not divisible by p fall into four
classes. One contains the biquadratic residues, a second contains those bi-
quadratic nonresidues that are quadratic residues of p, and the biquadratic
nonresidues that are also quadratic nonresidues are divided between the re-
maining two. The principle of this division is that either k™ — 1, or k™ + 1,
or k" — f, or k" 4+ f will always be divisible by p, where f denotes an inte-
ger that makes ff + 1 divisible by p. Anyone familiar with the elementary
terminology will see how these verbal definitions can be expressed in it.

The theory of this classification is completed in the first paper, both for
the immediately evident case k = —1 and for the cases k = £2, which require
subtle auxiliary investigations. The beginning of the present paper now pro-
ceeds to larger values of k. At first, however, only values that are themselves
primes need be considered, and the outcome shows that the results take their
simplest form when the values are taken positively or negatively according as
their absolute values have the form 4m + 1 or 4m + 3. Examining examples
immediately yields a rich harvest of new theorems with great ease; we give
only a few of them here. The numbering of the classes as 1,2, 3,4 refers to
the cases where k™ is congruent to 1, f, —1, —f, respectively. At the same
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time, the value always chosen for f is the one that makes a + bf divisible
by p, where aa + bb represents the decomposition of p into an odd and an
even square. Thus examining examples shows that —3 always belongs to class
1,2, 3,4 according as b,a + b, a,a — b, respectively, is divisible by 3; that +5
belongs to these classes in order according as b, a — b, a, a + b, respectively, is
divisible by 5; and that —7 falls into class 1 when a or b; into class 2 when
a — 2b or a — 3b; into class 3 when a — b or a +b; and into class 4 when a + 2b
or a + 3b is divisible by 7, divisibility being the condition in each of these
cases. Similar theorems result for —11,+13,+17, —19, —23, and so on. Yet,
easy as it is to discover all such particular theorems by examining examples,
it seems difficult to find a general law for these forms by that route, even
though some common features soon become apparent; and finding proofs of
these theorems is much more difficult still. The methods used for +2 and
—2 in the first paper no longer apply here. Although other methods might
also settle what concerns the first and third classes, they prove inadequate
for establishing complete proofs.

One therefore soon recognizes that this rich region of higher arithmetic
can be entered only by entirely new routes. In the first paper, the author
had already indicated that a particular extension of the whole field of higher
arithmetic was essential for this purpose, without then explaining more closely
what it consisted in. The present paper is intended to bring this subject to
light.

This consists in nothing other than the following: to give the theory of
biquadratic residues its true foundation, the field of higher arithmetic, which
had otherwise been extended only to the real integers, must also be extended
to the imaginary ones, and these must be granted entirely equal rights of
citizenship with the former. Once this is understood, that theory appears in
an entirely new light, and its results acquire a most surprising simplicity.

Before the theory of biquadratic residues itself can be developed in this
extended domain of numbers, however, the preceding parts of higher arith-
metic, which have so far been treated only in relation to real numbers, must
share in this extension. We can mention only a few of these preliminary in-
vestigations here. The author calls a quantity a + bi, where a and b denote
real quantities and i is written for 1/ — 1 for brevity, a complex integer when
a and b are both integers. Complex quantities thus do not stand opposed to
real ones: they include them as the special case where b = 0. For convenient
use, several concepts relating to complex quantities needed particular names,
but we shall try to avoid those names in this review.

Just as the arithmetic of real numbers speaks of only two units, the positive
and the negative, so in the arithmetic of complex numbers we have four units,
+1, —1, +i, —i. A complex integer is called composite if it is the product
of two integer factors that are not units; a complex number that does not
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admit such a factorization is called a complex prime. For example, the real
number 3 is prime even when considered as a complex number, whereas 5
is composite as a complex number = (1 + 2¢)(1 — 2¢). Just as in the higher
arithmetic of real numbers, primes play a principal role in this extended field
of the science.

If a complex integer a + bi is taken as modulus, one can give aa + bb pair-
wise incongruent complex numbers, and no more, to one of which any given
complex integer must be congruent; these can be called a complete system of
incongruent residues. The so-called least and absolutely least residues in the
arithmetic of real numbers have their exact counterparts here as well. For ex-
ample, for the modulus 1424, the complete system of absolutely least residues
consists of 0, 1, 7, —1 and —i. Almost all the investigations in the first four
sections of the Disquisitiones Arithmeticae also have their place, with some
modifications, in the extended arithmetic. The celebrated theorem of FER-
MAT, for example, takes the following form here: if a + bi is a complex prime,
and k a complex number not divisible by it, then always k%%~ = 1 for
the modulus a+ bi. Especially remarkable, however, is that the Fundamental
Theorem for quadratic residues has its exact counterpart in the arithmetic
of complex numbers, in an even simpler form: if a + bi, A + Bi are complex
primes, with @ and A odd, b and B even, then the first is a quadratic residue
of the second if the second is a quadratic residue of the first, whereas the first
is a quadratic nonresidue of the second if the second is a quadratic nonresidue
of the first.

After these preliminary investigations, the paper turns to the theory of bi-
quadratic residues itself. In place of the mere distinction between biquadratic
residues and nonresidues, it first establishes a division of the numbers not di-
visible by the modulus into four classes. If the modulus is a complex prime
a + bi, with a always assumed odd and b even, and p written for aa + bb for
brevity, and if k£ is a complex number not divisible by a + b, then 1) il
always be congruent to one of +1, 44, —1, —i. This establishes a division of
all numbers not divisible by a + bi into four classes, to which the biquadratic
characters 0,1,2,3 are assigned in order. Clearly, character 0 refers to the
biquadratic residues, the others to the biquadratic nonresidues, with charac-
ter 2 also corresponding to quadratic - residues, and characters 1 and 3 to
quadratic nonresidues.

It is easy to see that the main task is to determine this character only for
values of k that are themselves complex primes, and here examining examples
immediately leads to exceedingly simple results.

If first £k = 1 4 4, the character of this number is always found to be
= 1(—aa + 2ab — 3bb + 1)(mod. 4), and similar expressions are found for the
casesk=1—t,k=—-1+4i k=—-1—1.
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If, on the other hand, ¥ = a + (i is a prime with o odd and (8 even,
examining examples very easily yields a law of reciprocity entirely analogous
to the Fundamental Theorem for quadratic residues. It can be expressed most
simply as follows:

If both «+ 3 —1 and a + b — 1 are divisible by 4 (all other cases can
easily be reduced to this one), and the character of a4 3i with respect to the
modulus a + bi is denoted by A, whereas the character of a + bi with respect
to the modulus « + (i is denoted by [, then A = [ if one of 3,b (or both) is
divisible by 4. whereas A = [ + 2 if neither of 3,b is divisible by 4.

These theorems contain essentially everything of substance in the theory
of biquadratic residues. Yet, easy as it was to discover them by examining
examples, it is difficult to give rigorous proofs of them, especially of the
second, the Fundamental Theorem of biquadratic residues. Because of the
great length the present paper has already reached, the author was compelled
to leave the presentation of the proof of the latter theorem, which he has
possessed for 20 years, for a future third paper. The present paper does,
however, give the complete proof of the former theorem concerning 1+ i (on
which the other theorems for 1 — i, —1 + 4, —1 — ¢ depend), and this can
already give some idea of the subject’s complexity.

We still have a few general remarks to add. Moving the theory of bi-
quadratic residues into the domain of complex numbers might seem objec-
tionable and unnatural to someone less familiar with the nature of imaginary
quantities and caught up in false ideas about them. It might suggest that
the investigation is thereby left, as it were, hanging in the air, becomes un-
stable, and moves entirely beyond intuitive understanding. Nothing could
be less well founded than such an opinion. On the contrary, the arithmetic
of complex numbers admits the clearest visual representation. Although the
author has followed a purely arithmetical treatment in this presentation, he
has also given the necessary indications for this visual representation, which
makes understanding more vivid and is therefore highly to be recommended.
these will suffice for readers who think for themselves. Just as absolute inte-
gers are represented by a row of equally spaced points on a straight line, in
which the starting point represents 0, the next point 1, and so on; and just
as representing negative numbers then requires only an unbounded extension
of this row on the opposite side of the starting point: so representing com-
plex integers requires only the addition that this row be regarded as lying in
a fixed unbounded plane, and that an unlimited number of similar rows be
taken parallel to it on both sides, at equal distances from one another. In
place of a row of points, we then have a system of points that can be arranged
as rows of rows in two ways, and that serves to divide the whole plane into
equal squares. The point nearest 0 in the first adjacent row on one side of the
row representing the real numbers then corresponds to i, just as the point
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nearest 0 in the first adjacent row on the other side corresponds to —¢, and
so on. With this representation, the execution of arithmetical operations on
complex quantities, congruence, the formation of a complete system of incon-
gruent numbers for a given modulus, and so on, admit a visual representation
that leaves nothing to be desired.

On the other hand, this places the true metaphysics of imaginary quantities
in a new, bright light.

Our general arithmetic, whose scope far surpasses the geometry of the an-
cients, is entirely a creation of modern times. Starting originally from the
concept of absolute integers, it has extended its domain step by step: frac-
tions were added to integers, irrational numbers to rational numbers, negative
numbers to positive numbers, imaginary numbers to real numbers. Yet each
advance was initially made with timid, hesitant steps. The first algebraists
still called the negative roots of equations false roots, and they are indeed
such when the problem to which they relate is presented in a form where the
nature of the quantity sought admits no opposite. But just as there is no hes-
itation about including fractions in gemneral arithmetic, although there are so
many countable things for which a fraction has no meaning, so negative num-
bers could not be denied equal rights with positive ones in that arithmetic
because countless things admit no opposite: the reality of negative numbers is
sufficiently justified, since they find an adequate substrate in countless other
cases. All this has, of course, long been understood. But imaginary quanti-
ties, set against real ones—formerly. and here and there even now, though
inappropriately, called impossible—are still more tolerated than naturalized
as citizens. They thus appear more like a play of signs empty of content
in itself, to which any conceivable substrate is unconditionally denied, with-
out anyone wishing to spurn the rich tribute this play of signs ultimately
contributes to the treasury of relations among real quantities.

For many years the author has viewed this highly important part of math-
ematics from a different standpoint, from which imaginary quantities can be
given an object just as well as negative ones. Until now, however, there has
been no occasion to state it explicitly in public, although attentive readers
will readily find traces of it in the paper on equations published in 1799 and
in the prize essay on the transformation of surfaces. The present paper briefly
indicates its main features, which are as follows.

Positive and negative numbers can have an application only where what
is counted has an opposite that, conceived as combined with it, is equivalent
to cancellation. Strictly considered, this condition holds only where what is
counted consists of relations between pairs of objects, rather than substances
(objects conceivable in themselves). It is postulated that these objects are
arranged in a row in a definite way, for example A, B,C, D ...., and that the
relation of A to B can be regarded as equal to the relation of B to C, and so

163



Reviews of His Own Writings

on. Here the concept of opposition requires nothing more than interchanging
the members of the relation, so that if the relation (or transition) from A
to B counts as +1, the relation from B to A must be represented by —1.
Thus, insofar as such a row is unbounded on both sides, every real integer
represents the relation of a member chosen arbitrarily as starting point to a
definite member of the row.

But if the objects are of a kind that cannot be arranged in a single row,
even an unbounded one, and can only be arranged in rows of rows, or, equiv-
alently, form a manifold of two dimensions; and if the relations of one row
to another, or the transitions from one to another, behave similarly to the
earlier transitions from one member of a row to another member of the same
row, then measuring the transition from one member of the system to another
clearly requires, besides the former units +1 and —1, two further units +i
and —i, likewise opposite to one another. But it must also be postulated that
the unit ¢ always denotes the transition from a given member of a row to a
definite member of the immediately adjacent row. In this way the system
can therefore be arranged as rows of rows in two ways.

The mathematician abstracts entirely from the nature of the objects and
the content of their relations; the sole concern is to count the relations and
compare them with one another. In this respect, just as the relations denoted
by +1 and —1, considered in themselves, are taken to be of the same kind,
the mathematician is entitled to extend this to all four elements +1, —1, +i
and —i.

These relations can be brought within intuition only by a representation in
space. The simplest case is where there is no reason to arrange the symbols
of the objects in any way other than a square pattern: an unbounded plane is
divided into squares by two systems of parallel lines crossing at right angles,
and the intersections are chosen as the symbols. Each such point A has four
neighbours. If the relation of A to one neighbouring point is denoted by
+1, the relation to be denoted by —1 is thereby determined, whereas either
of the other two may be chosen for +i, or the point corresponding to —+i
may be taken at will to the right or to the left. Once forward and backward
in the plane, and above and below with respect to its two sides, have been
fixed (at will), this distinction between right and left is entirely determined in
itself, although we can communicate our intuition of this distinction to others
only by pointing to actually existing material things”). Even after we have
decided the latter point, however, we see that it depended on our arbitrary
choice which of the two rows crossing at a point we wished to regard as the

KANT has already made both observations, but one cannot understand how this perceptive
philosopher could believe he found in the first a proof of his opinion that space is only the
form of our outer intuition, since the second so clearly proves the opposite, and that space
must have a real meaning independent of our mode of intuition.
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principal row, and which direction in it as corresponding to positive numbers.
We also see that if we wish to take the relation previously treated as +i for
+1, we must necessarily take the relation previously denoted by —1 for +4. In
mathematical language, this says that +: is a mean proportional between +1
and —1, or corresponds to the sign \/—1: we deliberately do not say the mean
proportional, for —i clearly has an equal claim. The possibility of giving \/—1
an intuitive meaning is thus fully justified here, and nothing more is required
to admit this quantity into the domain of the objects of arithmetic.

We believed that this brief presentation of the main points of a new theory
of so-called imaginary quantities would serve readers interested in mathemat-
ics. If this subject has hitherto been viewed from a mistaken standpoint and
mysterious obscurity has been found in it, this is largely attributable to the
unsuitable names. Had 41, —1, y/ — 1 been called direct, inverse and lat-
eral units, for example, instead of positive, negative and imaginary (or even
impossible) units, such obscurity could scarcely have been spoken of. The
author has reserved a fuller treatment of the subject, which is really touched
on only incidentally in the present paper, for the future. The question why
relations among things that form a manifold of more than two dimensions
cannot yield further kinds of quantities admissible in general arithmetic will
then also receive its answer.
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Gottingische gelehrte Anzeigen. 1809, March 11.

Recherches sur lirréductibilité Arithmétique et Géométrique des nombres et
de leurs puissances. 1808. (No place of publication. 25 pages in large
quarto.)

A work whose aim is to represent irrational radical quantities in the form
of rational quantities. We must content ourselves with having drawn the
attention of readers interested in mathematics to this little work, since the
limits of these pages do not allow us to give a fuller account and examination
here of the author’s distinctive standpoint and treatment of radical quantities,
which departs entirely from the usual one.

Gottingische Gelehrte Anzeigen. 1812, March 23.

Cribrum Arithmeticum, sive tabula continens numeros primos a compositis
segregatos, occurrentes in serie numerorum ab unitate progredientium usque
ad decies centena milia et ultra haec ad viginti millia (1020000). Numeris
compositis, per 2, 3, b non dividuis, adscripti sunt divisores simplices, non
minimi tantum, sed omnino omnes. Confecit LADISLAUS CHERNAC, Pan-
nonius, A. L. M. Philos. et Medic. Doctor, in almo lyceo Daventriensi
philosophiae professor. Daventriae 1811. (At the author’s expense, printed
by J. H. Lange. XXII and 1022 pages, large quarto.)

The full title of this important and highly meritorious work already suffi-
ciently indicates its contents: it is a table of all the prime factors of all num-
bers not divisible by 2, 3 and 5, from 1 to 1020000, calculated through several
years of work as careful as it was laborious, and printed neatly and, as far as
we have found by occasional checks, very correctly. Anyone who frequently
carries out calculations with larger numbers can readily judge the value of
such a gift to arithmetic. The author deserves double thanks: both for the
exceedingly laborious work itself, by which he has placed his name beside the
unforgettable names of RHAETICUS, PITisSCUS, BRIGG, VLACQ, WOLFRAM,
TAYLOR and others, and for the certainly very considerable expense incurred
in printing it, for which a publisher would otherwise scarcely have been found.
Such tables have often been calculated before, though mostly on a smaller
scale, but have either remained entirely in manuscript or have not been com-
pletely printed. As is well known, LAMBERT formerly did all he could to
encourage the continuation of PELL’s often reprinted table, which extends to
100000. According to a report by BERNOULLI in LAMBERT’s correspondence,
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OBERREIT had extended it to 500000, and a copy had come into SCHULZE’s
hands. ANTON FELKEL, as reported in the Monatl. Correspondenz, volume
2, page 223, had completed it in manuscript up to two million and intended
later to provide it up to 2460000; but what had already been printed in Vi-
enna at public expense was used for cartridges in the Turkish war because
no buyers could be found! Thus many years of meritorious work were lost to
the public: all the more, therefore, we considered it our duty to announce the
publication of the present work here. The first million is now available for
everyone’s use; anyone with the opportunity and enthusiasm for this subject
may therefore direct their efforts to what follows.

Gottingische gelehrte Anzeigen. 1814, November 3.

Tables des diviseurs pour tous les nombres du deuxieme million, ou plus
exactement depuis 1020000 a 2028000, avec les mombres premiers qui s’y
trouvent. Par J. CH. BURCKHARDT, membre de l’institut impérial, du bureau
des longitudes de France, et de plusieurs autres sociétés savantes. Paris, 1814.
M™ Ve Courcier. (VIII. and 112 pages in folio.)

Sooner than we would have dared to hope when reviewing CHERNAC’S
factor table covering the first million, we can already report the completion
and publication of a similar table for the second million. Through this labori-
ous work the distinguished author, whose name itself guarantees the greatest
care and accuracy, has placed all those interested in arithmetic deeply in
his debt. CHERNAC’s table for the first million gives all the prime factors;
BURCKHARDT’s for the second, however, gives only the least divisor in each
case. The complete factorization of a number in the second million there-
fore requires division by the least divisor and looking up the quotient in
CHERNAC’s table. But this small effort is of no significance compared with
the great advantage of having the table occupy so much less space, while the
prospect remains of seeing it extended in time to ten million. The author
made it possible to fit the table into this small volume partly by restricting it
to the least divisor and partly by printing it as economically as possible. If a
stands for any of the eighty numbers below 300 that are not divisible by 2, 3
and 5, then every number not divisible by 2, 3 and 5 is included in the form
300n 4+ a. All eighty numbers for which n has the same value are found in
a single vertical column, and each page contains thirty such columns. Thus
each page includes, out of nine thousand numbers proceeding in their natural
order, all those not divisible by 2, 3 or 5.
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The method by which Mr. BURCKHARDT constructed his table deserves
special mention here. He had a grid engraved on copper, in which 81 hori-
zontal and 78 vertical lines formed a rectangle divided into 80 x 77, that is,
6160 small squares, and had the necessary number of impressions made from
it. At the side, the eighty values of a could also be engraved immediately;
the values of 300n, in continuous order, were written with a pen above the
77 vertical columns. Thus each sheet represents all the numbers not divisible
by 2, 3 and 5 found among each set of 23100 numbers proceeding in their
natural order, and 44 sheets suffice to cover a whole million. It is easy to
see that the numbers whose least divisor is 7 or 11 recur in the same order
on every following sheet. These divisors could therefore be engraved directly
on the copperplate and consequently appeared automatically in their proper
places on every sheet. To enter the following divisors, for example 13, Mr. B.
took only 13 columns across the width of a spare sheet and, treating it as the
beginning of his table, cut out all the squares that had to contain the divisor
13. He therefore needed only to lay this stencil over the first thirteen columns
of the first sheet, then over the next thirteen, and so on, to see at once all
the places that had to be filled, insofar as they did not already contain 7 or
11, with 13. The same procedure was then used for the divisor 17, and so
on. The spare sheets sufficed in this way up to the divisor 73; for the larger
divisors 79, 83, and so on, Mr. B. appears to have assembled the frame from
two or more pieces. For divisors exceeding 500, however, Mr. B. preferred
to find the multiples by addition, needing to take only primes for the other
factor. We find this whole procedure highly suitable, and would recommend
it for imitation to anyone inclined to extend the table further. For the third
and fourth millions, the author himself has meanwhile already carried out a
large part of the calculations, so we have good reason to hope to see these
too made available in print soon.
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Gottingische gelehrte Anzeigen. 1816, November 7.

Tables des diviseurs pour tous les nombres du troisiéme million, ou plus exacte-
ment, depuis 2028000 a 3036000, avec les nombres premiers qui s’y trouvent;
par J. CHR. BURCKHARDT, membre de l'académie royale des sciences, du bu-
reau des longitudes de France et de plusieurs autres sociétés savantes. Paris
1816. M™¢ V¢ Courcier. (112 pages in folio.)

Since in our review of the table of factors for the second million we have
already described in detail both the method of calculation used by the distin-
guished author and the arrangement of the table itself, we can here content
ourselves with announcing the publication of the table for the third million.
Shortly we may also expect from the author the table for the first million,
presented in the same way, so that the whole table extending beyond three
million will then occupy only a moderately sized volume. For this the author
deserves the thanks of all those interested in arithmetic, who see this labo-
rious work meeting a need on a scale far exceeding anything one could have
dared to hope for only a few years ago.

Gottingische gelehrte Anzeigen. 1817, August 9.

Tables des diviseurs, pour tous les nombres du premier million, ou plus exacte-
ment depuis 1 a 1020000, avec les nombres premiers qui s’y trouvent; par J.
CHR. BURCKHARDT, membre de l'académie des sciences dans l’institut royal,
du, bureau des longitudes de France, et de plusieurs autres sociétés savantes.
Paris 1817. M™¢ V¢ Courcier. (114 pages in folio.)

Referring here to our reviews of the tables for the second and third millions,
we now merely announce the actual - publication of these factor tables for
the first million. We thus now possess a connected whole for the first three
millions. For the present first million, the author used partly CHERNAC’s
Cribrum Arithmeticum and partly a manuscript table by SCHENMARK held
by the library of the Royal Institute. The latter had not, however, been
constructed with quite all the care one could wish for, and deciding which
was right in cases where the two disagreed was often rather laborious. Only
a very small number of errors were found in CHERNAC’s table, which Mr.
BURCKHARDT has reported here.

The author also already has most of the materials ready for the fourth,
fifth and sixth millions, and offers to supply this continuation if the publisher
is encouraged by sufficient sales of the first three millions. It would indeed be
very regrettable if the fruits of such laborious and useful work were withheld
from the world.
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Gottingische gelehrte Anzeigen. December 19, 1825.

A short paper has been presented to the Royal Society on behalf of Mr.
ERCHINGER of Thuningen in the Kingdom of Wiirtemberg, on the

Geometric Construction of the Regular Seventeen-sided Polygon.

As is well known, the general theory of regular polygons has acquired a new
form and a wider scope through its close connection with higher arithmetic.
The theory of those polygons that can be constructed geometrically is one
part of it, though a comparatively small one. Since the time of the Greeks
it had been known that the triangle, pentagon, fifteen-sided polygon and all
polygons obtained from these by doubling or repeatedly doubling the num-
ber of sides have this property, and it was believed, and sometimes expressly
asserted, that these were the only ones. Higher arithmetic has shown this to
be an error: by laying open the true sources of the entirely general theory,
it revealed of itself that, besides the polygons mentioned, there are countless
others that can be constructed geometrically, of which the seventeen-sided
polygon is the simplest. This shows in the clearest light the superiority of
analysis, which encompasses the most general and the particular with equal
ease, over geometry, which must always remain with the particular, is held
back by ever greater complications as it advances from simpler cases to more
complex ones, and would hardly ever have reached, without help from else-
where, that next case after the known ones. Nevertheless, it remains impor-
tant, interesting and desirable that purely geometric treatments should also
continue to be cultivated, and that geometry should take possession of at
least part of the new fields conquered by analysis. The reviewer knows of no
one who has so far publicly treated the construction of the seventeen-sided
polygon except Mr. PAUKER, in the writings of the Courland Society and in
his geometry. Mr. ERCHINGER’s construction differs from this and is carried
out more in the purely geometric spirit. It is as follows. (Anyone can draw
the accompanying figure: a straight line on which the points DBGAIFCE
lie in that order.) Take any straight line AB and extend it backwards and
forwards to C' and D, so that AC x BC = AD x BD = 4AB x AB; next
determine the points E, G on the two sides of the extended line C' A, so that
AE x EC = AG x CG = AB x AB, and the point F' on the A side of the
extended line BA, so that AF x DF = AB x AB; finally divide AE at I, so
that AI x EI = AB x AF, where Al is the smaller and ETI the larger part
of AE. Then construct a triangle in which two sides are each = AB, and the
third = AI. If a circle is drawn around this triangle, Al will be the side of
the regular seventeen-sided polygon inscribed in that circle.
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If one checks the correctness of this construction by comparing it with
the theory of the seventeen-sided polygon given as an example in Article
354 of the Disquisitiones Arithmeticae, one readily sees that it is simply the
geometric translation of the equations to which the application of the general
theory leads. Indeed, the distances of the points C, D, E, F, G, I from A
are precisely the quantities denoted there by (8.1), (8.3), (4.1), (4.3),
(4.9), (2.1), if positive and negative signs are expressed by position, and
the distance of the point B from A, taken in the same sense, is set = —1.
But the real merit of Mr. ERCHINGER’s paper lies less in setting out the
construction itself, since analysis had already marked out the simplest path,
than in giving a purely geometric proof of its correctness. This is carried out
with such exemplary, painstaking care to avoid everything that is not purely
elementary that it does the author credit, and prompts the wish that his
indeed uncommon mathematical talent may receive every encouragement.
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Gottingische gelehrte Anzeigen. July 9, 1831.

Investigations into the Properties of Positive Ternary Quadratic Forms, by
LUDWIG AUGUST SEEBER, Doctor of Philosophy, Full Professor of Physics
at the University in Freiburg. Freiburg im Breisgau 1831. (248 pages in 4.)

Functions of two indeterminate quantities x and y of the form axx + 2bxzy+
cyy, where a, b, ¢ denote specified integers, are known as quadratic forms, or,
when a further distinction is needed, binary quadratic forms. They form
one of the most interesting and richest subjects of higher arithmetic. The
problems that arise first are these: to decide whether a given form of this
kind contains another, a’z’z’ + 2b'2z'y’ + /'y, that is, whether it can be
transformed into that form by a substitution z = ax’ + 8y, y = v2' + §v/,
in which «, 8,7,d are integers; whether such a relation between two forms
is mutual, in which case the forms are called equivalent; further, in both
cases, to give all possible transformations of one into the other; and finally,
to find all possible representations of a given integer by a given form with
integer values of the indeterminate quantities. These problems are completely
solved in the Disquisitiones Arithmeticae, but constitute by far the smaller
part of that work’s section on quadratic forms. The finer investigations that
follow require’ in part a preliminary treatment of a field one level higher and
presenting much greater difficulties: the theory of similar functions of three
indeterminate quantities x,y, z, which therefore have the form axx + byy +
czz+2a'yz+2b vz+2¢ xy and are called ternary quadratic forms. The solution
of the principal problems concerning these ternary forms is developed in the
work mentioned, though only as far as was necessary for the stated purpose.
After an interval of thirty years, the author of the present work has now been
the first to take up these investigations again and, for one principal kind of
ternary form, namely the positive forms, has brought to completion what
was left unfinished in the Disquisitiones Arithmeticae. For those who have
studied higher arithmetic more deeply, we could describe in a few words what
is newly achieved in the present work. But to be understood by others too,
we must allow ourselves somewhat more detail, and we do this all the more
willingly because these investigations have an interest of their own outside
higher arithmetic as well.

The properties of a binary form axx + 2bxy + cyy depend chiefly on the
number bb — ac, which is therefore called the determinant of that form. Two
equivalent forms always have equal determinants. But not all forms having
a given determinant are therefore equivalent. Rather, such forms fall into a
smaller or larger, but always finite, number of classes, with the forms belong-
ing to one class equivalent to one another, and those belonging to different
classes not equivalent. Forms whose determinant is positive can represent
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positive and negative numbers alike; forms with a negative determinant, how-
ever, can represent only numbers having the same sign as a and ¢, so that
positive and negative forms are distinguished here. The simplest forms in each
class have definite criteria, are called reduced forms, and can be regarded as
representatives of the whole class.

Similar relations concerning ternary forms are established in the Disquisi-
tiones Arithmeticae. The determinant of the ternary form

axx + byy + czz + 2a'yz + 26 xz + 2c vy

is the number
ad'a + bV’ + e’ — abe — 24’0’

Here too, equality of determinants is necessary for two forms to be equiva-
lent, but is not sufficient. Rather, all forms with a specified determinant fall
into a finite number of classes, in each of which the simplest forms may be
called reduced and may, as it were, represent all the others. The distinction
between positive and negative forms, however, behaves differently here than
for binary forms. For every given determinant, whether positive or negative,
there are some forms that can represent positive and negative numbers alike
(indifferent forms), and others that can represent either only positive or only
negative numbers (positive or negative forms). But positive forms exist only
for negative determinants, and negative forms only for positive ones. It is
evident, moreover, that a form’s character as indifferent, positive or negative
belongs at the same time to the whole class to which it belongs. The present
work is confined to positive forms, whose determinants must therefore be neg-
ative. Everything that holds for these evidently transfers of itself to negative
forms, whereas the indifferent forms, entirely excluded from the work, require
a quite different treatment.

As already mentioned, the theory of ternary forms in the Disquisitiones
Arithmeticae was developed only as far as was needed for its purpose there.
Consequently, the problem of deciding whether two given ternary forms are
equivalent had not yet been solved in full generality. It was indeed shown
there how to find, for any given form, an equivalent form of the simplest kind,
and that there can be only finitely many such reduced forms for any given
determinant. But since each class contains several such reduced forms, which
do not in all cases turn out immediately to be equivalent, a criterion was still
lacking by which their equivalence or non-equivalence could be determined
with certainty. The author of the present work has now met this need for
positive forms completely and with exemplary thoroughness. His procedure
is, however, presented somewhat differently from the account we have just
given, and from how the matter would stand if the concept of reduced positive
forms included only the essential conditions of greatest simplicity. For positive
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forms, these conditions are that the numbers a, b, ¢, which are positive by their
nature, must be no smaller than, respectively, ' or ¢/, @’ or ¢/, and o’ or ¥,
without regard to signs. Mr. SEEBER has added further qualifications to the
concept of reduced forms such that each class can contain only one form of
this kind, and must contain one. In view of a beautiful theorem found by
Mr. SEEBER from observed cases, to be mentioned further below, we give
here the principal conditions that Mr. S. has incorporated into the concept
of reduced forms: 1) among the numbers a’, ¥, ¢/, no two may have opposite
signs; 2) without regard to sign, 2b’ and 2¢’ must be no greater than a, further
a and 2a’ no greater than b, and b no greater than ¢; 3) when o/, b, ¢ are all
negative, twice the sum of these numbers must be no greater than a +b. We
may omit here the remaining qualifications that must be added for certain
special cases.

The principal content of the work consists first in solving the problem of
finding, for any given positive form, an equivalent form having the character
of a reduced form according to the established definition; and then in the
rigorous proof of the theorem that two non-identical reduced forms cannot
be equivalent, or, what is the same thing, that each class contains only one
reduced form. We must do full justice to the spirit of thoroughness with
which these matters are carried through. And although we must regret the
very great length of treatment involved, perhaps discouraging to some, since
the solution of the problem takes 41 pages and the proof of the theorem 91
pages, we would by no means have this taken as a criticism. When a difficult
problem or theorem is to be solved or proved, the first step, always to be
acknowledged with due thanks, is that a solution or proof should be found at
all. The question whether this could have been done more easily and simply
remains idle so long as the possibility is not at the same time established
by actually doing it. We therefore consider it premature to dwell on this
question here. — The remainder of the work chiefly contains equally thorough
solutions of the following problems: to decide whether a given form contains
another given form not equivalent to it; to find all possible transformations of
a given form into a given equivalent form or one merely contained in it; and
finally, for a given determinant, to give all possible classes of positive ternary
forms.

We must also note that Mr. SEEBER has expressed ternary forms somewhat
differently from the Disquisitiones Arithmeticae, where the coefficients of the
products yz, xz, xy were deliberately assumed to be even integers, whereas
Mr. S. also allows odd ones, and therefore denotes by d’,0’,c¢ what was
denoted above by 2a’, 2V, 2¢/. The greater generality obtained in this way
is evidently only apparent, or at least unnecessary, since everything that can
be said about such forms with odd coefficients also follows of itself if their
doubles are considered instead. We therefore cannot approve this change,
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which also entails some loss of simplicity. One consequence has been that
what Mr. SEEBER calls the determinant is always four times the number
bearing that name in the Disquisitiones Arithmeticae. In the present review
we have retained the terminology of the Disquisitiones Arithmeticae.

For the last-mentioned problem (to give all possible reduced forms for each
given determinant), Mr. SEEBER used a theorem to obtain bounds for the
first three coefficients. According to this theorem, their product abc cannot
exceed three times the determinant. Mr. SEEBER rigorously proves this
theorem. In the preface, however, he remarks that among more than 600
cases he examined, he found not a single one in which that product exceeded
twice the determinant. He therefore considers it highly probable that this
tighter bound holds universally, but says that he did not succeed in finding
a rigorous proof. Since this theorem, found by Mr. SEEBER from observed
cases, is both remarkable in itself and important for shortening the solution
of the stated problem, we wish to add a very simple proof here, so that we
too may contribute in this review to the further development of the theory.
Two cases must be distinguished.

I. If none of the numbers a’, ¥, ¢ is negative, put

b—2d =d, c—20=e, a—2d=Ff
c—2d =g, a—20=h, b—2 =i

The definition of reduced positive forms immediately implies that if
axx + byy + czz + 2a’yz + 20 xz + 2d vy

is such a form, none of those six numbers is negative; it is also evident that
a,b,c are positive. If we now denote the form’s (negative) determinant by
—D, we have the identity, readily checked by expansion,

2D — abc = ad’'d + bb'e + cc f + d’'hi + b gi + /gh + ghi

in which none of the seven terms on the right can be negative, and conse-
quently abc is no greater than 2D. The same conclusion follows in the same
way from the identity

2D — abc = aa'g + bb'h + cci + d'ef + Vdf + 'de + def
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II. If none of the numbers o', b, ¢’ is positive, put

b+2d =d, c+20=e, a+2d=f
c+2d =g, a+20 =h, b+2d =i

b+c+2d +20 +2¢ =k
a+c+2d +20+2 =1
a+b+2d +20+2d =m

and take the determinant of the form, as before, = —D. By the definition of
reduced positive forms, none of the nine numbers d, e, f, g, h,7, k,I, m can be
negative. Thus the identity

6D — 3abc = — aa’(d + 2k) — bb' (e + 21) — ' (f + 2m)
—ad'hi —Vgi — dgh + def + 2ghi

in which all terms on the right are positive or zero, since d’,b’,c are not
positive but negative or zero, shows that 3abc cannot exceed 6D, or abc
exceed 2D. The same conclusion follows likewise from the identity

6D — 3abc = — aa’(g + 2k) — b’ (h + 21) — cc'(i + 2m)
—def —bdf —dde+ 2def + ghi

Both equations are symmetric. If full symmetry is given up, the proof can be
carried out with an even smaller number of terms, for example by the identity

8D — dabc = — 2ad’ (g + k) — 20V (e + 1) — dec'm
+ (c+e)df + (c+ g)hi

We now wish to add a few remarks on the meaning of positive binary
and ternary quadratic forms outside higher arithmetic. It is unnecessary to
treat negative forms separately, while indifferent forms lie wholly outside this
treatment.

The positive binary form azx+2bxy+ cyy represents, in general, the square
of the distance between two unspecified points in a plane whose coordinates,
relative to two axes inclined to one another at an angle with cosine = ﬁ,
differ by z\/a, yy/c. If x and y are to mean only integers, the form therefore
refers to a system of points arranged in parallelograms, lying at the intersec-
tions of two systems of parallel lines. The lines in each system are equally
spaced: the spacings in one, measured parallel to the lines in the second, are
= y/a, and the spacings in the other, measured parallel to the lines in the
first, = /c; the inclination of the two systems is the one given above. The
plane thus appears divided entirely into equal parallelograms whose vertices
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make up the system of points, with none of these points lying inside a par-
allelogram. The determinant taken with positive sign, thus ac — bb, is the
square of the area of an elementary parallelogram. One and the same system
of such points can be divided into parallelograms in infinitely many different
ways and thus referred to equally many different forms. All these different
forms are, however, what is technically called equivalent, and the area of an
elementary parallelogram always remains the same. Two forms that are not
equivalent, but of which one contains the other, refer to the same system of
points: the first form to the whole system, the second to a part. Two forms
that are technically called improperly equivalent (improprie aequivalentes)
refer to two equal but oppositely placed systems of points, the plane being
thought of as turned over, and so on.
In the same way, the positive ternary form

axx + byy + czz + 2a’yz + 2 xz + 2d vy

represents, in general, the square of the distance between two unspecified
points in space whose coordinates relative to three axes (1), (2), (3) give the
differences z+\/a, y+/b, zy/c: the cosines of the angles between axes (2) and

C/

(3), (1) and (3), and (1) and (2) are respectively \/“—I;c, \/b—;c, T If z,y,2
are to mean only integers, the form refers to a system of points arranged in
parallelepipeds, that is, points arising as the intersections of three systems of
parallel, equally spaced planes. The whole space thus appears divided into
equal parallelepipeds whose vertices make up that system of points, and the
square of the volume of an elementary parallelepiped equals the determinant
of the ternary form taken with positive sign'. Equivalent forms represent
one and the same system of points, referred only to other axes or fundamen-
tal planes. In the same way, all the other principal aspects of the theory of
ternary forms find their geometric meaning here: one form being contained in
another; the representation of a specified number or an indeterminate binary
form by a ternary form; the theory of the adjoint ternary forms (formae adi-
unctae); the disappearance of the distinction between proper and improper
equivalence; the nature of reduced forms; and so on. We must, however,
confine ourselves to the indications above, especially since the present work,
which considers ternary forms solely from a purely arithmetic standpoint, has
given only indirect occasion for them. One will at least see from this what a
rich field is opened here to investigations that have great theoretical interest
in themselves and can also be used for a treatment of all relations among
crystal forms that is both convenient and general. This is not the place to
enter into the details of this application. We must nevertheless observe that,
although a, b, c,a’, V', ¢ were originally assumed to denote integers, the greater
part of the theory of ternary forms, and in particular what is required for that
application, remains valid independently of this assumption. Indeed, HAUY’s
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specifications lead, for most kinds of crystal, to very simple integer values of
the coefficients in the ternary forms referring to the corresponding arrange-
ment of the system of points. But the more accurate later measurements of
WoLLASTON, MALUS, BioT, KUPFFER and others contradict this and make
it doubtful whether rational ratios of those coefficients agree with nature in
every case. In any case, however, if one does not wish to drop from the the-
ory the restriction to integer values of the coefficients, integers can always be
found that come as close as one wishes to the results of measurement, since
what matters here is their ratios to one another, rather than their absolute
values.

Finally, we wish to give the geometric meaning of SEEBER’s theorem men-
tioned above. If a parallelepiped is such that none of its twelve edges (of
which four at a time are equal) is greater than any of the twelve face diag-
onals (which are equal in pairs) or any of the four diagonals of the paral-
lelepiped, then its volume multiplied by /2 is no smaller than the volume of
a rectangular parallelepiped formed from the same edges.
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SOLUTION OF THE CONGRUENCE X™ —1 = 0.
ANALYSIS OF RESIDUES. CHAPTER SIX. FIRST PART.

237.

In Chapter 111 we showed that the congruence z" = 1, when a prime
number p is taken as modulus, has p roots, where p is the greatest common
divisor of the numbers n and p — 1, and that these roots agree exactly with
the roots of the congruence z# = 1. It therefore suffices to consider the case
in which n is a divisor of p — 1. That the solution not only of the congruence
" — 1 = 0 but of any other congruence for arbitrary moduli can be derived
from its solution for prime moduli has already been shown at various places
and will be developed more fully below (Chapter vii).

238.

But there is no need to stop even here. In the same Chapter 111 we explained
that the solution of the congruence " = 1 depends on the solution of similar
congruences z* = 1, z® = 1, and so on, where a,b, and so on, are primes or
powers of primes, and n is the product of these numbers. Namely, if A, B,
and so on, are respectively any roots of the congruences z¢ = 1, z° = 1, and
so on, their product AB ... will be one of the roots of the congruence ™ = 1.
Our investigations will therefore be confined to solving the congruence z™ =
1 (mod. p), where p is a prime, and n a prime or a power of a prime and also
a divisor of p — 1.

239.

Furthermore, Chapter 111 shows that among the roots of the congruence
z" = 1 there are always some whose powers can represent all the others. Thus,
if r denotes a root of this kind (we called it primitive above when n = p — 1,
and shall retain this expression here, though in a broader sense), all the roots
of the proposed congruence will be

We must therefore direct every effort towards finding roots of this kind, since
once they have been found the others will become evident of themselves. For
brevity we denote any power of r by its exponent enclosed in parentheses, so
that (0) denotes unity, (1) any primitive root of the congruence z" = 1, (2)
the square of (1), and so on. Thus the sequence (0), (1), (2), (3),....(n—1)
includes all the roots. It is also known that (k) will always be such a primitive
root whenever k is coprime to n; that is, in our case, where n is a power of
the prime ¢, = ¢”, whenever ¢t does not divide k. The symbols (1), (2), and so
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on, are evidently undetermined in themselves; but as soon as a definite value
is assigned to (1), all the others become determined.

240.

Since our aim is to investigate primitive roots before the others, we must
first separate them from the rest. This is done by removing from the sequence
(0),(1),(2)...(n—1) all terms (k) for which k is divisible by ¢. If n is prime,
or v = 1, only (0) is to be removed. Before proceeding to investigate the
remaining roots, however, we earnestly advise the reader to work out several
examples, so as to see concretely everything that might otherwise seem too
general. We give one example; but this will not make it unnecessary to work
out others independently.

Let p = 29; n = 7. The seven roots of the congruence ’ = 1 (mod. 29)
will be 1,7, 16, 20, 23, 24, 25. Since n is prime, all these roots except 1 will be
primitive. Thus, if 7= (1), the symbols will have the following meanings:

Everyone will also remember that the symbols (n) and (0), (n+1) and (1),
and so on, and in general (a) and (b), are equivalent whenever a = b (mod. n).

241.

For our purpose, however, we must proceed in yet another way. We retain
only those terms (k) for which & is not divisible by ¢, whose number is % n=
M. All these numbers, or numbers congruent to them modulo n, can be
represented by successive powers of some number. Let this be = p; then all

the primitive roots of the congruence x™ = 1 will be denoted as follows:

W () ) ) ...

By this device we completely exclude all nonprimitive roots; the reasons and
advantages will become clearer below. In our example we may therefore put
p = 3, and the primitive roots of the congruence z’ = 1 are arranged as

follows:
1) (3 (3 (3°) Y 37

or (1) (3) (2) (6) 4 ()
whichare 7 24 20 25 23 16
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242.

To let the reader know the aim of the following investigations, it will be
useful to state the theorem that we propose to prove and clarify.

If the number A\, which is = t*~' .t — 1, has prime factors a,b, c,d, and so
on, and A = a®bPcY ..., the solution of the congruence ™ —1 = 0 depends on
solving oo + B + .. congruences of lower degree, of which o have degree a, 5
degree b, v degree ¢, and so on.

Thus, in our example, solving the congruence 2’ = 1 depends on a con-
gruence of degree two and another of degree three; and it is apparent in
general that the degrees of these congruences never depend on the modulus
p. To reach the proof of this theorem, however, we must first give some
propositions concerning the connection between congruences and their roots,
although these investigations properly belong to Chapter eight, where they
are to be pursued further.

243.
THEOREM. Suppose the congruence

2™ 4+ Az™ ' 4 Ba™ 2 + ... 4+ N = 0 (prime modulus)

is such that, when the product of the m factors x —r, x—7r', x —1r", x —r" ...

is expanded to give ™ + ax™ ' 4+ bx™2... 4+ n, we have A = a, B = b,
C = ¢, and so on, modulo p. Then the quantities r,r',r" ... will be roots of
the proposed congruence, and it will have no others.

Proof. 1. We always have

™+ Az™ 4 Ba™ 2 4L
=" 4 az™ +bz™ 2 + ... (mod.p)

But the latter side of the congruence becomes = 0 on setting x = r, x = 1/,
x = r”, and so on; therefore, for these values of z, the former side becomes
= 0 (mod. p). This proves the first part.

II. If another value p, congruent to none of r,7’, and so on, also satisfied
the proposed congruence, we would have

0=p"+Ap"™ ' +Bpm 2 4 ...
=p" +ap™ L+ bpm 24
=(p=n)p=1)p—1")p—r")...

But since none of the factors p —r, p — 7', p — ", and so on, is = 0, their

product being = 0 is impossible, because p is prime. There are therefore no
roots besides 7, 7', and so on. This proves the second part.
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244.
PROBLEM. Let r,7',r" ... be unknown quantities, whose number is = m,
whose sum is = «, sum of squares = 3, sum of cubes = ..., and sum of

powers with exponent m is = u. Suppose that these numbers, also = m in
number, are not themselves given, but instead other numbers o/, 3',~', and so
on, congruent to them individually modulo p, where this is a prime and > m.
Find a congruence of degree m whose roots are r,v’,r", and so on.

Solution. Regard r,r’,r”, and so on, as the roots of an equation

2"+ A P+ Bam 2 4 0 3+ ... =0

and determine its coefficients A, B, C, and so on, by the known method, using
congruence in place of equality; namely, put

—A=d
—2B =4+ Ad
—3C =+ + AB + Bd
—4D=§ + Ay + BB + Cd
etc.
—mN = ' + AN + ete.

These coefficients cannot be undetermined, since all the numbers
1,2,3...m < p. I say that the congruence

2+ Az 4+ B2 24+ ...+ N=0

is the one required.
Proof. Let the equation whose roots are 7,7/, 7", r""", and so on, be

2™ +az™ b2+ =0
Then
—a=a«
—2b= 0+ ax

—3c =7+ af + ba
—4d =0+ ay + bB + ca

etc.
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It will be evident to everyone from this that
a=A, b=B, c¢=C etc. (mod.p)

so, by the preceding section, the numbers r, 7', 7", and so on, which are roots
of the equation
" 4+ ar™ b 24 =0

will also be roots of the congruence
™+ Az 4 Bam 2 4 =0 Q. E. D.

We leave the construction of examples to the readers.

245.

We return to our purpose. Retaining the symbols used in sections 242 and
earlier, we undertake to show that, if A is the product of any factors efg, and
so on, the primitive roots of the congruence z' = 1, whose number is A, can
be divided into e classes in such a way that the sums of the roots assigned
to each class are given by a congruence of degree e. Once these are taken as
known, each class can be subdivided into f groups so that the sum of each
group is given by a congruence of degree f. These groups can be subdivided
again, and so on, until the individual roots are reached.

246.

Definition. We shall call the collection of all terms contained in a form
(pFet®) of this kind (section 241) a complete period, or simply a period. Here
e denotes any divisor of \; a any given number; and & all integers from 0 to
% — 1. For brevity we denote such a period by (e * ). Thus, in our example,
the terms

(1),(2),(4) form the periods (2x0) ,
(3),(6),(5) (2% 1)
and  (1),(6)  form these (3x0)
(3), (4) (3%1)
(2),(5) (3%2)

Now, if all terms are distributed into periods in any way, and each period is
again divided into smaller periods, and so on, we say that what we promised
in the preceding section is achieved.

Before entering into this exposition itself, however, we shall show that, al-
though the formation of such a period depends on the two somewhat arbitrary
quantities r, p, it contains nothing indeterminate: however these quantities
are chosen, the same terms always come together in the same period, provided
that the number of terms the period is to contain has been prescribed.
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The criterion that two terms A, B belong to the same period is that
each is contained in a form (p***<) of this kind, or that A = rpkeM, B =

r mod. p). Here r is a primitive root of the congruence z" = 1 (mod. p),
and p a primitive root of the congruence 2* = 1 (mod. n); see above.

We must show that, if, in place of the numbers r, p, other numbers, say
olets S(,ﬂew

pk/e+a (

8,0, are chosen, then A and B are contained in similar forms s

Let s™ = r (mod.p); o* = p (mod.n) and m = ¢¢ (mod.n), which is
possible because r, p are primitive roots. Moreover, m will be coprime to n,
and p to A (Chapter 111). By the appropriate substitutions we obtain

ghketpate

A=s , B =

K etpat¢
ok
S

Q. E. D.

247.

THEOREM. The product of two similar periods can be formed, indepen-
dently of the number p, by adding similar periods and given numbers.

(We call periods similar when they contain equally many terms, or when
the number e is the same.)

Example. Let n = 7. The product of the periods (1) + (6) and (2) + (5) is,
because (a) x (b) = (a+0b), (3) + (6) + (8) + (11), or it consists of the periods
(3) + (4) and (1) + (6).

~—

Proof. Let % f, and let the given periods be (e * «) and (e x 3), or the
sums
(pa) + (pa—‘re) + (poz—‘rQe) + .+ (pcx—i-(f—l)e) .... P
() + (PP + (pPT2) + .+ (PP ey Q

The product PQ consists of f? terms. Arrange them as follows. Form f
rows, each consisting of f terms. Let the first contain the product of P with
(p®), the second the product P. (p?€), and so on, and so on. In the first
row let the product arising from the term (p®) occupy the first place, that
from (p®*¢) the second, and the others follow in succession. In the second
row assign the first place to the product arising from (p®*¢), the second to
that from (p®*2¢), and so on, and finally the last place to that from (p®). Let
the third begin with the product arising from (p®*2¢), and continue in this
way, following the product from the last term with the products from the first
and second terms, and so on, and so on. Thus, denoting the successive terms
of the period P by 1,2,3...z and those of the period @ by I, I, III,.... Z,
arrange the terms of PQ) as

1.14+2.14+3.1+4.14+..+2.1
2. 1I+3. 1II4+4.1I+....+1.1I
3. II+4. 1T+ ...+ 1. 11T+ 2. 111

etc. etc.
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Now collect all terms occupying the same place in the individual rows into
f groups; and I say
1° if any term is = 1, all the other terms in the same group will also be =1
2° every group in which no term is = 1 forms a period. — Once these
statements have been proved, we will evidently have achieved our purpose.
The general form of such a group is

(pa+ke +,OB), (pa+(k+1)e +p6+e)7 (pa+(k+2)e + pﬁJrQe)’

) (pa+(k+ffl)e_’_pﬁ+(ffl)e)

Indeed, in place of p®T(:=De one can also write p®tk+f=be gince ef =

A and p* = 1 (mod.n), and similarly for the preceding terms. Put
potke + pP = pX (mod.n), which is permissible unless p®**¢ + p% hap-
pens to be divisible by n”). The group can then be represented as (pX),
(pxte), (pxt2e) .. (pxt(F=De) which is evidently the period (e * x). But if
potke 1 pf is divisible by n, all terms of the group will be = (0), that is, = 1.
Q.E.D.

Note. This proof also gives a very easy method of expanding the product.
We shall give another below which lacks this advantage, but seems worthy of
consideration for its simplicity.

248.

We call all the smaller periods that make up a larger period a system of
periods. Thus this name will be given to the periods

(ef xa), (ef*xf+a), (ef*2f+a) .... (efx(e—1)f+ )

that make up the period (f * «). It will be properly ordered if the numbers
placed after the sign %, here o, f+a, 2f + «, follow an arithmetic progression
with difference f. Finally, systems are similar if both their smaller and their
larger periods are similar.

THEOREM. If the periods of two similar, properly ordered systems are
multiplied together, namely the first by the first, the second by the second, the
third by the third, and so on, the sum of all the products can be formed from
given numbers and periods similar to the larger period.

Proof. Let the systems be

(ef xa), (efxa+f), (efxa+2f)...
(ef*B), (efxB+f), (efxB+2f)...

The products of the individual periods of the first system with the corre-
sponding periods of the second consist, by the preceding section, of integers

“The proposition will have to be expressed somewhat differently if n denotes a power of a
prime in general; when it is a prime number, however, nothing needs changing.
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and similar periods. A little attention to how these periods arise shows that,
if (ef x ) x (ef * B) consists of an integer N and periods (ef x A), (ef * B),
(ef x C), and so on, the products are then formed as follows:

(ef xa+ f) x (ef x B+ f) from N and periods
(efx A+ f), (ef*B+f), (ef*xC—+f)etc.
(ef xa+2f) x (ef * B+ 2f) from N and periods
(ef x A+2f), (ef «xB+2f), (ef«C+2f) etc.

and in general

(ef xa+puf) x (ef * B+ pf) from N and periods
(ef + A+ uf), (ef x B+puf), (ef +C+pf) ete.

It follows directly that the sum of all the periods will be
eN + (fx A)+ (f « B) + (f x C) etc. Q.E.D.

This proof also supplies a method for finding that sum.
249.

It is easy to make this theorem still more general. Namely, if there are any
number of similar, properly ordered systems, and the products of all the first
periods, all the second periods, and so on, are formed, the sum of all these
products consists of numbers and larger periods. If all these systems are taken
to be equal, the sum of powers of all the periods, whatever the exponent, will
consist of numbers and periods similar to the larger one. The aim of these
results is now apparent. Let A = efgh.... Divide all the primitive roots into
e periods A, A’, A”, and so on, each of these again into f: B, B’, B”, and so
on, and each of these into g: C,C’,C”, and so on. The sum of all the periods
is given: it is = —1. But according to what we have just said, we shall also
have

(A)2 + (A/)2 + (A//)2 + (A///)Q - etc.
(A)3 + (A/)S + (A//)S + (A///)S =+ etc.
ete. ete.

Hence, by section 244, a congruence of degree e can be found whose roots
are A, A’ A”, and so on. Taking these as known, let each period be divided
into smaller ones:

A into B, B, B"...
A’ into B™, B0+l ph+2)
etc.
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Thus B+ B'+ B" +... = A is given. But
(B)2 + (B/)Q + (B//)Q
(B)3 + (B/)3 + (B//)3

etc.

+ ...
+ ...

consists of units and the periods A, A’, A”, and so on. Therefore B, B, B”,
and so on, will be given by a congruence of degree f, from which they can
be found; and similarly the periods making up A’, A”, and so on, can be
determined. Anyone will now see that every period can be subdivided into
smaller ones by precisely the same method, until the roots themselves are
reached.

250.

But a difficulty occurs in applying these rules, and we must remove it.
Since each congruence has several roots, we must decide which label to assign
to each, so that they can be properly distinguished from one another. The
labels of the periods depend on the numbers r, p, which can be chosen at will,
so their labelling must also involve something arbitrary. The number p must,
however, be fixed at the outset. The main feature of our method is that we
derive smaller periods from larger ones. But this cannot be done without
the proper order of the periods, which we have obtained through their labels.
We must therefore ensure that all periods are distinguished by their labels as
soon as they have been found.

Let the period A be denoted by (e * «) and divided into f periods B,C, D,
and so on, which must be labelled. Each is clearly contained in a form
(ef * ke + ) of this kind. But I say that, for one of them, B, the number &
can be chosen at will, and the placement of the others derived from it.

Let R be any primitive root of the congruence 2™ = 1, and let B consist of
the terms R* + R” + etc.. Put ipke“* = 1 (mod.n), and, since the value of
r is arbitrary, provided only that A receives the label (e * ), which evidently
happens of itself, put » = RY (mod.p). Then the first term of B will be
rpke+a, and B may be denoted by (ef * ke + a). If, in place of R*, we had
considered the term RY, we would have obtained a different value of . But
it is readily seen that, for any root p, the root r can have % different values.
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251.

Let us now see how, once one period is labelled, the others are distinguished
by their labels. For this purpose, however, we must seek another method of
finding the remaining periods: insofar as they, like A itself, are roots of a
congruence, no order is discernible among them. Suppose that A is denoted
by (ef % 0). It follows from the preceding discussion that

A? has the form M + N(ef *0) + O(ef x 1) + P(ef x2) + ...
A3 has the form M’ + N'(ef x0) 4+ O'(ef 1) + ...
etc.
A1 has the form M* + N*(ef % 0) + O*(ef x 1) + ...
To these is added the congruence
(ef x0)+(ef x 1)+ ...+ (ef xef —1)=—1

We thus have ¢f — 1 linear congruences and the same number of unknown
quantities, which can therefore be determined by elimination.

Note. A case may occur in which the unknown quantities are given by
expressions of the form Wlp. We shall show below how this difficulty can be
remedied. Since this case can occur only very rarely, we do not wish to dwell
on it here.

252.

Let this suffice in general for solving pure congruences. Much more will be
said about them at various places below; in particular, many things can be
taken over from the solution of pure equations, which we shall not neglect to
note in their proper places. We add another example: comparing it with the
rules will make everything clearer to those with less experience.

Let n = 31, p = 311; that is, we seek the roots of the congruence z3' —
1 = 0 (mod.311). We must first find a primitive root of the congruence
v — 1 = (mod. 31), such as y = 3. Thus put p = 3, and first divide all the
primitive roots of the proposed congruence into 5 periods, namely

(5%0) ..... (1) +(26) + (25) + (30) + (5) + (6)
(5x1) ..... (3) + (16) + (13) + (28) + (15) + (18)
(5%2) ..... (9) + (17) + (8) + (22) + (14) + (23)
(5%3) ..... (27) + (20) + (24) + (4) + (11) + (7)
(5x4) ..... (19) + (29) + (10) + (12) + (2) + (21)
The required calculations give the sum of the periods = —1, of their squares

= 25, cubes = 26, fourth powers = 249, and fifth powers = 564.
Thus the periods will be the roots of the congruence

2P+t —122° — 2122+ 2 +5=0

190



Manuscript Papers. Analysis of Residues

Further, one finds

(5%0)2=64+2(5%0)+2(5%3) + (5x4)
(50 =12+15(5%0)+4(5% 1) +3(5%2) +6(5 % 3) + 6(5 % 4)
(5% 0)* =90+ 60(5 % 0) + 28(5 % 1) + 26(5 * 2) + 49(5 % 3) + 38(5 * 4)

and hence, by elimination,

5(5%1)=3(5%0)2 = (5%0)3—33(5%0)2 —24(5%0) + 15
5(5%2) = —2(5%0)* — (5% 0)3 +22(5 % 0)? + 31(5 % 0)
5(5%3) = (5% 0)* —2(5%0)3

5(5%4) = —2(5 % 0)* + 4(5 % 0)3

One root of the congruence found above is = 17. Thus, if (5% 0) = 17,
then (5% 1) =183, (5% 2) =263, (5%3) =91, (5x4) = 67.
Now divide each of the periods found into three again, namely

(5%0) into (15%0), (15%5), (15x*10)
or into (1) + (30), (26) + (5), (25) + (6)
(5x1) into (15x1), (15%6), (15%11)
or into (3) + (28), (16) + (15), (13) + (18)
etc. etc.

Suppose that the periods into which the following are divided are roots of
the respective congruences:

(5%0) areroots of a3+ Ar?+ Bx+C =0

(5x1) 4+ A2+ Br+C' =0
(5%2) B+ A+ B +C" =0
etc.
Then
=—(5x0), B=(5%0)+(5%3), =-2—(5x4)
Al=—-(b5x1), B=(Bx1)+(5x4), ¢"=-2—(5%0)
ete. etc. etc.
Therefore
ill b t
(15%0), (15%5), (15%10) 0% 23 1742 4108z — 60 = 0
of congruences
(15% 1), (15%6), (15« 11)
(152), (15%7), (15 x12)
(15 3), (15 #8), (15 13)
(15 %4), (15%9), (15 = 14)
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Here, however, we have

(15%0)> —3(15 % 0) = (15 % 1)
(15%1)3 —3(15% 1) = (15 % 2)
etc.

Hence, if one of the roots of the first congruence, 10, is taken as (15 * 0),
we have

(15%0) = 10 (15x5)=  (15%10) =
(I5x1)= 37 (I5x6)= (15 11) =
(15+2)= —151 (15+7)= (15%12) =
(15%3)= -39 (158)= (15%13)=
(15+4)= —112 (1549)=  (15%14) =

Finally, take the terms making up each of these periods. Then

(1), (30) roots of congruences 2 — (15%0)z+1=0
(3), (28) 22— (15%1)x+1=0
etc.

The roots of the first congruence are 126 and 195, which will therefore be

primitive roots of the congruence 23! = 1, and from these the remaining roots

can readily be derived.
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GENERAL INVESTIGATIONS OF CONGRUENCES.
ANALYSIS OF RESIDUES, CHAPTER EIGHT.

330.

The results on congruences presented in the preceding sections concern
only the simplest cases and were mostly obtained by particular methods. In
this section we shall try to bring the theory of congruences under higher
principles, as far as is yet possible, much as the theory of equations is usually
treated. As we have observed several times, there is a remarkable analogy
between the two. Since all algebraic congruences involving a single unknown
can be reduced to the form

X=0

where X is an algebraic function of the unknown z involving no fractions,
functions of this kind must be considered first.

331.

If P, are functions of the indeterminate x of the forms

A+ Bz + Cxx + Dx> + ...
H+Iz+ Kax+Lad + ...

(which we shall henceforth always mean when we simply say functions), and
the coeflicients of like powers of x in the two functions are congruent for
any given modulus, the functions will be called congruent for that modulus.
Congruent functions clearly take congruent values when equal or congruent
values are substituted for the indeterminate. Most of what we proved about
numbers in Chapters I and 1T also holds for functions. Thus, if P = P/, Q = @',
R = R, and so on, we clearly have P+ Q + R etc. = P’ + Q' + R’ + etc.;
P—-Q=P —-Q'; PQ=PQ; PQR etc. = P'Q'R’ etc. The proofs are very
easy and can be given in the same way as in Chapter I.

If PQ = R, we shall denote the function @ by %, with the modulus
indicated, and say that @) is the quotient when R is divided by P for this
modulus. All functions congruent to @ can clearly be taken in its place; we
shall regard them all as a single value. Below, however, we shall show in which
cases such a quotient can have several values, that is, incongruent ones.
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332.
If the modulus is a prime number and the divisor () contains just one term
Hz" whose coefficient H is not divisible by the modulus, that is, provided

only that H is not = 0, the quotient cannot have several values. For if
QA= P and QB = P, we would have Q(A — B) = 0. Now let

Q=.. + Hz" + 12" + ete.
where H is not divisible by p, and
A— B = La' + Mz + ete.

where L is not divisible by p (the function A— B will have this form because we
assume that A is not = B). We would then have Q(A—B) = H Lz tetc. =
0, which is absurd, since HL is not = 0.

Rules for dividing the function P by ), when this is possible, are now
easily given. Let

P = az® + bzt + cx®t? + ete. + ka”

Q = mat + na! T + gzt t? + ete. + ta”

where a, k, m,t are not divisible by the modulus. We must have o not < p,
and k not < 7. Division can be carried out as in ordinary algebraic calculation,
provided that an integer is always taken for the quotient; namely, the quotient
will always have the form -, which must be determined for the modulus. Now,
if a remainder is left after Kk + 4 — a — 7 + 1 terms have been found, it will
have the form

Agrtr—T+l + Bt +2 +..+Cz"

and if not all the coefficients A, B, C'.. are = 0, then P cannot be divided by
Q.

It is also clear that division could have begun with the terms of highest
degree, kx®, tx”. The calculation will be easier if @) is put in the form

mat (1 + qx + rex + ete.)

which, on putting mv = 1, gives

P vP : x#

Q = 1+ gx + etc.

Division can then be completed by the usual methods.
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333.

THEOREM. If x = a is a root of the congruence £ = 0, then £ can be
divided by © — a for the modulus of the congruence.

Proof. For if it could not be divided, we would have £ = (z — a)¢’ + b,
where b could not be divided by the modulus. Now, if x is set = a, then &
becomes = 0 by hypothesis, so (z —a)¢’ +b = 0. But then also (x —a)&’ =0,
and therefore b must be = 0.

334.

PROBLEM. Given two functions, find their common divisor (of greatest
degree) for a given modulus.

Solution. Let the functions be A, B, and let the degree of A be at least
that of B. Divide A by B. If this is possible without a remainder, B will be
the common divisor sought. If a remainder C' is left, it will have lower degree
than B. Thus let

A=aB+C, B=bC+D, C=cD+FE, etc

where A, B,C,D,a,b,c, and so on, are functions, and the degrees of the
functions A, B, C, D, and so on, form a decreasing sequence. If some division
eventually succeeds, for example D = dF, the last divisor will be the common
divisor sought. If none succeeds, a remainder will eventually be reached which
has no degree, that is, a number; in this case, however, the functions A, B
have no common divisor.

Proof. 1f the divisor E divides the preceding function without a remainder,
it is easily seen to divide all the preceding ones. Hence E will be a common
divisor of the functions A, B, proving the first assertion. But if there were
a divisor of higher degree, say E’, then, because C = A — aB, it would
also divide C, and by the same argument D, and so on, and therefore E: a
function of higher degree would divide one of lower degree. This is absurd,
proving the second assertion. It is also clear from this that, if a common
divisor of any degree exists, a remainder with no degree cannot be reached.
Otherwise a function with no degree would be divided by a function of some
degree, which is absurd.

335.

THEOREM. If A, B are coprime functions for the modulus p, and A has
degree o, while B has degree 3, then functions P, Q can be found whose degrees
are respectively < B, < a, such that

PA+ @B =1 (mod.p)
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Proof. For in this case we have
A=aB+C, B=bC+D, etc. K=kL+M

where the degrees of the functions A, B,C, D, .. K, L, M continually decrease,
and M has no degree. Now form the sequences

so that
a=ba+1 d'"'=cd +a " =da"+d etc.

V=cb+1 V' =dv+b b"=eb +b etc.
‘We then have

A—aB=+C, bA—dB=-D, VA—-d'B=+E, etc
as is readily seen, and hence, finally,
DA — W B =4M
Now let ﬁ = u. Then, on putting P = Mb(’“*l), Q= —,ua(”), we obtain
PA+QB=1
Further, it is clear that

degree of B + degree of a = degree of A.
degree of C' + degree of b = .degree of B
etc.

degree of L + degree of k = degree of K
Therefore
degree of L + sum of the degrees of a,b, ..k = degree of A
The degree of a(®) is evident, and hence also
degree of () = sum of the degrees of a, b, c,.. that is, = o — degree of L

Thus
degree of P = 3 — degree of L Q. E. D.
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336.

It follows that, if M is the common divisor of greatest degree of the func-
tions A, B, we can always put

AP+ BQ=M

For brevity I omit examples of the preceding theorem, but readers will not
neglect to gain skill in handling problems of this kind by working through
examples. It is also worth pointing out that the preceding theorem holds
for functions considered without a modulus, provided their coefficients are
rational numbers. This will be evident from the method of proof itself. We
cannot, however, dwell on this matter. The reader will observe similar things
in what follows even without being prompted.

If A has no common divisor of any degree with either B or C, it will also
have no common divisor with the product BC. For let

PA+Q@QB=1, then PAC+Q@QBC=C

Now, if A had with BC a common divisor M, this would also divide C,
contrary to the hypothesis. Thus, in general, if a function A is coprime to
B,C, D, and so on, it will also be coprime to the product of them all.

If A, B,C, D, and so on, have no divisor common to them all, we can obtain

PA+ QB+ RC + SD +etc. = 1

Let the common divisor of greatest degree of A and B be M; that of M and
C be M’; that of M’ and D be M", and so on. The last term of this sequence
clearly has no degree, by hypothesis. We can therefore put

aA+bB=M, mM+cC=M, m'M +dD=M", etc.

and after substitution the truth of the theorem is apparent.

337.

THEOREM. If A, B,C, and so on, are functions coprime to one another
(any two of them having no common divisor) for the modulus p, and the
function M 1is divisible by each of them for the same modulus, it will also be
divisible by the product of them all.

Proof. For we can put PA+ QB =1, so that

M
*W P_E

Now, since C' is coprime to AB, the function M will also be divisible by ABC,
and by the same reasoning by ABCD, and so on.
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338.

If the congruence & = 0 has roots * = a, x = b, * = ¢, and so on, then &
can be divided by the product of (x—a), (z—b), (x —c¢), and so on. For, since
a, b, c., and so on, are assumed incongruent, the functions x — a,x — b, x — ¢,
and so on, will be coprime to one another. Since ¢ is divisible by each of
them, it will also be divisible by their product. Thus the number of roots
cannot exceed the degree of the congruence: this is the proof of the theorem
that we promised.

At the same time, however, this shows how the solution of congruences
forms only one part of a much deeper investigation, namely the factorization
of functions. The congruence £ = 0 clearly has no real roots if £ has no fac-
tors of degree one. Yet nothing prevents £ from being resolved into factors of
degree two, three or more, from which roots that are, as it were, imaginary
could be attributed to it. Indeed, had we wished to take a freedom similar to
that taken by recent mathematicians and to introduce such imaginary quan-
tities, we could have shortened all our following investigations incomparably.
Nevertheless, we preferred to derive everything from principles”.

339.

Functions are called prime for a given modulus when they cannot be di-
vided by any functions of lower degree for that modulus.

Thus all functions of degree one will be prime, while functions of degree
two will either be prime or be composed of two of degree one. Hence £ will be
a prime function of degree two if the congruence £ = 0 admits no real roots.
For example, zx + x 4+ 1 is prime for the modulus 5, because

zr+z4+1=(z—2)% -3 (mod.5)

and 3 is a quadratic nonresidue of 5.

These prime functions demand our attention above all. Although those
other than functions of degree one cannot serve to find real roots, a fuller
study of them recommends itself both for their remarkable properties and for
other excellent truths to be deduced from them.

“'Perhaps on another occasion we shall explain our opinion on this matter more fully.
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340.

THEOREM. Fwery function is either prime or composed of prime functions;
in the latter case it can be composed of prime functions in only one way.

Proof. For unless the proposed function A is prime, it will be divisible by
another function B of lower degree. If B is not a prime function, it will be
divisible by another function C' of lower degree. Continuing in this way, a
prime function must eventually be reached. Otherwise this sequence would
be infinite, which is absurd, since the degrees continually decrease. Now, if
the last prime function is L, it will divide all the preceding ones. Hence
A = LA, and A’ has lower degree than A. Repeating this, A’ = L'’A”, and
so on, a prime function must clearly eventually be reached. Thus A will be
= a product of prime functions L, L', L”, and so on. . This proves the first
assertion.

Now, if we also had A = M M’'M", and so on, and the functions L, L', L”,
and so on, were not all the same as M, M’ M", and so on, remove those
common to both sequences. Let \, N, N ..; p, p/, 4", ... remain. Then p will
be coprime to A, M, \”, and so on, and hence also to the product AN )\”, and
so on. Yet we must have

AN

NN =" .. that is, — = W'y .. a contradiction

341.

The first main task of these investigations will be to determine the number
of prime functions of any given degree. For a given modulus, the number of all
different (incongruent) functions of any given degree is finite. Some of these
are composed of prime functions of lower degrees, while others are prime;
hence the number of the latter is also finite. A rigorous development of this
matter is rather delicate; we shall begin with simpler cases.

With the modulus set = p, the number of all different functions of degree
n of the form

" + Az" ' 4+ Ba" 2  C2" 3 + ete.

will be p™. For the number of coefficients .A, B . C, and so on, is n, and each
can independently of the others be =0,1,2,3..(p — 1)(mod. p). The theory
of combinations therefore gives p” different combinations, which determine
the collection of all different functions of this degree.

Thus there will be p functions of degree one, namely x,x + 1,x + 2 up to
x 4+ p — 1; there will be pp functions of degree two, and so on.
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342.

We have already pointed out that all functions of degree one must be
regarded as prime. If, therefore, as is sufficient for our purpose, we restrict
ourselves to functions whose highest term has coefficient 1, there will be p
functions of the first degree, or of one dimension.

All functions of degree two are either composed of two of degree one or
are prime. The theory of combinations shows that p different things, with
repetitions allowed, can be combined in & p H different ways. Thus there will
be that many functions composed of two prlme functions of degree one, and
hence pp — & H = %(pp — p) prime functions of degree two.

Similarly, from all functions of degree three, whose number is p3, we must
exclude those composed of three prime functions of degree one, whose number
is %, and also those composed of a prime function of degree one and
another of degree two, whose number is p . 5(pp — p). Removing these leaves

(p —p); this, then, is the number of prime functlons of degree three. Clearly

we can always continue in this way.

343.

To carry out these operations more easily and at the same time prepare
the way for developing the general law, we shall consider the matter generally.
For brevity we denote by (1) the number of prime functions of degree one,
by (2) the number of prime functions of degree two, and further by (12) the
number of functions composed of two prime functions of degree one, and so
on, and so on. In general, (19237 ...) denotes the number of all functions
composed of prime functions, namely « of degree one, 8 of degree two, v of
degree three, and so on. Their degree will therefore be o + 25 + 3v + ete. It
follows from the preceding results and the theory of combinations that

(192°9374° ) = (1%)(2%)(37)(49) ..

M. H+1.H)+2.H+3...(HD+a—-1
1.2.3.4...«

(1) =
or, in general,

(a).(a)+1.(a)+2.(a)+3...(a) +a—1
1.2.3.4...«

(a%) =
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Finally, if all the different ways of composing the number n by addition
from the numbers 1,2,3,... are collected, and these ways are denoted by
.1+ B.2+7.3+etc., then the sum of all these expressions (192537 .) is
clearly equal to the number of all functions of degree n, that is, = p™. Thus

H+(12.2)+1.3)+ (20 + @)

The expression p” clearly contains, besides the quantities (1), (2), (3), and
so on, also (n), which shows how all these quantities are to be determined
from the preceding ones. Thus we find

(H)=p (4) = 1(p* — pp) (7) = %(zﬂ —p)
2)=3ipp—p) (6)= %(ﬁ —p) (8) = 5(p* —p*)
) =30*—p) (6)=50°—p*—pp+p) etc

344-346.

From the beginning of this sequence we observe that the highest term of
the expression (n) is %p”. If n is prime, —%p is added to it; if n is composite,
however, the law is less evident. But if we consider the matter more closely,

we see that

p=(1) p° =5(5) + (1)

pp = 2(2) + (1) p% =6(6) +3(3) +2(2) + (1)
p*=3(3) + (1) pT=17(7)+ (1)

pt=4(4)+2(2) + (1) p® =8(8) +4(4) +2(2) + (1) ete.

Here the law of progression is apparent: if all the divisors of the number n
are «, 5,7, 0, and so on, then

p" = a(a) + B(B) +v(v) +4(5) + ete.

We now set out to prove that this observation holds in general.
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We showed that the sum of all expressions of the form (1%)(2°)(37)...,

where always a+ 25+ 37+ ... = n, exhausts all functions of degree n and is
therefore = p™. It follows that, — — —. If
1 \W 1 &) 1 3)
(1—1‘) (1—xx> (1—953)
is expanded into the series 1 + Az + Bz?... = P, then

A=p B=p?, C=petc

zdP  ()z +2(2)x3 3(3)x3
Pdr 1—z 1—22 1—23""

[From this, on substituting 12235 for fg‘g; and expanding the individual

fractions into infinite series, the truth of the theorem follows of itself.]

347.

This theorem can also be expressed in another way. If all the divisors of
the number n are n, 1,4,d’,6”,8"”, and so on, the theorem states that

p" = n(n) + (1) + 6(5) + 8'(8") + ete.

Now the product of the (n) prime functions of degree n clearly has degree
n(n), and likewise for the others. Hence

The product of all prime functions of degree one and of degrees n,d,d’, and
so on, will have degree p™.

It is now easy to deduce the value of the expression (n) itself from this
theorem, but for brevity we omit the analysis, which is not difficult. Let
n = a®P¢7, and so on, where a,b, ¢, and so on, are distinct prime numbers.
Then

n(n) =p" — Ypa + Spab — Spabe etc.

Here Ep#c-. denotes the collection of all expressions similar to p#cu when
the quantities a,b, c.. are permuted among themselves in every way. Thus
for n = 36 we have 36(36) = p36 — p& — p12 4 pb.

Let us add one more observation. If n has the form a®, and a is prime, then
n(n) =p" — pa. Since (n) must be an integer, we therefore have, whatever p
may be,

p" = pa (mod.n)

Thus, if p is coprime to a,

Q3

=1 (mod.n)

and for a =1,
p* 1 =1 (mod. a)

It is remarkable that these theorems can be obtained in such different ways.
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348.
PROBLEM. Given the equation

2™+ Az 4 B2 4 Cx™ 3 ete. + M =0

whose roots are x = a, T = b, x = ¢, and so on, find an equation whose roots
arex=a",x=0", x=c", and so on.

First solution. Find, by the known theorem, the sums of the roots of the
given equation, of their squares, cubes, and so on, through the power with
exponent m7. This also gives the sums of the roots of the required equation,
and of their squares, and so on, namely Ya”, £a?", and so on. The coefficients
can then be determined by the same theorem.

For practical calculation this solution is easier; but the following is better
suited to our purpose, and also to showing that the coefficients of the required
equation will be integers if the coefficients of the given equation are integers.

Second solution. Let 6 be a primitive root of the equation ™ = 1, and
form the product of

2™ 4 Az™ 4 Bx™ 2 + ete.

™ + AGz™ 1 + BOO2™ 2 + ete.
™ 4+ AGOz™ ! + BO ™2 + ete.
etc.

™ 4+ AT ™ 4 BO2T 2™ 2 o et
The roots of this product will therefore be

a, 6Ba, 06a etc.
b, 6b, 00b etc.
c, Bc, 00c etc.

that is, the product will equal
(" —a")(x" =b")(z" =) ...
and hence have the form

ZL‘Tm—i-A/ZL‘T(m_l) +B/$T(m—2) + ete.
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Now, replacing =7 by x, we have
g™ 4+ Alz™ 4 B'a™ 2 fete. = (x —a")(x — b7 )(x — 7). ..
and hence
2™+ Alz™ 4 B'a™ 2 fete. = 0

is the required equation. That A’, B’, and so on, are not only rational numbers
but also integers follows easily from the theory of the equation x™ = 1.

Since we shall often use this operation below, by (P, p”) we shall denote
the function which, on being set equal to zero, gives an equation whose roots
are the powers with exponent 7 of the roots of the equation P = 0.

If P = Q@ for any modulus, then also (P, p") = (Q, p”) for the same modu-
lus.

349.

THEOREM. The coefficient of the term x™ in (P, p") is congruent, modulo
T, to the coefficient of the term ™ in P7, provided that T is a prime number
(which, in this case, gives a third solution of the preceding problem).

Proof. 1t follows from Chapter Six that every coefficient of the product

(™ + Az 4 ete) (2™ + A9z 4 etel) . ..
has the following form after 87 is replaced by unity:
E+(14+60+60+ectc. +0" HF

Now, if 0 is regarded as a primitive root of the equation z7 = 1, the whole
product becomes E; but if § = 1, the whole product becomes P™ = E + 7F.
Thus the coefficient of the term ™" in P7 is congruent, modulo 7, to the
coefficient of the term z™" in F, that is, to the coefficient of the term z" in

(P, 7).
350.
THEOREM. If T is a prime number, then

(P,p") = P (mod. )

Proof. Let the coefficient of the term z™ in (P, p”) be = N’ and let the
coefficient of the same term in P be = N. Then, on putting

P =a™+ Az™ ! + etc. + Na" + ete.
we have
PT =™ 4+ Az IT 4 ete. + N7z + ete. (mod. 7)
and hence, by the preceding article, N’ = N7 (mod. 7). Thus, since N = N,
we obtain N’ = N. Q.E.D.
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It is also clear from this that (P,p®) = (P,p*") and (P,p") = (P,p""),
whence, in general,
(P, p%) = (P, p‘”k) (mod. 7)

351.

THEOREM. There is a value of the number v less than p™ such that the
function ¥ — 1 can be divided by the given function P of degree m, whose
lowest term does not involve the indeterminate x, modulo p.

Proof. Divide by P the sequence of functions 1, z,zz ... through zP" ~! as
soon as their degree exceeds m. Since none can be divided by P without a
remainder, all the remainders can be put in the form

Az '+ Bz 24+ + N

with all coefficients positive and < p. But since they can never all be = 0,
there are clearly only p™ — 1 functions, one of which each remainder must
equal. Since, through the power of x whose exponent is p™ — 1, there are
p™ remainders, at least two must necessarily be the same. Let the same
remainder result when z% and z®™ are divided by P, with a +v < p™. Thus
2% — 2% can be divided by P. Since, by hypothesis, z, and hence also 29,
is a function coprime to P, it follows that ¥ — 1 can also be divided by P.
Q.E.D.

Corollary. If z¥ — 1 can be divided by P, then 2*¥ — 1 can also be divided
by P, where k£ denotes any integer.

352.

THEOREM. Keeping the notation of the preceding article, if P is a prime
function and x¥ is the lowest power which, after unity is subtracted, can be
divided by P, then v is either = p™ — 1 or a divisor of this number, with the
sole exception of the case P = x.
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Proof. Since P is a prime function of degree m, there are p™ — 1 different
functions of degree less than m (excluding the function 0 from the total),
all of which are coprime to P. Now, since z¥ is assumed to be the lowest
power which leaves unity as remainder on division by P, it is clear that
dividing all lower powers, from 1,z,.. through z¥~!, by P gives v different
remainders, which we denote generally by A. If these exhaust all possible
remainders, the theorem is proved; but if some are still absent from their
number, let B be any one of them. It is clear that the function Bz", divided
by P, gives remainder B, and that, in general, Bz*™* = Bz*(mod. P). But
all the functions from B through Bz”~! give remainders different from one
another and from the remainders A. For if Bz* = Ba2**%(mod. P), we would
also have 1 = z°(mod. P), with § < v, contrary to the hypothesis; while if
Ba* = z#(mod. P), we would have B = z#*t*~*(mod. P), and hence B would
be one of the remainders A, contrary to the hypothesis. We thus clearly
have v further new remainders. We may proceed in the same way (exactly
as above, §. .), and it will become apparent that the number p™ — 1 of all
possible remainders is either = v, or = 2v, or = 3v, or, in general, a multiple
of the number v. Q. E. D.

353.

It follows from the preceding theorem and the corollary to §. 351 that every
prime function of degree n divides the function 2" ~! — 1 modulo p. Thus all
functions of degree one, except the single one which is = z, divide 2P~! — 1,
which is FERMAT’S THEOREM; all prime functions of degree two, that is, of
the form za + Az + B, divide the function PP~ — 1, and so on. Now let all
divisors of the number n be n,d,¢’,d”, and so on, . 1. It is clear that p™ — 1 is
also divisible by p® — 1, p‘sl -1, p‘s// — 1, and so on, p — 1. Hence the function
2P" =1 — 1 can be divided by all prime functions of degrees n,$,d',8", and so
on, down to the prime functions of degree one (excluding the function x), and
therefore also, since all these functions are prime in themselves and hence
coprime to one another, by the product of them all. But this same product
has degree p™ — 1 (§. 347), because the one function x is absent. Thus it is
clear that this product itself must be congruent to xP" ' — 1 (mod. p).
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354.
THEOREM. If the function x¥ — 1 is divisible by the function P, then

(P, o) = (P, ')

where k,t denote any integers.
Proof. Let
P=z"+ Az™ ! 4 Ba™ 2 4 etc.

It is known that, if

ma™ L + (m — 1) Az™ 2 + ete.
™ + Azm—1 + etc.

is expanded in an infinite series of the form
1 1 1 1
m— +a— + — +y— +ete.
T TT x x

then « is the sum of the roots of the equation P = 0, § the sum of their

squares, and so on. From this it follows without difficulty that the sums of
the powers with exponents v + 1, v + 2, and so on, are congruent to the sum
of the roots, of their squares, and so on. Hence, unless the modulus is equal
to or less than the degree of the function P, we have

(P,p" )y =P, (Pp""?) = (Pp%), (Pp"") = (P etc.

‘We shall consider that case below.
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355.
THEOREM. If, in the sequence

(P,p%), (P,p) (P,p?), (P, p°) etc.

the terms following the term in position v are successively congruent to the
first terms, then x¥ — 1 can be divided by P, provided that P contains no
factor more than once.
Proof. On putting % = @, @ will be a function coprime to P. Let
Q A B

C
=4 — 4+ = +etc
P x+xx+x3+ec

Then, after the term xﬂ,,, there follows, by hypothesis,
A B

porvas W plperrrs; g SIS
Thus
Q  Ax""!'4 Bax"7% + ete.
P v —1
which shows that the function ¥ — 1 can be divided by P. Q. E. D.
356.

THEOREM. If P is a prime function of x of degree m, and X is a function of
x,xP, PP, 2P 2P in which all these quantities occur in the same way, that
is, which remains unchanged however they are permuted among themselves,
then dividing the function X by P gives a remainder which is a number.

Proof. Let the remainder be

Az™ 4 Be™ 24 4 N=¢

All coefficients A, B, C'. .. up to, but excluding, N will be = 0. This is proved
as follows. Since X — ¢ is divisible by P, XP — £P can also be divided by P.
But it is easy to see that XP is what X becomes when x is replaced by z?,
zP by PP, and so on, . and " by #P™, or, equivalently, z. Thus it is clear
that X? = X (mod. P); hence, since XP = &P and X = £(mod. P), we also
have &P = £(mod. P, or

&P — & =0(mod. P)

But &P — £ is congruent, modulo p, to the product of £,£+1,£+2, .. through
&+ p— 1. These factors are all coprime to P unless £ is simply a number.
Hence €7 — £ cannot be divisible by P in any other way. Q. E. D.

Functions of this kind are the sum of all the quantities, the sum of their
squares, cubes, and so on, and the sums of their products taken two at a time,
three at a time, and so on. We shall determine what that number is in the
following article:
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357.
THEOREM. Let the prime function of the preceding article be

P=xm— Az"™ '+ Bx™ 2 — 0™ 3 + ete.

Then the remainder when the sum of the quantities x,xP, and so on, 2"
is divided by P is = A; for the sum of their products taken two at a time it
is = B; for the sum of their products taken three at a time it is = C, and so
on.

Proof. Let those functions be X, Y, Z, and so on, and let their remainders
be the numbers A’, B’, C’, and so on, in their respective order. It is easy to
see that x, zP, PP, and so on, are roots of the equation

2 — XMy 28 Lete. =0
Thus, on putting z = x, we have
2™ — Xz Y2 - Za™m 3 tete. =0

But the functions X — A, Y — B’, Z — C’, and so on, are divisible by P, and
hence so is the function

2™ — Ala™ 4 Blg™ 2 — '™ 3 + ete.

This cannot happen unless A’ = A, B'= B, C' = C, and so on. Q. E. D.
It is also known that any other function X of z,zP, and so on, [in which
all these quantities occur in the same way,] can always be derived from these.

Thus
22 + 2% + 2PP 4 etc. = AA — 2B(mod. P) etc. etc.

Example. Let p =5 and P = 22 + 22 + 3. Then the function x 4 %, divided
by P, gives = —2, and 2% = 3, and so on, and so on.
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358. 359.

THEOREM. Let P be a prime function and x” the lowest power of x
which, divided by P, gives remainder 1. Further, let P = (P, p"). Then n is
congruent to some power of the number p modulo v.

Proof. We showed above that, if P

=2™ 4+ Az™ ' + Bz 2 + etc.

then
2™+ Az™ T+ B2 4 ete.
—(z—2)(z—2P)..(z — 2P )

is divisible by P. In the same way it would follow that

2™+ A2 4 B3 4 ete.

—(z—a™)(z—a").. (2 — ac"pmfl)

is divisible by P. Since these factors are coprime to one another, the indi-
vidual factors must necessarily be congruent to the corresponding individual
factors modulo P, p. Thus z — 2™ must be = z — 2", that is, p* = n(mod. v).
Q.E.D.Y

Finding the prime divisors of the function ¥ — 1 for a prime modulus.

360.

If v is divisible by the modulus p or by one of its powers, put v = pF\.
Then .
¥ — 1= (z* = 1) (mod. p)

This makes it clear that only the case where v is not divisible by p needs to
be considered.

If (P, p) = (P, p*)(mod. p), then a = p~b(mod. v/).
Proof. Let 2™ + Az™ ' 4+ Bz™~2 4+ .. = 1II. Then (II, p*) = (II, p°)(mod. P); but

(H7pa) = (z — m“)(z _ xap)(z _ mam?) B (Z _ xapm71)7

(H,pb) = (Z _ :Eb)(z 7:Bbp)(2: - xbpp) B (Z N xbpmfl)

which establishes the proposition.
The product of II, (T1, p?), (T1, p*), and so on, (II, p*) is = (2* — 1)™(mod. P), for

(z—z)(z—2°)(z —2°)...(z — z")

=(z—a")(z—2")(z—2).. (z —2"P) =etc. = 2" — 1

In the sequence P, (P, p?), (P, p®), and so on, ....(P,p"), all prime divisors of the function
x¥ — 1 occur, each m times. It follows that the product of them all is = (z” — 1)™.
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If p™ = 1(mod. ), with m as small as possible, then zP" 1 — 1 is clearly
divisible by ¥ — 1. Thus ¥ — 1 cannot have any divisors other than those
of zP"~1 — 1. But this expression has prime divisors of degree m and others
whose degrees divide the number m. Thus ¥ — 1 also has divisors of these
kinds. We shall show how many it has of each kind by an example, from
which the general law can easily be deduced.

Let v = 63 and p = 13. Then m = 6. Thus 2% — 1 has prime factors
of degrees six, three, two and one modulo 13. It is clear that the product
of the factors of degree one is the common divisor of greatest degree of the
functions z% — 1 and z'2 — 1, that is, 23 — 1; hence there are three prime
factors of degree one. The product of all prime factors of degrees two and
one is the common divisor of the functions z% — 1 and z'%® — 1, that is,
22! — 1; hence there are 21—2_3, or 9, factors of degree two. The product of the
prime factors of degrees three and one is the common divisor of the functions
203 —1 and 22196 — 1, that is, 2 — 1; hence there are %, that is, 2, divisors of
degree three. Finally, the remaining ones have degree six, and their number
is therefore = W, that is, 6.

Careful consideration of this matter easily gives the following general rule:

Let § be a divisor of m, and let all divisors of the number ¢ less than 0
be &',6",6™, and so on. Let the greatest common divisors of v with p® — 1,
p" =1, p%" =1, and so on, be p, i, 1", and so on, respectively. Put ﬁ; ﬁ, ﬁ,
and so on, = X, N", X", and so on. Then x¥ — 1 has } times as many prime
divisors of degree § as there are numbers below p divisible by none of the
numbers X', X', X", and so on.

361.

THEOREM. If a function X of the indeterminate x is divisible by another
function &, and X, when x is replaced by x*, becomes X', then X' is divisible
by (€, p%).

Proof. Let X = v, and let €, v become &, v when z is replaced by z¥.
It is clear that X’ = &v'. But & is divisible by ({,p%). Hence so is X'.
Q. E. D.

211



Manuscript Papers. General Investigations of Congruences

362.

With these principles established, we can easily determine the prime di-
visors of the function ¥ — 1. We assume that all those divisors which also
divide some function z” — 1, where v/ < v, have already been found, and
propose to investigate the remaining ones. They can all be included in the
expression (P, p¥), if P is one of them and k takes all values less than v and
coprime to it.

In Chapter vI we showed how the primitive roots of the equation ¥ =1
can be divided into classes so that, when all are expressed as powers of one of
them, the same division into classes results whichever primitive root is taken
as the base; we called such collections of roots periods. It is clear that the
functions z, %, z%, 27, and so on, where a, 3, v, and so on, denote all numbers
coprime to v, can be divided into periods in the same way, and each larger
period again into smaller ones, until periods of the form z*, z*P, kPP gk
are finally reached. Once this is done, the following is clear:

1. Since every period is composed of smallest periods of the form z* +z*P 4
etc., division by any prime function of degree m gives a remainder which is a
number.

2. Since all terms of a period can always be put in the form gr-abier .
where k. a,b,c.. are fixed numbers, while all values may be substituted for
a,B,7.., it is clear that the period becomes itself when z is replaced by z*
and k has the form a®b?¢” .. (mod. v). From this it is easy to see that all the
functions P, (P p*), and so on, with k denoting a number of this kind, give
the same remainder when the period is divided by them.

3. Thus, after such a remainder has been subtracted, the period can be
divided by the product of all the functions (P, p*).

363.
The main task is to determine these remainders. First, find the remainder
that the largest period gives on division by the product of all the appropriate
prime functions. If this product is

2 — Az + ete.

then this remainder is = A. The form of this product is readily found, and
Chapter vI shows that A = 0 if v is divisible by a square; otherwise A is
either = +1 or = —1, according as the number of prime factors of v is even
or odd.

Now split this largest period into smaller periods, and represent the terms
of any one period by 2*"*, so that k is a number fixed within each period
but varying between periods, while 7 and u vary within each period and
can take in the other periods the same values that they take in any one
period. For the moment, take some prime function P as the base, and let the
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periods YzP™ ", $ak' P ete., on division by it, give the remainders A, A’, etc.,
respectively. Then YaP™* — A is divisible by the product of all the functions
(P, p*); Yk P"% — A’ by the product of all the functions (P, pk/“); ete., ete. It
is readily seen that the quantities A, A’ etc., are roots of a known congruence.
Namely, let the periods of the roots of the equation ¥ = 1 corresponding to
the preceding periods be roots of the equation @ = 0; then A, A, etc., will
be roots of the congruence @ = 0. For we have

A+ A’ + etc. = the sum of the periods,
AA 4 A’A' + etc. = the sum of the squares of the periods

etc., etc. The calculation is entirely similar to the one we set out in Chapter
V1, if in place of p we substitute x, since here too we can put unity for ¥, as
we did there for p”.

Once the roots A, A, etc., have been found, choose one as the remainder of
the period ¥zP"*, and use it to order the remainders of the others in the same
way as in Chapter vi. This choice is left free here too, since the function P is
still entirely undetermined. The subsequent calculation is wholly analogous
to the one we treated in Chapter VI; setting out every detail would take us
too far. Finally, once we have reached YaP", the main task is complete. For,
on putting

P=z"+az™ ' 4+ ba™ 2 + ete.
we have —a = XaP". The second coefficient of the other functions (P, p¥)
is obtained in the same way, and from this the remaining coefficients of P
can be determined. It may often happen that we reach identical congruences

from which nothing seems to follow. How this difficulty can be met will be
shown below.

364.

An example will make all this much clearer. The proposed task is to resolve
the function z'® — 1 into factors modulo 17. We have m = 4, and since the
product of all the elementary functions is

15
z?—-1.2-1

there will therefore be only two prime factors of degree four, P and P’

Now distribute z, zx, z*, 27, 28, 21, 23, 2'* into these two periods:

Yel™ = x4 zo + 2t + 28,

ST = T 4 1l g 18y 14
Modulo one of the functions P, P/, let

EIIJ‘17a = A’ 21;7.17“ = Al
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Then
A+ A =1
AA = D217 4 5317 |5, 51T | 5, 9070
AIA/ = Ex14.17°‘ + Zx6.170‘ + E.,ES.l?O‘ + 2x3.17°‘
and hence

AA+ A A =22V + 20271 443317 4 o351
=1—-4—-4=-7

Thus A and A’ will be the roots of the congruence
xx —x+4=0 (mod.17)
which are 6,12. It follows that P divides
S+t trr+r—6

and is
=2 —62° — 200 — 122+ 1

Further, P’ will be = (P, p"), and will be

=2 — 1223 — 220 — 62+ 1

365.

It is enough for us here to have shown the possibility of these solutions.
For brevity, we pass over many devices that can ease these operations. But
we cannot omit some very important consequences.

What precedes proves that all the auxiliary equations for solving the equa-
tion ¥ = 1, if converted into congruences, have possible roots when the
period

x+al +a? . "

has not yet been split. Let us stay with the case where v is prime; then m is
a divisor of v — 1. Here, therefore, the auxiliary congruences have real roots if
the number of periods found through them is a divisor of % Thus, if % is
even, that is, if m is a divisor of ”T_l, or equivalently if p%l =1 (mod.v), or
equivalently if p is a quadratic residue of the prime v, the quadratic equation
that divides the roots into two periods will have real roots modulo p. But in
Chapter vi we showed that, on putting v = 4n £ 1, this equation is always
zx +x Fn = 0. Hence we have the notable
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THEOREM. If the prime p is a quadratic residue of the prime 4n + 1, the
congruence
zx + x Fn = 0(mod. p)

will have real roots, and therefore so will the congruence
drr+4rFan=0 or 2z +1)>2Fvr=0

that is, +v will be a quadratic residue of p.

366.

This, then, is the third complete proof of the fundamental theorem of
Chapter 1v, all the more worthy of attention because the principles from
which it is drawn are entirely different from those we used for the earlier
proofs. .But from this same source, by the opposite route, let us derive a
fourth. Namely, let v be a prime of the form 4n 41, let p be any other prime,
and let £v be a quadratic residue of the prime p; we shall prove that p is a
quadratic residue of v.

Let p™ be the least power of p that is = 1(mod. v). The elementary divisors
of the function £= modulo p will have degree m, so their total number will

z—1
be = % Now, since £v Rp, the congruence

zx + z Fn = 0(mod. p)

will be solvable; let its roots be A, A’. Distribute the functions z, zx,..z" !

into two classes, denoted by &, £'. We have

E+d8=A+A +(1+ztaz+.. +2vh)
& =AA + N A+ +ax .. +27h

so that
(z2=8(—¢) - (- A)(z - 4

will be divisible by every elementary divisor of the function ’2?_711. Each of
these elementary divisors will therefore divide either € —A and &' — A’ or - A’
and & — A. Tt follows (since A is not = A’) that, if in place of 2 we substitute
2P, then € and ¢ do not change. For if £ passed into £, and conversely, then
& — A and £ — A’ would be divisible by the same prime function. Q. E. A.
Finally, it follows that ”T_l is divisible by m, or equivalently that pVTil —1is
divisible by v. Thus p is a quadratic residue of v. Q. E. D.

It is easy to derive all cases of the fundamental theorem from the two
theorems.
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367.

Although we have restricted ourselves here to the case where v is prime,
analogous theorems can also be determined without much difficulty when v
is composite; brevity does not now allow us to set this out more fully.

It is evident that similar observations can also be made about a greater
number of periods. Thus, if %1 is divisible by 3, that is, if p is a cubic residue
of the prime v, the equation that distributes the roots of the equation ¥ =1
into three periods, and whose determination a priori we taught in Chapter
VI, will be solvable modulo p, and conversely. For example, the congruence
23 4+ zx — 22 — 1 = 0 can be solved modulo any prime of the form 7n +1, but
cannot if it has another form.

It would not be difficult for us to enrich this chapter with many other
observations, if the limits within which we must keep did not prevent it. For
those who wish to go further, these principles can at least point the way.

368.

We say that a congruence S = 0 has equal roots, or more generally equal
divisors, if it is divisible by a power of some function.

Whether a given congruence has equal divisors is decided in the same way
as in the theory of equations. Put

X=mpP
Clearly,
dX _1 d¢ dP
dx ¢ <m dx & dz )
SO % is divisible by £™~!. More generally, let

X = A°BC° ete.

where A, B, C, etc., denote distinct prime functions. Then

dX _ adA+de+CdC+tc
Az Adz " Bdz | Cdz ¢

It follows that, unless one of the numbers a,b,c, etc., is divisible by the
modulus, % is divisible by A%~ 1B*~1C¢1 etc., but not by A% B° C°, etc.
Hence the following

THEOREM. If the common divisor of greatest degree of the functions X
and % is &€, all the prime factors of & will also occur in X, each with a
multiplicity +1 greater than in £. Thus, if X and % are coprime functions,

X will have no equal factors.
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369.
Example I. We ask whether the function

2’ 4 32* — 62° 4+ 3z —4...(X)

has equal divisors modulo 17. We have

— =5z* — 523 — 2z +3
dz
From this we find that the functions X and % are coprime, so X has no
equal divisors.
Example II. Let

X =25 + 62" — 32 — 422 + 22 — 3(mod. 13)

Then 4x
T = 52* — 22% + dox + 52+ 2
T

The greatest common divisor of the functions X, % is=bxx+T7x+7, or, on
multiplication by 8: xx +4x +4. Since this divisor is = (z +2)?, the function
X is divisible by (z 4 2)3, and the quotient (which is xz + 11) contains no
further double divisor.

370. 371.

If, by the preceding sections, the function X has been expressed as A*B?C*¢,
etc., with A, B, C, etc., coprime and the numbers a,b, ¢, etc., unequal, the
resolution can be carried further. Let X, then, be a function containing no
further equal divisors. We saw above that P — x is the product of all prime
functions of degree one. Let £ be the common divisor of greatest degree of
the functions X and xP —x; then £ is the product of all divisors of X of degree
one, and & has no further divisors of this kind. If, however, the functions X
and zP — x are found to be coprime, X will have no divisor of degree one, and
hence the congruence X = 0 will have no real roots. Further, since 2P’ — z
is the product of all prime functions of degrees two and one, the common
divisor of greatest degree of the functions PP — z and %, namely &', contains
all divisors of X of degree two. Continuing in this way, we see that X is thus
resolved into factors &,¢&',£”, ete., which contain all divisors of degrees one,
two, three, etc., respectively.

372.

But if a product of several prime functions of the same degree is given, the
individual functions must be found by trial. This problem is closely analogous
to that of finding the factors of composite numbers. Here, however, it is
determined a priori whether the given function can still be split into factors.
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Since here too the number of all possible factors is finite, we can use an aid
similar to the one above. But we do not wish to dwell on this matter, for an
experienced calculator who has thoroughly grasped the principles will readily
find particular devices when needed.

We proceed to another topic, namely the consideration of congruences
when the modulus is not a prime number, as we have always assumed up to
now. Here the case where the modulus is a power of a prime number especially
deserves attention, both in itself and because it is needed to remove certain
doubts (§.§. . .).

373.

PROBLEM. If the function X has been resolved modulo p into coprime
factors £,&',€", etc., resolve X modulo pp into similar factors 2,2/, 2", etc.,
so that
=, ==, ¢"=E" etc. (mod.p)

£
Solution. Let X = &(mod. p), or equivalently X = £ + pX. Put

E={+pp, V=19+pw

Then
EV = X — pX + (o + &w)p + ppypw

Thus, if ZV is to be = X (mod. pp), ¢ + {w — 3 must necessarily be divisible
by p. But since ¢ and £ are coprime functions modulo p, ¢ and w can be
determined so that this condition is fulfilled (§. 336), and moreover so that the
degrees of  and w are respectively one less than the degrees of the functions
&, 1. Hence X = ZE¥(mod. pp). It is clear that ¥ can again be split in the
same way into factors Z'Q), with the factor Z’ being = ¢’(mod. p), and so on,
until finally

!/ =1

X

Il
[1]
[1]

—_
—
—

etc. (mod.pp). Q. E. Fac.
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374.

From this it is easy to prove that the function X can also be resolved into
factors modulo p?, p*, etc. More generally, let

X = PQ(mod.p™) or X =PQ+p"R
and let the function P be coprime to  modulo p. On putting
P'=P+A4p", Q=Q+Bp"

we have

P'Q =X —p"R+ (AQ + BP)p™ + ABp*™

Hence, for any modulus p” (with v being > m and < 2m + 1), we have
P'Q =X, if R=AQ+ BP(mod.p" ™)

From this we see that, if the function X has no equal divisors modulo p, it
can be split into factors modulo p* in the same way as modulo p. But if X has
equal divisors, the matter becomes much more complicated and cannot even
be fully dealt with by the preceding principles. Since we cannot communicate
everything belonging to this subject, we shall consider only one case, which
occurs very often and whose resolution is needed to settle certain doubts in
what precedes. This is the case where only equal factors of degree one are
considered. It can also be used directly to find the roots of congruences. We
shall treat the matter in general on another occasion.

375.

Let, then, X = X'(z — a)™(mod. p), and let the function X’ be coprime
to x — a: we seek all divisors of degree one congruent to x — a modulo p that
divide X modulo pp, p?, etc. (We assume that the function X is not divisible
by = — a without a modulus; otherwise z — a would divide the function X
modulo every modulus.) If we substitute z + a for x, we obtain

Z=772"(mod.p) or Z=2772"+pA

Now, if Z is divisible modulo pp by some divisor of the form z + ap, then A
must be of the form zZ” + pB. Unless this is so, the investigation is already
finished. Let us therefore put

Z=7'2" 4 pZ"z(mod. pp)
or Z=272"4+pZ"2+ ppB

It is clear that Z is divisible by z and by every other divisor congruent to it
modulo p.
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To fix our attention, we put m = 4; it is easy to see that every other case
can be treated in a similar way. Now, if Z is divisible modulo p? by some
divisor of the form z + ap, we have

0= —appZ” + ppB(modd. z + ap, p’)
or aZ" = B(modd. z, p)

There can now be three cases

1) If Z” = 0(modd. z,p) and B is not = 0, then clearly no value of «
satisfies the congruence, and hence Z has, modulo p3, no divisor of the form
z 4+ ap. The investigation is therefore finished

2) If neither Z” nor B is = 0(modd. z, p), then « has a unique value, namely

o= modd. z, p).

a

Thus there is a unique divisor = z + ap(mod. pp) of Z modulo p?, and we
have
Z=V(z+ap) +p*W

Now let the divisor of Z(mod. p*) be z + ap + Spp; then

0
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Historical Editor’s Remarks on the Analysis Residuorum

REMARKS ON THE ANALYSIS RESIDUORUM.

The two preceding treatises are taken from an extensive manuscript enti-
tled Analysis Residuorum, which probably dates from 1797 or 1798; a com-
plete revision of it later gave rise to the Disquisitiones Arithmeticae. The full
title of Chapter Six reads:

Solution of the congruence ™ — 1 = 0 and the equation " — 1 = 0; with
elucidations on the theory of regular polygons.

The essential content of its second part (§§. 253-278) passed into the sev-
enth section of the Disqq. Arithm.

Chapter Seven is also partly preserved: Various Applications of Certain
Preceding Investigations (§§. 279-302). It is divided into the following sub-
sections:

On Transformations of Common Fractions (§§. 279-281).

On the Conversion of Common Fractions into Decimals (§§. 282-292).

On the Solution of the Indeterminate Equation zx = a + by (§§. 293-297).

On the Solution of the Indeterminate Equation axz + byy = ¢ (§§. 298
301).

On Finding the Divisors of Numbers (§. 302; the following sheets are miss-
ing).

All this was incorporated almost word for word into the sixth section of
the Disqq. Arithm.

The two sections given here treat the subjects which, as appears from the
preface and Articles 11, 44, 61, 62, 65, 84 of the Disqq. Arithm., were intended
to form the eighth section of that work. It should, however, be noted that this
plan was later changed again: among the manuscripts is a fragment headed
Section Eight: A Fuller Consideration of Certain Investigations Concerning
the Division of the Circle. This fragment begins with Art. 367 and was
therefore intended to continue the Disqq. Arithm.; but the content of the few
articles still preserved later passed into the treatise Summatio quarundam
serierum singularium, and for this reason the fragment is excluded from the
present edition.

In the preceding printing of the two parts of the Analysis Residuorum,
the original text has essentially been retained faithfully, although its form
cannot be called ready for printing; the following remarks indicate the most
important alterations and add some elucidations.

§. 237. Compare Disqq. Arithm. artt. 61, 62.

§. 239. Compare Disqq. Arithm. artt. 53, 54, 65.

§.241. If n = 2” and v 2 3, there is indeed no number p of the stated kind,
but this does not substantially change the investigation as a whole.
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Historical Editor’s Remarks on the Analysis Residuorum

§. 251. The difficulty noted here was presumably to be removed by intro-
ducing higher powers of p as moduli. Compare §§. 363, 372, 373.

§. 332. The assumption that the modulus is a prime number is retained
through §. 372 inclusive.

§. 338. The incomplete citation may refer to Disqq. Arithm. art. 44.

§§. 344-346. Of the two proofs present in the manuscript, the first, in-
troduced by the words “we now set about proving” and based on a closer
examination of the expressions (1%2°37...), has here been omitted entirely
in accordance with the author’s own instruction (“The whole preceding proof,
together with another proof of the preceding theorem which we intended to
add, is to be suppressed, because we have discovered another that is infinitely
simpler. It rests on this foundation”); moreover, in the printing above the

second proof has been shortened by considering the expansion of ”1;%]; instead

of that of £ ddIP , thus also avoiding a reference in the original to the suppressed
first proof.

§. 348. The expression radix prima is to be understood here in the same
sense as radix propria in the treatise Summatio quarundam serierum singu-
larum, art. 11. — The assertion that the coefficients A’.B’. .. of the expanded
product are rational integers refers to Chapter Six, where, however, the the-
ory of the equation ™ — 1 = 0 is treated only for the case where 7 is prime;
the form of the proof in §. 349 first leads to the following supplement. If
the expanded product is put into the form (valid for all roots of the equation
0™ =1)

S=E+F0+...+ N¢"!

then the coefficients F, F'... N are polynomials in x with rational integer
coefficients. Further, since the product remains unchanged when 6 is replaced
by 6%, where k is any number coprime to 7, the same holds for the expression
S. Tt follows without difficulty that all powers occurring in S of 6 whose
exponents s have one and the same greatest common divisor with 7 must also
have identical coefficients. Finally, since every sum of such powers 0° is always
an integer, it is evident that the expression S, and hence also the product in
question, is a polynomial in x with integer coefficients, as was to be shown.
This consideration also establishes the correctness of the remark at the end
of the paragraph. Other reasons nevertheless suggest that the author already
knew at that time the general theorem on the transformation of symmetric
functions (Demonstratio nova altera theorematis omnem functionem etc. art.
4), from which the propositions above follow immediately.

§. 352. The notation R = S(mod. P), or also R = S(mod. P, p), means here
and in what follows that the difference R — S has, modulo p, the divisor P.
— The incomplete citation may refer to Disqq. Arithm. art. 49.
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§. 354. Multiplication by ¥ — 1 shows that the sums of equal powers of
the roots of the two equations (P,p***) = 0, (P,p') = 0 are congruent
to one another (mod.p), and from this follows the congruence (P, pF+t) =
(P, p')(mod. p) as soon as m < p (compare §. 244). But if m = p, the coeffi-
cient of the power ™ 7P in an equation can no longer be determined modulo
p from the given power sums of its roots, because it carries the factor p in
the formulas of NEWTON used for this purpose. Indeed, from the congruence
of each pair of equal power sums of the roots of the equations A =0, B = 0,
one may in general infer only that A = 2AP€, B = BPE(mod. p), where €
denotes the greatest common divisor of the two functions A, B modulo the
prime number p, while 21 and B are entirely undetermined functions. Pre-
sumably the author derived the general validity of the proposition from the
theory of the transformation of symmetric functions, and specifically from
the following proposition: if, with respect to any modulus p, the difference
R(x) — S(z) is divisible by the function P(z), and a,b,c... are the roots of
the equation P(z) = 0, then the functions

(x — R(a))(x — R(b))(x — R(c))... and
(z —S(a))(z = 5(b))(xz - S(c) ...

are congruent to one another modulo p.

§. 355. It is shown in §. 368 that P and % have no common divisor if P
contains no factor more than once.

§§. 358, 359. The note placed below the text is taken from a separate
sheet, which was probably intended to replace §. 359, already crossed out in
the manuscript.

§. 360. An inaccuracy in the manuscript has been corrected in the state-
ment of the theorem.

§. 361. Here the exponent % in the notation (&, p%) means any positive
integer &’ such that k&’ = 1(mod. v), where v is the least positive integer for
which ¥ —1 is divisible by & modulo p; it must be assumed here that £ is not
divisible by x modulo p, and also that k is coprime to v. The correctness of
the assertion that &’ is divisible by (&, p%) (mod. p) follows from §. 354.

§. 363. The concluding remark presumably concerns the introduction of
moduli that are powers of the prime number p; compare §§. 251, 372, 373.
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§. 367. The roots of the equation z3 + zx — 2o — 1 = 0 are the periods of
two terms into which the roots of the equation ”;7:11 = 0 divide. The same
example also occurs on a separate sheet, where the principal result of §§. 362,
363 is stated under the title “the golden theorem”.

§. 371. This paragraph was intended to contain an example, but it was not

worked out.

R. DEDEKIND.
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Further Investigations of Pure Equations

FURTHER DEVELOPMENT OF THE INVESTIGATIONS
OF PURE EQUATIONS.

1.

The method by which, in Article 360 of the Disquiss. Arithm., we showed
how to solve the equation z" — 1 =0 forms a most fruitful and important
theory, of which we could touch on only the first elements in that work. We
therefore hope that mathematicians will welcome our taking up this subject
here again, treating more fully what was only briefly sketched, in part with
the proofs omitted, and pursuing in greater depth the developments made
since that time.

The exponent n is assumed to be a prime number, and the number n—1 to
be resolved into the factors o x 8 x -y; further, we denote by ¢ any primitive
root modulo n. Let r denote an arbitrary root of the equation z” — 1 =0,
and R an arbitrary root of the equation z® —1=0. Thus, denoting the
circumference of the circle whose radius = 1 by P, and the imaginary quantity
v/—1 by i, all the roots of the equation 28 —1 =0, or all the values of R, will
be represented by the formula

kP . kP
CoS o + 2sin -
where k ranges over the integers 0,1,2,3... 8 — 1. Further, all powers of any
root R are evidently themselves roots, and if R is the root corresponding to
a value of k coprime to 3, all the powers R, R, R%, R® ... RP~! are distinct
from one another and thus exhaust the entire collection of roots. In this case
we shall call R a proper root of the equation z® — 1 = 0; conversely, a root R
corresponding to a value of k that is not coprime to 8 will be called improper.
It is readily seen that, if § is the greatest common divisor of the numbers k
and 3, then R% = 1, while all the powers R°, R, R*>, R> .. .Rg_l are distinct
from one another, so that R is a proper root of the equation 25— 1= 0.
The same holds for the equation " — 1 = 0, but all its roots are necessarily
proper except for the root 1.
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2.

With these preliminaries, our investigation will chiefly concern functions
of the following form, consisting of 5~ terms,

r+ Rrd” + R%9™ 4 R¥3y9™ 4 R0

which for brevity we shall denote by the symbol [r, R]. The individual terms
of such an expression are products of powers of r and powers of R; the
exponents of the former form a geometric progression, and those of the latter
an arithmetic progression. The exponents

1, g% ¢*, ¢, gO‘BV*O‘
are all incongruent to one another modulo n, and hence those powers of r are
distinct from one another; continued further, however, they would begin the
same series again, since g®?7 = 1(mod.n), and hence r9"” = r. The other

factors,
1, R, R? R®....R!

form ~ equal periods, since R® = 1, R%~! = R, etc. It follows that the
function [r, R] can also be represented as

I 4 pgfrmel

+ R(rga gt gt + rgam_amm)

+ R2 (Tg%t + Tga5+2a + TQQa,@+2a .... n rgaﬂ,yfaﬁJrQa)
—+ etc.

+ RA1 (rgaﬁia NI S + rgaﬁ%a).

or, introducing the notation of Article 343 of the Disq. Ar.,

[r,R] = (7,1) + R(v,¢%) + R*(v,¢*) ... + R° 1 (v, g% ™)
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3.

If we take unity for the root r, we have
[1,R|=1+R+R*+R*...+ RO ' =1+ R+ R*+ R*... + R°7Y)

whose value will be = g if R is also taken to be the root 1, but = 0 for every
other value of R. Conversely, leaving r indeterminate and putting R = 1,
we obtain [r,1] = r + 79" + P9’ 4 4 rgaﬁﬂha, or, using the notation
introduced in the Disq. Ar., [r, 1] = (87, 1); that is, it will consist of a period
of B roots, one of which is r itself. Whenever v = 1, this period will contain
all the roots 7, 72,73 .. .71 with only their order changed.

Note also the following relations, whose reason is evident:

[r,R] = R[rY", R] = R? [rgm, R] or generally = Rk[rgak, R]

where k denotes any positive integer. It follows that the function [r™, R]
either is = [1, R], namely if m is divisible by n, or can be reduced in the
remaining cases to the form RF[r9", R], with v < a. For if m is not divis-
ible by n, it will be congruent modulo n to some power of g, whose expo-
nent is conveniently expressed by ind.m, as in the Disq. Ar.; thus, putting

ind.m = Aa 4+ v, which can evidently be done with v < «, we obtain
[r™ R] = [r9"""" R] = R™[r9",R]. We must therefore set = —A\ or, if
you want a positive exponent, p = —A(mod. j3).

4.

THEOREM. If 1/, like r, denotes an arbitrary root of the equation
z" —1=0, and R, like R, an arbitrary root of the equation z” —1 =0,
the product will be

[r,R] x [r',R| =
[r', RR') + R[r"r', RR'] + R*r"*+' | RR
+ RO RR)...+ R’B'Y*l[rgaﬁw_ar’, RR']

Proof. By multiplying [r, R] by the individual terms of [/, R'], the product

can be represented in the form

2a

[r, R’ + RR'[r9", R}'"" + R2R?[r9"", R}1"9
+ R*RP[r™ R
+ Rﬂv—lR/ﬁV—l[rg"‘ﬁ”’*“,R]rlgo‘ﬁ%a
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Then collecting the first terms of the individual parts, after duly ex-
panding them, gives [rr/, RR']; similarly, collecting the second terms gives
R[r9°r', RR'], and so on, finally producing the stated form of the product.
Q. E. D.

Moreover, simply interchanging r, R with v/, R’ shows that the same prod-
uct can also be put in the form

', RR') + R'[r'9", RR'] + R*[rr"""" | RR/]
+ R? [rr’gaa, RR]....+ R/ﬁv_l[rr/gaB’Yfa’RR,]

It follows further that, if r”, 7", etc., also denote arbitrary roots of the equa-
tion " — 1 = 0, and R”, R"”, etc., arbitrary roots of the equation z® — 1 =0,
the product of the functions [r, R],[r', R'], [r", R"], [r"", R"], etc., however
many there are, will equal the sum

! 1 111
» R/k R//k R///k ete.

Otk” ak///
TR etc., RR'R'R" etc.]

[rr'gakl

For k' K" K", etc., we substitute all the numbers 0,1,2,3...3y — 1, com-
bined with one another in every possible different way. This gives altogether
Br=1yn=1 terms, if i denotes the number of those functions multiplied to-
gether.

5.

The formula by which we expressed the product of any number of functions
in the preceding article is general and assumes no relation between the roots
r,r', " " etc., or between R, R', R”, R"”, etc. We can readily deduce that,
if the roots r/,r” 7" etc., may be regarded as powers of r, and the roots
R R",R", etc., as powers of R, each term of the product will have the
form RM[r™, R, where the exponent ) is the same for every term, namely
R» = RR'R"R", etc. Thus, by what we noted in Article 3, such a product
reduces to the following form:

A[L RN + Blr, RN + B'[r?, RN + B"[r®" R + B"[r?", RN + etc.
+ Bl D[pe" ™ RN
where each of the coefficients A, B, B’, B”, B, etc., will have the form
h+hR+ KR+ K"R® + etc. + P~V RA1

and h,h', ", k", etc., denote fixed integers.

The simplest case is that in which we put r = ' =" = 7" etc., and also
R= R = R" = R", etc.; our product then becomes the power [r, R]*, which
therefore always reduces to the form given above.
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6.
Thus, putting A = 3, the power [r, R]® takes the form

A[1,1] + B[r, 1] + B'[r?,1] + etc. + B* V9" 1]
= ByA+ B(Bv,1) + B'(By,9) + B"(87,9°) + ete.
+ B (By, g ) =0

If, then, not only the value of the root R (and hence the values of the
coefficients A, B, B', etc.) but also the values of the individual sums of 8~
terms (87, 1), (87, g), etc., are assumed known, the value of § will be known
at once, and from it [r, R] can be found by the formula #/6’. This expression
admits 3 distinct values, so it might seem doubtful which one should be taken;
but it is easily shown that this choice is entirely arbitrary whenever R is a
proper root of the equation #® — 1 = 0. For in this case those 3 values of the
radical expression % /6 are evidently

el 2a af—a

[r,R], [r? ,R], [r? ,R]....[rY , R]

since, by Article 3, the powers of these functions with exponent § are equal
to one another, while the functions themselves are proportional to the [
distinct roots of the equation 2% — 1 = 0. But as long as only the sums of 37
terms (87, 1), (67, 9), etc., are known, the root r itself is determined only to
the extent that it must lie in the collection (87, 1), and it remains arbitrary
which member of this collection we take for . These roots are r, 79", rgga, ete.,
and therefore we can also take any of the functions [r, R], [r9", R], [r9"", R],
etc., for [r, R].

These conclusions would not hold if R were not a proper root of the equa-
tion 2 —1 = 0. For if R is assumed to be a proper root of the equation
2# —1 =0, with 8’ a divisor of 8, it is readily seen that

(1/3/ aﬂl+a

[r,R] = [r9"" |R], [r9",R]=[r’ , R] etc.

af—a

so that in the collection of B functions [r, R, [r9",R]...[r9"" ", R] only j’
distinct functions occur, and therefore among the values of the expression
B,/6' no more than 4’ are admissible, while the remaining 3— 3’ are extraneous.
It is readily seen, however, that in this case we need not go as far as the power
with exponent § of the function [r, R] since already the power [r, R]?" reduces
to our form

ByYA+ B(Bv,1) + B'(B7,9) + B" (87, ¢°) ete.

Thus we shall obtain [r, R] by an expression such as #\/8, and it will make
no difference which value of this expression we take.
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7.

In the same way as [r, R], we can also determine the functions [r, R,
[r, R%], etc., or in general [r, R¥]. For if substituting in ¢’, in place of R,
the powers R2, R3, etc., RF, is assumed to give the functions 8”,0", etc., 0%,
then evidently [r, R?]? = 6", [r, R%]® = 6", etc., and in general [r, R¥]? = g%,
hence these functions too can be expressed by radicals, [r, R?] = 5\/9” , ete.
But it is not suitable to use these radical expressions when a quantity is to
be expressed by a function of [r, R], [r, R?], etc. For since their individual
values are not fully determined, it would remain doubtful which values could
be combined with one another; yet this is evidently by no means arbitrary. It
is readily seen that, as soon as a definite value is taken for [r, R], all of [r, R?],
[r, R3], etc., must also acquire fully determined values, which the radical
expressions do not indicate. We must therefore set these expressions aside
and seek others by which [r, R?], [r, R?], etc., can be expressed rationally in
terms of [r, R] and known quantities. We readily accomplish this as follows.

By the theorem of Article 4 and what we showed in Article 5, the product
[r, R¥] x [r, R]?~* also reduces to a form such as

BYA+ B(8v,1) + B'(8v,9) + B" (87, g*) + etc.
+ B (By, g7

where A, B, B', B”, etc., are rational functions of R. Thus, putting the prod-
ucts

[r, RQ] x [r, R]B_2 =

[r, R®] x [r, R}~ = 9"

[r, R4] x [r, R]'B_4 =p"
etc.

the quantities 9,9, etc., can also be determined rationally, and

19//
[Tv RQ] = ?[Ta R]Q
19///
[Ta R3] = W[Ta R]3
,'9////
[Ta R4] = 7“7 R]4
etc.

These expressions therefore give the values of the functions [r, R?], [r, R?],
etc., rationally, provided that we do not have [r.R] = 0; if this equality held,
they would become indeterminate. But we can rigorously prove that [r, R] = 0
can never occur whenever r denotes a root different from 1, although we must
reserve the presentation of this proof for another occasion, so as not to become
too lengthy here.

230



Further Investigations of Pure Equations

8.

What we set out in the preceding articles is useful when the aim is to
descend from periods of 5+ terms to periods of v terms. For it is readily seen
that, if R denotes a proper root, we have

B(v,1) = (87,1) + [r, R] + [r, R?] + [r, R®] + etc. + [r, R°7!]
B(v,9%) = (87, 1) + R°'[r, R] + R°?[r, R?]
+ RP73[r, R®] 4 etc. + R[r, R°~1]
B(v,9%) = (87, 1) + R¥*[r, R] + R**~*[r, R’]
+ R*%=5[r, R®] + etc. + R%[r, R®~1]

etc.

If here, for the individual [r, R], [r, R?], etc., we took the radical expressions
B0, B\/0" etc., the value of each series would be uncertain among 3%~
values; by contrast, when the rational expressions for [r, R?], etc., are taken,
it will be subject to no ambiguity other than that which is unavoidable by the
nature of the matter. This observation seems to have escaped the attention
of the illustrious LAGRANGE, who thought he had simplified our method
given in Article 360 of the Disquis. arithm., where we had deliberately passed
over radical expressions and proposed only rational ones, by substituting the
former for the latter (Traité de la résolution numérique des équations; edition
2, p. 311).

Moreover, it hardly needs mentioning here that, as soon as the values of
the periods (v, 1), (v,9%), etc., or of just one of them, have been found, the
values of all the remaining periods of v terms can be deduced rationally from
them. Thus the descent from periods of Sy terms to periods of v terms
requires solving the equations z? = 1, 2% = @', and the remaining operations
are performed rationally.
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9.

All this had already been treated in almost the same way in the Disquis.
Ar.; some things, however, had been added there with their proof omitted,
and we think it appropriate to supply that proof here. We stated there that
finding the value of the radical quantity %/0’, which, since ¢’ is an imaginary
quantity, seems to require dividing both a ratio and an angle into S parts,
depends on the latter alone, and that the former can always be reduced to
extracting a single square root. We prove this as follows.

Denoting the imaginary quantity v/ — 1 by 4, as above, and writing ¢’ =
P +iQ and /0 = p + iq, using any one value of the radical and taking
P, Q,p,q to be real, it is known that, if the positive quantities F, e and the
angles F, f are determined so that P = FcosF, Q = EsinF, p = ecos f,
q = esin f, then e = 5\/E , and f equals one of the angles

101 1 1

B B B B
Thus f- ger is determined by division of the angle F' into 8 parts, but we
can avoid extracting the root B\/E as follows. Every product r* RX has the
same real part as r~*R™X while the imaginary parts containing the factor 4
in these products are equal and opposite. It follows at once that [r~1, R_l] =
p—iq = e(cos f —isin f), and hence

(F+360%), —(F+720°)....=(F+(8-1)360")

[r,R] x [r~1,R7! = ¢?
But by the theorem of Article 4 this product becomes

= [1,1] + R[r9" "1, 1] + R2[r9"" =1, 1] + etc.
+ R/B’Y—l [,,ASJO‘B’Y*O‘—I7 1]
= B+ R(By,9% — 1) + R*(By,9°* — 1) +etc.
RO (5,600 1)
This quantity can be determined if R and all the periods of v terms are
assumed known. Determining e therefore requires only the extraction of a
square root.

In the special case a = 1, the individual periods (8, g* — 1), (87, g** — 1),
etc., are evidently = r + r2 4+ 73 + r* + etc. + "1, and hence

ee = By + (R+ R? + R® 4+ etc. + RO N (r + 12 4+ r® + ete. + 171
=py+1l=n

provided that r and R are assumed to denote roots different from 1, and
therefore we always have e = y/n (Disq. arithm., end of Article 360).

232



Further Investigations of Pure Equations

10.

So far we have conducted our investigation in the greatest generality, to
cover all values of the numbers a, 3, 7; from now on, however, we shall pass
to the more restricted case o = 1, which will open the way to most fruitful
and elegant investigations. Thus the symbol [r, R] will denote the function

n—2

r+ Rrd + R*r9" + R*9 + ete. + R*29

where n is a prime number, r an arbitrary root of the equation 2" —1 =0
(the root 1 not excluded), R an arbitrary root of the equation 2 —1=0,
with 3 denoting a given divisor of n — 1, and finally g an integer that is a
fixed primitive root modulo n. For brevity we shall also write

L+r+r? 4+ +ete.+r" =5
1+ R+ R*+ R’ +etc. + R" > =5

from which it is evident that s becomes = n for r = 1, but s = 0 for every
other value of r, and similarly S =n —1 for R =1, but .S = 0 for every other
value of R.

By Article 3 we therefore have [1,R] = S, [r,1] = s — 1; further, for
every integer value of m not divisible by n, [r™, R] = R~™4™[r R], or more
generally [r™, RM] = R=Mndm[. RM] wwhere indm is the exponent of the
power of g congruent modulo n to m. Applying this transformation to what
we showed in Article 5, we find that a product of two or more functions such
as [r", RH] reduces to the form

A[l, R + B[r, R

where A and B are rational functions of R with integer coefficients, and A is
the sum of all the values of H. It will be of great importance to put such
transformations into an efficient algorithm; for this purpose we must first
consider more closely the nature of the product of two functions.
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11.
The product [r, R*] x [r, R”] becomes, by the theorem of Article 4, =

[r27R/L+V] 4 RM[Tngl,RMJ’_V} 4 R2“[7«92+1,R“+”]
+ R3“[r93+1, RFY] + ete. + R("_Q)“[rgndﬂ, RFTY

Among the n—1 exponents 2, g+1,g>+1, g> +1, etc., g" 241, exactly one is
divisible by n, namely g%("_l) +1, so that the corresponding term of our sum
will be R2(n=1 [1, R*T¥]. This term will be = 0 whenever we do not have
RFTY =1, and = (n — 1)R%(”_1)“ = +(n — 1) for R¥t” = 1. The remaining
parts of our sum, whose sum we shall put = €, are transformed as follows:

[r2, RATY

RM [r9+1, RHtV

] ,u,—i—zz)md2[r R;H—l/]
I =

RQM[T92+1,R;H-V] RZM (u+v) ind(g? +1)[74 R;H—V]
=

R (utv) md(9+1)[r RFHY

R3M[7‘93+17 RHV R3u (u+v)ind(g> +1)[7“ R;H—V]

etc.

From this we obtain
1. 0= [n R,LhLl/] « ZR,uindzf(,quu) ind(z+1)

n—2

if for = we successively substitute the values 1, g, ¢, ¢%....¢" 2, except for

g%("fl), or, which evidently amounts to the same thing, if for z we substitute
the values 1,2,3,4....n—2, since these values are congruent to those modulo
n, though their order is changed.

Taking the integer y inverse to x modulo n, that is, determined so that
2y =1 (mod n), we have indz = —indy (mod n—1) and ind(z+1)+indy =
ind(zy + y) = ind(1 + y) (mod n — 1); hence

pindz — (p+v)ind(x + 1) = —pindy — (p + v){ind(y + 1) — ind y}
=vindy — (p+v)ind(y + 1)

Therefore, since the inverses of 1,2,3...n — 2 coincide with these same num-
bers, with only their order changed, we also have

1L QO = [7,,’ RM+V] % ERViIldy—(p,—‘rl/) ind(y+1)

substituting for y successively the numbers 1,2, 3...n—2. The same formula
follows directly from I, since the numbers u, v can evidently be interchanged.
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Finally, taking the integer z inverse to x + 1 modulo n, or zz + 2z = 1
(mod n), we have ind(1 —2) = indz+ind z (mod n—1), ind(z+1) = —ind 2z
(mod n — 1), and hence

pindz — (p+v)ind(x + 1) = p(ind(1 — 2) —ind 2) + (4 + v) ind z
= pind(l — 2) +vind z
Thus, as = runs through the values 1,2,3...n — 2, the number z must run

through the values 2,3,4...n — 1, though in another order, and we obtain
the third expression

II1. Q=r, R#+V] % N RHind(1—2)+vind z
substituting for z successively the values 2,3,4...n — 1, or, if you prefer,

V. 0= ['I“, R/kH/] % 2Ruind(n+1fz)+1/indz
_ [,r_7 R;H»Z/] > 2R,uindz+zzind(n+1fz)

Since ind(1 — z) = 3(n— 1) +ind(z — 1), our product can also be represented
as follows:

(”—1)#{[1’ R,u—I—V] + [,r_7 R,u—l—zz] % ERuind(z—l)—i-yindz}
(n—l)u{[l’ R,u,—l—z/] + [h R;H—z/] x ERuind z+1/ind(z—1)}

[r, RM x [r,R"] = R
=R

= N

where 2 is always understood to take the values 2,3,4....n — 1.
Moreover, in all these formulas the numbers

pindz—(p+v)ind(z+1), vindy—(u+v)ind(y+1), pind(l—z)+vindz

etc., can evidently be replaced by their least residues modulo .
If u4+v =0 (mod f3), we have

[r, B[, R') = (n — R3O
+(r+r2—|—r3+~~+r”*1)
X (1+R*+ R* + R¥% ... 4 Rn=2n _ R%(nfl)u)
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12.
The product [1, R¥] x [r, R”] becomes, by the theorem of Article 4,

= [r, R“T] + RFM[r, R*TY] + R*[r, R*TV] + etc. + R 2H[p, RV
= [r, R*] x (1 + R* + R* + R* + etc. + RM™~21)
—1
= [ R x = 5 (1+ R" + R* + R + etc. + RIP~DH)
From this the product [1, R*] x [1, R¥] expands into

n—1

[1, R“] x (1 + R* + R* + R + etc. + RB~m)

The general product [r™, R*] . [, R*] can now be found without difficulty.
For [r™, R*] = R™#™d™[r RH] when the value of m is not divisible by n, and
= [1, R*] when it is divisible; and since a similar transformation holds for
the other factor [nm/, R“/], the multiplication reduces either to the problem
of the preceding article or to the cases considered in this article.
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13.

Now that we have shown how to expand a product of two factors, expand-
ing a product of more factors will present no difficulty. Once the product
[r, R*] x [r, R¥] has been reduced to the form A[l, RFt"] + B[r, RFt"], it
is evident that, on introducing a third factor [r, R™], the product becomes
= C[1, RFtY*7| + D[r, RFV 7] if we put

[r, R¥Y][r, R™] = c[1, R*T"T™] + d[r, RFTVTT)

and
C = Bc
D = Bd+ A{l + R' + R 4 ete. + R D)}

Thus [r, R]* can easily be reduced to the form A[1, R} + B[r, R*].
As an example, we shall expand the powers of the function [r, R] for n = 11,
B =5, setting g = 2. The following indices then correspond to the numbers:

numbers 1.2.3.4.5.6.7.8.9.10
indices 0.1.8.2.4.9.7.3.6. 5

Thus, to expand the square [r, R]? by formula I of Article 11, we have

p=1 v=1
valuesof z ... 1. 23.4. 5. 6.7. 8 9
indx ... 0. 1.8.2. 4. 9.7. 3. 6

2ind(x +1) ... 2.16.4.8.18.14.6.12.10
Least residues of indz — 2ind(x + 1)
modulob ... 3. 044. 1. 01. 1. 1

from which we deduce
Q=[r,R* x {2+4R+ R* +2R"}

and
1% [ R*=[1,RY +[r,R* x {2+ 4R + R® + 2R"}

The same expression follows from formula III of Article 11, namely

values of z ... 2.3.4.5.6.7.8.9. 10
indz ... 1.8.24.9.73.6. 5
indln+1-2) ... 5.6.3.7.94.28. 1
least residues of indz 4+ ind(n+ 1 — 2)

modulo 5 ... 1.4.0.1.3.1.04. 1
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In exactly the same way we find
2. [ R?.[r, R =[1,R® +[r,R¥] x {2+ R + 4R? + 2R3}
3% R} .[rR]=[1,RY +[r,RY x {2+ 4R+ R® + 2R*}
Finally, we obtain
4% [ RY.[r Rl =[1,1] +[r,1] x {1 + 2R+ 2R? + 2R3 + 2R*}

Multiplying equation 1° by [r, R] and substituting for [r, R?] . [r, R] its value
from 2°, and using

[1,R*.[r,R] = [r,R*] . {2 + 2R + 2R* + 2R® + 2R"}
we deduce

[r, R> = [1, R3] x {2+ 4R + R® + 2R%}
+ [r, R?] x {12 4+ 22R + 18R? + 24R® + 15R*}

and in the same way

[r, R]* = [1, R*] x {12 4+ 22R + 18R? + 24R> + 15R*}
+ [r, R*] x {164 4+ 170R + 205R* 4 180R* 4 190R*}
[r, R]® = [1,1] x {164 + 170R + 205R? + 180R? + 190R*}
+ [, 1] x {1836 + 1830R + 1795R? + 1820R* + 1810R*}
= 1640 + 1700R + 2050 R? + 1800R? + 1900R*
+ (1836 + 1830R + 1795R? + 1820R? + 1810R*)(s — 1)
=9185s — 985 — (6R + 41R? + 16R* + 26R*)s
+ 66R + 451R* + 176 R® + 286 R*
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14.

The calculation in the preceding articles’ was carried out so that it could
be extended to all values of r and R. It becomes considerably shorter if we
regard R from the outset as a proper root of the equation 2 — 1 = 0. Under
this assumption the product [r, R*] x [r, R”] reduces to the form B[r, RF"]
whenever p + v is not divisible by £; but when p + v is divisible by 3, that
product becomes = (n — 1)R%(”71)“ + [r, ]2 R*M® substituting for ind z all
the numbers 0,1,2,3....n — 2 except %(n —1). It follows easily that in this
case, if p and therefore also v are not divisible by 3, we have

[, R"] . [r, "] = R2™Difn — 1 — [r, 1]}

and hence =0 for r = 1, and = nR2(M=DH for every other value of r. More-
1

over, since Rz (™ V# becomes = +1 or = —1 according as ”Tfl . |4 is even or

odd, our product becomes = n in the former case and = —n in the latter.

It further follows that we can put

[r, R]2 = A'r, RQ]
[r, RZ] r, R) = A"[r, R3]
[r, R3] r, R] = A"[r, R4]
and so on, up to
[r, R7] . [r, R = AV~ [r, R7Y]

from which we have
[r, B> = A'[r, R?]

[r, R]3 = A'A"[r, RS]
[7“, R]4 — A'A”A'"[r, R4]

and so on. Finally,

[r,R)® = 4nA’A" A" .. AB=2)

where the upper or lower sign is to be taken according as ”7_1 is even or odd.

It is therefore evident that, once the value of [r, R] has been found, the
remaining functions

[r, R)?
A

[r, R%] = [r, 2P etc.

[T7 RZ] = - A/A”

can be determined here much more readily than in the cases where the condi-
tion o = 1 does not hold, as we already noted in the Disq. Ar. (Article 360,
11). A fuller consideration of the nature of the functions A’; A”| etc., makes
these operations still easier.
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15.

In Article 9 we showed that the value of the function [r, R] can be reduced
to the form \/n(cos f + isin f), and in the same way the functions [r, R?],
[r, R%], etc., up to [r, R%71], can be reduced to a similar form. Let us put

[r, R] = \/n(cos f' + isin f')
[r, R*] = \/n(cos f” + isin f")
[r, R3] = \/n(cos " + isin f")

etc.

Then
A = nfcos2f — ")+ isim(2f — "))
A// — \/n(COS(f, + f/l o f///) +7:Sin(f, + f// _ f/l/))
A/// — \/n(cos(f/ + fl// o f/l//) _'_Z-Sin(f/ + f/// o f////))
etc.

It is evident from this that, if the functions A’, A", A", etc., are reduced to
the forms

A" = d'(cosb' +isinb’)
A" = a"(cosb” +isinb")
A/// — a”/(COS b/// + ZSIH b”/)
etc.

with all of a’,a”,d”, etc., positive, we shall have
a =d" =d" etc. = \/n

f=

Q

O + b + 0" + ete. + b))

S

if ”T_l is even, or
1
f= 5(1800 + b + " + ete. + b))

if ”T_l is odd, and then

[r, R] = v/n(cos f' +isin f)
[r, R*] = /n(cos(2f' — b') 4+ isin(2f — 1))
[r, R®] = \/n(cos(3f' — b/ — ") +isin(3f — b — "))

etc.
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Finally, by the formulas of Article 8,

-1 1
(n 5 1> = 5 + \/Bn{cos " +cos(2f — V') +cos(3f =V — V") + ete.
+cos((B—1)f —b —b" —b" —etc. — P72}
in .. . / / . / / i
+ 7{s1nf +sin(2f" = b') +sin(3f =0 —b") + ete.}
and similarly we obtain the values of the functions (”771, g), (”Tgl, 92),

360k

("74,93), etc., if in this formula f’ is replaced respectively by f/ — 5

(0] 0 . 0 .. 0
f— 2%, f— 3362%, etc., assuming R = cos 362% + isin %.
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16.

A further simplification follows from the observation below. Since by Ar-
ticle 14 we have

+[r, R|[r, R°~Y = [r, RY][r, R"?] = £[r, R®][r, R® 3] etc. = n

taking [in the first, third, etc., product] the upper or lower sign according as

% is even or odd, in the former case we must have

cos(f" + fOV) = cos(f" + fB=2) = cos(f" + fB3)) ete. = 1

in the latter
—cos(f 4+ fPVY = cos(f" + fO2) = —cos(f" + fO)) ete. = 1

and in both cases

sin(f/ 4+ fOD) = sin(f” 4+ fP=2) = sin(f"” + fB3) etc. = 0
We may therefore put, in the former case,

fB=D) = o B2 = g (B3 — M e

in the latter

FO1 =1800 — /. fED = g7 p(B=3) — 1800 — f" ete.
From this it follows that, in the former case,

pB=2) =y pB) = pBH = ete.
AB=2) = A/ AB=3) = 47 AB=D = 4" ete.
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and in the latter

b2 = —180°, P73 =" +180°, BB =" — 180°
A(B—2) _ —A,, A(B—3) _ 7A//7 A(B—4) — A"

etc.

etc.

so that the number of functions A’, A”, A", etc., is reduced by half. It further
follows that, in the former case,

1
f = 5(217’ + 20 + ete. + 2b(2771))

n—1 1 /n , P
, 1) =—=+ —{2cosf +2cos(2f" — b
+2cos(3f" — b — V") + etc.
+2cos((38—1)f —b' — V" —etc. — b(éﬁﬁ))
+ cos(38f" =V —b" — etc. — b(%ﬁfl))}

(where the last term is evidently = cos0 = 1) or

f= ;(21)’ + 20" + ete. + 2b(z(5-3) 4 p(z(B-1))

n—1 L n / Y
, 1) =—=+ —{2cos f +2cos(2f — b
("5 1) = =5+ Y zeos s+ 2eostaf’ — 1)
+2cos(3f — b —b") + etc.
+ QCOS(%(,B —1f = -V —etc. — b(%(ﬁ_3)))}

according as f is even or odd; and in the latter case,

1
f= 5(%/ + 20" + ete. + 2b(2F71)

n—1 _ 1 @ Y, TR Y
( 5 ,1>— 5+ /B{QCOS(Qf b') +2cos(4f — b —b" — ") + ete.

+2cos((38—2)f —b —b" —ete. — b(%’873))
+ cos(38f" = b —b" —etc. — p(z5-1))}
ﬁ . !/ . A VA N/

+1 5 {2sin f 4+ 2sin(3f — b —b") + etc.

+2sin((A8—1)f =¥ — " — ete. — bz}
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or
f= ;(217’ + 20" + ete. + 262871 4 1800)

(ngl,l) = —; + ﬂ{2(:08(2]”’ —b)+2cos(df =V —b" —b") + etc.

+2cos((38—1)f —b' — V" —etc. — b(%ﬁd))}
+ iﬁ{Q sin f/ 4 2sin(3f — v/ — b") + ete.

+2sin((18 - 2)f W — b — ete. — b(2A-3)
+Sin(§ﬁf —-b — —etc.—b(%ﬁ_l))}

according as % B is even or odd. What we noted above also holds for the
remaining periods of “Z1 terms. In general, therefore, we conclude that
determining these periods requires the division of the whole circle into 3 parts,
on which the construction of the angles b',b"”,b"”, etc., depends rationally;
then the division of the angle b + b” + b + etc. into 8 parts; and finally

the square root v/n. If we set 8 = 3(n — 1) at once those periods evidently

coincide with twice the cosines of the angles 269 23600 3360

%(n 1)== 3600 , so that dividing the circle into n parts depends on dividing the

whole c1rcle mto i(n — 1) parts, dividing an angle that can be constructed

after that division into 3(n — 1) parts, and the radical quantity /n. If we

0
%, etc., one further

, etc., up to

intend to proceed as far as the sines of the angles
operation will be needed.
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17.

For a clearer illustration, let us return to the example of Article 13, where
we found

Al =A" =2+ 4R+ R*+2R*=2R —2R®> - R3
A" =24+ R4+4R? 4+ 2R®* = —R+2R?> — 2R*

Taking R to have the value cos 72° + isin 72°, we obtain

A = A" = 2cos72° — 3cos 144° + i(25sin 72° — sin 144°)
A" = —3cos72° 4 2 cos 144° + i(sin 72° + 2sin 144°)

The angles ', b” will therefore be determined by the equations

y _ 2sin 720 — sin 144°

V11
2cos 72° — 3 cos 1449

1) sin

2) cosb' = il
2sin 720 — sin 144°
3 tang b’ =
) ang 2cos 720 — 3 cos 1440
2) "y sin 72° 4 2sin 144°
Sin =
V11
—3¢0s72% + 2 cos 144°
) costf = DT 208
6) - sin 720 + 2sin 144°
1 =

—3cos 720 + 2 cos 1449

Any one of the equations 1,2, 3 suffices to determine the angle ', provided
the quadrant in which it is to be taken is known; this must be decided from
the signs of the quantities 2sin 72 —sin 144°, 2 cos 720 — 3 cos 144°%. The same
holds for the angle b”. In our case V' is to be taken between 0 and 90°, and
b" between 90° and 180°. If the numerator and denominator of equation 3
are multiplied by —3 cos 72° + 2 cos 144°, it becomes

2
tang b’ = ﬁ{— sin 72° 4 13sin 144°}

Similarly, from equation 6, on multiplying the numerator and denominator
by 2cos 720 — 3 cos 144°, we obtain

2
tang b’ = ﬁ{—13 sin 72° — sin 144%}
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Numerically, this gives

tang b’ = +0,4316226944, logtangd’ = 9,6351042715
v = 23°20'46"04603
tang b” = —0,8355819332, logtangb” = 9,9219890411n
b = 140°7'6"52441
from which we derive
5f = 186"48'38"61647, 1 =37°21'43"723294

.We therefore have

1 11

(2,1) = —= “5{2 cos 3721743"723294 + 2 cos 51°22/417400558}
1 \/11 001/ 49 000/ 411

(2,2) = 5 + T{2 cos 325721'43"723294 + 2 cos 267°22'417400558 }
1 \/11 091749 090/ 411

(2,4) = — + ?{2 cos 253721'43"723294 + 2 cos 123722'417400558 }
]‘ \/1]‘ 0 / 1 0 / "

(2,8) = 5 ~——{2c0s 181°21'43"723294 + 2 cos 339"22'41"400558 }
1 \/11 001/ 49! 000/ 411

(2,5) = —— + ~—{2c0s109721'43"723294 + 2 cos 195°22'41"400558 }

) )

from which we find

(2,1) = +1,6825070652 = 2cos360
(2,2) = +0,8308299 = 2cos 720
1440
(274> = = 2cos 1
2880°
(278) = = 2cos 1
1800°
(2»5) = = 2cos 1
18.

The equation 27 — 1 = 0, which we already treated by a different method

in the Disquis. Arithm., will provide another example. We shall therefore set
n =17, B =8, g = 3; the following indices then correspond to the numbers:

numbers 1. 2.3. 4.5. 6. 7. 8.9.10.11.12. 13. 14. 15. 16
indices 0. 14. 1. 12. 5. 15.11.10. 2. 3. 7.13. 4. 9. 6. 8

From this we find
A= A"" = 2R +2R? + 3R" + 4R 4+ 2R% + 2R"
A" = A" =24 3R+ R*+R*+ 3R> + 4R+ R”
A" = A" =3+ 3R+2R*+3R*+ R° +2R° + R’
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or, since in this case R* +1 = 0,

A/:A//////:_3_2R_2R3
Al = A — 1—4R2
A,/,:A/,//:3+2R+2R3

Putting R = cos 45" + isin45°, we therefore have

A/ — A////// — _3 _ 2@\/2,
A/I — A///// — 1 o 427
A/// :A//// :3+2i\/2

Thus v/, 0", 0" will be found from the equations

sind = —/&  sind’ = —/18  sind” =42

cosb = —/s£  cost’ =4/ cosb” =+/Z
tangt/ = +v/3 tangh’ = —4  tangh” =+

from which we deduce
v =223018'49", b =2842'10, " =43°18'49" =¥’ — 180°

4f" = 550°39'48", ' =137°39'57"
1 17

(2,1) = -3+ T{Z cos 137°39'57" + 2 cos 52°1'5” + 2 cos 265°38'52" + 1}
1 17
(24 =-2+ “8{2 08 92°39'57" + 2 cos 322°1'5” + 2 cos 130°38/52" — 1}
1 17
(2,9) = -3 ¢8{2 cos 47°39'57" 4 2 cos 232°1'5” 4 2 cos 355938'52" + 1}
1 1
(2,10) = -3+ %87{2 cos 2Y39'57" + 2 cos 142°1'5” + 2 cos 220°38'52” — 1}
1 \/17 00/~ 01/ Oqg/rol!
(2,13) =-3 + T{2C08317 39°57" + 2 cos52°1'5" + 2 cos 85°38'52" 4 1}
1 17
(2,5) = -3 ¢8{2 cos 272°39'57" + 2 cos 322°1'5” + 2 cos 310°38'52" — 1}
1 \/17 000/ =~ 0q/xn Oag/=oll
(2,15) = —3 + T{2COS 227739'57" + 2 c0s232°1'5" + 2¢cos 175°38'52" + 1}
1 \/17 Oaq/=~! 0q/xn1 0aq/=oll
(2,11) = —3 + ?{2008 182739°57" + 2 cos 142°1'5" + 2 cos 40°38'52" — 1}
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$(2,1) = 40,092268 = cos 1+360°
3(2,3) = = cos 12360°
3(2,9) = = cos 360"
$(2,10) = = cos 360"
$(2,13) = 40,93247 = cos -360°
$(2,5) = = cos 360"
$(2,15) = = cos 360"
12,11) = = cos 1=360"

* *

From these more general investigations of the functions [r, R], which further
clarify and extend the second theory of pure equations begun in Article 360
of the Disquiss. Ar., we proceed to consider certain special cases more closely,
namely those in which definite values are taken for 5. Several investigations,
as fruitful as they are elegant, will emerge from this; some had already been
treated in the Disq. Ar. (Articles . . .), though by a different method, while
others are to be regarded as entirely new. We reserve for another paper, to
be published soon, the development of the remarkable connection between
these investigations and higher arithmetic, which thereby makes very great
and hitherto unexpected advances. — Moreover, throughout the following
investigation we shall assume that r is taken to be a proper root of the
equation " — 1 = 0, and R a proper root of the equation R? —1 = 0.

19.

We begin with the value § = 2, so that R must take the value —1. Our
function [r, R] therefore becomes

=98 g "
and we have
[r,R] = —[r9, R] = +[7’gQaR] = —[Tgs,R] etc.

and, in general, if A denotes any integer not divisible by n,

™, R] = +[r,R] if A is a quadratic residue of n,

™, R] = —[r,R] if \ is a quadratic nonresidue of n.

248



Further Investigations of Pure Equations

Further, if the quadratic residues of n among 1,2,3...n — 1 are denoted
generically by a, and the nonresidues of n within the same limits by b, it is
evident that the numbers

with their order disregarded, are congruent modulo n to the numbers a, and

similarly the numbers
9:9%9°...g"?

are congruent to b, so that [r, R] = Lr® — Xrb.

If, therefore, we put % = w and r = coskw + isinkw, then [r, R] =

Y cos akw — X cos bkw +1iXY sin akw —iX¥ sin bkw. Now, by Article 14, the square
of the function [r, R] will be = +n or = —n according as n has the form
4z + 1 or 4z — 1, and hence in the former case [r, R| = £/n, in the latter
[r.R] = +iy/n; the sign placed before the radical quantity, however, remains
ambiguous. From this we obtain the following sums:

1. If n has the form 4z + 1,

Y cos akw — X cosbkw = £/n
Y sinakw — X sinbkw = 0

II. If n has the form 4z — 1,

Y cos akw — X cosbkw = 0
Ysinakw — Ysinbkw = £4/n

Moreover, since the whole collection of numbers a,b evidently coincides
with 1,2,3...n — 1, we have 7% + r® = r 4+ r2 4+ 13 + ete. + "1 = —1,
and therefore X cos akw + Y cosbkw = —1, Y sinakw + X sinbkw = 0. These
identities and the preceding sums give:

I.  For the former case,

Ycosakw = —1 £ 1/n
Ycosbkw = —% F 4y/n
Y sinakw = X sinbkw = 0

II. For the latter case,

Y cos akw = X cos bkw = _%

Ysinakw = £1/n
Ysinbkw = F3/n
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These sums were already obtained by a method not very different in Ar-
ticle 356 of the Disquiss. Arr.; neither method can remove the ambiguity in
the sign to be placed before the radical quantity. We have, however, recently
overcome this shortcoming in a separate paper, where it was proved that, for
the value k = 1, the upper signs must be taken in all the formulas given.

REMARKS.

Only a few articles remain of the original continuation of this paper from Article 19
onward, which was devoted to special cases. They deal with the quadratic equation
whose roots are the two periods of ”Tfl terms; the manuscript stops at the beginning
of the investigation that was to determine the sign of the square root occurring in
its solution. The agreement of this surviving beginning with the paper Summatio
quarumdam serierum singularium shows that the author changed his plan to make
the determination of the sign just mentioned the subject of a separate paper. Com-
parison with the citation in Article 8, where the manuscript mistakenly gave the
third edition of LAGRANGE’s work instead of the second, shows that this manuscript
dates from 1808. That publication of the preceding material had not been aban-
doned is shown by a leaf evidently inserted later at Article 19, on which a different
continuation begins and which already refers to the paper Summatio, etc., for the
determination of the sign. This second continuation, which also soon stops, is pre-
sented here. In preparing the edition, the text of the manuscript, which was entirely
ready for printing, was faithfully retained; only in Article 16 did the formulas for the
second case have to be added.

R. DEDEKIND.
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The Periods of Classes

PROOF OF SOME THEOREMS CONCERNING

THE PERIODS OF CLASSES OF BINARY QUADRATIC
FORMS.

THEOREM. 1. The number of (properly primitive) classes of the same
determinant which, when raised to the P™ power, where P is either a prime
number or a prime power = p™, produce the principal class K, is equal either
to 1 or to a power of this same prime number p.

Proof. Let (Q) be the whole group of all the classes in question, and n
their number. Since the principal class K is necessarily contained in (Q), the
theorem is evident if it is the only one there. But if there are others, the
number of classes contained in the period of each will be a power of p; let
one of them be A, and suppose that its period (1) contains p® classes, all of
which will be included in (Q). Now, if the classes of this period () exhaust
(9), we shall have p® = n, and the theorem will be proved; otherwise, let B
be any class of (Q) not contained in (2(), and suppose its period is developed
until we reach a class bB which is also among the classes of (2(). This must
necessarily happen, because at least the principal class is common to this
period and to (). Now, supposing that bB is the first class in the period of
B common to (2(), or that b is as small as possible, I claim

19, That b will be a power of p. For it is evident that, on putting b =
p°h, bB = iA and hk = 1 (mod p™) (which will be possible), we shall have
kbB = pPhkB = p°B = ik A, that is, p® B will also be among the classes of
(21), from which it follows that » = 1 and b = p°.

20, That, if the classes K, B,2B....(b— 1)B are denoted by (8), all
the compositions of a class of () with a class of (B) will give p**# different
classes. For, supposing mA+nB = m/ A+n’B and n = n/, we shall necessarily
have m = m/; if n > n/, we shall have (n — n')B = (m/ — m)A, which is
impossible unless n = n/'.

30, That these p®*# different classes will be included in (£), which is
evident.

Now, if these p®*# classes exhaust (Q), the theorem is proved; otherwise,
we shall choose another class of () not contained among them, namely C;
we shall continue its period until we reach a class already included among the
classes composed from () and (%8). By reasoning similar to the preceding ,
we shall prove that the exponent of this class must be a power of p, = p?, and
that the composition of the first p? classes of the period of C' with the p®*+7#
classes already found will give p®+t#+7 different classes, all included in (Q).
If these classes still do not exhaust (Q), we shall treat a fourth class D, etc.,
in the same way; and it is evident that, since (Q) consists of a finite number
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of classes, these operations will also come to an end, and n will be equal to a
power of p. Q. E. D.

THEOREM. II. If the number of all the classes of the principal genus is
expressed by a®bPcY, etc., where a,b, ¢ denote different prime numbers, there
will be in this genus a®,bP, 7, ete., classes which, when raised respectively to
the powers a®,b%,¢7, ete., produce the principal class.

Proof Let A, A’, A", etc., be all the classes which, when raised to the
power a®, produce K, and let (2() be their totality; likewise B, B’, B”, etc.,
(B), C,C",C", (€), etc., etc. I claim that the composition of all the classes
of () with all the classes of (B) with all the classes of (&), etc., will produce
classes different from one another. For if A+ B+ C--- = A"+ B +C'...,
etc., then, on putting A — A’ = A”, B — B’ = B”, etc., we shall have

A"+ B"+C" ete. = K

and hence, on raising to the power b°¢?, etc., (b3¢7...)A"” = K, from which
it follows readily that A” = K and A = A’, and in the same way we shall
have B = B’, C = (', etc. Let the totality of these classes be = (S). Further,
it is clear that all these classes will belong to the principal genus. Finally,
there can be no class in the principal genus which is not included in (.5). Let

REMARK.

This fragment, written in 1801, relates to Disq. Arithm., Article 306, 1X. The word
dignité is used here in a sense that is not otherwise customary.

STERN.
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(L]

ON THE CONNECTION BETWEEN THE
NUMBER OF CLASSES INTO WHICH
BINARY QUADRATIC FORMS ARE
DISTRIBUTED AND THEIR DETERMINANT.

FIRST PAPER
PRESENTED TO THE ROYAL SOCIETY 1834 .. ..

1.

Thirty-three years have now passed since we discovered the principles of
the remarkable connection to which this paper is devoted, as was already
announced at the end of the Arithmetical Investigations. Other occupations,
however, had long drawn us away from this inquiry, until more recently we
were able to return to it and extend it through renewed efforts. Yet, since this
new part of higher arithmetic exceeds the bounds of a single paper, this first
paper will be devoted to forms with negative determinants; forms with posi-
tive determinants, which require an entirely distinct treatment, must remain
reserved for another paper.

2.

The basis of the whole subject is a particular investigation of the number
of all combinations of integer values taken by two indeterminate integers x, y
within a prescribed region. Evidently this problem can also be presented geo-
metrically, by finding the number of complex numbers whose representations
fall within a prescribed figure. The nature of the figure will depend on that
of the line surrounding it, and thus either on a single equation between the
coordinates z,y (when the boundary is a curve returning to itself) or on sev-
eral such equations (when it .consists of several curved or straight parts); it
will be at our discretion whether to include in the count, or exclude from it,
points corresponding to complex integers that may lie on the boundary itself.

In the analytic presentation of the problem, these conditions of restriction
can always be expressed by requiring one or more given functions of the
variables z,y, namely P, Q, R, etc., to take positive or nonnegative values
(according as the value 0 is excluded or admitted).

Thus, for example, if the prescribed figure is a circle with radius = /A,
while its centre lies at a point corresponding to a complex integer, the analytic
condition will be that A — za — yy is not negative, provided that, as we
shall always suppose, we choose to retain points lying on the boundary itself.
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If the figure is a triangle, the three linear functions ax + by + ¢, a’x + b’y + ¢/,
a”x + "y + ¢’ must have nonnegative values, and similarly in other cases.

3.

Generally speaking, an exact solution of the problem must proceed by
first using the nature of the conditions to confine one variable, for example
x, within limits between which the individual integer values are then taken
successively. We must find how many integer values of the other variable y
correspond to each of them, and then add these numbers together. In special
cases there will usually be particular devices for shortening the work.

For example, if the figure is, as above, a circle with radius = /A, let r be
the integer immediately below /A, or /A itself if A is a square. Likewise let
" " ete., () be the integers immediately below /(A — 1), /(A — 4),
V(A —9), etc., as far as /(A — rr). The required number will then be

=2r +1+2(2r" +1)+2(2r" +1) + 2(2r"” + 1) + etc.
=1+ 4r + 47 + 47" + 47" + ete. + 4r(")

The following method is shorter in this example. Let ¢ be the integer
immediately below /1A (or equal to it when it is an integer), and let rlat1)]
r(a+2) p(a43) “etc., be the integers immediately below /(A — (g+1)?), /(A —
(¢ +2)%), V(A - (¢ +3)?), etc., as far as /(A — rr). The required number
will then be

= dqq+ 1+ 4r + 8(r\ @) 4 p(1+2) 4 1(a+3) 4 et 4 (M)

This formula gave the following numbers:

A A A
100 | 317 | 1000 | 3149 | 10000 | 31417
200 | 633 || 2000 | 6293 || 20000 | 62845
300 | 949 || 3000 | 9425 || 30000 | 94237
400 | 1257 || 4000 | 12581 || 40000 | 125629
500 | 1581 || 5000 | 15705 || 50000 | 157093
600 | 1885 || 6000 | 18853 || 60000 | 188453
700 | 2209 || 7000 | 21993 || 70000 | 219901
800 | 2521 || 8000 | 25137 || 80000 | 251305
900 | 2821 || 9000 | 28269 || 90000 | 282697

1000 | 3149 || 10000 | 31417 || 100000 | 314197
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4.

Our purpose does not require an exact determination, but rather the search
for an expression that can approach the exact number as closely as desired
as the limits are extended to infinity. But first of all, since this involves
something vague, the matter must be stated more exactly.

We shall therefore suppose that the functions P, Q, R, etc., besides the
variables x,y, involve a constant element &, so that each of P,Q, R, etc., is a
homogeneous function of the three quantities x,y, k. In this way the figure
determined by the equations P = 0,Q = 0, R = 0, etc., will depend on k, so
that different values of k correspond to similar figures similarly situated with
respect to the origin of coordinates; corresponding linear dimensions will be
proportional to the values of k, and areas to the values of kk. Let the number
of points within the figure now be denoted by M, and the area by V. It is
evident that M and V must increase as k increases; as k increases to infinity,
M and V will approach a ratio of equality as closely as desired. Or, if you
require elementary clarity, given a quantity A, however small, a threshold
can always be assigned such that, for every value of k exceeding it, % must
certainly lie between 1 — X and 1 4+ \. In the customary manner this may be
expressed by saying that M =V for an infinite value of k.

In our example the required condition holds on putting & = /A, and
the curve becomes a circle whose area = mA, where m denotes the half-
circumference of a circle of radius = 1. The numbers given above clearly
indicate the convergence.

Moreover, if it were worth the effort, we could easily complete the proof of
this theorem with the rigour of the ancients; here, however, we have preferred
to omit it, hastening on to more difficult matters.

5.

In this paper the boundary will be expressed by a single equation of the
form azxx + 2bxy + cyy = A, where a, b, ¢ are integers and bb — ac is a negative
number, which we shall put = —D. Evidently the curve defining the figure
will be an ellipse, and it is readily seen that the squares of the semiaxes are
the roots of the equation

(ac — bb)qq — (a + c)Ag+ AA=0 or _A<a+ci\/(4bb+(a—c)2))

2(ac — bb)

The product of these roots is af_‘%b = %, and hence the area of the ellipse

= L‘g. We therefore infer that the number of all combinations of integer

values of z,y for which azx + 2bxy + cyy does not exceed the value A, as A
increases, comes ever closer to %, and for infinite A must be set equal to
that value. Moreover, it is evident that in this respect it makes no difference

whether the combination x = 0,y = 0 is counted with the others or excluded.
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In this way the required number (in the latter sense) is simply the sum of
the numbers of representations of the individual numbers 1,2,3... A by the
binary quadratic form azx + 2bxy + cyy; and since some of those numbers
cannot be represented by this form at all, while others admit more or fewer
representations, the quantity % is to be regarded as the mean value of the
number of representations of an indeterminate positive number by any form
whose determinant = —D.

6.

Before investigating the consequences in general, we have thought it useful
to work out some special cases, so that the manner of argument may be
understood more easily. Let us therefore first return to the form xzx + yy,
for which the number of representations of an indeterminate number has the
mean value = 7. The number of actual representations of a given number is
readily determined from the general principles established in the Arithmetical
Investigations. Let fA denote the number of representations of the number
A; this will be = 4 if A =1 or 2 or a power of two; = 8 if A is a prime number
of the form 4n + 1, or the product of such a prime and a power of two; = 0 if
A is a prime number of the form 4n + 3, or is divisible by such a prime but
not by its square; finally, in general,

either =4(a+1)(B+1)(y+1)...

or =0

Here the number A is put in the form 24Sa®b?c? .. ., where a, b, ¢, etc., denote
different prime numbers of the form 4n + 1, and S the product of the primes
of the form 4n + 3 that occur once or more among the factors of the number
A, if there are any. The first or second value applies according as the number
S is a square or is not a square. It is therefore evident that fA depends solely
on the way in which the prime numbers 3,5,7,11, 13, etc., occur among the
factors of the number A, so that in general we must put

FA=4(3).(5).(7).(11).(13)....
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if we suppose the values of the symbols (3),(5),(7), etc., to be chosen so
that, with p denoting a prime number, we have

first (p) =1 if p does not divide A

second (p) = o+ 1 if p has the form 4n + 1, and p® is the highest power
dividing A

third (p) = 0 if p has the form 4n+ 3, and the exponent of the highest power
of p dividing A is odd; finally,

fourth (p) = 1 if p has the form 4n + 3, and the exponent of the highest
power of p dividing A is even.

Evidently the first case is included in the second and fourth.

The terms of the sequence f1, f2, f3, f4, etc., thus proceed very irregularly,
although the more terms are taken, the more accurately the mean value = 7
must emerge from them. We shall denote the sum f1+ f2+ f3+4+...+ fA
by FA.

7.

Let us now put, in general, fm + f3m = f'm; it is easily seen that

FA=4(5).(7). (11).(13)...

that is, f’A will be independent of the relation of A to the divisor 3, so that
the irregularity of the sequence f'1, f'2, f'3, f'4, f'5, f'6, etc., will both begin
later and be much smaller. Further, if we put

f14+ 24+ 3+ fld+etc.+ f'm=F'm

we shall have

F'3A=F3A+ f3+ f6+ f9+...4+ f94
=F3A+FA

From this it follows readily that, as A increases to infinity, we must put
F'3A =47A
or that the mean value of the terms of the sequence f'1, f'2, f'3, f’4, etc., is
=ir
In the same way, on putting in general —f'm + f'5m = f”m, we obtain
f"A=4(7)(11)(13)...
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that is, the new sequence f”1, f”'2, etc., loses the fluctuations that depend on
the relation to the number 5. On setting the sum

flll+f”2+f”3+...+f”m:F”m

we obtain
F'sm=—F'm+ F'5m

from which it follows that, as m increases to infinity, we must put

F'sm = %w -4m
or that the mean value of the terms of the sequence is = % . %71’.

If we proceed further in the same way, forming new sequences as we suc-
cessively remove the factors (7), (11), (13), (17), etc., these will approach con-
stancy ever more closely, and their mean values will successively acquire the
new factors %, %, %, %—(75, %8, etc. The denominators will be the prime numbers
in their natural order, and the numerators will be greater or smaller by one
according as those primes have the form 4n — 1 or ‘4n + 1. Hence, since, on
continuing this process to infinity, the constant value 4 must approach the

mean value ever more closely, we have

8 12 12 e
.= .11 13- to infinity

[SSIITN
(S

4=r1.

or
3 5 7 11 13
"34+41°5—-1"7+1 1141 13—-1""

If the individual fractions are expanded into infinite series,

m =

3 _ 1+1 1+

3+1 3 9 27

o —1+1+1+ L +

5—1 5 25 125

7 . 1+1 1 N

T+1 7 49 343
etc.

the product readily expands into
1,1 _1,1_ 1 1
1_§+5_7+§_ﬁ+ﬁ-...
and the sum of this series is generally known to be = iw. In fact, the
illustrious EULER had long ago derived from this, in the reverse direction,
the equality between %71 and the infinite product % . % . %. . (Introd. in analys.
inf., Vol. 1, Chap. xv, Article 285).
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8.

Let us consider, secondly, the form zx + 2yy, for which the number of

representations of an indeterminate number will have the mean value = L
If fA denotes the number of representations of a given number A by this form,
this will be = 2 for A =1 or A = 2, or whenever A is a power of two; further,
fA = 4 whenever A is one of the primes of which —2 is a quadratic residue,
that is, those of the forms 8k + 1, 8% + 3, for example A = 3,11,17,19,41,43,
etc.; finally, fA = 0 whenever A is a prime of which —2 is a quadratic
nonresidue, for example one of the sequence 5,7, 13,23, 29, 31, etc., that is, of

either the form 8%k + 5 or the form 8k 4 7. In general, however, we must put

either fA=2(a+1)(B+1)(y+1)...
or fA=0

Here the number A is put in the form 24Sa®bPc7 .. ., where a, b, ¢, etc., denote
different prime numbers of the forms 8k + 1,8k + 3, while S is the product of
the remaining numbers (of the forms 8%k + 5,8k + 7), if any occur among the
factors of the number A. The first or second value applies according as S is
a square or is not a square. From this, by reasoning entirely similar to that
in the preceding article, we shall pass from the sequence f1, f2, f3, f4, f5,
etc., namely 2,2,4,2,0,2, etc., successively to others that remain constant

for increasingly long stretches. Their mean values will be, successively, %,

% . %, % . % . g, % . % . g . %, etc.; we shall proceed in such a way as to arrive

at the equation

10 14 16 18

11.173.177-179.-.

9 _ T™ 2 6 8

=357
where the denominators form the natural sequence of prime numbers, while
the numerators are smaller by one whenever the denominators have the form
8k +1 or 8k + 3, and larger by one whenever the denominators have the form
8k +5or 8k + 7.
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[11]

ON THE CONNECTION BETWEEN THE
NUMBER OF CLASSES INTO WHICH
BINARY QUADRATIC FORMS ARE
DISTRIBUTED AND THEIR DETERMINANT.

FIRST PAPER
PRESENTED TO THE ROYAL SOCIETY 1837 . ..

1.

Thirty-six years have passed since the principles of the remarkable connec-
tion to be treated in this paper were discovered, as was already announced at
the end of the Arithmetical Investigations. Other occupations, however, had
long drawn attention away from this inquiry, until more recently it became
possible to return to it and extend it through renewed efforts. Yet, since this
new part of higher arithmetic exceeds the bounds of a single paper, this first
paper will be devoted to forms with negative determinants; forms with pos-
itive determinants, which require an entirely distinct treatment, will remain
reserved for another paper.

2.

For our purpose we shall need a theorem which is itself arithmetical, but
whose nature can be presented more conveniently and clearly through consid-
erations expressed in geometrical form.

Given a figure in an unbounded plane, enclosed by any line, its area can
be determined approximately by dividing the plane into squares and count-
ing both those lying wholly inside the figure and those cut by its boundary.
Evidently, the resulting area will be smaller or larger than the true area
according as the latter squares are omitted or added to the former. If, how-
ever, we choose, by any rule, to exclude some and include others of the latter
squares lying on the boundary, the error may be positive or negative, but
must be smaller than the total area of all the boundary squares. The smaller
the squares are taken, the more accurately the area will be determined in
this way. We may carry such an approximation indefinitely further, or take
the squares so small that the error becomes smaller than any given quantity.
Although this may already seem evident in itself, we shall nevertheless not
refuse to support it with a rigorous proof.
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Two squares can have one common vertex, two, or none; in the first and
second cases they will be called adjacent, and in the third disjoint. Evidently,
at most four squares can all be adjacent to one another, and thus among any
five distinct squares at least two must be disjoint. Now the distance between
two points lying in disjoint squares cannot be smaller than the side of the
squares, which we shall denote by a. Hence, if a point starts anywhere in one
square, then passes through a second, third and fourth, and finally reaches a
fifth, the length of its path certainly cannot be smaller than a. By the same
reasoning, if the line continues through further squares, the part between the
fifth and ninth, and likewise between the ninth and thirteenth, etc., cannot
be smaller than a. We therefore readily conclude that any line returning to
itself which has touched n distinct squares in all certainly cannot be shorter
than %
have touched more than 4 + %l distinct squares. Since their area = 4aa + 4al
can become smaller than any given quantity as a decreases indefinitely, the
same holds all the more for the error in the determination of area discussed
above.

. Conversely, a closed line whose length is = [ certainly cannot

3.

The rule for including or excluding squares lying on the boundary of the
figure could be chosen in many different ways. The simplest, however, seems
to be to consider only the position of the centre of each square, so that squares
whose centres lie inside the figure are included, those whose centres lie outside
it are excluded, and it is left to our choice whether centres that happen to lie
on the boundary itself are counted with the interior or the exterior. Instead of
the centres, we could also take any other points situated in the same relative
position in each square.

Thus the matter comes down to imagining equally spaced points dis-
tributed along equally spaced straight lines in the plane so as to form squares.
By the theorem of the preceding article, we can then assert that the number
of points contained in the figure, multiplied by the square of the distance
between two nearest points, becomes as nearly equal to the area of the
figure as desired, provided that distance is taken sufficiently small; or, in
the customary manner of speaking, that this product gives the area if the
distance is infinitely small.

4.
The curve expressed by the following equation between the rectangular
coordinates p, q,
app + 2bpg + cqq =1
is a conic section, and specifically an ellipse if a,c and ac — bb are positive

quantities. The area enclosed by this ellipse is found to be . = m.
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The value of app + 2bpq + cqq is everywhere greater than 1 outside the ellipse,
less than 1 inside it, and nowhere negative.

Suppose a .system of points distributed in the plane containing the ellipse
so as to form squares whose sides = X\ are parallel to the coordinate axes. It
makes no difference whether the origin of the coordinates, or centre of the
ellipse, coincides with one of these points. Let the number of points inside
the ellipse, including any on its boundary, be = m. By the theorem of the
preceding article, m will then be the limit of mAX, which approaches it
as closely as desired as A decreases indefinitely.

If we suppose that the origin of the coordinates coincides with a point
of the system, then, on putting p = Ax,q = Ay, evidently x and y will be
integers for each point of the system; conversely, every combination of integer
values of x,y will correspond to a point of the system. Thus the number m
is simply the number of all combinations of integer values of x,y for which
F is no greater than M, if, for brevity, we denote the function, or quadratic
form, axx + 2bxy + cyy by F, and the quantity ﬁ by M. The determinant
of this form is bb — ac, for which we shall write —D. Our theorem can now
be stated as follows.

THEOREM 1. The number m of all combinations of integer values of the
indeterminates x,y for which the value of a form with negative determinant
—D does not exceed the bound M becomes = %, approximately, indeed,
but with the approximation improving indefinitely as M increases indefinitely.
It scarcely needs to be mentioned that indefinite approxzimation here, and
likewise in what follows, is not to be understood as saying that the difference

between % and m itself decreases indefinitely. Rather, the ratio between these

M
m+/D

quantities will approach equality indefinitely; that is, — 1 will decrease

indefinitely.
5.

To carry out the count, we may proceed by computing, for each integer
value of x between the bounds — % and 4/ %, the two values of y satis-
fying F' = M; the number of integers lying between them is then obtained
directly. Since this number is the same for opposite values of x, almost half
the work is saved. The count can also be carried out by counting the values
of x corresponding to each value of y between the bounds — % and +4/ %.
A suitable combination of the two methods can reduce the work further, but
we do not pursue this here at greater length; it will suffice to add a few

observations on the simplest case.
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Let the form be F' = zx + yy, so that the curve is a circle, and let
rr’ " ™ . r(") denote the integers immediately below

VM, (M =1), (M —4), (M- 9)... /(M —rr)

or these quantities themselves, if any of them are integers. The required
number will then be

m=2r+1+22r +1)+ 22" +1) + 227" + 1) + ete. + 2(2r") + 1)
=1+44r + 47 + 40" + 4" + ete. + 4r(")

We obtain the same result more quickly, however, by denoting by ¢ the
integer immediately below +/ %M (or this quantity itself, if it is an integer),
with the aid of the formula

m = 4qq + 1+ 4r + 8(r@HD) 4 (@2 4 (043) 4 ote. 4 7))

The following numbers were obtained in this way.

M m M m M m
100 | 317 1000 | 3149 10000 | 31417
200 | 633 || 2000 | 6293 | 20000 | 62845
300 | 949 || 3000 | 9425 | 30000 | 94237
400 | 1257 || 4000 | 12581 || 40000 | 125629
500 | 1581 || 5000 | 15705 || 50000 | 157093
600 | 1885 || 6000 | 18853 || 60000 | 188453
700 | 2209 || 7000 | 21993 || 70000 | 219901
800 | 2521 || 8000 | 25137 || 80000 | 251305
900 | 2821 9000 | 28269 || 90000 | 282697

1000 | 3149 || 10000 | 31417 || 100000 | 314197

6.

We give the theorem of Article 4 greater generality in the following way.

THEOREM II. If we are to collect, not all combinations of integer values of
x,y for which F' does not exceed the value M, but only those taken at intervals,
namely those for which x is congruent to a given number G to a given modulus
g, and y is congruent to a given number H to a given modulus h, then the
number m’ of these combinations will be expressed approximately by %,
with the approrimation improving indefinitely as M increases indefinitely.
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Indeed, on putting x = g2’ + G,y = hy’ + H, it is evident that m’ is the
number of all combinations of integer values of 2/, 3’ for which

agg(a’ + §)? + 2bgh(a’ + §)(' + 4) + chh(y + )’

does not exceed the value M. Thus, if we suppose a system of points dis-
tributed in the plane as in Article 4, but so that the point with coordinates
p= %, q= HTA, rather than the origin of the coordinates, coincides with a
point of the system, then m’ will express the number of points lying inside
the ellipse whose equation is

aggpp + 2bghpq + chhqq =1

with any points on the boundary itself always included. The area of this
ellipse = 77 \/(;Tc—bb) = gh’\T/D will be the limit which the product m/A\ = %’

approaches indefinitely as A decreases or M increases indefinitely.

It is also evident that our theorem includes the case where only one of the
indeterminates x,y must proceed by intervals, while the value of the other is
subject to no condition. Clearly, this is the same as putting either h or g = 1.

7.

What has been set out so far is independent of the nature of the coefficients
of the form axx + 2bxy + cyy; from now on, however, we shall suppose these
coefficients to be integers. Thus every combination of integer values of x,y
gives the form itself an integer value, or corresponds to a representation of
some integer by this form. Hence the collection of all combinations of integer
values of z,y for which the form F = axx + 2bxy + cyy takes a value no
greater than the bound M is the same as the collection of all representations
of integers not exceeding the bound M, or up to and including this bound
if it is itself an integer. If, for brevity, we denote the number of distinct
representations of a specified integer n by the form F by F'(n), or simply by
Fn when there is no risk of ambiguity, then the number previously expressed
by m will be = FO+ F14 F2+ F3+etc. + F M, and the first theorem takes
the following form.

THEOREM III. The sum FO+ F1+ F2+ etc.+ F M is expressed approxi-
mately by %, with the approximation improving indefinitely as M increases
indefinitely.

8.

To the third theorem, which concerns representations of all numbers, it is
useful to add another concerning odd numbers alone. Evidently, odd numbers
cannot be represented by the form F' if ¢ and ¢ are both even numbers; the
investigation will therefore be restricted to the three remaining cases.
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I. Whenever a is odd and c is even, an odd number is represented by
giving z an odd value, while the value of y remains arbitrary. Theorem II,
on putting g = 2,G = 1,h = 1, therefore shows that the number of all
combinations of such values of x,y as give the form an odd value no greater
than the bound M is expressed, with indefinite approximation, by %, as
M increases indefinitely.

II. Whenever a is even and c is odd, the representation of an odd number
requires y to be odd. Thus, on putting ¢ = 1,h = 2, H = 1, we reach the
same conclusion.

III. Whenever both a and ¢ are odd, either an odd value of x must be
combined with an even value of y, or an even value of x with an odd value of
y, for the formula to produce an odd value. The number of all combinations
of each kind for which the value of the form does not exceed the bound M is
expressed, with indefinite approximation, by %' Therefore the number of
all combinations which give the form odd values not exceeding the bound M
is again expressed, with indefinite approximation, by %.

Now the collection of all such combinations is simply the collection of all
representations of all the numbers 1,3,5,7... M when M is an odd integer,
or1,3,5,7....M — 1 when M is even. We therefore have

THEOREM IV. The sum

Fl+F3+ F5+ F7..4+FM or Fl+F3+F5+F7..+F(M —1)

(according as M is odd or even) is expressed, with indefinite approximation,
by %, provided that F is a form in which one or both of the coefficients a,c
are odd.
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[111]

Let C be the collection of representatives of all classes of properly prim-
itive forms for the determinant —D. We denote by (n) the number of all
representations of the number n by forms in the collection C. Let p be an
odd prime. Then

1. (pn) = (n) if p divides D
2. (pn) = (n) + (h)
3. (pn)=—(n)+(h)
divides zx + D
does not divide zz + D

} if p does not divide D

where n = hp", p is arbitrary, and h is not divisible by p.
In case 1. we have (h) = (ph) = (pph) = (ph) etc.

2. (ph) = 2(h), (pph) = 3(h). (p°h) = 4(h) etc.
3. (ph) =0, (pph) = (), (p°h) =0, (p*h) = () etc.
* *
*
From each properly primitive class for the determinant = — D, the number

of these classes being = A, choose one form, and let L be the collection of
these forms.

Let fA denote the number of all representations of the number A by forms
in L.

Further, let f(A;p) = f p% when p® is the highest power of the prime p

that divides A; also f(A;p,q) = f p,f; 5 when ¢ is another prime whose highest
power dividing A is = ¢?; and similarly f(4;p,q,7) = fpo‘q%

third prime whose highest power dividing A is 7, and so on.

when r is a

[IV.]
Let (n) denote the number of values  in the collection
0,1,2,3,4....p" — 1
for which xx — D = zx — ap” is divisible by p”.

1) podd, eg. =T. 2) peven, eg. =6
(1)=1 aNp aRp
(2)=p H=1 @)=
(3)=p 2)=p (2)=p
(4) =pp B)=p @)=p
(5) =pp (4)=pp (4)=pp
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6)=p> (5)=pp (5) =pp
D=p  ©)=p  (6)=p
®=0 (=0 (1)=2°
©=0 (=0 (8)=2
ete ete. ete
Now put Then
1 - (? — (1) fp= (1
(2) - (;f) —@) =142
(3) - (;‘) —@) =)+ )
-y ey
etc. etc.

Consequently, putting pp%l(l + % + J;T’;fo + J;Tp; +etc.) =T, we have

1 1) 2) 3 4)
]iTzl—i—Q—FQ‘F%"F%-FetC.
p p pp p p
1 1
b p
Thus T =1
V]

The average number of classes”) near the negative determinant —D is ap-
proximately
B /D
= 1 1
4(1 + 7 + 195 + etc.)

The actual number is expressed by the following formulas, where, for brevity,
m stands for the average number and M for the actual number; p, g denote
all odd primes that do not divide D, the former being divisors and the latter
nondivisors of [+ D; r denotes the primes””) that divide D:

K [Compare Disquiss. Arithm., Article 302; the formula there differs by a constant ¢ from
the one occurring here in the text.]

“odd.]
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fp +9? - v

I. M = m Product o Pl F-1 P-1

D 1 -1 —1
II. M= v Product of P+ . 4 . il
4 q T
L NB. M = 2YP product of 7
T - 1 qg+1
1 —1 -1
V. M=,/ . Product of pt: 4 il
-1 qg+1" rr

2\/D

V. M=""{1+3+1+1 igetc}

NB. Formula III follows dlrectly by comparing the two ways of counting the
representable numbers up to a given bound.

VL]

THEOREM. The number of classes, into which all properly primitive binary
forms with negative determinant —D", is equal to

71q+1><7"7“71
D q rr

% x v/D x Product of b

where
p denotes all primes”) for which —D is a nonresidue,
g all primes™ for which —D is a residue,

r all primes™ ) that divide D;

_ 1V/D Product of %
 1xistlete

in the denominator, the positive sign is put before fractions whose de-
nominators have the form of nondivisors, and the negative sign before those
whose denominators have the form of divisors of xxz + D; fractions whose
denominators are not coprime to D are omitted altogether” .

Iare divided.]

“odd.]

) [If m denotes all positive integers coprime to 2D, and we use LEGENDRE’s symbol as
generalized by JACOBI, the above rule for determining the signs must be corrected as follows:

in the preceding formula the denominator is

—-D\ 1
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1,1
_2/DtgEt.
T
cotg 6 + cotg 30 + cotg bl ... + cotgnb
N :/D
putting § = %, N = {1} D, and taking for n all numbers coprime to D, with
the sign determined as above ).
For a positive determinant the number of classes will be™")

2Dt +1..)
~ log.T+UyD

Here T, U denote the smallest values of the quantities ¢,u that satisfy the
equation tt — Duu =1

_ logsin %9 =+ logsin %9 =+ logsin 20 etc.
N logT + U+/D

[VIL]

For a negative determinant —p, which™) is a prime of the form 4n+ 1, the
number of classes is”) = (a — ), where a is the number of quadratic residues
in the first quarter

1.2.3....1p-1)

and [ the number of nonresidues.

where the upper or lower sign is to be taken according as the number m is a product of an even
or odd number of primes (equal or unequal); in contrast, in the numerator of the following

formula we have
-D\ 1
1,1

]

“)[See the note on this fragment further below.]
) [In the following formula D denotes the positive determinant, and

D\ 1

) [that is, when p is a positive prime of the form 4n + 1.]
D[the number of classes is = 2(a — 3).]
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[VIIL]

b=2m+a—1 (mod 8)

where m is [half] the number of classes for the determinant —p

plm a b f %‘1_}’ al B
17 2| 41| —4 —4 +1] 3| 2
41| 4] +5| +4 +9 +1] 3| 4
73| 2| -3| =8| 427 +1| 1] 6
8| 6| +5| 8| +34 +31 9| 2
97 | 2| +9| +4 | +22 +1] 5| 6
113 4| =7 +8| +15 —1] 9| 4
137 4| —-11| +4| 437 -1| 3| 8
193 | 2| -7 |+4+12| 481 —2|11| 6
233 | 6| +13 | +8 | +144 +2 15| 2
241 | 6| +15| +4 | +64 —1(13| 6
257 | 8| 41| 4+16| +16 0]15| 4
281110 45| —16| +53 +51 9|10
313 | 4| +13 | —-12| —-25 +1| 5|12
337 4] 49| +16 | —148 0| 7|12
353 | 8| +17| +8 | +42 +3 15| 8
51 .1 +1| +2 +2 0
131 1] =3 =2 +5 0
29| 3| +5| +2| +12 +1
371 1| +1| —6 —6 +1
53| 3| =7 —2| +23 0
61| 3| +5| —6| +11 +2
01 7| +1|-10| -10 +3
109 3| =3 | +10| +33 -1
149 | 7| =7 —-10| +44 +2
57| 3| -11| —6| —28 0
173 7| 4+13| +2| 480 +3
181 5| 49| +10| —-19 +1
197 5| +1|—-14| —14 +3
229 | 5| —-15| +2 | —107 -1
269 | 11 | +13 | +10 | —8&2 +3
2771 3] 49| +14 | —60 0
293 | 9| +17| +2 | +138 +4
317 | 5| —11 | +14 | +114 -2
349 | 7| 45| +18 | —136 0
373 | 5| —7|+18 | +104 -2
389 | 11 | +17 | —10 | —115 +6
397 | 3| -19| —6| +63 -1
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[IX]

Distribution of Quadratic Residues in Eighths.

p a prime; (r) the number of quadratic residues of p that lie between (r — 1)
and 7.
First case; p = 8n + 1.

p
8

2t number of classes for the determinant — p;

2u  number of classes for the determinant — 2p.

H=@®)=12n+t+u)
2)=4)=0()=()=32n+t—u)
(3)=(6)=102n—3t+u)
pl2n) t] u|(1)](2)]0B)
7] 4] 2] 2] 2] 1] o0
41 10| 4| 2] 4| 3| 0
73| 18| 2| 8| 7| 3| 5
89| 22| 6| 4| 8| 6| 2
97| 24| 2|10 9| 4| 7
113 28| 4| 4| 9| 7| 5
137 34| 4| 6| 11| 8| 7
193] 48| 2|10| 15| 10| 13
233 | 58| 6| 4| 17| 15| 11
241 | 60| 6 (10| 19| 14| 13
257 | 64| 8| 8| 20| 16| 12
281 70| 10| 4| 21| 19| 11
313| 78| 4[18| 25| 16| 21
337 84| 4[12] 25| 19| 21
353 | 88| 8[12] 27| 21| 19
4011100 | 10| 6| 29| 26| 19
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Second case; p = 8n + 5.

2t number of classes for the determinant — p;

2u  number of classes for the determinant — 2p.

(1) =@B)=(6)=08)=12n—t+u)
2)=(")=12n+3t—u+2)
W=0B)=i2n—t—u+2)

pl2n| t| uw|(1)](2)]4)
50 0] 1] 1] of 1] o
13| 2] 1| 3| 1| 1] 0
29 6| 3| 1] 1| 4| 1
371 8| 1| 5| 3| 2| 1
53012 3| 3| 3| 5| 2
61| 14| 3| 5| 4| 5| 2
10124 7| 3| 5| 11| 4
10926 3| 5| 7| 8| 5
149 36| 7| 3| 8| 14| 7
157 38] 3|13 12| 9| 6
17342 7| 5| 10| 15| 8
18144 5| 9| 12| 13| 8
197 58| 5| 5| 12| 15| 10
229 | 56| 5|13 | 16| 15| 10
260 | 66| 11| 5| 15| 24| 13
277168 3|11] 19| 17| 14
203 (72| 9| 9| 18| 23| 14
317 | 78| 5| 7|20 22 17
349 | 86| 7|13| 23| 24| 17
373192| 5|13 | 25| 24| 19
380 (96| 11| 7| 23] 31| 20
397198 | 3|21 29| 22| 19
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Third case; p = 8n + 3.

t number of classes for the determinant — p

2u  number of classes for the determinant — 2p.

(D=4)=(1)=3i@n+t—u)
2)=(5)=8)=3i@n—t+u)
(B)=1i2n+t+u+2)
6)=12n—t—u-+2)
pl2n | t] w|(1)](2)]B)](6)
3l o] 1] 1] o] of 1] 0
1) 20 3] 1] 1| o 2| 0
19 4| 3| 3] 1| 1| 3| 0
43110 3| 5| 2| 3| 5| 1
5014 9| 3| 5| 2| 7] 1
67|16 3| 7| 3| 5| 7| 2
83120 9| 5| 6| 4| 9| 2
10726 9| 3| 8| 5| 10| 4
131 32|15| 3| 11| 5| 13| 4
13934 9 7| 9| 8| 13| 5
163 40| 3|11 8| 12| 14| 7
179 | 44 | 15| 3| 14| 8| 16| 7
211 | 52| 9| 5| 14| 12| 17| 10
227 (56 | 15| 7] 16| 12| 20| 9
2516221 7] 19| 12| 23| 9
283 (70| 9|15| 16| 19| 24 | 12
307 | 76| 9| 17| 17| 21| 26| 13
331 (82| 9|11] 20| 21| 26| 16
347 (86 | 15| 5| 24| 19| 27| 17
379 | 94| 9| 11| 23| 24| 29| 19
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Fourth case; p =8n + 7.

t number of classes for the determinant — p;

2u  number of classes for the determinant — 2p.

(1) =1(2n+2t —u)
2)=@B)=(5)=12n+u+2)
(4)=(6)=(7) = i(Zn—u+2)

(8) = 1(2n — 2t +u)
plon| t] w|M]@]@]6)
7 0] 1] 2 0 1 0 0

23| 4| 3| 2 2 2 1 0

31| 6| 3| 4 2 3 1 1
471 10| 5| 4 4 4 2 1

71116 7| 2 7 ) 4 1

79118 5| 4| 6| 6| 4| 3
103 | 24| 5|10 6 9 4 6
1271 30| 5] 8| 8| 10| 6 7
151136 7] 6| 11| 11 8 7
167|140 | 11| 6| 14| 12 9 6
191146 | 13| 4| 17| 13| 11 6
199 1 48| 9|10 14| 15| 10| 10
223154 7]116| 13| 18| 10| 14
239 | 58 15| 4| 21| 16| 14 8
263|164 |13 6| 21| 18| 15| 11
271166 |11 (12| 19| 20| 14| 14
311176 19| 6| 27| 21| 18| 11
359 8819 6| 30| 24| 21| 14
367190 9120| 22| 28| 18| 23
383194 |17 112| 29| 27| 21| 18
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X

Distribution of Quadratic Residues in Twelfths.

p a prime; () the number of quadratic residues of p that lie between %p

and {5p.
First case; p = 24n + 1.

2t number of classes for the determinant — p

4u  number of classes for the determinant — 3p

(1) = (12) = §(6n + 3t + 2u)
(2) = (4) = (6) = (7) = (9) = (11) = £(6n — 3t + 2u)
(3) = (5) = (8) = (10) = §(6n + 3t — 4u)
plon|tlul(1)]©2)]B)
73] 3[2]3] 5] 3] 2
97| 4|23] 6| 4| 3
193 8(2(6| 11| 9| 5
241 (10|63 | 14| 8| 11

Second case; p = 24n + 13.

2t number of classes for the determinant — p;

4y number of classes for the determinant — 3p.

(1) =(3) =(10) = (12) = 3(2n + 1 + ¢)
(2)=(6)=(7)=(1.1) = 3(2n+1—1t)
(4)=(9)=3i02n+1—t+2u)
(5)=8)=302n+1+t—2u)
pln|tlul(1)](2)]4]6)
13lof1]1] 1] o 1] o
37011112 2| 1| 3| 0
611232 4| 1| 3| 2
109|4(3/3] 6| 3| 6| 3
1571634 8| 5| 9| 4
181|753l 10| 5| 8| 7
2291953 12| 7] 10| 9
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Third case; p = 24n + 5.

2t number of classes for the determinant — p;

2u number of classes for the determinant — 3p.

MH=2)=06)=(M=011)=012) =n

(3) =(10) = 3(2n+ 1 +1¢)

(4)=(9) = 3(2n —t +u)

(5) =(8) = 3(2n +1—u)
plmn| tlul (1) @) ]M)]((5)
51000 1] 1] of 1] o o
200 1] 3| 3| 1] 3| 1| 0
53| 2| 3| 5| 2| 4| 3| 0
101 4] 7| 5| 4] 8| 3] 2
149 6| 7| 7| 6] 10| 6| 3
73| 7| 7] 9| 7|11]| 8| 3
197 8| 5|11 | 8| 11| 11| 3
269 | 11|11 | 7| 11| 17| 9| 8

Fourth case; p = 24n + 17.

2t number of classes for the determinant — p;

2u  number of classes for the determinant — 3p.

(1) =(2) = (6) = (7) = (11) = (12) = §(6n + 3 +u)
(3) = (10) = £(6n + 6 + 3t — 2u)
(4)=(9) = ¢(6n+3—3t+u)
(5) = (8) = £(6n+6 — 2u)

plnjt] u|(1)][@)]4)]6)
17l o2 3] 1] 1] o] o0
41 1(4| 3] 2| 3| of 1
89| 3|/6| 3| 4| 6| 1| 3
113 4[4 9] 6| 4| 4| 2
137 54| 9| 7| 5| 5| 3
233 9(6|15| 12| 8| 9| 5
257 110 |8 ] 9| 12| 12| 8| 8
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REMARKS ON THE PAPER

ON THE CONNECTION BETWEEN THE NUMBER OF CLASSES INTO WHICH
BINARY QUADRATIC FORMS ARE DISTRIBUTED AND THEIR
DETERMINANT.

On I and II.

The second formula for the number of points inside the circle (I, Article
3, and II, Article 5) follows by considering the square inscribed in the circle,
whose sides are parallel to the coordinate axes; comparing the two formulas
leads to the theorem

v _|_7«(Q) — qq—l—r(qH) +T(Q+2) + ... _|_r(7”)

which is also easy to prove arithmetically. This in turn gives the correctness
of the first of the following two rules, which were found on a separate sheet:
“Solutions of the equation zx + yy < A; formula

1+4/A+4y/3A+85(y/(A—nn) —n)

where the fractional part of each square root is dropped, and the sum is taken
from n =1 to n = /A ‘(should read /5A)"
Another formula

A A A A A
1+4{A-4+4-4+4-4.3

where the fractional part of each term is dropped.”

The latter formula follows from the theorem applied later (I, Article 6)
concerning the number of all distinct representations of a given number by
the form zz + yy (compare Disqq. Arithm., Article 182, note). This theorem
can easily be put in the following form: the number of distinct representations
of a positive integer m by the form xx +yy is = 4(a—b), where a, b denote the
numbers of divisors of m of the respective forms 4n+1, 4n+3. By comparing
this arithmetical formula with the average number of representations obtained
by geometrical considerations (in I, Article 5, or II, Article 4), one easily
obtains, with full rigor, the familiar result

T

1=
4

+ + ...

Wl
=
==

which is derived in the paper (I, Article 7) by a similar comparison, but with
the help of infinite products.
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On IIT and IV.

Let C be the collection of all positive, properly primitive forms of negative
determinant —D that are not properly equivalent. Assign to the variables of
each form two values relatively prime to one another. The total number of rep-
resentations of a positive integer m is then e)(m), where € denotes the number
of solutions of the equation tt + Duu = 1, and ¥(m) the number of roots n of
the congruence nn+ D = 0 (mod m) for which the three numbers m, 2n and
% have no common divisor (Disqq. Arithm., art. 180). For the factor,
e=4 when D =1, and = 2 in every other case. Further, if m = p™p/™ p"™" ...,
where p, p/,p” ... are distinct primes, then 1(m) = Y (p™)Y ('™ )Y(P'™") .. ; if
2A(m) denotes the number of roots n of the congruence nn+ D =0 (mod m),
and one uses the symbol introduced by LEGENDRE and generalized by JA-

COBI, then ¢¥(p™) = A(P™) = 1 + (%) when p does not divide 2D, but
otherwise = A(p™ — %QL(p”H); the number 2A(p™) is always easy to determine
(Disqq. Arithm., art. 104). For what follows, however, it suffices to observe
that 2A(p™) always becomes independent of m once 7 exceeds a certain size.

If the variables of the forms in the collection C' are assigned all integer
values without exception (Disqq. Arithm., art. 181), the total number (m)

of representations of the number m becomes €f(m), where f(m) = X (%)
and the sum extends over all square divisors pup of the number m. This
immediately gives

fm) = fm ™ p"™ ) = FEO @)™

and
fOT) =v@") + @)+ + ..

the series being continued as long as the exponents 7, m —2, w —4... do not
become negative. When p does not divide 2D, this gives

=1+ (2)+(2) ()

and, in general, when m is relatively prime to 2D,

s == (=)

n

where the sum extends over all divisors n of the number m.
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These observations immediately establish the statements in the text (III,
1, 2, 3) about the number (m), provided that the first is supplemented by
the condition that D must not be divisible by pp (the determination of the
number of classes was already reduced in Disqq. Arithm., art. 256, to the
case in which D is divisible by no square). At the same time, even without
this restriction, the infinite series

1+ﬂm+f@ﬁ+ﬂﬁﬁh”

P pp p3

is found to have the value

1 1 1
1-1 1—¢'1_<j%;
p p P D

according as 2D is or is not divisible by the prime p.

On V.

The remark appended to formula III indicates how the author arrived
at the number k& of forms in the collection C. Geometrical considerations
(compare I, art. 5, and II, art. 4) give the following limit for the quotient

M+2)+@B)+...+(m)

as m grows without bound, that is, the average number of representations of
an unspecified positive integer,

T
= kﬁ

A second expression for this same limit can be derived in several ways from

the nature of the number (m) = ef(m) of representations of the number m,

determined above. The surviving fragments (I, arts. 7, 8; IIT and IV) suggest

that the author’s first approach was as follows.

Let 6(m) be any function of the positive integer m, and p any prime. From
6(m) one can always derive a new function 6'(m) whose value is independent
of whether, and how often, p occurs as a factor in m, and which, whenever p
does not divide m, agrees with 6(m). Such a function is obtained by putting

0'(m) =6 (pmﬂ), where p™ denotes the highest power dividing m with base

p; one may say that the function #'(m) arises from 6(m) by elimination of
the prime p. If in this way from f(m) one forms a new function f’(m) by
eliminating the prime 2, then forms f”(m) from it by eliminating 3, and so on,
each successive function will have a more regular course than its predecessors.
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If the primes are eliminated one after another in increasing order, such a
function #(m) will, for infinitely many values of m, have the value f(1) =
1, in particular for all values of m smaller than the last prime eliminated.
Continuing this process indefinitely brings one ever closer to the function
f°°(m), which for all values of m has the value 1, and whose average value
therefore also = 1. If it is possible to express the average value of any function
6(m) in terms of that of its successor §'(m), it will also be possible to find
the average value of f(m) through an infinite chain of operations.

If p is the prime whose elimination produces ¢’ (m) from 6(m), then 8(m) =
0'(m) f(p™), where p™ again denotes the highest power dividing m with base
p. When p does not divide 2D, this readily gives

Writing for brevity

one obtains

and hence, using w,w’ for the respective average values of the functions

0(m), 0'(m),
()

If, however, the prime p divides 2D, the functions 6(m) and 6’(m) no longer
have so simple a relation in general; nevertheless, a similar argument readily
gives w = ' in this case. The relation between w and w’ can also be derived
in both cases as follows. Put

w

V(m) = 260(n)
where the sum extends over all numbers p that are not divisible by p and
are no greater than m. Denote by m/,m”,m" ..., respectively, the greatest
integers contained in %, %, m? .... Then

O(m) = 9(m) +I(m') f(p) + I(m") f(pp) +I(m") f () + ...
©'(m) = 9(m) +I(m’) +I(m") + I(m"") + ...

and this gives

W fp) | flop) | f(0®)
w/_(l p){1+ D + o + p8 +}
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in agreement with the result found above (compare the note on III and IV).
The average value of the function f(m) is therefore equal to the infinite

product
1

1— (i) 1
P )P
in which p must run through all primes not dividing 2D, and hence

k= 6\/DH 1

T q_ (ﬂ) 1

p)p
There remains, however, a concern about the rigor of this deduction, con-
cerning the method of determining the average value of f(m) by successively
eliminating all primes. For it is evident that after elimination of the first
n primes, the resulting function f(™ (m) agrees in value with the function
f°(m) = 1 as long as m remains smaller than the last prime eliminated.
Thus, by choosing n large enough, this agreement can be extended up to any
prescribed size of the number m. But this alone by no means proves that, as n
grows without bound, the average value of (" (m) approaches without limit
the average value of f*°(m), that is, the value 1. How the author intended to
fill this gap cannot be determined with certainty from the surviving papers.

Yet the formula already given above (in the note on I),

II

A A A A A
1+44{A——+———=—+——— ...
+4H 3 + 5 7 + 9 11 !
for the number of pairs of numbers whose sum of squares does not exceed A,
suggests that the author bypassed the infinite product and directly found, for

the average value of f(m), the infinite series

(2);

in which n must run in increasing order through all positive integers relatively
prime to 2D. The simplest way of indicating this transition seems to be the
following.
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Let u be the greatest divisor of a number m among those relatively prime to
2D, and put #(m) = f(u). Then 6(m) is the function obtained by eliminating
all primes dividing 2D from f(m); according to the preceding discussion, its
average value agrees with that of f(m). Since (m) =% (%), where n runs
through all divisors of u, that is, all divisors of m relatively prime to 2D, one

obtains the formula analogous to the one above,

O(m) = (1) + 0(2) + ...+ 0(m) = <nD> m

where, in the sum on the right, the letter n runs through all numbers relatively
prime to 2D, and only the greatest integer contained in the quotient 7" is to
be retained. Arrange the terms of this series so that the numbers n follow in
increasing order. The factor 7+ then continually decreases, or at least never
increases, and the series terminates as soon as m > m. Furthermore, the
fundamental theorem in the theory of quadratic residues and its generalization
imply that the sum of every ¢(4D) consecutive values of the factor (%)
vanishes. It follows that the sum of any number of consecutive values of this
factor never exceeds, in absolute value, the finite bound depending only on the
determinant D, namely A = ¢(2D). Combining these two observations, one
readily finds that the sum of all terms following the term (%) ™ is smaller
in absolute value than A™", and consequently that the quotient ©(m) : m, as
m grows without bound, has as its limit the convergent infinite series

*(3);

ordered in the way specified. Having thus found the common average value
of the functions 6(m) and f(m), one immediately obtains

/0y (2L

m n n

It should also be observed that Articles 6 and 8 of paper Il point to an
approach to the problem that is simpler in some respects and also easy to
carry out, in which only representations of odd numbers, or even only of
numbers relatively prime to 2D, are considered.
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On VI and VII.

The way in which the author summed the series X (%) % can be seen

from several particular examples found on separate sheets.
If D = 3 (mod 4), the fundamental theorem in the theory of quadratic
residues, together with the series

1 1 1 1
+ + + + ...
u—mT u+mw u—2r  u+2w

—-D\ 1 n\ 1 s v s
(22) 45 (5) = 55 () o5
<n>n D)n 2D \D) %D
where v runs through all numbers relatively prime to 2D that are smaller
than D. Put

1
cotangu = — +
U

gives

2 2
vV —1=1, cosg—kisin%:r

and let p denote all numbers relatively prime to D that are no greater than
D. The preceding sum can then readily be transformed into

-D\1 mi (2 N =1
*(2)2- 5 (3)=(5)
<n>n 4D<D> D/ rr 41

Now apply the formula valid for every root w of the equation w? =1,
w—1
= Y(—1 a—1, a
w41 (=) w

in which @ must run through the numbers 1,2,3...(D — 1). Reversing the
order of summation gives

235 35 (5) o ()
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The sum over p can, as is known, be evaluated by means of the theorems
proved in the paper Summatio quarundam serierum singularium. Restricting
attention to the case in which D is divisible by no square, one finds in general

()= ()0 v

where one must put (%) = 0 if « is not relatively prime to D. In the case
D =3 (mod 4) one therefore obtains

-D\ 1 T 2 a T o
l—) == — 2—10‘(—):72 —
( n >n 4\/D <D) (=1) D 2y/D (D)
where o/ runs through all numbers relatively prime to D that are smaller
than %D. Finally, since ¢ = 2, the number of classes becomes

-+(3)

If, on the other hand, D =1 (mod 4), the series

1 1 1 1
- + + - ...
u—mT u+mw u—27r u—+2w

cosecu = — —
u

gives in a similar way

—-D\ 1 n-1 /m\ 1 7r v=1 [V v
E<n> R = ST (5) 5 = gpT (5)eosee g

_ 7r2<,u) rk
2D \D/ r2r 41

where the letters v and p have their earlier meanings. Excluding the evident
case D = 1, apply the formula valid for every root w of the equation w?” = 1

(except w = 1),
w

-1+ Ewlla" + EwD74O/’
ww+1

in which o must run through the numbers 1,2, 3. .. %(D —1). Again restrict-
ing D to be divisible by no square, one obtains

*(3)a=75°(5)
an(2)

The cases in which D is even could be treated in a very similar way. —

and hence, since € = 2,
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As for determining the number of classes for positive determinants D, apart
from the final formula given in the text, only a few geometrical figures sur-
vive. They depict hyperbolic sectors of finite dimensions, with inequalities
beside them that confine the points whose coordinates are the variables of
the quadratic forms to the interior of such a sector. These hyperbolic sectors
take the place of the ellipses corresponding to quadratic forms of negative
determinant. Determining their area again gives the average number of rep-
resentations, provided that only representations whose variables satisfy those
inequalities are admitted. On the other hand, the inequalities serve to iso-
late just one representation, excluding all others, from the infinitely many
representations of a number m that belong to one and the same root n of
the congruence nn — D =0 (mod /%) and correspond to all the solutions of
the equation tt — Duu = 1 (compare Disqq. Arithm., art. 205). The total
number of admitted representations of the number m by the collection of all
properly primitive forms that are not properly equivalent is then equal to
the value of the function f(m), in which only —D is to be replaced by D.
As before for negative determinants, considering its properties gives a second
expression for the average number of representations; comparing this with
the value previously derived by geometrical considerations then immediately
determines the number of classes.
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On VIII.

Here p denotes a positive prime of the form 4n + 1; the notation agrees
with that used in the paper Theoria residuorum biquadraticorum 1, art. 23.
Thus

f=1.2.3....1p-3).L(p—1) (mod p)
p=aa+bb; a=1 (mod4); b=af (modp)

The numbers denoted by «, 5 are determined by the decomposition p = aa +
233. The column f has been added to the two tables found; some gaps in
them have also been filled.

The theorem stated in the text is connected with the biquadratic character
of the number 2. For, since (compare Theoria resid. biqu. 1, art. 21)

271 = f%b (mod p)

the congruence

b=2m+a—1 (mod 8)
implies

p—1 a—1

27 = ™% (mod p)
and conversely the former follows from the latter. The latter congruence is
easily proved as follows. Let p be the number of quadratic residues a; lying
between 0 and %p. Then, by VII,

m=2pu—3(p—1)

and the number of quadratic residues as lying between ip and %p is = i(p -
1) — p. If now p =1 (mod 8), so that the number 2 is a quadratic residue,
the numbers 2aq and p — 2aw, taken together, form the same collection as
the numbers a1 and as. Denoting the product of these numbers by A, one
obtains -

27T A= (—1)%(1”71)7“14 (mod p)
and consequently

p—1

2T = (—1)H= = fm“'%(p_l) (mod p)

Further, in this case b =0 (mod 4), and consequently

p—1 a—1 bb a—1 a-—1
£ - _ 1 — =2 = d 4
which gives the congruence to be proved,

p— a—1

2P = ™% (mod p)
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If, on the other hand, p =5 (mod 8), so that the number 2 is a quadratic
nonresidue, the numbers 24 and p — 2as comprise all the quadratic non-
residues between 0 and %p. Denote their product by B, and again denote the
product of the numbers oy and ag by A. Then

f = AB, (—1)%_“2%114 =B (mod p)

Squaring these two congruences, taking into account that

p—1

ff=-1, 22 =-1 (mod p)

gives

—1=AABB, —AA=BB

and hence A* = +1. Now A is a product of quadratic residues, so AA is a
product of biquadratic residues and is therefore itself a biquadratic residue.
Thus AA = 41 must hold, because —1 is a biquadratic nonresidue. It follows
that

(—1)%17“2%1 =AB=f (mod p)
and

p—1

21 = (—1) =l = fer% (mod p)
Finally, in this case b =2 (mod 4), and consequently

p—25 a—1 bb—4 a—1 a-1
D=0 _(a+1 2 = d4
G e 4 5 (modd)

which again gives the congruence to be proved,

p—1 a

o' = fmter (mod p)
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On IX.

Let p be a positive odd number divisible by no square, and put

o(2)
p

where s, must run through all numbers relatively prime to p that lie between
(r —1)& and r£. Denote the numbers of properly primitive forms that are
not properly equivalent, for the determinants —p and —2p, by C; and Co,
respectively. Then (compare DIRICHLET, Recherches sur diverses applications
etc., § 11, in CRELLE’s Journal XXI)
Cq = 2(51 + 52), Cy = 2(51 - 54)

or

C1 =851+ 852+ 853+ 8y, Cy=2(S2+S53)
according as p = 1 or = 3 (mod 4). Further, the numbers s; and sg, taken
together, form the same collection as the numbers 2s; and p—2sy; likewise the
numbers s3 and s4 form the same collection as the numbers 2s9 and p — 2s3.
In the case p =1 (mod 4), the sum S} + Sz + .53+ 54 = 0. These observations
give two further relations between the four sums Sy, S, .53, S4 in both cases,
so that each can be expressed in terms of Cy and Cs. In this way, when p =1
(mod 4), one obtains

2
51:58:411<p)01+[1102

(- ()t
i <2+ (2>> C1+ 10y
=i (Z)atc

Sy =857 =

=

S3 =56 = —

and, when p = 3 (mod 4),

51258:411(3+< ))Cl 02
Sy =—-57 = — % 1— <>>C1+}102
et (e

- oo ()er-to

If p is a prime, the formulas given in the text for the numbers of quadratic
residues in the individual eighths follow immediately.
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On X.

Let p be a positive number divisible by no square, of the form 6n + 1, and

put
S, =% <5>
p

where s, must run through all numbers relatively prime to p that lie between
(r— 1)11"42 and r%. Denote the numbers of properly primitive forms that are
not properly equivalent, for the determinants —p and —3p, by C1, C5. One
readily finds (compare DIRICHLET, Recherches etc., § 11, or the note on VI
and VII)

C1=2(51+ 852+ 53), C3=2(51+ 52— 55— S6)
or
C1=81+S52+83+ 81+ S5+ S, C3=2(52+ 53+ 54+ S5)

according as p =1 or = 3 (mod 4). Taking into account also that

the numbers s; and sy coincide with the numbers 2s; and p — 254
» ) S3 and S4 ) » ) 252 and p— 255
” b2 S5 and 56 ) 5 9 253 and p— 254

and likewise

the numbers sq,89,83 coincide with the numbers 3sy, 3s5 —p, p— 354
b » S4, 55, S6 b ) % 3523 356 — D, P— 383

and that, in the case p =1 (mod 4), the sum S; + S2 + S5+ Sy + S5 + S = 0,
one obtains four further relations, besides the two above, between the six
sums S1, 59 ... 5, so that all of them can be determined from C; and C3. In
this way, when p =1 (mod 4), one obtains

3 2
il (e ()
p p
1 3 1 2
So=8Snu=—3(1+(-))Ci+35(1+(=))Cs
p p
2
5325102%01—615(14-(])))03
54_59_—;01—g<2—<2>>03
p
TN P

3
p
56287:_11L<1+<3
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and, when p =3 (mod 4),

v=-s=so-5()+()- Ot

If p is a prime, the formulas given in the text follow from the first system;
for the other cases, similar formulas are obtained from the second system.

R. DEDEKIND.
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GEOMETRICAL ASPECT OF TERNARY
FORMS.

Let a point in space (0) be chosen as the origin. Let the displacements
from it to three other points P, P/, P”, which do not lie in one plane with it,
be t,t’,t", respectively; whenever confusion is impossible, the points P, P’, P”
themselves may be denoted by (t). ('), (t”).

Further, let (¢,t') generally denote the product of the lengths of the two
lines ¢,t and the cosine of their inclination, etc.

In general, (at + o/t' +"t" + ... Pu+ p'v' + 8"u” + ..) is obtained by
carrying out the multiplication

(at+ 't +"t" +.) x (Bu+ v + p"u" +..)

/

and replacing tu, tu', tu”, t'v’,t'v” .. and so on by (t,u), (t,u'), (t,u"), (¢, u'),

(t',u") and so on.
Every point in space can be represented by a trinomial

(wt‘i_wlt/_'_x”t”)
For all points in a given plane, an equation
e+ N’ + N2 =L

will then hold, where A\, ', \”, L are fixed numbers. For a plane through the
three points ut, u't’, u''t",

)\M — )\/,U/ — A//IU/// — L
Writing
(t,t) — a’ (t/,tl) — CLI, (t”7t/l) — CLH,
t//) — b, (t,t//) — b/, (t,t/) — b//

and
add" —bb=A, ad" -V =A" ad -V =A"

Vo' —ab=B, b —dbv =B v —-dbv =B"
D = ad'd” + 26’6 — abb — a'V'b — V'V’

gives
T = At+ B"t' + B't” perpendicular to t' and t”
T = B"t+ At + Bt” t and ¢’
" = B't+ Bt + A"t t and ¢/

291



Geometrical Aspect of Ternary Forms

and, in general, if
e+ N2+ N2 =L

is the equation of a plane, the line
)\T+ )\/T/ + )\//T//

will be perpendicular to that plane.
Further,
al +b"T' +b'T" = Dt
V'T +dT +bvT" = Dt
b/T+ bTI +a//T// — Dt”

and the lines t,t', " are perpendicular to the planes whose equations

ar + 0"’ +v'z” = Const
bV'x + a2z’ + bx” = Const
bx+bx' +d’z"” = Const

Twice the area of the triangle through the points mt, m't’, m”t" equals the
square root of the value of the form

A A/ A//
Fo (g

on substituting X = m/m”, X’ = mm”, X" = mm/, while six times the
volume of the pyramid formed with the point 0 becomes = mm’m/\/D; hence
the altitude is

D

T 1 1

(5> 772 )

P AD, A'D, A"D 1o a, a’, a”
T, 17", T" relate to the form (BD’ B'D. B,,D> as t,t’,t" do to (b’ % b,,)

The three roots of the equation

:\/F

0=p°—pplat+d+ad)+pA+A +A")~D

give the squares of the three principal axes of an ellipsoid inscribed in the
parallelepiped to which the positive ternary form

/ " ’ 7
(Z W ‘;,,) with adjoint (g’ g/, gu> and det. = —D

relates.
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Expressing spatial relations relative to a given tetrahedron.

Let (0),(1),(2),(3) denote the four vertices, opposite faces and altitudes.
Fach point in space P, relative to an arbitrary origin M, then has four coor-
dinates z, 2’, 2", 2", subject, however, to the relation

r+2 +2"+2" =0

Here = denotes the quotient obtained by dividing the distance of the point P
from a plane drawn through M parallel to the plane (0) by the altitude (0),
and so on.

In general,

—(PM)? = 22/ (01)% 4 22" (02)? + z2" (03)?
_|_ x/x//(12)2 _|_ x/x///(lg)g + x//x///(23)2

The fundamental law of crystallization can be stated most briefly as follows:
any five planes occurring in it satisfy the following relation:

If their normals on the sphere are (0), (1), (2), (3), (4), the products sin 102.
sin 304, sin 103 . sin 204, sin 203 . sin 104 are always in a rational ratio; if this
isa:fB:7,then §=a-+7.

If the coordinates of the 5 points on the sphere are

a b ¢
a/ bl CI (ab/ _ ba/) . (a//b/// o b//a///)
a b then the products must (ab” — ba”) . (a”'V/ — b"a’)
a” oy (ab/" . ba///) . (a/b// . b/a//)
0O 0 1

be in a rational ratio.
In general, let 1,2,3,4,5 be the 5 points on the sphere and 0 its centre;
then, if 12 denotes the volume of the tetrahedron 0345,

23 .45
24 .53 are in a rational ratio
25.34
and likewise
12.34
13 .42 and so on
14 .23
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Transformations of the form (_51 _5i7 _51) Det. =108

Chaux carbonatée

17 17 17 240 240 240 10 10 10
4141 -1 17171
{71 T +1} (1717 1%) (fies £ios £168) (471747 equiaxe
+1 -1 41 36 . 108 256 . 11664 216
8 8 8 4 4 4 15 15 15 5 5 5
+141 0 5 19
{ 0 +1+1} (+2+2+2) (+1 +1 +1) (—3 -3 —3) (—1 —1 —1) inverse
+1 0 +1 4.108 54 27.108 54
20 20 20 10 10 10 51 51 51 17 17 17
+2 41 41 TR T iy
{+1+2 +1} (0 e fa) (353545 (COn 2 ) (121510 contrastante
141 +2 16. 108 216 432.108 16. 108
29 29 29 312 312 312 52 52 52
+1 42 +2 138 138 = a3 Ta3 1o
{+2 11 +2} (+23 +23 +23) ( 138 —138 138) 23 —23 23) mixte
+2 42 +1 25.108 67500 . 108 33750
Writing the original form generally as (f; 5’7 5) and a derived form as
T,T,TY
U U U ) 8ives

, T=3t—2u U=-t+2u
, T'=2t4+2u U=t+3u

, T=6t4+10u U =5t+11u
, T=9t+4+16u U =8t+17u

N

The form ( (1)’ g’ Ig) is transformed by the substitution

r=u+u —2u" inversely 6u=x+ 3y+ 2z
y=u—u 6u =z — 3y + 22
z=u+u +u” 6u” = -2z + 2z

!/

r=2 (mod3), z=y (mod?2)
into (375 75k

To obtain calcite, set k = 0,973103.

Hind the complex values of the orthographic projection of three straight
lines of equal length and perpendicular to one another be a,b,c, then aa +
bb + cc = 0; in general, with p and ¢ denoting arbitrary complex numbers,
one may set

a=(p—q)(q—pii), b= (q—qi)(pii — pi),
c=(qi —p)(pi—q)
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Hexakisoctahedron.

Equation: pxr +qy+rz=1

Coordinates.
1
1. ? 0 0
1

2. - -
y A A

3.

a+B8+y a+B+y a+p+7y

a<f<ry

Six times the volume of an elementary pyramid
B 1
7B+t B+1)
All [faces| are circumscribed about a sphere whose radius

1

~ Vlaa+ B3+ 47)
Twice the area of a triangle
_ V(aa+ BB +y)
YB+N(a+B+7)
Edge
| 9o V(BE+7Y)
V(B+7)
L 3= Y@+ B +2y7)
‘ Ya+B+y)
5 3 V(2aa+(B+7))
(B+)(a+B+7)
Cosine of the angle between the edges 3.1 .2
_ af + B8+
VBB +)((a+ B+ 27)
Sine

_ v-(ea+BB8+77)
V(BB +)((a+ B) +27v7)
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Values occurring.

a B 7
7. 0. 0. 1 Hexahedron
3. 0. 1. 1 Rhombic dodecahedron
6. 0. 1. 2 Tetrakishexahedron
0. 1. 3
0. 2. 3
1. 1. 1. 1 Octahedron
5 1. 1. 2 Deltoidal icositetrahedron
1. 1. 3
a B 7
2. 1. 2. 2. Triakisoctahedron
4. 1. 2. 3. Hexakisoctahedron
1. 2. 4.
2. 1. 3. 3. Triakisoctahedron
4. 1. 3. 5. Hexakisoctahedron
2. 2. 3. 3 'Triakisoctahedron
2. 3. 47
3. 5. 11
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REMARKS.

Besides the preceding notes, which in part develop the ideas given in the
review of SEEBER’s investigations of ternary forms, the manuscript records
several crystal measurements made by Gauss himself with an eight-inch RE-
ICHENBACH theodolite. Each record gives the date of the observation, showing
that this investigation belongs to July 1831.

Of the theory of indefinite ternary quadratic forms, the manuscripts left
behind contain only the following theorem, probably written down while the
Disqu. Arr. were being prepared:

‘All transformations of the ternary form

1,1, —1
(0, 0, 0 )
into itself are given by the formula

ad + By af —~6 af + 9
ay— B0 §(ao+086—BB—vy) Faa+yy— BB - 50)
ay+ B8 (aa+ BB —vy—0380) F(aa+ BB+ yy+50)

with «, 8,7, d chosen so that ad — gy =1

All transformations in which the nine coefficients are integers are obtained
by taking for a,f,7,6 both all integers satisfying the condition equation,
specifically two even and two odd, and all odd multiples of 1/ % satisfying the
same condition equation ad — fy = 1.

On page 309. Chaux carbonatée équiaxe, inverse, contrastante and mixte
are the names used by HAUY (Traité de Minéralogie 1801, volume II, pp. 132,
137).

The table of transformations of the form (? ? ?) gives, in the first vertical
column, the coefficients of the substitution; in the second, the resulting new
form; in the third, the primitive form corresponding to the latter, if it is not
already primitive; and in the fourth, its adjoint.

SCHERING.
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ON THE THEORY OF
BIQUADRATIC
RESIDUES.

L]

1.

We extend the domain of higher arithmetic by including complex quantities
as well. In this investigation, we call every quantity x + iy a complex integer
when z,y are real integers.

2.

The infinitely many complex integers are most conveniently represented
visually by points in an unbounded plane; we call the point whose horizontal
coordinate is  and vertical coordinate y the point x + 7y; all points repre-
senting integers will be called integer points.

3.
To fix a definite convention, the horizontal coordinates shall always be
positive to the left, and the vertical coordinates positive upwards.
4.

The straight line drawn from the point = + iy to the point z’ + iy’ will be
called the straight line (z 4 iy, 2’ + iy’); wherever it matters, we also take its
direction into account, and therefore distinguish the straight line z+y, 2’ +iy/
from =’ + iy, x + iy.

5.

For brevity, we shall also denote complex quantities such as x + iy by a
single letter, such as z.
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6.
We call the figure bounded by the straight lines z2/, 2’2" 22" .. 2"~ 1zn

2"z the figure 22'2"2" .. 2". We do not exclude the case where some of these

lines intersect.

)

7.

By S(z,2',2"...2") we generally denote a sum of as many real integers as
there are integer points inside the figure, assigning the number +1, +2, 43,
etc., to each point around which the boundary of the figure passes once, twice,
three times, and so on; the upper signs apply when the boundary surrounds
the point so that it lies on the right side of the figure, and the lower signs
in the opposite case. Thus, if no sides of the figure intersect, S(z,2’,2"..) is
simply the number of points inside the figure, taken positively or negatively.

8.

It is evident that always
S(z,2,2" ... 2" =8(, 2", 2" .. 2" 2)
=8(2",2"..2") etc.
=-S" v Y )

—S(z"h 22 Y 2 2 ete.

9.

How points on the boundary itself are to be treated must still be specified
more closely. In many cases no integer points can lie on the boundary at all;
no convention is then needed. But if such points lie on the boundary 22/,
inserting between z and 2’ a + indicates that they are to be treated as if they
lay to the right of the boundary, and a — as if they lay to the left. We shall
also sometimes insert a 0 or % to indicate that they are to be counted either
not at all or only at half their value on each side. If any of the points z, 2/, 2",
etc., is itself an integer point, it is not counted at all unless the contrary is
expressly stated, except insofar as it may also occur as a point that is not a

vertex.

10.

Theorems. If all z, 2/, 2”, etc., are increased by the same integer, S remains
unchanged.
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If ¢ is replaced by —¢ and every connecting sign by its opposite, S changes
only its sign.
S(z,2,2" ... 2") = S(zyu,u . u", 2 2 2"
- S(z,u,u w2
= S(z,u, /U u™, 2™, 2 2

— S(z,u, v " w2 2T 2)

Here the connecting signs must correspond, but must be reversed between
the terms that run backwards.

If ¢ is an integer = a + bi, then, when opposite connecting signs are oppo-
site,

S(z,2, 2"+ ¢ 2+ ¢) = [ba’ — ay'] — [bx — ay]

Here, if bz’ — ay/’ is itself an integer, that integer must be taken for [bz’ — ay/]
when the connecting sign between 2’ and 2’ + ¢ is +, but 1 or % less when
this sign is — or %; the reverse applies to bz — ay.

The formula holds only when a and b have no common divisor; if their
greatest common divisor is = h, the expression to use instead is

br' — ay’ br — ay
p| 2 |
e

11.

Let us now turn more closely to our subject itself. If, for the modulus m =
a+bi, the numbers f, f/, f”, etc., are such that, first, they are all incongruent
to one another modulo m, and, second, every integer must necessarily be
congruent to one of them, we call the collection of numbers f, f/, f”, etc., the
system of primitive residues of m. Their number is always = aa + bb.

12.

The system of primitive residues can be formed in many ways. The sim-
plest is to choose the points inside the square 0,m, (1 4 i)m,im, but the
following must also be included:

1. the point or quantity 0;

II. all points on two boundary lines that are not opposite one another.

Instead of taking all points on one of the 4 boundary lines, one can also take
them on several at once.

This choice of points on the boundary lines, if any lie on them, can be made
in several ways that satisfy the above conditions. The following method is
the simplest.

On the boundary line 0, m, take all points between 0 and %m, inclusive,
and on the boundary line 0, ¢m all points from %zm to ¢m, exclusive; proceed
similarly on the other two.
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These two methods can be represented visually as follows:

(L+i)m (1+1i)m

13.

If the following are excluded from the primitive points:

I. only the point 0, when «a is even and b odd, or the reverse;

IL. the points 0 and (1 +¢)m, when a and b are both odd;

1

ITI. the four points 0, %m, %(1 + i)m, 3im, when a and b are both even,

we call the remaining points proper primitive points and the excluded ones
improper. The number of the former is therefore

in case I = aa+bb—-1
II = aa+bb—2
III = aa+bb—4

and is thus always divisible by 4.
14.

These proper primitive points can be divided into 4 classes F, F’, F" F"
so that
iF=F' F'=F" GF'=F" G4F"=F
~-F=F" —-F=F" —-F'=F —F"=F
—iF=F" —F'=F —F'=F —iF"=F"
The following extremely important theorem now holds.
Let M be a number with no factor in common with m. Of the numbers
MF', the number belonging to the class F' is n,

F/ n/
F/l nl/
F/// n///

and let the least residue of n’ 4+2n” +3n” modulo 4 be = N, so that N equals
one of the 4 numbers 0,1,2,3. Under this assumption, N is independent of
the way the primitive residues are distributed into classes. We call it the
decident of the biquadratic relation of the number M to m.
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15.

The simplest distribution is certainly the following:

(1+i)m
I

m F/// m
F
0

In particular cases, however, another distribution may be more advantageous.

16.

If f,f', f”, etc., are all the primitive residues of the modulus m, then

Sz+L, 2+ L 2"+ L ete)

m’ m’ m’
+S(z—|—]%, z'+’%, z”+’%, etc.)
+S(z+ %, 2+ J%/, 2"+ %/, etc.)
+ etc.

= S(mz,mz',mz2", etc.
17.

Theory of the biquadratic residue 1 + 1.

The modulus must have no divisor in common with the residue. We therefore
assume that one of the numbers a and b is even and the other odd. The
following diagram shows the distribution of the proper primitive residues
into the four classes:

(1+1i)m
F, I F// (1 3
Lt 3 |
m o > im m 4 4 (% + %z)m
F )
A2 %m (% + %z)m
0 0
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Count towards n all numbers on
the line 0. .. %m number =g
Towards n’, all numbers on

the line 0... (% + Li)m number = ¢’

=

Towards n”, all numbers inside

the triangle $m,m, (5 + 2i)m number = h
Towards n'”, all numbers inside
the triangle 0, 2m, (3 + 2i)m  number =1’
and also all numbers on
the line (3 + 2i)m.. (3 + 2i)m number = g”

We always have ¢’ +¢” =g, aa+bb=p, 2(p—1)=g+g +g"+h+H.
The decident is therefore
D = S(0¢4), gm, (5 + 50)m()) + 5(p — 1) + 29"
Now suppose that, for the modulus m + 1 + 4,

g changesto G

g/ G/
g// G//
h H
n H'
then we have
AS(0¢4), 3m, (5 + 5i)m(-))
= +5(0(4 ,(%—i—%z m, (3 + 3i)m + i)
= S04y, 3 gm + 3 + 5i(-)

1
= S(gm, (5 + z
The last of these S is
= [3(a=b)] = [3a] = S((5 + 30)m, ym, ym + 3 = 3i)
whether a is odd or even
- [ba—b) - [3a] - 5
= [3a—] - [k



On the Theory of Biquadratic Residues

Thus

+ 25001y, (5 + 50)m, (5 + 3i)m+iy) +a+b+1
— 2504y, sm, sm + 5 + 3i(y) — 2¢" +2G”
All the connecting signs apply to the case where a —b is positive; otherwise

take the opposite signs.
We further split S(0(4), (3 + 3i)m, (5 + 2i)m + i(—y) into

+ [3(a = )] = [§(a - )]
= S((3 + g0)m, (3 + 3i)m, (3 + i)m — i)

The last part

= —S(3+3i), (1= Ym+ 5+ 3i, (-3 — 3i)m+ %H))
= = S(—4 ~ i G+ 40m = — 4i. G+ dim—4,)
= = 8(=3 = gic, (3 T gm =3 — 50, (3 +g0)m =3 ) +¢" -G
= S(0¢4), (3 + 3iym, (3 + Liym + Li())

— S(0¢4y, 3m, 5+ 5+ 5iy) + 9" = G”

Increasing the modulus by 1 — ¢, —1 4 ¢, —1 — ¢ requires no separate inves-
tigation, because the moduli m, im, —m, —tm evidently have equal decidents.

We therefore have the following theorems:
If the modulus and its decident are a + bi, = D, then the following moduli
have the indicated decidents:

a+1+(b+1)i| D+a+b+1+[3a]+[3(a—b)]—2[L(a—0)
a+1+ (-1 | D+a—-b+1+[-1b]+[-1(a+0b)]—2[—1(a+D)
a—14+0b+1)i| D—a+b+1+[3b]+ [3(a+b)] —2[:(a+0b)]
a—1+(b-1i|D—a—-b+1+[-L1a]+[3(b—a)]—2[3(b—a)]
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This also gives

or when a is
odd
_ a—=b—-3 1 _ a—=b
o2t D 2= 1 2[1d] 2[747]% D tmat
_2[ a4 2]
D+ 2=348 4 9[—1a] — 223
a—2+bi e 2a]_2{aib]2} D
D — atb=3 4 orly _ gratb
a+ (b+2)i 2 20! [fb},Q D+ tb=2
_2[‘14
D a+b+3 2 _ 1 —9 —a—b
a+ (b—2)i T 2l [ij
_2[ 4 }
a+2+b+2)i| 2a—b+14+D orD+b—-1
a+2+(b—-2)i|-a—-20+1+D D+a-1
a—2+b+2)yi| a+2b+14+4D D—-a-1
a—2+(b-2)i|—-2a+b+1+D D-b-1

a+4+bi D+a+b a+8+bi|D+2
a+(b+4)i | D—a+b
a—4+bi D—a-b
a+((b—4)i | D+a—b

a+4+ (b+4)i| D+2b
a+4+(b—-4)i | D+2a
a—4+(b+4)i| D+2a
a—4+(b—4)i| D+2b
The result of the preceding investigations is therefore as follows: For the
modulus m = a + bi, where a is odd and b even, we have

-
D' = L(—aa+ 2ab+ bb— 8b+ 1)

m
(and if a 4+ bi = 14 (2 + 2i)(a + Bi))
or %(—aa—i— 2ab —3bb+ 1) = —(a — B)? —

B

-
D#: L(4-aa + 2ab — bb — 8b — 1)

8
or %(4aa+ 2ab+ 3bb — 1)

1=
D ! :é(—aa—i—Qab—i-bb—l—l)
m
=f+aa+2a8 — 8= B+ (a+ )
D +Z:%(+aa—|—2ab—bb—1)
m

a+aa—2af—pBB=—a—(a+p)?
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2
D= =1
m

7
DY = YNaa+bb—1
- i(aa + )

Nl

D— =3(aa+bb—1)
m

N[ =

General theorem on decidents.
Let A, B,C, etc., be distinct (odd complex) prime numbers, none of which
divides the number M then
M M M

M
D———— =aD— D— D— .
T BACT D o A—i—ﬁ B+'y C—i—etc

Milaa+bb—1) — ;Do (mod. (a + bi) if a + bi is a prime number

1+
DAY~ Y(—aa+ 2ab— 30+ 1)
m
= —5B@-b)F(a-bF1) ifa=}
1
D=—" = L(+aa + 2ab+ 3bb — 1)
m
11—
D=——" = L(~aa+ 2ab+bb+ 1)
m
=ia-bF1)(a—bF3) ifa==+l
14
D +l:%(+aa+2ab—bb—1)
m
In general, m = 1 mod.(1 + )
147 1+41i)(m* -1 11
Di:—Real part( +1)(m ):Imag. coeff. m -
m 16 8+ 8t
1—i 1—d)(m*—1 -1
DTZ:—i—Real part( Z)Yg ):Imag. coeff. Tg_&,
1+ (mod. 16)
a b
0 2 46 8 10 12 14
110 3 30 2 1 1 2
3133 021 1 2 0
511 2 03 3 0 2 1
712 03 30 2 1 1
912 1120 3 3 O
11 1 2 0 3 3 0 2
313 0211 2 0 3
15/0 2 11 2 0 3 3
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18.

Theory of the biquadratic residue —1 — 21.

Let the modulus = m = a + bi be such that a is odd and b even; we also

assume that it is a prime number.
The following diagrams represent the decident; their identity is easily seen:

1
0 2
For brevity, we denote S(z,z + o, + o + B,z + ) by [z, a, 5], so that

[z,a, 8] = —[2,8,a] = [r + @, B, —0]
=—[z+a,—a,p]
=x+a+ b, —a,—pf]

—[z+a+B,—5,—a]

If we also put

m —a—2b+—b—|—2a, 0
= 1 =
—2 — 43 10 10

then the decident consists of the following eight parts:

I=1[0,3, —iQ)]
—2IT = — [o,é, ]

III = +[Q, 3, —iQ)]

IV = +[-iQ, 3, Q)
-3V = -3(Q, 3, Q)]
—3VI = -3[2Q, 3, —iQ)]
+2VII = +2[(1 - 9)Q, 3, Q)
+VIII = +[0, 3, 3im]

If ' denotes an arbitrary elementary residue of the modulus —1 — 2i, then
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Thus, for F' substitute 0,1,7, —1, —i; we have

0= |0, Q,ZQ] =IX
[2Qa 277/@] =X
+[2i0, 2,7,@] —XI
+[—20Q, 2,1@] = XII
ne 21@, 2,ZQ] — XIII
—[0,-% — i, 3im] = -XIV

Add this to the preceding value of the decident. Combining them gives
the following results:
(1) Since (1 +2i)@ + 3 is an integer, we obtain
XI= [_Q - %7 %7 ZQ] = _[_Q7 _%72Q]
and hence
M+XI=0
(2) We combine IV, -3V, X, XIII as follows:

IV:+[_2Q+%Z>%7Q] [ 2ZQ_§a§Z> Q]
V, = _[2Q7+%> _Q] = _[_QZQv _§ ) Q]
XII = [-2iQ, §,iQ)]
Thus the entire result from these parts is
— 4V
R(=2iQ) — R(~iQ) — I(~2iQ) + I(~iQ)
—Sq. [-2iQ — 1 + 1]
+Sq. [-2iQ + 1 — 1i]
(3) Combining I, =211, —3VI, +2VII, +1X, +XII gives
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= +41 — 411 — 4VI + 4X1I
— I(31) + I(—iQ + i) + 10 — I(—iQ) — 2R0 + 2R(—iQ)
+28q. (—iQ + 1 + 1)
=41 — 411 — 4VI + 4XII
+ R(—1 - 2i)Q — R(-2iQ) — I(—iQ) + 2R(—iQ)
+28q. (—2iQ + % + 19
All this together therefore gives
+ 41— 411 — 4V — 4VI + 4XIT + §(a — 1) — 3b
+8q. (—2iQ + 1 — 1)
+2Sq. (—2iQ + % + 11)
—Sq. (—2iQ — %+ + 1)
Finally, VIII — XIV = %(a -1+ %b. Thus, since the three square parts
equal the decident of "5, we obtain

19
' — 4 -1+ Dec. Q. E. D.

m -1 -2

Dec.

The proof can probably be simplified considerably further by the fact that

%(1+i)m (=1+i)m
1424
Dec. =
m

0

19.

The following has been found by induction:
a—>bi aa+2ab—1 B
Dec. b 1 , a=1 (mod. 4)
2ab + 2bb — 1
=%t a;— , a+bi=1 (mod. 2+ 2i)
The following is connected with this: Let aa + bb = p (a prime number),
a =1 (mod. 4)

then

a=-9, f=—v if%bisodd
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+apf =i, 88 = 2b, g = 2a,
; _,_Baﬁ =/a, %ﬁ(l —af) =a

It therefore remains only to determine the decidents for real residues.

ait  pilea-1) = (mod. (aa + bb))
if a=1)(mod. 4) beven aa+ bb prime

If only real numbers are to be used, the matter comes down to the following
main theorem. Let a — 1 be divisible by 4, and b by 2; let a and b have no
common divisor, and let k denote the numbers 1,2,3...aa + bb — 1. Let

o« the number of all values of k£ for which the least residues of ak, bk,
aak, abk all lie between 0 and 3(aa + bb)

8 ak,bk, aak,—abk
v ak,bk, —aak, —abk
6 ak,bk,—aak, abk

Then B + 27y + 36 — (aa — 1) is divisible by 4.
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[IL]

PREPARATIONS FOR THE GENERAL THEORY
OF BIQUADRATIC RESIDUES.

(1)

Let P = x+1iy, where neither = nor y is an integer. We denote the number
+1 by LP,L'P,L"P,L" P, according as P lies in the first, second, third or
fourth quadrant (in the first and second quadrants [y] is even, in the third
and fourth odd; in the first and fourth [z] is even, in the second and third
odd). In all cases where these symbols are not = 1, they are assumed to be
= (0. We then have the following 24 relations:

L(P+1)=L'P LP+i)=L"P L(P+1+i)=L"P
I(P+1)=LP L(P+i)=L"P L'(P+1+i)=L"P
L'(P+1)=L"P L'"(P+i)=L'P L'"(P+1+i)=LP
L"(P+1)=L"P L"(P+i)=LP L"(P+1+i)=L'P

LiP=L"P L(-P)=L"P L(-iP)=L'P
L'iP=LP [L/(-P)=L"P L'(—iP)=L"P
L'iP=L'P L'(—P)=LP L'"(—iP)=L"P
L"ip=L'"P L"(—P)=L'P L"(—iP)=LP

(2.)

By PP’ or z we denote a line beginning at P and ending at P’. It need
not be straight. We assign a positive and a negative side to every straight
line drawn from 2x 4 2iy to 2x + (2y + 1)i (where x, y range over all integers);
we choose the right side as positive and the left as negative. By Tz we denote
the number of all intersections

of the line z with the lines just described, counting positively those where
z passes from the negative side to the positive, and negatively the others. We
also put

Tz—T(z—1)= 95z
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(z—1is a line parallel to z, going from the point P—1 to P'—1). Evidently
we need only add to the above system the lines drawn from 2z + 1 4 2yi to
2x + 1+ (2y + 1)1, regarding their left sides as positive and their right sides
as negative, to recognize in Sz the number of all intersections of z with this
double system of straight lines. We further have

T(2) +T(z +1) = [32] — [32']
S(z+1)=-S5z
S(z+i)=—-Sz+LP+L"P—LP —L"P
S(z+1+4+i)=Sz—LP+L"P+LP +L"P
Siz =Sz — LP+ LP’
S(—2)=8Sz—LP—L"P+LP +L"P
S(—iz)=Sz+L'P—L'P

1.

We consider two kinds of points in the plane: first, those corresponding
to integers; second, those determined by multiplying integers by the quantity
Q = 537 We can distinguish them by calling them points of the first order
and points of the second order.

2.

Joining each point of the second order to its four neighbours by straight
lines, which we shall call ligatures, divides the whole plane into infinitely
many squares. The points of the first order lie partly inside these squares,
partly on the ligatures between their

endpoints, and partly at the endpoints of the ligatures, the last case oc-
curring when they are also points of the second order. If £Q) is such a point,
then, provided m, M have no common divisor and are both odd, £ must be
divisible by M.

3.

For ligatures we can also distinguish the starting point from the endpoint,
and thus PQ from QP, or in some cases set this distinction aside. We call
two such ligatures opposite. In general, the most convenient way to denote
ligatures is by their starting points and endpoints, which may if desired be
enclosed in brackets. The ligature opposite to a given one shall be indicated
by a double overline: QP = PQ.
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4.

Each of the squares in question is enclosed by four such ligatures

{kQ, (k +1)Q}, {(k+1)Q, (k +1+14)Q},
{(k+14+9)Q,(k+9)Q}, {(k+1)Q,kQ}....Q

to whose right it lies. Here it is important to consider the form of the number
k. We distinguish four kinds of squares according as k = 0,1,1+14,¢ (mod. 2),
and use the numbers 0,1, 2,3, which we call the respective intensors of the
squares.

5.

We assign to the ligatures the same intensors as those of the squares lying
to their right.

6.

We must now consider another, larger square ', namely the one obtained
when the square indicated in 4 for k = 0 is multiplied by M: it is therefore
bounded by the straight lines pu, p’, i, u”

{0,im}, 3m, 31 +i)m}, {3(1+i)m, Lim}, {3im,0}
It consists of complete squares €2 and pieces of such squares. Add up
all points of the first order inside it, taking for each point the intensor of
the square  in which it lies. This sum, or its least residue modulo 4, is

called the decident of M for the modulus m, and determines the biquadratic
modality of M with respect to this modulus.

7.

We divide the square ' into 5 pieces as follows. Join the point 0 to
%(1 +4)(m — 1) by the line A\, which is to run entirely along ligatures inside
Q. Let

sm4ix=XN, F(14+im—-A=X', Zim—ix=\"
These 4 lines therefore run from the corners of the square 2 into its interior
and end at the four corners of the innermost square. Its intensor will be 0 if
m =1 (mod. 2 4 2i); let the ligatures of this square be v,/ " 1",
The 5 pieces will therefore be bounded by

L ... u N, 7, hy

I ... W, N v, N
ML ... @', N, o7, N
IV, WA VN

V. the inner square v, v/, v", V"

The decident is therefore the enumeration of all points of the first order in I.
1. II1. TV.
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8.
For brevity, the intensor of any point shall mean the intensor of the square
in which it lies, and shall be expressed by a prefixed Y.
9.
The decident is therefore

SYP+XYP +3YP" +3YP”

where P denotes all points in 1., and so on.

10.

We now also consider the region VI = —iIV, which lies outside €', but
adjoins I along p and together with it forms the region w, consisting of AA +
BB complete squares. If IT denotes all integer points, and II” all integer points
increased by %i, in this region, it is easy to prove that the decident

= YNYII — EYII' + number of all integer points inside VI

— number of all half-points inside V1.

11.

Imagine straight lines drawn from each integer point k to k& + %z’, their
right sides regarded as positive and their left sides as negative. Let [ be a
line, and let S! denote the sum of all intersections of | with this system of
lines, counting positively those where [ passes from the negative side to the
positive, and negatively the opposite intersections. The decident then has the
following expression:

S(Y1. Sl) + %81 — Sp

Here [ denotes all ligatures of the squares in w (always taken so that the
squares lie to their right), and " denotes the ligatures on the boundary of the
figure w between 0 and %m, hence outside Q.

All ligatures [ consist of

1) U
2) 1", the boundary ligatures inside ', hence X, 7, i;

3) 1", which lie in the interior of w.
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If [ were allowed to range over all ligatures inside w or on the boundary of
this figure, insofar as they start at points 5—]\"} such that k is divisible by 1+,
the decident would be

=Xa.Sl—-Su

where o = 1 for all ligatures in the interior of w;

a =TI+ 1 for all boundary ligatures outside " whose direction follows the
boundary running from 0 to %m;

o= —(Ti + 1) = =71 for all those on this boundary running in the opposite
direction;

a = Y1 for all boundary ligatures inside € directed towards 0;
a = —YI+1 for all boundary ligatures inside Q' directed away from

0.

12.

We can now combine all the [ that occur (in the last manner) in pairs,

namely [ with %m — [, which we shall call associated ligatures. A single one
is excepted, standing isolated or identical with its associated ligature, namely
the one running from

1 m 1

m
2M

For associated ligatures, « is always the same.
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[ITL.]
THEORY OF BIQUADRATIC RESIDUES.

1.
The least residues for the modulus m = a + bi are the complex integers
p = o+ i for which £ = x 4 yi has = and y positive and less than 1. The
residue 0 is included as well”). Their number is = aa + bb.
2.

If aa + bb is odd, aa + bb is of the form 4n + 1. On excluding the least
residue 0, the others fall into four classes. In the first class f we place those
for which x and y are less than %,

the second  f’ Wherle x > %, y < %
third f// r >3, Y>35
fourth fox< g, y> 5

All the residues are obtained

f' from if +m
f’ from —f+4+(1+4+i)m
f" from —if +im

3.
Let M be another number with no factor in common with m. Then

M1 =1 (mod. m)

holds; consequently Ma(aatbb=1) i gither = 1, or =4, or = —1, or = —1i, that

is, = i¢, where ¢ represents one of the four numbers 0,1,2,3. In the first
case M is a biquadratic residue of m, and hence also a quadratic residue. In
the third case M is a quadratic residue but not a biquadratic residue; in the
second and fourth cases it is both a quadratic and a biquadratic nonresidue.
We call this €, on which the biquadratic character of the number M with
respect to the modulus m depends, the decident of M for the modulus m.
Induction gives the following beautiful theorem. “If M and m are odd primes
of the form 1 + (2 + 2i)p, where p is an integer, the difference between the
two decidents, that of M for the modulus m and that of m for the modulus
M, is either = 0 or = 2; the former when at least one of the numbers m, M is
of the form 1+ 4N, the latter when both are of the form 1+ 2¢ + 4/N.” This
reciprocity theorem is analogous to the one for quadratic residues among real
numbers alone.

Yand, if a and b happen to have a common divisor e, the numbers =, 2m 3m fe=)m

e’ e e " e
For now, however, we shall leave this case out of the investigation.
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4.

Multiply all the numbers f by M and find their least residues for the
modulus m. If among them there are

belonging to f
f/

f//

f///

2 @ L

then e = f + 2y + 36 (mod. 4).

Proof. Let the collection of those numbers in f whose products with M
give residues belonging to f be g; let the collection of those whose products
give residues from f’ be ¢/, and similarly ¢” . ¢"”’. Then the least residues of

_ig/M’ _g//M, ig,//M

are all contained in f and are distinct both from one another and from the
least residues of the products gM. Consequently the product of all

gM, —ig'M, —¢"M, +ig"M

is congruent to the product of all f, and hence also to the product of all
9,9',9",¢"”. But that product equals the product of all g, ¢’, ¢”, ¢"’ multiplied
by

M . (—=iM)P . (=M)Y . (iM)°

so this last product is =1

therefore MBI (_B(—1)70 =1

or MoetBrrts — iﬁ(—l)y(—i)é = i,3+2w+36

from which the theorem follows directly.

5.

It is easy to decide whether the least residue of a number N for the modulus
m belongs to the class f, f/, f” or f”. If w is the integer contained in %, that
residue is = N — wm and therefore belongs to f, f’, f”, according as, on
putting

N :
— —w=x+1y
m

we have . .
$<?, y<?
l’>?, y<?
$>?, y>?
fL'<§, y>§
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2N

In these 4 cases the integer contained in < - is, in the same order, as follows:

2w

2w+1
2041+
2w +1

It follows that the least residue of N for the modulus m belongs to f, f/, f”, f"”

. o . . .. 9N . .
according as, on writing the integer contained in <= as = § + 7, we have

& even 7n even

£ odd 7 even

£odd nodd

& even 7 odd
6.

The decident of M for the modulus m is therefore found as follows. Find
the integers contained in each of the individual ”TM Writing these generally
as x + yi, disregard entirely those for which = and y are both even; count
one for each for which z is odd and y even, take two for each for which z
and y are both odd, and three for each for which x is even and y odd. Take
the least residue modulo 4 of the sum of all these numbers; it is the required
decident. We express this as

M
Dec.— = 3¥n
m

where [*-=] = x + yi, and we put n = 0 when z is even and y even

1 xzodd yeven
2 xodd yodd
3 zeven y odd

2f M *)
L=,

For brevity we shall denote n by the characteristic ©, n = ©

“To decide which class M belongs to with respect to m, choose those values of k (among
the numbers 1,2,3...p—1) for which [%me] is even, and add 72[%’"/]2. If k is taken only

up to %p, the sum to be taken is

2km’ M 2km’
12+ 1}

p p

-={]

for those values of [W] that are divisible by 1+ 3.
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7. 8.

This rule is general, whatever number M denotes. For the case that will
be the immediate subject of our investigation, where M is assumed to be odd
and of the form 14 (2 + 27) N, a slightly modified rule is more convenient.

Suppose the numbers f are again divided into 4 classes. In the first we
place the (h), whose doubles are also found in f; in the second, k', we count
those whose doubles 2h’ belong to f’; similarly, A” and h""" denote those whose
doubles belong to f” and f”. Thus the decident ¢ is

2hM 2h' M 2n" M 2n" M

We call the collection of all 2k and —2h" +(1+im H

and the collection of all —i(2h' —m) and (2" —im) H'

Thus H and H' comprise all f; the former are the even ones, the latter
the odd ones.

The following relations must also be applied

OiN =1+ 06N
@(—N) =24+ 06N
O(—iN) =3+ 06N
O(N+1)=1-06N
ON+1+4i)=24+6N
O(N+i)=3—-6ON
consequently
@(—Qh’i—i—mi)M *3—6_2h/iM B _@2h/M
@(—Qh”%—m(in—l— i) M _2+@—QZ}’M _@2h”]\n/}
m N m m
(2h"i +m)M 20" i M 20" M
O———=1-06 =-0
m m m
and 2h M 2h'i ) M
I N _@(— i+ mi)
m m
Jr9(—211”—i—m(1 +i)M _ @(Qh’”z'+m)M
m m
!/
_ E@HM B Z@H M
m m
or M
€—Ei@f—
m

where the upper sign is to be taken for even f, the lower for odd.
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9.

Let, in general, f = £ + ni. The numbers £, ) are restricted within certain
bounds by the condition that f be a least residue of m, or that, on putting
% = x + yi, x and y must lie between the bounds 0 and % Definite rules
for these bounds could easily be given by distinguishing the different cases.
If we give n a particular value, £ will in turn have its particular bounds. For

example, if we assume that a is negative and b positive, then, since

x:a§+bn
aa + bb
_an—bg
v= aa + bb

the following conditions must hold:

1. for x to be positive £ < —%17
I. for y to be positive & < §n

I forz < %tohold &> W

IV. for y < % to hold §>W

For positive 7, the second condition already includes the first; for negative
7, the reverse holds. Likewise, the third condition is already contained in the
fourth,
if n<g(a+b)
and conversely if 7 > 3(a+b)
We do not, however, need to consider separately all eight cases that can
occur here. For a particular value of 7, we merely denote the smaller bound
of ¢ by €9, the larger by ¢%, and remark only that at these boundary values

one always has either z = 0,y = 0,2 = %,y = %, and specifically that the
following must hold:

if at the upper bound | at the lower bound
a pos. b positive xz%oryzo szory:%
a neg. b positive |z =0ory =0 xz%ory:%
a neg. b negative szory:% xz%ory:O
a pos. b negative $:%0ry:% z=0o0ry=0

For brevity we shall distinguish these four cases by saying that, in the first,
m belongs to the first quadrant, in the second to the second, and so on.
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10.

We now wish to examine more closely the sum of all i@% for which 7
has a particular value. As £ gradually increases continuously from its smallest
value €9 to its largest €90,

(& +ni)M

=X+Yi

will also change according to the law of continuity. If % lies in the first
quadrant, both X and Y will keep increasing; if % lies in the second quadrant,
X will keep decreasing and Y increasing. In the third quadrant the reverse
of the first case occurs, and in the fourth the reverse of the second. But the
integer contained in X +¢Y will change in jumps, as either [X] or [Y] changes
by one unit. Let the values of £ at which such a transition occurs, that is, at
which either X or Y becomes an integer, be, in order,

5/, é—/l’ é—l/l . 57’1

Here it must be remarked that neither these values nor £° and ¢% can be
integers, except for = 0, when either &% or £%° = 0. Now let

) (E+m)M _ ) (€7 +ni) =¢§  (to be expressed differently)

m m
o +m)M (€ +n)M _ o
m m
etc.
00 . n—1 .
o & +m)M (" +u)M _ o

m m
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Then it is easy to see, since between &° and ¢ there lie [1¢] — [2£°] even
integers and [3¢' + 3] — [2€° + 1] odd integers, and so on, that, considering

only the particular value of n,

el o e e - 15+ 3+ 130+ 1)
& +ni)M
{3~ 31 - 136" + 31+ 3¢ + 3}
. {@(«SO M o
{367 - 13"] - 36" + 31+ ¢ + 1)
{e (50 + ni) M + 8+ (5”}
+ etc. "
{36 - (6" - 6% + 31+ 136" + 1)
.{@W+5’+5”+..+5"}
0+ i
— - () - (0 + 4.0
— (€] - [ +3) -
~ (") - 13" + 2]) 6"
— etc.
— (€ = [5€" +3]) - 8"
(e - (3 4 1)) 0N

(where the upper sign applies for even 7, the lower for odd.)
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The numbers §’, 6", 6", and so on, can have no values other than +1 and —1.
The value +1 is obtained by ¢ when, denoting the values of X,Y belonging

to & by X' Y’,
% in quadrant 1. % in quadrant 2.
X’ even integer | X’ even integer
and [Y] odd [Y] even
Y’ even integer | Y’ even integer
and [X] even [X] even
% in quadrant 3. % in quadrant 4.
X' even integer X'’ even integer
and [Y] even [Y] odd
Y’ even integer | Y’ even integer
and [X] odd [X] odd
Whenever one of these conditions changes to its opposite, § = —1; when-
ever both change, 6 = +1 remains.
11.
The following formulas provide a more convenient overview of these calcu-
lations:
here m = a + bi, aa+bb=d
M = A+ Bi, AA+BB=D
dM
— =a+ G, a=aA+bB, [=aB-—0bA
m
§+m:aj—|—iy, M(x+iy) =X +1Y
m

If n and X are given, then

If n and Y are given, then

_ _«a ay
AL
=3 T
If n and x are given, then
.
X=-814a
Yy =414 6
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If n and y are given, then

d
5. 6= -4
A
0. X =4
_ B g
10 v=251_5
12.

The rule of Article 10 can now be expressed as follows. Giving n a partic-
ular value, we have
M
nt+ol_ K2O(X0 + v%) — k9(X% 4+ v9%) 4+ 3k
m
Here k% = 0 when [¢Y] is even; k° = +1 when [¢Y] is odd and 7 even;
kY = —1 when [¢°] is odd and 7 odd. k% is determined in the same way by
[€99] and 7. Finally, Xk is a sum of as many numbers as there are, between
€ =¢% and ¢ = €9, integer values of X or Y in each case k = 0 when the
corresponding [¢] is even, and = £1 when [{] is odd. The sign is determined
as follows. If X is an integer, then k = 1 when all the following hold:

n  even
X even
[Y] even
% in the second or third quadrant, i.e. a negative
If one or three of these conditions are absent, then k& = —1; if two or all

four are absent, K = 1 remains. If, on the other hand, Y is an integer, then
k = 1 when all, two, or none of the 4 conditions

even
even

| even
in the first or second quadrant, i.e. 8 positive

S < S

are satisfied.

13.

We must now consider separately the cases in which &2 or &% (or
X0, v0 X9 y00) is an integer. There are four cases to distinguish here,
taking a and A to be odd.

I. If m lies in the first quadrant, then for x = %, y=0,n= %b is an integer.
Then Y% = 1B is an integer, and ©(X% +Y%%) will be = ©(3A+ 3 Bi) only
when f is negative. When J is positive, O(3A4 + (3B — 1)i) is to be taken
instead.
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II. If m lies in the second quadrant, then for £ = 0,y = 0 one has n = 0.
For this value of n, X% = 0,Y% = 0. This gives

M
O(X" +Y%) = 2 according as — lies in quadrant 1.
m

3, 2.
0 3.
1 4., and k%0 =1

III. If m lies in the third quadrant, then for = = %,y =0,n= %b is an
integer, for which X% 4+ Y% = %A + %Bi. Then put

OX?+Y%)=0(3A+ (3B - 1)i)

whenever (8 is negative.
IV. If m lies in the fourth quadrant, then for n = 0 put O(X? + Y0 =
0,1,2,3, according as % lies in quadrant 1. 2. 3. 4.; k° = 0.

14.

The preceding investigations now yield the following determination of the
decident.

Collect all values of z and y that lie within the bounds 0 and % and for
which either n and X or n and Y are integers. For each = + ¢y, use the rules
of Article 12 to determine the value of k.

Further, collect all values on the boundaries, that is, where either x = 0
or % while y lies between 0 and %, ory=0or= % while x lies between 0 and
%, such that 7 is an integer and [¢] odd. Determine the corresponding [ as
follows. Let ©OM (z + yi) = +6, with the upper sign for even, the lower for
odd n

then for m in
for | quadrant 1. | quadrant 2. | quadrant 3. | quadrant 4.
y=20 l=-0 l=-6 =406 =446
=3 1=-0 | =46 I =406 l=—60
y=35| l=+0 l=+6 l=—0 l=—0
z=0 l=+0 l=-0 l=-6 l=+0
More briefly,
[ =406,
the sign is the same as that of a if x =
the opposite ifx = %
the same as that of b ify = %
the opposite if y =
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To Yk + X[ one must then add

if m lies in the second quadrant: 2,1,0,3 | according as % lies in quadrant
if m lies in the fourth quadrant: 0, 1. 2. 3. 4.
if m lies in the first quadrant and 3(a — 1) is odd,

O(RA+ (3B —1)i) if B positive
O(3A + L Bi) if 5 negative

if m lies in the third quadrant and %(a — 1) is odd,

—O(3A + §Bi) if B positive
—O(53A+ (3B — 1)i) if B negative.
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[IV.]
1.

Biquadratic residue? m = a + bi; aa+bb=d

Modulus M=A+Bi, AA+BB=D
D
mw:u u=a+pi, a=adA+bB, [=Ab— Ba

E4+mi=m mm=x+yi=p; TM=X+Yi=P
Relations

r=al— by d¢ = ax + by D¢ =AX + BY
y=0bf+an dn=—-br+ay Dn=-BX+ AY
X=A—-Bn dX=ax+py Dzr=aX-pY
Y =B+ An dY = —pPr+ay Dy=pX+aY

B =—Bx+bX = Ay — aY
Bn=—-Ax+aX = —By+bY
af = Ax +aY = By +aX
an=—-Bx+aY = Ay — bX

Those 7 for which £ and 7 lie between 0 and % shall be denoted by 7%, and
the corresponding p and P by p° and P; those 7 for which n = 0 and ¢ lies
between 0 and %, by 7’; those for which & = % and 7 lies between 0 and %, by

7”; those m for which n = % and ¢ lies between 0 and %, by «”; finally, those

for which ¢ = 0 and 7 lies between 0 and %, by .

The decident of 7; is found as follows:

Collect all integer P°; the corresponding z° and y" will therefore be frac-
tional. Let the respective intensors of p¥ be t9, that is, the numbers 0, 1. 2, 3,
according as
even, odd, odd, even

even, even, odd, odd

The required decident is then = ¥ 4 t°, where the upper sign is to be taken
for even P?, the lower for odd.
This is the first method.
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2.

We now wish to arrange the individual P? according to the values of Y.
Restricting ourselves to the case in which a, b, A, B are positive, the smallest
value is given by Y?.. + 1, the largest by 1(A+ B — 1). For each particular
value of YV, the values of X must lie between certain bounds, namely

I. when A — B is positive

if between
Y <1iB — Y
Y =3B -5B
Y>1Band <i4| —BY°
v >14 a2 _ b
II. When A — B is negative,
if between
v<ia -5z
Y>lAand <1 |42 _ D
voip | g
v>ip |4 p
At the lower bounds either £ = 0 or n = 3;

other hand, either n =0 or £ =
are never integers.

N[ ||
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AYO
B
1
5A
BY?
A

__ BY"Y
A

D
+2a

D
+22

and

AYO
B

AY?©
B

1
5A

BY?Y D
4 taa

L. at the upper bounds, on the
. It is easy to prove that the bounds of z
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3.

We now wish to express the partial sums for each particular Y in another
way. At the bounds p will have particular values, which may be denoted by
p*, p**, and while X changes continuously from one bound to the other, p will
pass continuously from p* to p**. But the integer contained in [p] changes
here in jumps, with either the real or the imaginary part always changing by
one unit. The changes occur at the values of X

X, X", X", X"

which are already ordered by size and to which the values of p

// /11

p, . p

correspond.
The last X* can also be identical with X** when (3 is positive, or X’
identical with X* and so on.
The z are increasing here; thus, when z** is an integer, it is counted as z*.
The y are increasing for positive 8; then y** is fully included in the count;

decreasing for negative 3; then y* is included in the count.

Let the intensors of p*, p** be A* and \**

the intensor from p’ up to p”.. A+ ¢
p// up tO p/// . A* + 5/ + 5//
ptoup top™ .. N+ +8. o=\

Then the partial sum, insofar as Y is even, becomes

= Mg =)+ N+ = 1)
+ (}\* +5/+5//)(gll _ h”) +etc. +>\**(gy _ h,u,)

where g denotes the number of even X° from X* to X', and h that of the
odd ones.
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4.

This formula can also be expressed as follows:
A{EX" = 3] - [5X7T}
+0{[3X" = 3] - [3X']}
+ 5//{[%){// _ %] o [%X”]}
+ etc.

F XY - ] - [X0])

or by

Ne* 4+ 8 + 87" + ete. 4+ SHet — NFe*

where in general e =0 if [X] odd

and = —1 if [X] is even and Y even
+1 if [X] even and Y odd.

For 9, on the other hand, the values are

positive

if z an even integer, [y] even -1
[y] odd +1

z an odd integer, [y] even +1
[y] odd -1

y an even integer, [x] even -3
[] odd -1

y an odd integer, [x] even +3
[x] odd +1
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-1
+1
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5.

From this we derive the following second method of determining the deci-
dent.

I. Collect all combinations of integer values of Y and x having the following
properties:

1. that £ = A{%by lies between 0 and %, with the second bound included;
2. that n = W lies between 0 and %, with the first bound included.

II. For these calculate

X:D:U—i-ﬂY
Q

Bx 4+ dY

Yy=—"
o

III. Omit all those for which [X] is odd, and divide the remaining ones, for
which [X] is even, into two classes;
in the first class put those for which, simultaneously,

Y even, x even, [y] even
or where one of these conditions holds;

in the second class, those for which two of these conditions, or none at all,
hold,
or in I. where [Y + z + y] even
II. where [Y + x + y] odd

and call the excess of the number in the first class over that in the second c.
IV. Collect all combinations of integer values of Y and y having the fol-
lowing properties:

1. that & = ,%Tay lies between 0 and 3, with the first bound included

when ( is negative, the second included when g is positive;

2. that n = % lies between 0 and %, with the first bound included

for positive 3, the second for negative.
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V]
[1.]

Modulus M =A+ Bi AA+ BB =D
Residue m=a+0bi, aa+bb=4d
mD

W:u:aJrﬁi:aAerBqL(Abea)i

E4+mi=m, mm=p=x+yi; TM=P=X+Y1
w is an undetermined infinitely small real positive quantity.
[2.]
Preparation.

I. Collect all 7 for which

. 1
§ nonnegative and no greater than 5

71 positive and less than %
Either = or y is an integer

Either X or Y is an integer
and, for each 7, determine the quantity € by the following rule:

Let p° be the nearest integer divisible by 1 + 14 to p
P be the nearest integer divisible by 14 ¢ to P

and put € = +1, where the sign is always the same as the sign of the imaginary

part of the quantity
0
p—p .

The following are the special rules. First class, z and X integers

B¢ = —Bx +bX
Bn=—Ax+aX
By = —ax +dX
BY = —Dx + aX

e = —1 when S is positive, x even, [y] even, X even, [Y] even, or when
only an odd number of these conditions holds.
€ = +1 when none or an even number of these conditions holds.
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Second class, y and Y integers

fE = +Ay —aY
Bn=—By+bY
Br =4ay —dY

BX =+Dy—aY

e = —1 when f is positive, [z] even, y even, [X] even, Y even, or when an

odd number of these conditions holds.
€ = +1 when none or an even number holds.

Third class, y and X integers

af = +By+aX
an = +Ay — bX
ar = —py +dX
oY =+Dy— X

e = —1 when « is positive, [z],y, X, [Y] are all even, or when an odd number

of these conditions holds.
¢ = +1 when none or an even number holds.

Fourth class, x and Y integers

af = +Ax +bY
an=—Bx +aY
ay =+0x+dY
aX =+Dx+ Y

e = +1 when « is positive, z, [y], [X],Y are all even, or when an odd number

of these conditions holds.
¢ = —1 when none or an even number of them holds.
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[3.]
II. Collect all 7 for which

e 1
§ positive and less than 5
n=w

and either X or Y is an integer,

and put € = %1, taking the sign of the imaginary part of

M
P—po

Special rule: first class, X an integer

A =+X + Bw
Axr = +aX — fw
Ay = +bX — aw
AY = +BX + Dw

¢ = —1 when A is positive, X and [Y] are even, or when only one condition
holds.

€ = +1 when none or two hold.

Second class, Y an integer

B¢ =+4Y — Aw

Bx = +aY — aw
By = +bY — fw
BX =+AY — Dw

e = +1 when B is positive, [X] and Y are even, or when only one condition
holds.
¢ = —1 when none or two hold.

334



On the Theory of Biquadratic Residues

[4.]
III. Collect all 7 for which

¢ and 7 satisfy the same conditions as in II;

either x or y is an integer,

and put € = £1 with the sign of the imaginary part of
m
p—p°
Special rules: first class, « an integer

al = +x + bw

ay = +bzr + dw
aX = +Ax + fw
aY = +Bx + aw

¢ = —1 when a is positive, z, [y] are both even, or when only one condition
holds.

€ = +1 when none or two hold.

Second class, y an integer

b = +y —aw

bx = 4ay — dw
bX = +Ay — aw
bY = +By + fw

e = +1 when b is positive, [z] and y are even, or when only one condition
holds.
€ = —1 when none holds.
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[5.]
IV. Collect all 7 for which
e=}+1o
71 positive and less than %
X or Y is an integer,

and put € = &1 with the sign of the imaginary part of
iM
P— PO

Special rules: first class, X an integer,

2Bnp=+4A—-2X + Aw
2Bxr = -3 + 2bX — Bw
2By = +a — 2aX + aw
2BY =+D —2AX + Dw

¢ = +1 when B is positive, X, [Y] are even, or when one condition holds,
€ = —1 when none or two conditions hold.
Second class, Y an integer

2An=-B+2Y — Bw
24Ar = +a — 2bY + aw
2Ay = +B + 2aY + Pw
2AX =+4+D —2BY + Dw

e = +1 when A is positive, [X],Y are even, or when one holds;
¢ = —1 when none or two conditions hold.

336



On the Theory of Biquadratic Residues

[6.]
V. Collect all 7 for which

&, n satisfy the same conditions as in IV,

and where x or y is an integer,

and put € = =1 with the sign of the imaginary part of
m
p—p
Special rules: first class, z an integer

2m = +a — 2z + aw

2by = +d — 2ax + dw
2bX =+ + 2Bz + fw
20Y = +a — 2Ax + aw

e = 41 when b is positive, x, [y] are even, or when one condition holds;
€ = —1 when none or two conditions hold.
Second class, ¢ an integer

2an = —b+ 2y — bw

2ar = +d — 2by + dw
2aX = +a — 2By + aw
20 = -3+ 2Ay — fw

¢ = +1 when a is positive, [z],y are even, or when one condition holds;
€ = —1 when none or two conditions hold.
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[7.]

The first method now gives the following result:

4 decident =1 3¢ from all
—4%e from those where y integer [x] even
II. —%¢ from all
+4%e from those where [z] even [y] odd

IV. +4X¢ from those where not both

[x] and [y] even

+Q
Here
for A B| Q=
+  + | —Intens. +uwi + Int. %m — pw
+  — | —Intens. +uw + Int. %mz — pwi

— — | —Intens. —uwi — Int. %m + pw

—  + | —Intens. —pw — Int. %mz + pwi

The following table represents this:

a B A B| A B| A B| A B

+ +|+ - - -] - +
+ 4+ +2 0] 0 2|3 5|3 -5
+ - 0 +2|-2 0|-5 —3|—-1 -3

- — | =3 —1|-1 +1|-4 —2| 0 -2
— 4| +1 —1]|-1 +1| 0 —2|-4 —6

even, odd

The first part of
2Q .. —3— (aBAB) + (Aa) + (AB) + (Ba) — (Bp)

The whole 2@ for

il Lodd  —344(4)— (B)— (B) + (a4) + (aB)
+ (BA) — (BB) — (aBAB)
m2— L even —3+42(A)+ (B)+ (8) + (al) + (aB)

+(BA) = (BB) + 2(BAB) — (afAB)
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Example

m=+3—2i| 13 (1+i)M+(—24+i)m=1

M=-1-06i|37 mM = —15 — 16¢

w=—+9+ 207
+4 4137 | +38 + 314 +1 -1
+5+ 71 | 4294 114 0 +0
+64+¢| +20—9¢ 0—1 -3
+10 + 147 | +58 4 224 +1 +1
+114+ 8¢ | +49+4 2 +1 -1
+12 4+ 23 | +40 — 183 | +1 — 4 +2
416 + 157 | +78 4+ 134 +2 -0
+174+91 | +69—7i | +1—1 +2
+18 4+ 37 | +60 — 273 | +1 — 1 -2
decident = —2

I.. +1 0

II.. 0 —4

Iv.. 0

Q= -5
-8
Good
I

x| X |206|20n | 20y | 20Y €
+1 0 6 1| -9 -37| -1
+1 4 41 44| -28| -1
+2 2 71 +17] =19 -1
+2 | +1| 10 5| =5| —-65|—1
+2 8 8| +8| =56 | +1
-3

y| Y |20¢]|20n ]| 202 | 20X £
0| —1] 3| 2|+13] +9| +1*

-2 6 41426 +18 | +1

-3 9 6| +39 | +27| +1
+1|-1 2 8| +22| +46 | +1
+4

(+1)

y| X119 |9 | 9z | 9Y €

O|+1| 3] 2[+13|-20| +1
—2| 42| 0| 3| +6| -3| -1*
0(=1)
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II

IIT

v

We now wish to examine the result of I more closely.

combinations:

x
+1
+2

Y | 6] 6x 6y
—1|+1

1] 1
3| 4

9X
+17
+14

Y 19|90 | 9y
3| +7

3| +1

... +1(0)

6X
+3+9w | =2 | —1

-2 +2 | +6+9w | -4 | -2

T
+1

X | 12n

0] +1
+1| +3
+2| +5

T
+2

Y
0

3¢

dn | 4y | 4X
+1

3X
-1

3y 3y

-2

1

122 12y
+20 4+ 20w | —9
+24 + 20w | —3
+28 + 20w | +3

—1|+4+4—20w

6n | 6z
+2 | 413

6X

6Y
+9

—20

8]

19, when = and X are integers. Here

B¢ = —Bx +bX
Bn=—Ax +aX
By =—ax+dX
BY = —Dx + aX

340

—6 + 9w

12Y
—37
-39
—41

4V
—13

-1
+1

9
—1*
+1
0(=1)

e

-1

€
+1

—1*
+1*
-1
—1(0)

€
+1

There are four
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Let 3% and Y be the absolutely least residues of —ax + dX, —Dz + aX
modulo 8, and By = By’ +4°, BY = Y’ + YO, and put
Bu = —By® + by v = 4au — bt
Bt=—-AyP’ +a¥Y’ Y'=+Au- Bt

Then ¢, u will be integers, namely

—u+ti=M@+y'i)—m(X+Y')"
i(t +ui) = Mi(y' —y) —mi(Y' = Y)
and then € = —1 when

t +u is even, 3,9%, Y positive, or when two or none of the conditions holds;
otherwise € = +1.

We put
t+ui =460 when y° and Y both positive

—60 Y and Y both negative

+60' oY positive Y negative

—0" 40 negative YV positive
to each divisible by 1 4 ¢ 0 there then corresponds ¢ = —1
to each divisible by 1 + i o' e=+1
to each not divisible by 1 +4 6 e=+1
to each not divisible by 1 +1¢ 6’ e=-1

provided that § is positive.
For negative 8 the rule is reversed.

| X| 0| Y| t+wi 0 0] ¢
+1| 0|-9|4+3| 0—-3: 0+3:|—1
+1|4+4|—-8|—-1+2 —142¢|—1

+2 | -3|+1 0—1 O+2]—1
+2|+1|-5|—-5| —1—12| +1+12 -1
+2 1 +8 | +4 | +1+2¢ | +1+ 22 +1

[9.]
20 when y and Y are integers. Here let 2/, X’ be the nearest integers to

and X, and
0 0
;X ;X
r—2 =—, X-X =—
p p
and put
Bt +ui) = =Mz’ + mX® = —Mp° + mP°,

t+ui = Mp —mP’
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that is,
Bt = —Az" + aX° 20 = —bt + au
pu=—Bz' +bX? XY= _—Bt+ Au
Then
e = —1, when 3 positive, 2° positive, X" positive, t + u even
etc.
We put
better
t+ui=+60 when 2° and X° positive +6"
= —0 when both negative -0

= +6 when 2 positive, X" negative —6
= —¢ when 2" negative, X° positive +6

where the same rule for € will hold as above.

y| Y| 2| X t4+wui| 6 0| €
0|—-1|-7|49|+1—3¢ —1+3:|+1
2|46 -2 0422 04+2¢|+1

3| -1|4+7| +1—1 —14+12|+1
+1|—-1|+2| 46 +1|+1 +1

It can now be proved

1) That all 6 obtained from (1) and from (2) are distinct from one another.
Call their collection O.

2) That all @ = T 4 Ui have the property that

—bT + aU
—BT + AU

are positive numbers less than % G.

3) That if T,U are two integers satisfying the conditions just mentioned,
T + Ui is certainly in ©.

(How, then? It is based on the above equation *.)

4) The same holds in a similar way for §’, whose collection ©’ will consist
of those numbers 7" + U’i for which

—bT" + al’
—(—=BT"+ AU")

are positive numbers less than % 5.
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In our case

0| ¢ o' € 0" || 0"| €

+1|+1 O+ |—1||4+2—d|+1}| +1|-1
+14+4|—1 O+2¢ | 4+1||+3—2¢| -1 +2|+1
+142¢|+1 0+4+3:|—1
144 +1
—1+2i|—-1
—1+3i|+1

Here
0=—M-+.m

0 =—.M—.,m
0" = +.Mi+ m
0" =+, Mi— .m

[10.]
3%, y and X integers. Let 2/, Y’ be the nearest integers to z and Y, and
0 PO
¥ 4yi=p, X+Yi=P; p—p/:p—, P—P ="—
Q@ Q@
and put
Mp° PY
i(t+ui) = Mp/ —mpP' = — 22 ™
@ Q@
M2z0  miY? .
=— + that is
Q@
at = —Bz" +aY? then 2° = —bt+au
ou = +Az® +pY? Y%= +At + Bu
Then
e = —1, when «a positive, 20 positive, Y positive, ¢ + u even etc.
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We put

better
t+ui =—+60" when 2¥ positive, YV positive  +6’
= +0" when 20 positive, Y0 negative —6"
—0” when z° negative, Y negative —6’
—0"  when z° negative, Y positive 46"

Thus, for each 6" ... e = -1
0" ... e=+1

provided that 6” or 6" is divisible by 1 + i and « is positive.
y| X 20| XO| ¢t +wi 0" 0" | e

O|+1]+4] -2 +2 +2| +1
+1|+2[-3|-3|-34+i|+3—i ~1
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[11.]
Class 4, x and Y integers. With assumptions similar to those in 3, put
M 0 PO
—(t 4 ui) :Mp'—mP’:——p—i—m
« «
Miy® mXO
=— +

« «

at = —By® — aX?° Y = —bt + au
au = +Ay° — bX° X% = _At— Bu
Then

e = +1 when « positive, y° positive, X° positive, t + u even etc.

We put
t+ui = +60" when y° positive X° negative
+0"  when y° positive X° positive
—60" when 3° negative X° positive
—0"  when 13° negative X° negative

For ¢ the rule then holds (as above in 3), provided that « is positive:

divisible o"

e = —1 for each (divisibility by 1+ ): { ot divisible 9"

divisible o

e = +1 for each (divisibility by 1 —1): { ot divisible 0"

z| Y| 0| XO) t+wi 0" 10" e
+1|-1|-2| -1 -1 +1] -1
2| 3| 41| 4| 42—i|l+2—i +1

The collection of all §” from 3 and 4, which we denote by ©”, therefore
consists of all numbers T 4+ Ui for which

—bT + aU . 1
and + AT + BU } positive and less than 2
the collection of all #” ... (©"") of those for which

—bT + aU

o 1
_AT — BU } positive and less than 3¢

345



On the Theory of Biquadratic Residues

[12.]

After the above improvement, the rule therefore reads as follows:

Let
©

@/

@//

@/l/

where
1

< 3B

where

contain all numbers T + U4,
— BT + AU positive and
contain all numbers T+ Uft,
+ AT + BU positive and
contain all numbers T + U4,
— BT + AU positive and

contain all numbers T + Uf,

< za
where
<3
where
+ AT + BU positive and < %a

provided that § or «, respectively, is positive.

+ bT — aU positive

— T+ aU positive

— bT + aU positive

+ bT — aU positive

For all divisible by | then | when
1+ €=
0 +1 | B positive
o' —1 | a positive
0" —1 | B positive
0" +1 | a positive
C_) @/ @// @///
0—¢|—-1|4+2—9|+1 +1|+1}—-1]-1
0—2¢|+1||4+3—3|—1| +1+2|—-1| —-2|+1
0—3|—1 +1+2¢ | +1
+1—i | +1
+1—-2¢| —1
+1—3¢|+1
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[13.]
This yields the following rule. Let the results of the instructions be

IM...G, M...qg IV...H V...h
Then
406=R=0
40" = —g+G—-h—-—H+ R
40" = 29+ 2G + R
40" = —g+G+h+H+ R"
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In our example

G=0, g=-1, H=-1, h=+2,
R =0, R'=+42, R"=-2
40 =0, 40'=+1-1+0=0,
40" =424+2=+44, 40" =414+1-2=0

and the corrections R, R’ etc. are determined as follows:

+ 3 (aBabAB)

R/

_l’_

|
= =
S

_|_

—~

R// —

A~ NIRRT N
=@

Q

N[

"o
R = 0

+5(a) + 3(B)

where the quantities in parentheses supply only the signs.
Thus

R+ R + R'"+ R" =2(aBabAB) — 2(b) + 2(B) + 2(B)

consequently

0+0 +0"+0" = —g—{—G—F%(aﬁabAB)
+35(8) = 5(0) + 3(B)
= —-g9g+G+S
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ab  + + - + - - + -
ABap Sl|llapg Sllapg S|lap S
+ 4+ + + L=+ L= = 1]+ = 1
+ = =1+ + 0 |-+ +1]|- - 0
-+ 4+ = 0 ||+ + +1||—- + +2||— — +1
e [ EEE IS || B
————— |+ — =1|[+ + +1||— + +1
-+ —-1||— — =2||+ — =1||+ + O
- =+ 0= = —1|+ = 0|+ + +1
+ + —1f|— 4+ —-1||— = —=1}|+ — -1
[14.]

The first rule now accordingly takes the following form:
4Dec. =1. — 43¢ from those where y integer, [z] even
II. +4X%e from those where [z] even, [y] odd
ITI. — Xe from all
IV. + 4%e from those where not both

[z] and [y] even

+Q+S
In our example
I.... 0
Im.... —4
I +1
v 0
Q -5
S 0
-8

Now suppose that in IIT those for which y is an integer, [z] even, are specially
marked. Then

III. Xe from all
—4%¢ from the specially marked }
= Intensor (3 — w)m — Intens. wm = —W
Here
a b
+ 4| -3 1
- 4+ -2 0
W= — —| +2
— 4+ +3 41

even odd
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Thus
4 decident = 1. —4Xe vy integer, [z] even
II. +4%e [z] even, [y] odd
III. —4¥e y integer, [z] even
IV. 4+ 43¢ all where not both [z], [y] even
+Q+S+W

Table for $(Q + S+ W)

abABalpf a bABal/f
+4+++++ 0 Of--++—-—=| 0 0
+ —-|-1 0 - +|+1 0
-+ 4+ —|-1-1 -+ -+ 0-1
- —]-1 -1 + 4] 0-1
e | - —++] 0-1
- +|-1-1 + —]-1-1
+ —-—=+|-1 0 + -+ 0 0
++/-1 0 ——=/ 0 O
— A+t =+ 0 O+ -+ ++ —|+1 41
+ 4+ 0 0 — 0 0
— 4+ +|-1 -1 — 4+ — —|+1 0
+ —]-1-1 -+ 0-1
- =+ —|-2 -1 - ——+|+1 0
- —]-2 -1 ++] 0-1
+ —-=—=|-1 0 + — + +|+1 +1
—+(-1 0 + -1 0 0
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[15.]

The second method is as follows:

decident = I. + Xe, where Y integer, [X] even
— 4¥e, among these, where also y integer, [z] even
II. + ¥ Xe, where Y integer, [X] even;
A is the intensor of p
II. —X\Ne, where X integer, [Y] odd
)\ the intensor of ip =1, 2, 3, 0
when A=0,1, 2,3
IV. + ¥)e, where Y integer, [X] even,
A the intensor of p
IV. +X)e, where X integer, [Y] even
X\ the intensor of im —ip=0 3 2 1
when Int. p=0 1 2 3
+4q

Here ¢ = 0 when % is odd, i.e. divisible only by 1+ 4, not by 2, and not

at the same time AB + —; otherwise,

a Bl a Bl a B a B
A B + + - 4+ - -]+ -
+ +|Int. $(m —wp) ||+3 +1[+3 +1]|4+0 +2|+0 +2
- 410 0 0 0 0
— —|=Int. $(m+wp)||-0 —2|—-0 —2|-3 —1|-3 —1
+ —|—Int. wp -0 -1 -2 -3

Where two numbers are given, the first applies to even mT_l, the other to odd.
In our example:

I y Y | 20x | 20Y € 43
0 | —-1]+13| +9 +1* 4
0 | —2|+26| +18 +1 1
+3(+1) )
II. Absent.
V. X 122]12y[12Y] e|A[N|Ne
0 [4+20 4+ 20w| —9|—-37|—1(2| 2| -2
+1{+24 + 20w| —3|—39|+1|3| 1|+1
+2|+28 + 20w | +3|—41|—1|0| 0] O
-1
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The contributions from II combine into the following result:

II. —Xe, where Y integer, [X] even
+ 43, from these same ones, when also [z] even,
[y] odd
II. +3X)Ne, where Y integer, [X] even
— Y Ne, where X integer, [Y] odd,

)\ the intensor of ip
The last two parts in turn combine into

III. + Xe, where [X] even, [Y] odd
— 43¢, when also x an integer, [y] odd
+r+s

+
where r = 0 when AB..... - 4+

and r = Int. wmi when AB..+ —

s = —Int. (% —w)mi, when even and B positive,

in all other cases = 0

In our example
III. Drops out. r=0, s=0

The contributions from IV combine into the following result:

IV. +4Xe, where Y integer, [X] even and not both
[x] even, [y] even
— Y Ne, where Y integer, [X] even
+ X \Ne, where X integer, [Y] even

where X' Int. of im — ip
The last two parts in turn combine into

V. + X¢, where not both [X] and [Y] even
— 43¢, where also z an integer, [y] even
+w

Here w = 0 when % is even and A positive; in all other cases

= —Intensor (3i + w)m
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In our example

9

6Y
+1

—20

6X
+9

6x
+13

Table for g, 7, s, w and their sum.
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[16.]

Consequently,

Dec. % — Dec. %
I. —4%e, where y,Y integer, [z], [X] even
II. +4Xe, Y integer, [X] even, [z] even, [y] odd
III. — 43, z integer, [X] even, [Y] odd,
[y] odd
IV. + 43, Y integer, [X] even, and not both [z], [y] even
V. —4%e, z integer, [y] even and not both [X], [Y] even
+

Here v is represented in the following table:

abABalp ) abABalp P
F+ 4+ 00-2——++-——] 0 0 0-2
+++-| 0 00-2 + 4 -+ 0 0-2
b+ —| 040 -2 — -+ 0-4 0-2
— 4+ ——| 0-40-2 — 4+ 4] 0-4 0-2
|4 -40 -2 —— 44| 0-4 0-2
—— — 4| 0-40-2 4|44 02
+——+| 0 00-2 +—+-| 0 0 0-2
+ -4+ 0 00-2 +-——| 0 0 0-2
b+ —+[+4 002+ —+++—] 0 0 0-2
+ 4|4 002 +4+-—=[ 0 0 0-2
— 44| 0402 —4+——| 04 0-2
—+4+—| 0-40-2 — 4+ — 4| 0-4 0-2
|4 -40-2 ———+] 04 0-2
440 -2 —— 4+ 04 0-2
+-——| 0 00-2 + -4+ 0 0 0-2
+——+ 0 00-2 4ot |4 —4 -4 =6
Here the first two columns apply to %(M — 1) even
the last two to 5(M — 1) odd
the first and third to é(m —1) even
the second and fourth to 5(m —1) odd
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[17.]

The 128 cases distinguished in the above table in determining ¢ can be

expressed much more briefly as follows:

b =k+1

k = —4 when a, A, a, b, B, 8 have, respectively, the signs + + + — — —;

otherwise always

k=0

5(M —1) even 3(m — 1) even|l = +4, when ABf positive

0

when AB/ negative
in all other cases

(m—1) odd |l = —4, when A negative

when A positive

—4

0,
(M —1) even 3
1(M—1)odd %(m—1)even|l=
1(M—1)odd i(m—1)odd [l=-2

It remains to be tried whether it is more advantageous to take A and a

positive, but m = 1, M = 1 only modulo 2 (not modulo 2 + 2i). The final
result must be M
Dec. % — Dec. pre =
M =
m=|1 1+2¢ 3 342
1/0 00 0
1+2:|0 2 2 0
310 2 0 2
342i|0 0 2 2

Everything modulo 4.
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VL]

THEORY OF BIQUADRATIC RESIDUES.

1.

Let a sequence of complex integers ¢, ¢, ¢”, and so on, satisfy two condi-
tions: first, they are all pairwise incongruent modulo u = a4+ 4, where « and
B denote real integers; second, every complex integer is congruent to one of
them modulo p. Under this assumption, the collection of numbers ¢, ¢, ©”,
and so on, is called a complete residue system for the modulus p. It has been
proved that the number of its members equals the norm of u, that is, the
number aa + 5, which will be denoted by v.

2.

Among the numbers ¢, ¢, ¢”, and so on, one is divisible by p. If it is
excluded and the collection of the others is denoted by x, then yx forms a
complete system of residues not divisible by the modulus, their number being
= v — 1. If we restrict the investigation to odd moduli, v — 1 is divisible by
4. Furthermore, f,if, —f, —i¢f will then be pairwise incongruent; hence the
numbers in y congruent, respectively, to if, —f, —if are distinct from one
another and from f. (Associated and composite numbers.)

This partitions x into four groups or partial systems r, ', ", k". Place
any number from y, for example ¢, in the group x, and the three mem-
bers of x congruent to iy, —p, —ip in the groups x’,x”, k", in that order.
After removing these four numbers from Yy, again place any one of the re-
maining numbers in x, and the three that depend on it in the same way in
k', k", k". Continue until the entire system y has been distributed. The
groups k, k', k", k" will be called associated quarter systems. They clearly
have the following properties:

1) Each quarter system consists of (v — 1) = ¥ (aa + 88 — 1) numbers.

2) The characteristic property of a quarter system is that none of its num-
bers, either itself or multiplied by i, —1 or —%, is congruent to another
number in the same quarter system, whereas every number not divis-
ible by p, either itself or multiplied by ¢, —1 or —¢, occurs in it or is
congruent to one of its members.

3) Just as multiplying the numbers in « by i, —1 and —i gives, respectively,
the numbers in «/, k", k", or numbers congruent to them, multiplying
the numbers in £’ by those factors reproduces, respectively, the numbers
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in k”,k", k; multiplying the numbers in «” similarly reproduces the
numbers in ", k, ¥’; finally, multiplying the numbers in x”’ reproduces
K,k K"

For brevity, this mutual dependence of the four quarter systems can be

expressed as
/

K =K,

7 — !

K = —K =1k,

n _— - N __ [ A— .
R =1k = —KkK = —1K.

If m denotes a complex integer having no common divisor with u, and
every number of a quarter system s is multiplied by m, the products, or any
numbers congruent to them, themselves form a quarter system. Likewise,
multiplying the numbers of the systems «’, k", k"’ gives three further quarter
systems associated with the first. The proof is easy to give. Denote these
four new systems by ms, mk’, mr”, mx"’, whether the products themselves
or only numbers congruent to them are chosen. In the latter case, the choice
can always be made from one of the systems &, ', ", k. Thus the system
x has been partitioned into quarter systems in two different ways, at least
generally speaking. Suppose that mk has in common

with k..... A numbers
Ko N numbers
KoL A numbers
"L A" numbers

Then ' with mx’, k" with mk”, and " with mx” will also have A members
in common; " with mxs/, " with mx”, k with ms”, X members, and so
on. Let ¢ be the least residue of ' + 2\ 4+ 3\ modulo 4, or let € be
one of the four numbers 0, 1,2, 3 according as X' + 2)\” + 3\ has the form
dn,dn+1,4n+2,4n+3. I now claim that € is independent of the arrangement
of the quarter system k.

To make the proof easier, I use the following notation. Let Il denote
the number 0,1, 2,3 according as the number ¢, not divisible by u, occurs
(itself or through representation by congruence) in the group k,x’, k", k"
The following consequences are therefore immediate:

I II(iyp) =1+ Iy (mod. 4).

II. The number i~ ) occurs, itself or through representation by con-
gruence, in the group k.

III. XIIme = e, (mod. 4), when the sum extends over all members ¢
occurring in .
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Now let k£ be another quarter system, consisting of f, f’, f”, and so on,
while k consists of ¢, ¢, ¢”, and so on. T assume, as is allowed because the
order of the members of x is arbitrary, that f is identical with or associated
with ¢, f with ¢, f” with ¢©”, and so on. Let the quarter groups associated
with k be k(= ik), k(= —k), k"' (= —ik). Furthermore, let the characteristic
P have the same meaning for the groups k, k', k", k" as II has for k, k', k", k",
so that Py = 0,1, 2,3 according as v belongs to k, k', k", k" .

Thus, if the partition of y into the quarter systems k, k', k", k" is used
instead of k,x’,x”, k", the least residue of Pmf + Pmjf' + Pmf"” + Pmf",
and so on, and so on, or of XPmf, modulo 4, takes the place of ¢; and it
remains to prove that XPm f — XIlmep is divisible by 4.

We write this quantity as

Pmf +Pmf' +Pmf” +Pmf"” + and so on
—Pmep — Pmy’ — Pmy” — Pmy"”' —
+Pmp + Pmy’ + Pmy” + Pmy” +
—IImp — Imy’ — TIme” — IImy"" —

Since, by assumption, f and ¢ are congruent or associated, the same holds

for mf and my, and
f=i"t%y 1
mod.
it = i P me :

From this it follows easily that Pmf — Pmp = —Py (mod. 4) and that the
sum of the top two rows = —XPy. Furthermore, since Pmy — lImp =
P(i 1Y myp), me . i~1"™% belongs to x, and the collection of all me .i 1",
regardless of order, agrees with all ¢, the sum of all P(mep.i~1'™%) will equal
the sum of all P. Thus the sum of the third and fourth rows = XP¢ (mod. 4),
and hence the sum of all four rows = 0 (mod. 4). Which was to be proved.

Since e thus depends only on m and p, independently of the choice of
quarter systems, we shall call € the character of the number m in relation to
the modulus p and denote it by Ch. m (mod. p). It is easy to see that this
only generalizes, or includes, the definition given (Art. ...) for the case in
which p is prime.
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4.
I now turn to specific arrangements of the quarter systems, and set the
modulus, to be denoted by m, = ea + ebi, so that the positive integer e

denotes the greatest real divisor, or the greatest divisor common to the two
components of m; thus a, b are relatively prime. The quarter system with the
simplest arrangement will be the one whose members x + ¢y are such that
ax + by is positive and less than %e(aaqtbb), while ay — bx is nonnegative and
likewise less than %e(aa + bb); the latter condition is deliberately expressed
so as to include the cases in which ay — bx = 0. It is easy to see that there
will be (e — 1) such cases in all, namely

x =a, y =2b
r = 2a, y =2b
x = 3a, y =3b

and so on, up to
r =ie—1a, y =3(e—1)

and hence none at all if the components of m have no common divisor. Let us
call this quarter system k, and let k', k”, k" be those obtained by multiplying
the numbers belonging to k by i, —1, —i; or one may also put

K=m+ik, K'=QQ+im—k, K" =im—ik

This gives the following rule for deciding whether any given integer x + iy
not divisible by m is congruent to a member of k,k’,k” or k'. Namely,
2(ax + by) can be put in the form Pe(aa + bb) + @, and 2(ay — bx) in the
form Re(aa + bb) + S, with P,Q, R, S real integers satisfying the following
conditions:

if x + iy is congruent to a number from

so that k K k" K"

P even odd odd even

R even even odd odd

Q positive positive positive nonnegative
e(aa + bb) — Q || positive nonnegative | positive positive

S nonnegative | positive positive positive
e(aa + bb) — S || positive positive nonnegative | positive

The matter is easier to survey if the cases in which neither of the numbers
ax + by, ay — bz is divisible by e(aa + bb) are distinguished from the rest.

I. In the first case, simply take for P the (algebraically) smaller of the two
2(az+by)

integers between which lies strictly, and likewise for R the smaller of

the two between which
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II. If ax + by is divisible by e(aa + bb), then ay — bz will be divisible by

aa + bb, but not by e(aa + bb) (since otherwise x + iy would be divisible by
2(ay—bx)
e(aa+bb)
then x + iy will be congruent modulo ea + ebi to a number from &', but to

one from k" if R is odd.
III. If ay + bx is divisible by e(aa + bb), but ax + by is not, then x + iy

will be congruent to a number from k or from k", according as the integer
2(az+by)
e(aa+bd)

5.

The following method for determining the character of a given integer
M = A+ Bi relative to the odd modulus m = ea + ebi that does not divide
it is readily derived from the above.

For brevity we use the following notation. If p denotes any nonintegral
real number, let [p] denote the integer that makes both p — [p] and 1+ [p] — p
positive. This definition therefore excludes applying the notation to integers.
If the definition required neither p — [p] nor 1 + [p] — p to be negative, the
symbol [p] would be ambiguous when p is an integer. One could also, as was
done in an earlier paper, require 1 + [p] — p to be positive and p — [p] merely
to be nonnegative. For our purpose it is somewhat more convenient to keep
to the first definition.

Accordingly, the quarter system k consists of all integers f for which, on
putting % = & + ni, € lies strictly between 0 and 1, while 7 lies between 0
and 1, with 0 included; or

ea + ebi). If now R, that is, the integer immediately below is even,

is even or odd.

algebraically immediately below

€] =0, [n]=0
or [E]:Ov n=20

If now, for every f, we put HWM = ¢ 4 1n and take
Uf=

i
[

[€] odd and either [n] odd or 7 integer
[n] odd and either [¢] even or & integer

or, in tabular form,

‘ [n] even ‘ [n] odd ‘ 7 integer

(€] even 0 3 0
[€] odd 1 2 2
¢ integer 1 3 —.

which may be denoted by V(£+in), then the required character of the number
M relative to the modulus m equals the least residue of X W f modulo 4.

360



On the Theory of Biquadratic Residues

6.

The rule given in the preceding article is general; for the case in which M
is odd, however, we shall give it another form. At the same time we shall
assume that the real parts of m and M are odd, and hence their imaginary
parts even.

To each number f belonging to the quarter system k we assign another
number g, derived from f as follows. On putting % = £ + in, four cases are
distinguished:

I.  If [2£] =0 and either [2n] =0 or n =0
II.  If 2] =1 and either [2n] =00rn=0
II. If[2§] =0and [29] =1
IV. If[2§]=1and 2] =1

In the first case put ¢ = 2f, in the second ¢ = im — 2if, in the third
g =m+ 2if, and in the fourth g = (14 4)m — 2f. It is easy to see that the
collection of all g forms a complete quarter system [; its defining property is
that, on putting - = £ + i, the following conditions hold together:

either [§]=0, [n]=0

or n=0, [§]=0 and g divisible by 1+

or £€=0, [n]=0 and g not divisible by 1+1
It follows that [ differs from &k only in that the numbers in k£ for which n =0
and which are not divisible by 1 + ¢, namely

a+bi, 3a+bi), 5a+bi)... = (a+ bi)

or up to ¢ (a + bi)

according as e has the form 4n + 1 or 4n + 3, are absent from [, while their
products by ¢ occur in the latter collection instead. At the same time one
sees that, for e = 1, that is, when m is divisible by no real integer, k£ and [
are entirely the same.

It now remains to derive W f directly from the g corresponding to f. The
result is that, for the above 4 cases,

Lowp=vid
m

" if neither the real nor imaginary part
-Vvis gM
m of =— is an integer
m
1-— V% if either is an integer

III. as II. IV.asl1.

I Uf=
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REMARKS.

Judging by the position of the manuscripts in a notebook, the fragments
designated I and II in this printed edition date from 1811 or the time im-
mediately following. Of the preceding attempts to prove the fundamental
theorem for biquadratic residues by the methods applied here to the residue
1 + 4, a record survives that settles the special case of the residue 1 + 2¢
and starts from the determination of the biquadratic character appended as
a note to Article 6 of Fragment III. The manuscripts also supplement the
historical information published by GAUSs in the notices of his arithmetical
papers: the theorems included in Articles 15 to 20 of the Theoria residuorum
biquadrat. were written down before the Theoria motus corporum coel. was
worked out. The investigations of cubic residues mentioned in those notices
were probably never worked up in full; what is recorded consists of proofs of
the reciprocity theorems for two primes, one of them real, carried out with
the methods provided by the paper Disquisitionum circa aequationes puras
ulterior evolutio.

Fragments III to VI form separate booklets in the manuscripts. For the
first three, the handwriting points to a date not far from that of Fragments I
and II, while a considerably later date must be assumed for the last, No. VI.

[I.] Art. 10. The number of lattice points in (z, 2/, 2’+(, z+() is determined
by the theorem: if @ and b are relatively prime, the straight line drawn from
&+ ni to £+ ni + a + bi passes through one lattice point when the imaginary
part of (£ + i) . (—a + bi) is an integer.

[I.] Art. 17. The first transformation of the last S in the expression for
AS is obtained by dividing the region in question into three parts such that
this S becomes

S(Am+ 1 - i, (34 3i)m,
(5 +30)m+1i, 3m+ 35+ i)
1 1 1 1. 1 1 1.
= 8(zm. gm+ 3+ 3ic), gm+ 35— 3i)
EIERT I M M

then counting the lattice points in the first part by means of the theorem in
Article 10, and further noting that the second part contains no lattice point.

The second transformation is obtained by multiplying the quantities cor-
responding to the vertices of the third part by ¢ and increasing them by the
integer (1 — z)mTfl, finally, the third is obtained by comparing the resulting
figure, according to the rule of Article 16, with the figure displaced from it

—1
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[I.] Art. [18.] An explanation of the first scheme is found in Articles 1 to
6 of the fragment written later and designated here by [IL.].

[I.] Art. [18.] (2.) The geometric interpretation, with the aid of the two
systems of lattice points

[~2iQ — 5. 5.1Q] = [-2iQ + 5, 5,1Q] = IV
and
_[_QiQ + %ia _%ia ZQ] = _[_2iQ - %iv _%Z‘JQ} =
gives the equations
IV — IV* + [-2iQ, 3i, — 3] = —X + X* + [iQ, 14, — 1]

XML+ IV* = [-2iQ, 1,iQ] = —1(—2iQ) + I(—iQ)
where, in general, Rx and Iz denote the greatest integers contained in the
real part and in the coeflicient of the imaginary part of x, respectively.

But [-2iQ, %i, —%] is the number of lattice points in the square whose
centre is at —2i(Q) — i + ii and whose endpoints have the displacements % and
%i between them.

[—iQ, 3i, —1] or [-2iQ, —14, 1] is the number of lattice points in an equal
square with centre —2iQ) + % — iz’.

[L] Art. [18] (3.) With the aid of the lattice points [0, i, —iQ] =
—[—%i, —%i, —iQ] = I one obtains

VII - XII=1-TI* + [-iQ, 3, i — [0, 3, 3i]
=1-T"+[- 22@,2,2 ]
II-1"=[0,—i,—iQ] = —R0 + R(—iQ)
IX-1=10,—-1,—iQ] = 10 — I(—iQ)
VI—XII = —[3i,—1,—iQ] = —I(3i) + I(—iQ + 3i)
a—1 b
2 2

VI — XIV = —[3, =1 — 4, yim(_] =
[II.] Art. 10. We have
TP = -Y(—iP' + }im),
TP =—-1-"T(P" - Lim),
YP" =1+ 7Y(—iP") (mod. 4)
and —iP" + 21m P" — lim are the lattice points in I and VI, respectively,
increased by 21

[ITI.] Art. 6. I have added to the present paper the rules given in the note
for determining Dec.%, taking them from another place in the manuscripts.
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The first of these two rules, which, as is easy to see, agrees with the second,
follows from that of Article 6, because

2fM
kE=f.i" (mod. m), n= @fT’ p=mm/,
2km'? _ _ 2km/
[k;m} =0 km (mod. 2+ 21)

holds.

[III.] Art. 8 contains in the manuscript an example for Article 7, namely
the determination of the decident of —1 4+ 2¢ for the modulus —11 + 4.

[ITI.] Art. 10. For the remark ‘to be expressed differently’, compare Article
3 of the following fragment [IV].

[IV.] Articles 1. 2. 4 contain in the manuscript, besides what is printed
here, the application to the two examples for m = 5+ 8i, M = 9+ 4¢ and for
m=9+4i, M =5+8i. [V.] Art. [7.] Here, as in Article 1 of the preceding
fragment [IV], Dec.§}; denotes the value of

Y(—1)X8(=1)YInt. p

where the summation extends over all integers X and Y for which the corre-
sponding ¢ and 7 lie within the bounds 0 and %

The text states that the formulas for the decident in Articles 7 and 15 were
found in two distinct ways. To keep these explanations from becoming too
long, however, they are derived here from a common source.

For any fixed integer value of X, let Y* be the smaller and Y** the larger
of the two values of Y corresponding to the boundary values of £, 1. Let the
values of p corresponding to Y* and Y** be p* and p**. Like Y* and Y™,
they cannot be equal to one another, since the sum ¥ does not extend over
the boundary values of £ and 7.

Sum over all values of Y occurring for the same X, in the same way as
in the preceding two papers [III] and [IV]. Put [$Y” — 4] — [1Y” — 1] for the
number of odd integers between Y’ and Y”, and add the intensors referring
to the bounds £ = 0 and = % twice, with opposite signs. This gives for
E(—l)YInt. p the expression consisting of seven parts

—Y[—Int.(p — pwi) + Int.(p + pwi)]
taking all p for which [Y] even,

x or y integer, incl. £ =0 and %, excl. n =0 and %

— Int.(p* — pwi) if [Y*] even
(p** a )[ 1* :OOI'%, O<77<%
+ Int.(p™ + pwi) if [Y**] even
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— Int.(p* + pwi) if [Y*] even

0<é< i =0or :
+ Int.(p™™* — pwi) if [Y] even} §<z 71 2

1

— Int.(p* + pwi) if [Y*] even L
E=0or n=0or 3

+ Int.(p™* — pwi) if [Y™ — w] even 2
which, multiplied by (—1)% and summed over all integer values of X, gives
the decident 7.

In this way, the first part of the expression gives, from the ¢ formed ac-
cording to Article 2, Rule I,

Ye where X integer, [Y] even

— Y& where also y integer, [x] even
For the following parts one may put

— (B)Int.(p — Buwi) if £ =0
+ (B)Int.(p + Buwi) if £ = 3

Nl

} X integer, [Y] even, 0 <7 <

D=

} X integer, [Y] even, 0 < £ <

—3[(A) + (B))|Int.(p + A’ i)
if X integer, [Y + A'w] even, £ and n =0 or %
where A’ = +A or —A when n =0 or %, and B’ = +B or —B when £ =0 or
%; here, for example, the notation (A) : +1 or —1 is used according as A is
positive or negative.

Multiply by (—1)% and sum over X, making the following substitutions in
these expressions, namely in the

first p— Buwi, P — BDwi, m — ABwi — BBw, X, [Y]
respectively into ip, iP, im, =Y, [X]

second p+ Buwi, P+ BDwi, m+ ABwi+ BBw, X, [Y]
p, P, m X, [Y]

third p+ Auwi, P+ ADwi, m + AAwi+ ABw, X, [Y]
p, P, m X, [Y]

fourth p— Apwi, P — ADwi, m — AAwi — ABw, X, [Y]

. into im —ip, iM —iP, i —in, Y — B, A—1—[X]
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and denote the result from the fifth expression by Q1. One then obtains

— %(=1)Y(B)Int. ip,
where Y integer, [X] even, n =w, 0 < £ < %
+ 2(=1)*(B)Int. p,

where X integer, [Y] even, £ = % 4w, 0<n< %
— 2(=1)*(A)Int. p,

where X integer, [Y] even, n =w, 0 < £ < %
+ 2(=1)Y (A)Int.(im — ip),

where Y integer, [X] even, £ = % +w, 0<n< %

+ Q1

Examining the individual cases shows that, under the assumption M =
1 (mod. 2+ 2i),

Q1 = — Int. pwi if M in quadrant 1
— Int.(3mi + pwi), if M in quadrant 2 and —— even
1. N . M-—1
+ Int.(5md — pwi), if M in quadrant 4 and even

where a complex number is called even or odd according as it is divisible by
2 or not.
Thus, using the ¢ specified in Rules II and IV, one obtains

Dec.% =1,  Xe, where X integer, [Y] even

— 4%, where also y integer, [z] even
II, — Xelnt.ip, where Y integer, [X] even
IV, + Xelnt.p, where X integer, [Y] even
II, + Xelnt.p, where X integer, [Y] even
IV, + Xelnt.(ém — ip), where Y integer, [X] even

+ Q1
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The expression for the decident takes another form if one first sums over
X, expressing the number of odd integers between X’ and X" by [%X”+ %] -
[2X’ + 4], namely

Dec.% =1, Xe, whereY integer, [X] odd

— 4%, where also y integer, [z] even
II, — Xelnt.ip, where X integer, [Y] even
IV, + Xelnt.p, where Y integer, [X] odd
II, + Xelnt.p, where Y integer, [X] odd
IV, + Xelnt.(ém — ip), where X integer, [Y] odd

+ Q2
Q2 = — Int.(—pw), if M in quadrant 2
+ Int.(3m — pw), if M in quadrant 1 and -1 odd
— Int.(3m + pw), if M in quadrant 3 and —~ odd

If one sums over Y first, but uses the second method just applied for
determining the number of odd integers between two values, one obtains

Dec. 2% — I, Xe, where X integer, [Y] odd

M
— 43¢, where also y integer, [x]| even
II, — Xelnt.ip, where Y integer, [X] odd
IV, + Xelnt.p, where X integer, [Y] odd
I, + Xelnt.p, where X integer, [Y] odd
IV, + Xelnt.(ém — ip), where Y integer, [X| odd
+ Q3
Q3 = — Int.(—pwi), if M in quadrant 3
M -1
— Int.(3mi + pwi), if M in quadrant 2 and odd
—1
+ Int.(3mi — pwi), if M in quadrant 4 and odd

If one also sums over X first and uses the first method for expressing the
number of odd integers between two values, one obtains the form for the
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decident given in [V], Article 15, where the quantity ¢ can also be defined by
the following equation:

g = — Int. pw, if M in quadrant 4

+ Int.(3m — pw), if M in quadrant 1 and even

— Int.(%m + pw), if M in quadrant 3 and even

Combining these four expressions for the decident gives the result stated
in [V], Article 7, since Int.ip — Int. p equals 3 when [z] is even and [y] odd,
and otherwise equals 1; furthermore, Int.(im — ip) + Int. p equals 0 when [z]
and [y] are even, and equals 4 in all other cases.

[V.] Art. [7.] In the first column, the first table for the example gives the
values of % or 37(& + ni) corresponding to each integer P, when 0 < £ < %,
0<n< %; in the second, 37}\];7” or 37 . p; in the third, the greatest integer
contained in p; and in the fourth, +Int. p, where the upper sign applies when
P is divisible by 1 + ¢, and the lower when P is not divisible by 1 + 4.

[V.] Art. [9.]. [12.] The improved notation for the 6 is indicated only for
the second and third classes, Articles 9. 10, but is also to be extended to
the first and fourth, Articles 8. 11. Accordingly, a #* = T + Ui has the
index A\, = 0,1,2 or 3 for which the quantities ¢ and ®°, determined by the
equations

MM =A+Bi, i Pu=p+oi
op® = —Coeff. Imag. 6*(a — bi) = +bT — aU
o®" = +Coeff. Imag. 0*(A — Bi) = —BT + AU

lie between 0 and %

To prove, following the indications in Article 9 (3), that if T', U are two
real integers satisfying the conditions just stated, then T'4 U+ also belongs to
the collection #* determined in one of the four combinations, Articles 8. 11,
let ', ®' denote the complex integers for which the equation

T+Ui=¢i*M+dm

holds, and for which one of the four quantities :l:%“”o, :l:i%“"o has its real
part and the coefficient of its imaginary part between 0 and % (Theoria resid-
uorum biquadr. artt. 45,46). As is readily seen by examining the sixteen
individual cases in the four combinations, the quantity in question is then

p . . ' — 90 P30 . P .
+, and the corresponding quantity among +=_—=, +i=57— is 4;, since
@/_(DO o _SOI_SDOZ')\

M m :

This way of representing the quantities % or ﬁ also shows that the sum

I, Ze, over all, equals © + @’ + ©” 4+ ©"”, where ©* denotes the sum of
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the e which, for each lattice point 6 inside the parallelogram 0, %m, %m +

%i)‘M, %i)‘M, are to be put

= +1 if 6 is divisible by 1 + 4 and Coeff. Imag. pi~* is positive, or if
neither condition holds; but

= —1 if only one holds.

[V.] Art. 13. The quantity ©* can be determined either by the four
different ways of summing used above for Dec. 7}, or, what is essentially the
same, by the methods indicated in [II], Article 11. These are to be based on
the four constructions obtained by joining the points whose 6 is a multiple of
1+ to the points 8 + 1, 8+, 6 — 1 and 6 — 4, respectively.

On the boundary of the parallelogram just mentioned, let a 6 correspond
to every point for which the real or imaginary part of 6 is an integer. Denote
by 6° the nearest integer divisible by 1 4 i to §, and by [ the displacement
from a point on the straight boundary segment containing 6 to any following
point on the same straight line; thus, for example, for this parallelogram, the
quantities m, Mi*, —m, —M3*, in order. If one puts

e = +1 with the sign of the imaginary part of 6?l790
then combining the four results obtained in either way gives 40* = —X¢.
One avoids determining the 6 and ¢ at the vertices separately by replacing
this parallelogram with another whose boundaries are infinitely near those of
the former and which does not include the two points 0 and %m—i— %i’\M . The
boundary of such a parallelogram is obtained by placing it on the positive
sides of the lines

1 1 12 1
O0....5m, sm+51"M....5m,
1 1A 1A 1.\
sm+5i"M....50"M, 0....31"M

Assign the infinitely small positive quantities w1, ws, w3, wy to the four result-
ing straight lines, in order. For the points # on them one may then put

—0i* + Imi* + 1M = P = M(£ + wai),
—0+ im + IMi* = p = m(& + wsi),
i =P = M (& 4+ wqi) if X even
0i' A — LA 4 A = P = M(3 + wa + i),
0i + %m — %MiprA =p= m(% + w3 + ni),
0i™ = P = M(€ +wyi) if Aodd
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where, in part, £ and n also extend beyond the range of real values from 0 to
% by infinitely small quantities, to close the figure.

Let G, g, H, h denote the sums of the ¢ formed according to Rules II,
ITI, TV, V, respectively (in Articles 3 to 6). Let G’ or G,, and ¢ or g,
include the € arising for the infinitely small values of ¢ that may occur in
the second parallelogram, but otherwise formed according to Rules 1T and 111,
respectively. Further, let G” or G, and ¢” or gy, similarly refer to the same
rules, but to the infinitely small values of % — &; and finally let H', h,, H" hy,
refer to Rules IV, V, IV, V and the infinitely small values % -, % —n,n,7,
respectively. Then

4@)\: —(g—l—g'—i—g”)—i)‘(G—i—G'—i—G")
+ i/\(g +9+9)+(G+G +Gy) if Xeven
4@)\: —(g—l—g’—f—g”)—il_)‘(H-i-H/—l-H”)

— NPt by 4 ha) + (G + G+ Gy) i A odd

For the vertex 6 of the parallelogram nearest to 0, let & denote the cor-
responding value of the & of the first side, and &4 the corresponding value of
the & of the fourth side, so that

0= m(§1 + wli) = i/\M(§4 + (,U4i)

Then the £ corresponding to a point p on the first side or its extension with
real part equal to 0 is given by

(Real.p =0), ¢ —& =o0aw; — owy

where the positive factors of the infinitely small positive quantities have been
replaced by unity, and o, 2 denote the real quantities determined by

p+oi=iMNa+pBi), A+Bi=iA+ Bi)

This point p lies on the first side itself if & — & is positive; hence, taking
w1 infinitely small compared with wy, if o is negative. The point p° nearest
to p whose representing number is divisible by 1 + ¢ is 0; thus Imag.pi"po or
Imag.ﬁ has the minus sign. Therefore, for Real. p = 0, one obtains

e=—1if (0)=-1, e=0if(0) =41, ie e=-1+3(0)

and in the same way, for Imag.p = 0,

m
— & = obBw; —owy, Imag.—— = Imag. -,

e=—1+41(0) thusg =-1+ (o)
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For the fourth side, P° =0, Imag.% = Tmag. f+1w4i’

thus for Real.(i*P) = 0; & — & = —0alwy + owy,
e=—3+ 3(ca)
and for Imag.(i*P) = 0; & — & = —obBwy + owi,
e=—3+ 1(ob®B)
and consequently G, = —1 + %(aa%l) + %(ab%), or, since p = a2l + bB,
G, = —1+ 3(po) + 3 (poabAB).
The part R{‘ of 40 arising from the portion of the boundary infinitely
near 0 is therefore

R =+G, — g = ~(0) + 4(p0) + §(poabB)

Similar considerations give, for the parts Rg‘, Rg}, le\, which have the same
relations to the points %m, %m + %Mik, %Mz*, respectively, as R{‘ has to 0,
when ) is even,

Ry =—¢"—i*G" = -1(b) - 1(®),
Ry = —i’G' +itg, = iMo) — %i’\(pa) - %i’\(paale‘B)
Ri\ = —‘ri)\g// + Gy = %i)‘(b) + %2/\(%)

and when ) is odd,
R%‘ — _g/l _ Z‘].*)\H// — _%(b) _ %(%)7
Ry =—i'"""H'—i*'h, =0,
Ry = =" hy + Gy = 3 (a) + 3MH()

[V.] Art. [14.] The sums of the € formed according to Rule III are evaluated
by means of the equation

I, Xe from all — 43¢ from those where y integer, [z] even

=1II, X[—Int.(p — mw) + Int.(p + mw)]
which is readily verified from the definition of the €. Here p takes all values
satisfying the conditions stated under Rule III. Except for the two intensors

corresponding to the smallest (£*) and the greatest admissible value (£**) of
&, respectively, which equal

—Int.(p* — mw) and + Int.(p** + mw) or
—Int.(wm) and + Int.(3 — w)m

these intensors can always be paired as +Int.(p" + mw) and —Int.(p” — mw),
so that between & and &”, corresponding to p’ and p”, there is no value of
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¢ making the real or imaginary part of p an integer. Thus the two intensors

always cancel one another.
[V.] Art. [15.] We have

II, + Xelnt.ip where Y integer [X] even,
— Yelnt. ip where X integer [Y] odd
= Y[—Int. i(p — mw) + Int. i(p + mw)]
for those p, for which x or y integer, [X] even
Yodd,0<£<%, n=w
+ Int. i(p* — mw) if [X™] even [Y*] odd
— Int. i(p™ 4+ mw) if [X™*] even [Y**] odd

as one readily verifies by performing the summation on the second side of
the equation, by the method used in the preceding note, over each interval
from & to &, so small that between & and &, there is no & making the real
or imaginary part of the corresponding P an integer. Using the e formed
according to Rule III gives the second side of this equation the form stated

in Article 15.

[V.] Art. [15.] The sums of the X'e formed according to Rule IV are trans-
formed into the sums of the € from V by considerations of the same kind as
in the last note, also using the equation

V, Xe from all, — 4%e where x integer [y] even,
= +Int.(2im + mw) — Int.(3im + 1 —wm)

which corresponds to the preceding evaluation of the sum of the ¢ in Rule III.
[V.] Art. [17.] Define the auxiliary quantities U, T', L, V' by the equations

U=1-2(B)— (AB) + (aa) + (Bb) + (ab) — (Ba)
+ (aBab) — (afabAB) or
U=(1+(A4)1 - (B)1—(af) + (b5) + (ap))
since (aa) + (8b) = (A) + (AaBab),
(ab) = (Ba) = (B) — (Bafab),

T=-2+(a)+ (b) — (B) —2(B) — (aab) or

T =-2+(a)+ (b) = (8) — 2(B) — (ad) + (bB) — (BAB)

L=(1+(A)1+B)1+(B)—1—-(A)1-(B)1-(8)

V =1+ (A4)1 - (B))(-2(a) +2(8) + (ab) + (af)) or

V =1+ (A4)1 = (B))(—(a) + (b) + (B) + (ab) — (Bab) + (ap))
since (a) + (b) = (8) + (Bab) if A positive B negative
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and denote by W', S’ @' the quantities into which W, S, @ in the expression
for Dec.7; in Article 14 pass when m and M, and hence a + i and a — 31,
are interchanged. Then

oW’ = —5(B) — (AB) if M=
M -1

even

odd

oW’ = —(B) — (AB) if
25" = —(aBabAB) — (8) — (B) + (b)

2Q' + 28 +2W' =2T + U i M=

even

M —

1
2Q + 28" +2W' = —4 +4(a) + U if odd
8 =8(q+r+s+w)— (2Q + 25 +2W')

If one replaces 8(q + r + s + w) here by its value stated in Article 15, but
writes it in the form

2T'+4L+V if M2_ even mT_ even
2T — 16 +16(A) + V' if M2— even mT—l odd
—4+4(a)+V if M2— ! odd mT—l even
—20+4(a)+V i M1 qa mT_l odd

and notes that
V—U=—3(1+ )1+ (A))(1+ (@)1~ ()1~ (B)(1~(B))

holds, one obtains for 1 the method of determination given in Article 17.
[VL.] Art. 3. The incomplete reference may be taken to refer to Article 4
of Fragment III.

SCHERING.
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ON THE THEORY OF COMPLEX NUMBERS.

(L]
NEW THEORY OF THE DECOMPOSITION OF CUBES.
I. We assume that the equation 23 4+ 32 4+ 23 = 0 has a solution, namely

r=a, y=>b, z=c, where a,b,c have no common divisor and are therefore
also pairwise coprime. We set

b+c=a
cta=p4
a+b=vy

where «, 3,7 must also be pairwise coprime. For if a and § had a common
divisor, it would also divide a® and b3, so a and b would have to have a
common divisor too.

We now have

B+rv—a)+(r+a=-BP>+(a+8-7)>=0
but the identity

B+y—a)P+(+a-B)>+(a+p-7)°
= (a+B+7)° —24aBy

holds. Consequently,
(4 +7)° = 2408y

If «, 8, are real numbers, then a + 8 + v will be divisible by 3, hence
a+B47)3 by 27, and therefore a8y by 9. Thus one of the numbers «, 3,7, for
example 7, must be divisible by 9, and so must ¢?; consequently c is divisible
by 3.

If, however, «, 3,7 are imaginary numbers, we conclude that a + 8 + ~
must be divisible by 1 — &, hence 24a3y by (1 — ¢)3, and therefore a3y by
1 —e. Thus one of the numbers «, 3, is divisible by 1 — ¢, and consequently
so is one of the numbers a, b, c.

II. In general, we have the identity

(p+q+7)3+ (p+qe +7ree)® + (p + gee + r¢)?
=27pqr +3(p+q+r)(p + ge + ree)(p + qee + re)
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Consequently, if p+ ¢+ r = 0, then

(p+ qe +ree)® 4+ (p+ qee +1¢)> — 2Tpgr =0

If p,q,r, are themselves cubes, namely = a3, b3, ¢3 respectively, that is, if

the equation 23 + 3 + 22 = 0 has a solution, then, on setting
a’ + b + Pee = d
a® +bee + e =1

—3abe = ¢

we also have a/3 + b3 + ¢ = 0. From this new solution a third can be derived
in the same way, and so on. It is easy to see that if the first solution consists
of real numbers, the third will too.

It should also be noted that if a, b, ¢ have no common factor, the same will
hold for a’, ¥, ¢/, apart from the factor 1 — e. For

/

1a =—cea? +eb® =a® —ec® = b3 + eec®
—¢
bl

=a® —eb = —cea® + e = eeb® — 3
1—¢
Cl

=(ee —1)ab
T ( )Jabc

The first two numbers therefore have no factor in common with a, b, or ¢,
and cannot be divisible by 1 — ¢ either, unless a, b, ¢ are all divisible by 1 —¢;
thus they also have no factor in common with the third.

III. But the reverse path is also open. We have seen that one of the
quantities is divisible by 1 — ¢; let it be ¢. Since we can substitute ae or ace
for a, and likewise be or bee for b, we may assume that a is either = 1 or
= —1. We shall assume the former, since in the other case b = 1 would hold,
and it would only need to be interchanged with a. Accordingly, we set

a=1+4 3«
b=—1+33
and ;
GEH O | 4 (ce—e)(ae+ fee) = A
£ —ee
b
m:fle(ssfs)(aeerﬁe):B
£—ee
a+b
= — :C
P (ce —e)(a+B)

3
where A+ B+ C =0, and ABC = a’tb’ < < )

(e—ee)® — \ee—e
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Since here
a=—cA-+eB

b=ccA—¢cB
A and B cannot have a common factor, because it would otherwise also be

a common factor of a and b. Since A + B + C = 0, C' consequently cannot
have a factor in common with either A or B. It follows easily that A and B,

3
and hence also C, are cubes. For <€€i€> will be divisible by € — €, hence

also by (¢ — )3, or a + 8 by 3; therefore A =1, B = —1 (mod. 3).
If we now set

A=ad?
B:b/g
C ="

we have derived from the solution of the equation 23 4+ y3 + 23 =0

rT=a
=b
z=c

another solution,
r=ad
y="V
z=7
3173 13 c?
where a"°b¢® = ——3
(ee —€)

so ¢ will contain the factor 1 — e one fewer time than c. But this is absurd if
¢ is divisible only by a fixed power of 1 — ¢, that is, if ¢ differs from 0. For by
continuing these operations we would otherwise eventually reach a solution
in which z was not divisible by 1 — € at all, contrary to (I).

We can take a similar path for powers with exponent 5. Namely, if a® +
W4+ =0,wesetb+c=a, c+a=p, a+b=r, and then

0 = (2a)° + (2b)° + (2¢)°
=B+y-a)+(+a-B"+(@+B-7)°
= (a+ B+7)" —80aBy(aa + BB+ 77)
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But (a+ 8+ 7)® = 80afy(aa + B3 + v7) cannot hold unless one of the
numbers «, 3, is divisible by 1 —e. For if none of them were divisible, both
a+ B+~ and aa+ B+~ would have to be divisible by 1—¢, and consequently
so would 2(aa + BB +vY) +2(a+B+7)(a+ B —7) = (2a+ B)? + 3B, which
is impossible.

We can also present this as follows. If a® + b® + ¢® = 0, then

4a+b+c)® =50b+c)(c+a)(a+b)
[(a+2b+3c)* +3(a+c)* —8(a+b+c)
=5(b+c)(c+a)(a+Db)
[(b—¢)>+3(b+c)?+4(a+b+c)d

4(a+b+c)® +babe[(b—c) +3(b+c)? =5(a+b+c){....}

The rest of the proof would be very similar to the preceding one.
But if we try the same procedure with seventh powers, we cannot prove
that for a given solution
a"+b" +c"=0

one of the quantities a, b, c must be divisible by 7. For we obtain only

(a+B+7)" =5aBy{3(c* + 8* + ")
+ 10(a BB + aayy + BBy7)}
which can hold without «, 8,y being divisible by 1 — €.

Hopefully, however, this can in future be derived from the nature of the
determinants and the units.

[11]
DETERMINATION OF THE NEAREST INTEGER.

Let
e3=1, m=a-+be+cee

20 —b—c=A+«
2—c—a=B+8
2c—a—b=C+~
where A, B, C' are integers and «, 3, are positive proper fractions. We then

have
A+B+C+a+pB+v=0
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so there are three cases to distinguish:

La+B8+~v=0,hencea=0,8=0,7vy=0

1, A= B =C (mod. 3). Here m itself is an integer.

2, A-B=B-C=C-A= 41 (mod. 3). Here m+ &= . <" is an
integer.

ILa+pB+v=1.

Here each of
A+ Be+ Cee +1

A+ Be+ Cee +¢
A+ Be + Cee + ee

is divisible by 1 — ¢, and one of these numbers by 3. The quotient, or

e" —a — fe — yee

m—+ 3
is the required integer.
Il a + B +v =2
Here
A+ Be+Cee+¢+ee

A+ Be+Cee+ec+1
A+ Be+4+Cee+1+¢
are divisible by 1 — ¢, and one of these numbers by 3. The quotient, or

e'(e +ee) — a— Pe — yee
3

m +

is the required integer.
In all three cases the remainder has the form

T + ye + zee

so that z,y, z are smaller than % in absolute value, and « + y 4+ z = 0. This
necessarily gives

_ _ _ 2
ww—l—yy—l—zz—2xw—2yz-2yy—2xz-2zz—2xy<g

because two of the three quantities x,y, z must have the same sign. Conse-
quently, the determinant of the remainder is

=3(zx+yy+22) <3 Q. E. D.

The nearest integer is found more conveniently as follows. Given a + be +
cee = m, set

b—a=C+7y
c—b=A+a«a
a—c=B+p
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where A, B, C are the next smaller integers and «, 5,y are positive fractions.
There are three cases to distinguish:

I. o+ B+~ =0; then m itself is an integer

II. « + 8 + v = 1; then the nearest integer is

B+ (B+C)e if v is the largest fraction.
Ce+ (A+C)ee g
A+ B . +Aee v

II. o + B + v = 2; then the nearest integer is

B+1+(B+C+2) if v is the smallest fraction.
(C+1)e+ (A+C+2)ee g
A+B+2 . +(A+1)es 0%

In II, 1, the remainder is 8 + (8 + 7)e, whose determinant is

=pBB+By+1y
=3 - §lla=B)1+38) + (a—7)(1+37)]

More simply still:

Arrange the fractions a — [a],b — [b], ¢ — [¢] by size, and call them p, ¢, in
that order. If all three are equal, m is an integer. If they are unequal, let ¢
be any fraction between

p and q, according as q¢—p is largest
qgand r r—gq
rand 14+ p 1+p—r1r

Then
[a —t] + [b—tle + [c — t]ee

is the nearest integer.

[I1L]
Let e =1
a+be+cee +de? +et = ¢
atbetdce 2 Hde 3 feet =¢"
(=0 + (b= +(c=d)?+(d—e) + (e~ a) =2
(a—c)> +(b—d)*+ (c—e)* + (d —a)* + (e — b)? = 2p"
q/q//// — —pls—p”&‘&?—p”sg _p/€4 — P/

"I

q"q :—p,€€—p”€4—p”€—p/€3:P”
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/11

Determinant = P'P" = —p'p' + 3p'p" — p'p
Measure = 2p’ + 2p” = 2P" 4+ 2P"
=5(aa+bb+cc+dd+ee) — (a+b+c+d+e)?
Multiplication by 1 — ¢ gives the new measure = 8p/

sin 72°  sin 36°
D =4,472\/D
Sn36° s 72°> v A2V

Maximum measure = 2 (

Modulus =1 —¢
l—e=2x
e=1—-z
ce=1-2zx+zzx
S =1-3z+3zz—2
et =1— 4z + 62z — 423 + 2*
= —4+ 6z — dax + 2°

3

Thus
1—¢en

1—¢
€" =1—nx mod. (1—¢)?

4 n
<€_:_€3> =1+ nzz mod. (1 —¢)3
ge+e¢

=nmod. (1 —¢)

Thus a number that is = 1 mod. (1 — ) can be a unit only if it is also
=1 (mod. 5).

V]
SOME REMARKS ON THE MEASURE OF NUMBERS.

Let €™ = 1, with n prime,

"n_3

m=a+de+adce+ad"*+ ... +a Ve = fe
D= fe.fee. fe3..  fe" !
fE . f&‘n_l — —b/(8+€n_1) . b”(62 +8_2)

— 0" (473 ...
then
2 = (a _ a/)2 + (a/ _ a//)z + (a// ///) + etc.
2b/l — ((l _ (1”)2 + (a/ _ (I”/)2 + (al/ //l/) + ete.

etc.
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Here b',0",b" .. are therefore all positive quantities; they are called the
partial measures of m, and their sum

V+b6"+b0" +etc. =n(aa +d'ad +a"d" +..)
—(a+d +ad" + etc.)?
the general measure. If we set
fe.femt=¢, fee.fe"2=(" etc.
then 1
d+ "+ " + ete. +C§<n_1)
=¥+ +b" + ete. + b2V
de+e" 1)+ "ee +e" ) + "3+ £73) + ete.
= o + " + " + ete. + b2 (D) — Y/
d2—ec—e" N +"2—ece—c"?)
+"(2 -3 —e"3) 4 ete. = nb/

n—1
2n
If, in general,

2 1 _»
b > (D)7, b’+b”+b"’+etc.>”T.Dn31

fe. fe" t=A+ Ae+ Aec+ A" + ..

then the general measure is A = —A — A" — A” —etc. + nA
Measure of (1 +¢)fe...

A = 4N —2n(A— A') = AN — 20

Ifa+d+ad +..=0, then A =n(aa+dd +a"d" + ete.)

and if A+ A"+ A"+ ... =0, then A =nA, AN =n(24+24")

Thus, if one of the coefficients A’, A”, etc., is negative and greater in ab-
solute value than %A, the measure can be reduced without changing the
determinant.
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V]

If it should be confirmed that every unit is composed solely of factors of the
form
g — &P
e — ¢l
the following theorem would be proved:
If f(e) is a unit, then

16
fle™h)
Even without assuming that theorem, the conclusion is easy to prove. Let
Je = Fe
fe !
then
Fe.Fel=1

from which the theory of measure readily gives
Fe=+£"

The lower sign is impossible, however, since otherwise fe would have to be
divisible by 1 — €.

It is easy to prove that the determinant of a number different from 0 cannot
be = 0. If the determinant is divisible by m, the number itself is divisible
by 1 — e. Consequently, if the determinant is divisible by m™~!, the number
itself must be divisible by m. This is absurd: with determinant 0, the number
could first be divided by m, without changing its determinant, until it was no
longer divisible. The first assertion follows as follows. Let the given number
be

a+be+ceetetc.=a+b+c.. mod. 1 —¢

so its determinant is = (a +b+c..)™ ! mod. 1 —e.

[VL]

Let e =1
fe = a+ be + cee + de> + ete.
m = determinant of this number
m

e = fee. fe3 .. fen !

= A+ Be + Cee +ete. = Fe
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The number fe corresponds to a root of the congruence z" = 1 (mod. m.)
Let it be r. We have

nA=F14 Fe+ Fee + ..

nB=Fl4e 'Fe4+e?Feec+..

nC =F1+¢e 2Fe+e 4Fee+ ..
etc.

Thus, since Fee, Fe?, Fe*, etc., are divisible by fe,
nA—F1—¢e(nB— F1)
nA —F1—ee(nC — F1)
nA — F1—¢e*(nD — F1)

etc.
are all divisible by fe, or also
n(A—B) —en(B—-C)
n(B —C)—en(C — D)

etc.

are divisible by fe; consequently [if fe is not divisible by 1 —e&, and Fe is not
divisible by a real integer]

3

A-B B-C (C-D
50 —D:D—Eetc' (mod. fe)
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REMARKS.

The investigations collected here under the common heading On the The-
ory of Complex Numbers are scattered notes in the manuscript. They contain
the essential steps of the proof of FERMAT’s theorem for the third and fifth
powers. In incomplete notes that are not printed here, numbers composed
of cube roots of unity are studied by means of both the theory of binary
quadratic forms and the division of the circle. When applying the latter, dur-
ing the preparation of the paper Disquisitionum circa aequationes puras ulte-
rior evolutio, the ternary cubic form into which 27“";:__11 can be transformed
for a prime n = 1 mod. 3 was also set out, and the theory of composition of
the related form X3 +mY3 + mmZ3 — 3mXY Z was developed at the same
time.

The property of integers formed from cube roots of unity that is assumed in
the investigations of Fragment [I], namely that each can be decomposed into
prime factors in only one way, follows from EUCLID’s procedure for finding
the common divisors of two numbers, if one applies the theorem derived in
[IT] on the nearest integer to any given fraction.

That the same fundamental property holds for numbers composed of fifth
roots of unity follows from this: the fractional remainder formed by a rule
entirely analogous to that in [II], either for m or else for m multiplied by
a suitable unit F, is such that subtracting it from the given number mFE
produces an integer, and its determinant does not exceed unity. As indicated
in [III], the units can be derived from the theory of binary quadratic forms
of determinant 5, in conjunction with the decomposition of a real prime into
four factors (for example, 11 = Det. (2 + ¢)), namely as products of powers
of eand 1 +e¢.

SCHERING.
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Table of the Quadratic Character

TABLE
OF THE QUADRATIC CHARACTER
OF THE PRIMES FROM 2 TO 997 AS RESIDUES
WITH RESPECT

TO THE PRIMES FROM 3 TO 503 AS DIVISORS.
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Table of the Quadratic Character

5|7 [11[13]17]19]23[29]31[37[41[43]47[53]59

3 -1 1~ =1 1~ 3

5 - |- - ==l |- —| 5

7 - —= |- |-] |- 7
11 - |- - |-|- —|=|-| 1
13 —-l |-|- - |- 13
17 —|—|- —|=|=|-] 17
19 —== |-]-]- |- 19
23 - —=1=| |- [-] [-| 2
29 - - —-|- —|—| 29
31 - - — |-l |-] |-]3t
37 - —=1 |-|- 37
41 - B -4
43 —=1=1 =1 |-l |=]=|-|-|-] 43
47 - - —|=|-] a7
53 —|-|- — =l |-|-|-1-] 53
59 - —= |- - — = 59
61 - - |- - |- 61
67 —=l-1-] |- —| |-]| 67
71 - - =l |- |- 71
73 —-|- —-|- 73
79 - == |-1-] |- 79
83 - |- |-|-1-1-- —| 83
89 -1 |- |- -|- 89
97 - - —|-- 97
101 - —={=-l |-1-1 |-|- 101
103 S R i - - —|103
107 —=1 |=1-1-1 |=[-| |-|-]| |17
109 - |- - 109
113 —|- - |- —| |13
127 —|=-|- —=1- |- 127
131 —-1-1- —= |-|-]13
137 - |-|- - — |137
139 —-1-1- === |- 139
149 - —= |-|-|- — = |149
151 - 1= |=1=1 === |-|-]| [=]w1
157 —|--|- —|- - 157
163 —|=|-|-| |63
167 - - |-|- - 167
173 - —|=l=l-1-1-1- 173
179 - —|=l-] |-]- —|=| |-|1m9
181 S - - - |- — 181
191 - |-l |- - — 191
193 - |- - —|193
197 —={=| |-|-|-1-|=]-|197
199 - - S . —|=|=] |199
211 -1 |-1-1 |- —| [=|-|-]-]211
223 —=1 |=|=|=1=]=|=|=| |223
227 - —|-- —|—|—|—]|227

5|7 [11[13]17]19]23]29[31[37[41[43]47[53]59
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61|67|71|73|79(83|89|97|101|103|107|109|113{127|131|137|139

~ ot w
|
|
|
|
|
|
|
|
~ ot w

101 - |- S - - - - 101
103| — —|=] |- - —| =] =103
107| — S - - - - 107
100/ —| [=|=] |-|-|- -] - - |- 109
13| — - |- S - — |113
27— |[=]-]- - - I 127
131 — - - S N - 131
137| — - S QR - — | = |137
139 =[] |—|-|- - — = =] =1]=1139
49— || |- - - = 149

157 | —|— - - S - 157
163 —| |- - |- - - 163
167| — —|- - - - 167
13| |- |=| |-|- - - — |- |13
179 — | — |- - - — |179
181 |[—| |—|- - — | = |181
191 |- - - -] - 191
193] |- - |- - - - — = —1193
197| — - |- - - | - - - 197
199| — - |- — - — |199

223 - —|- - - - = — |223
227 S —|=]=1= —| - - — |227

61|67|71|73(79(83|89|97|101|103|107|109|113{127|131|137|139
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Table II. Disquiss. Arithm. (Art. 99)

2[ 357 [11[13[17[19]23]29[31[37[41[43[47[53]59
29 == [=] [=|= “T =1 T=T T229
233|— S N ey 233
29| —|—|—| [-] |- - 239
241|—|—|— - - =] =]=]2a
21| === |=|=] [=| |-| |- 251
257 | — —|=1=l |-]-1- — |257
263 |— | — —=1= |- |-1-| [~ 263
269 - == - S i . R
11| —| |=|=|=] |- Y R - o
27| |—=| =] =] |-|-|- — =] |-]er7
281 —| |—|- - B - —| |=]-]281
283 S - —|- - — |283
293 - —|=1 =] |—=|—]293
307 —= |-l- - —| 307
311 —|—|—|—| |- —|=] 311
313[—|— —= |- |- 313
317 |- —| == |-| |-]-|317
331 - . - — = |33
337|——| |- |- ——]-]- 337
347| |- - - —| | =|-1347
349 |—|— —|=l=l-1-1-1- 349
353|— 1 =]=]=- N i 353
359 —[—|—| |—| |—| |- —=] |- 359
367|— - |- — === |-|-|—|367
33| (= |- |-|- B ) [ —|373
379 - - - 379
383|—|—| |- —=]=]-]- - 383
389 —=l=]=]-- - — (389
397| |- - —=|=]=1-] |-I- 397
401|—| |-|-]- - B R 401
409 | —|—[— - |- - —| 409
49| |—|-|-] |- —I=] |=]=|=|=] [-|419
21| |[—|-|-]-] |- - 421
431 —|—|=| |- - - — | =431
433 |- —|-|- . - —|— 433
39— |=|-|=|-| |-| |- —| 439
43| |- - —|=] |- |—]|443
449|—| |-|=]- - - —| =449
457 —|—| |- —=] |- - 457
461 - Y R —=] |=]-]461
463 |— - |- —|=| |—]|463
a7 |=| |- |=|-| |- —|=|—|—|-1467
479 | —|—[—|—| - - 479
487 — == |- —| |as7
a1 [—|-| |=|-]- S R 491
499 - —|- —|- 499
503|—|—| |—|-|— - —|—| |—]503
235 |7 [11[13]17]19]23]29]31 37|41 [43[47[53[59

388



Table II. Disquiss. Arithm. (Art. 99)

61]67[71[73[79(83]89[97[101[103[107[109]113[127[131]137[139
29— [— T 1~ - 229
233 - - - S e - - 233
239 —|—| - - - - -]- 239
241|— |- —=l |- - — 241
251 |- |-|-|-]- - - - - 251
57— |—| |-|-| |- - — | — |257
263 | — |- - - - 263
29| —|—| |-|-| |-]|- - - |- 269
271 | — |- S . - — |27
2171 |—|—| |-|-1]- - - 277
281 - - — - 281
23— |=|-| |=|=-|-|-]- - - - 283
23— |—|—|-| |-] |- - - - 293
307 e e e e e 307
3t |—| |-|-|-]- - -]-1- — | = |31
313 - |-l-] |- - - — — | —|313
37| —|—| |-|-|-1|- - - - - 317
3Bl |- |-|-]- - - -]-1- — [331
337 - —| - - - |- 337
U7l —-|--| |-]- - -1-1-|- 347
a9 || |—| |- - — |349
353 | — - - |- - --1- 353
359 |- - - - - 359
67| |—| |-| |-|- - - = = 367
373 —= |-|- |- -]- - 373
379 — |- —= |-|-1-|- - — | = |37
383 |—|—|- - - - — |- |38
389 |- |-|- — - | - - 389
97 |—| |-|-|-] |- - - == 397
401 - |-|- - - - 401
409 - |- - - - — | = | - |409
419 —-|- - - — = | = |419
a1 |- - S QR U [ - - — |421
431 — - - — (431
433 - - - — | — |433
a9l |=-|-| |- - S - — | = |439
a3l —== |- |- - -]-1- — | = | - |443
449| — |- —|- - - - 449
a7 | =] | -|- - - - |- 457
461 —|—| |- - I — | = |461
a63|—|—| |—-|-| |-|- - - - - 463
467 - —|-- S e — | — |67
a9l —| | —|- —|- |- - — | = | = |479
a7l —|— |- |- |-]-1]- - - - — | — |487
ot —| |- |=|-] [-|- — S - — [491
499 |—| |- - -]-1- — === |499
53| — | —| |—-|-|-| |- - — 503
61[67[71[73[79(83]89[97[101[103[107|109| 113|127 [131]137[139
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Table II. Disquiss. Arithm. (Art. 99)

149[151[157[163[167[173]179[181]191[193[197 [199]211 [ 223 [227]229[233
3 —T=1T- - - —T=1- - 3
50 — | — S R —| - - 5
7| - | - - - S [ —~ -7
11 S - S P - - - 11
13 - S - - —| 13
1 [ [ - - - - 17
19| — - - - - — =119
23 - S R - - - - — |23
2| — | — S U - S - — 129
31| — - - - |- - - — |31
37| — | - | - - - - - |- — =37
41 - - - - 41
43 - - - - - 43
47| — - - - - 47
53] — - S [ (U [ [ 53
59 - |- - S - - 59
61| — - - - - - 61
67| — | - | - || -] - - - S R [ 67
71 - - - - - - - |- n
73| — - - S - 73
79 - - - - 79
83 - - S [ [ - 83
89 - S - - - - — |89
97 - - - S [ - |- 97
101 - S - - - I - — |101
103 — - - - - - 103
07| — | - - S [ - |- — |107
109 - - Y e I i - — |109
13| — - - - - - — |13
127| — - - — - H - - 127
131 - - - - - — |131
137 — S - - - - - 137
139 -] - I e 139
149| — - - - - 149
151 - - - - I i - 151
157 - - - = - — |157
163 - S R - - - - |- 163
167 - S [ I R g S - — | = |167
Y S U R Y R R - - — =] =173
179 — | — - - - - - 179
181 - - - — =] =1]=|1
191] — - S R I [ [ e 191
193 - - S U [ (U ) N - 193
197 - - Y e - — |197
199 - - - - - 199
211 - - - = - - - - 211
223 - - I ) e 223
227 —| - — - 227
149(151[157[163] 167|173 [ 179] 181[ 191|193 [ 197 199|211 [223 | 227|229 233
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Table II. Disquiss. Arithm. (Art. 99)

239[241]251[257[263]269]271[277[281[283[293[307 [311]313[317[331] 337
3 - [ - - - — =13
50— | - | — S - - - - 5
7| — - - —=]=17
11 S - - S P [ 11
13 B - - - - —| 13
17| — -] - - - - - - 17
19| — - - - | - - - - 19
23| — - S - |- - |- 23
29| — | — - S - - 29
31 - - =]=]=1= - 31
37 S - - |- - — |37
41 S - S R - - — |4
43| — - - - S U ) [ - — | 43
ar| — | = | = S U - - — | =47
53 - - = - Y [ - 53
59 — | —| =] -] - S R S - - |- 59
61| — | — - -]-1- - |- - 61
67 - S - - S - - 67
71 - - - - - - - 71
73 - |- - - - - - 73
9] — | — S I S e - |- — |79
83 - - - - |- 83
89 S U P U N - - - -] - 89
97 - - S [ - 97
101 — - - |- - - 101
103 — - -] - — |103
07| - | = | - - - - |- - — | = |107
109] — - - H - - 109
ml - - -- - - =] =] =]=1]=1113
127 - I 127
131 — S U - - - - — |131
137 - S [ - |- — [137
139| — -] - - - - 139
149 - - - - - - — =] =149
151 — | — | — - I - - 151
157| — - - |- - S ) 157
163 - — - - — 163
167| — - - S - - — |167
173 S R [ =] =]=]=1|173
179| — - — |179
181 - - - - - - - — |181
91 — | — | = S U U U N (U - 191
193 — | — - - - - —| =] - |193
197 — - - - |- - 197
199] — S U ) - - - - 199
211 - N - = S [ — | = |21t
23| — | - | - | - - - 223
227| — —| - — - — | —| - |227
239 (241251257263 (269|271 277|281 283[293[307 |311]313[317 331337
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Table II. Disquiss. Arithm. (Art. 99)

149[151[157[163[167[173]179[181]191[193[197 [199]211 [ 223 [227]229[233
29 — | — 1= - - — =229
233 - - - - - — | —|233
239 - - - - - 239
241 - I e - - — | =241
251 — S e - - - - — |251
257 - — S ) ) e 257
263 — | — | — S - - — |263
29| — | — - - - | - — |269
271 - - - - - - —|=|2n
277 - - - - 277
281 — -] - - - - - 281
283 - -] - - - - |- - — |283
203| — - = -]-1- — | —|293
307| — - |- - - —| =] =]~ [307
311 - - - | - - - - 311
313 -] - — — - - 313
317| — - S U - - - - 317
331| — - -]1-- - - — 331
337| — - =-]-1- - - —| =] - |337
347| — - - - - - |- - 347
349 - - - - - - — |349
353 - - - - - - — |353
359 — | — - |- - — | —|359
367 — | — - — | = — | = - |- 367
373 - - |- - 373
379 — | — -] - = - - - 379
383| — - - - -] - 383
389 - |- - - - | - 389
397 - - =-1-1- - - 397
401] — | — I - - - 401
409 - - - == - - 409
419 — | — | - - - - 419
421 — - - - - - - 421
31— | -] -] - - - - - -] - 431
433 - - - S ) — | — |433
439 - - S - 439
43| — | — - - - - - — | = | - |443
449 - S U ) [ e - - 449
457 - -] - - - — | = | - |457
461 I I - - -]- 461
463| — S U [ () g - - 463
467 — | — | - | - - - - - —| = | = | - [467
479 - I e - - - - — |479
487 - - - --]- 487
491 - - - - - S T
499 - - - S - — [499
503 - —| - - — | —|503
149(151[157[163] 167|173 [179] 181[ 191193197 199|211 [223 | 227] 229|233

392



Table II. Disquiss. Arithm. (Art. 99)

239[241]251[257[263]269]271[277[281[283[293[307 [311]313[317[331] 337
229 - 1= —T=1= — 1229
233 - - S e - == — | —|233
29| — | — ||| —-|—-]- S [ [ [ — [239
41| — | = | = | = S P - — | = |oa1
251 - - - - — =] =251
257 — | — - - -] - - 257
263 S - - — = =] =]=-]23
269| — - S [ - - 269
271 - - - S [ 271
277 - - = S [ [ [ 277
281 - - S R [ — =] =1]=es1
283 S [ R g - -|-]-1- - — [283
293| — - S R S [ - |- 293
307 -] - - - S [ (U (U [ 307
311 - — =] =]=1]=311
313 - - - - — == =]=]=1313
317 == — =] =]=]=]=1=1]- 317
331 — | — - - S - —| =331
37| — | — | — - - - - |- — | = [337
347 S - S [ R - 347
349| — | — === S [ [ - — [349
353 ==l =]=]=]=1]= — | =] =353
359 - - - - -] - 359
367 - S R R - 367
373| — - |- - - — |373
379| — S - S R S - — | = |37
383 - - - - N - 383
389| — - — - |- - - — | —[389
397 - S - - 397
01| — | — S - S U — | = |401
409| — - - S e — [409
419 S - - - - — |419
41| - | - - S N - S - — |421
431 - - - - — [431
433 - - I - - — | — |433
439 - - - S - - - 439
443 — — - S [ - 443
449 - S R - — | = |449
457| — | — - - - S [ - 457
461 - - - S - 461
463| — - - - - - - — |463
467 — | — | — - - - - 467
479 I i - - - - - - 479
487 - S R e S [ — |487
91| — | — S I - - - 491
499| — S - - - - - — | =] = |499
503 - | - - S - 503
239|241 [ 251257263269 271|277 281 283]293[307(311[313[317[331[337
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Table II. Disquiss. Arithm. (Art. 99)

347349 353[359[367]373[ 379 383[ 389397 [401 [409[419[421 [431 [433]439
3 - —T=T1T- - - - — =13
5 - - - - Y [ [ ) -1 5
7| — - - = - - S - 7
11 - - S [ [ [ - - 11
13| — - - - - —|—1]13
17 - -]- — - - - - - 17
- -|--]- - - 19
2| — | - | - - - — |23
29— | -] - - - B - - - — |29
31 - - - = - N - — |31
37 - === - - - 37
41 S [ N R R - S [ S - 41
43 -] - - - - —| 43
47| — - - | - - - — | 47
53] — - - —|=]=153
59 - S R [ — | =159
61| — - - - - —| 61
67 - - - - S - — |67
71 S U - - - 71
Bl - -] =]=-]- S [ - — |73
79| — - S R =] =]=1]m
83 S - - S [ [ - 83
89| — - - |- 89
97 - - - - S - 97
101 S [ R g - - 101
103 — -] - S QU ) [ g 103
107 - - - - |- — |107
109 — | - | - - - - — | =] =1]= 109
13| — - - - - - - — |13
127 - - == - - - 127
131 - - - | - - - - - — |131
137| — S R R R e - - — | = |137
139 — | — - - - - - 139
149| — - - - - - == 149
151 — | — - - - — |151
157 — | - | — - - - 157
163| — S [ R - S - — |163
167 I i - - - S U [ e 167
173| — S - S R - - 173
179| — S - S [ [ [ [ — | = |179
Bl — |- |- |—-|-]- - - - 181
191 — | — | - - - - -] - 191
193 - S - - 193
197 — - - Y [ - 197
199 - - - -] - 199
211 — - - = - - 211
23| — | - |- |- |- — - - - - 223
27| — | — - —| - — |227
347349 353[359[367|373[ 379383 389|397 401 [409 [ 419|421 [431 [433] 439
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Table II. Disquiss. Arithm. (Art. 99)

443[449]457[461[463]467[479[487[491[499[503 509 [521[523 541 [547[557
3 - - - - —T=1T- 3
5 - - - - - —| - - 5
4 [ e - N —=]=17
ul-| - - |- - - - 11
13| — - - - - - - 13
17| — B - - - —| 17
19] — =l =]=1= S [ - — 119
2| — | — - N - - |- 23
29 - - - - I - =12
31| — - = - - - 31
37| — — - |- 37
41| - | - - - B - - |- 41
43| — - - - - =] -1 43
47 - S - -] - 47
53 - - - - S R [ 53
59 - - S R [ - - — | =159
61| — | — - - S e - - 61
67 S - - - - - — |67
71 - S e - |- n
73 S - - S [ — N
79 - S R - =] =]=1]m
83| — - - S [ — =183
89 — | — S R I g - - 89
97 - S QR R I R S [ — =197
101 - - |- - |- - — |101
103 - - - - I - 103
107 S R - |- - 107
109| — S [ N g - - - |- — 109
13| — I - S [ — | =113
127 - | - | - - - S P | — |127
131 - - - — |131
137 — | — - S - - — === w7
139 - - - - - — |139
149| — - - — | = |149
151 S I S - - S - 151
157 - - - - - — | = |57
163 - |- - - - — - 163
167 - - - - - - - — |167
173 S - |- S - — |173
179| — - - I - - — |179
181 — | — - S R e - - — | = |181
191 S U U U O —|=-1]-= 191
193 - - S - - - 193
197 — | — | - B R - — |197
199 — | — - - - - I - 199
211 — - - = - =]=]=]=1]= 211
223| — S - - - - - 223
227 S P B - - - |- — |227
443449 457[461 463|467 | 479487 [491 499|503 [509 | 521|523 541 | 547|557
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Table II. Disquiss. Arithm. (Art. 99)

347349 353[359[367]373[ 379 383[ 389397 [401 [409[419[421 [431 [433]439
229] — —T=T= - —T=1= S R [ [ TS
233 I - - 233
239| — | — S - - S [ [ ) — [239
21| — | — - - - - 241
251 - - - 251
257 - - - |- - - 257
263 - - - - - — |263
29| — | — | — - - — | = |269
271 I i - - - - - - - 271
277| — - - S R e N - 277
WL — | = | =] =] = - - S I — |281
23| — | — | — S U - - - - 283
203 — | — | — Y - - 293
307 — | — | — - - - S [ [ ) 307
311] — N - - = Y [ - — [311
313 - — S e - - - - 313
317 - - - - - 317
331| — - - - - - - - 331
337 -] - S - - S [ [ (U [ [ 337
347| — - - — 347
349 - - - - - 349
353 - |- S - |- — [353
359 - - S - - |- — | =] =359
367| — - - - - — | =] =367
373 - S - S [ [ — |373
379| — - - - - - 379
383 - - === =] =]=1]=383
389| — - - - - |- - |- 389
397 - - - - S — | =] =397
401 I S U ) [ - 401
409 - - - S [ (U [ [ — | — |409
419| — | — - - S [ - — |419
421| — - - - S - - - 421
431] — - - - S
433 - S R P (U [ — =] =] =433
439] — - - - - - — | —|439
443 — | — S - - - |- 443
49| — | — - - - - — | =] =]~ |49
457| — | — - - - S [ [ [ — | = |457
461 — I - - - — |461
463 I e - - - - — |463
467 - - - - - 467
479 - - - - 479
487 S - - - — | =] = |487
491 - - - I - 491
499 - - S - — | =] =] - [499
503 == =]=]=]- - — 503
347[349[353[359[367|373[379|383[389(397|401|409]419]421]431]433]439
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Table II. Disquiss. Arithm. (Art. 99)

443[449]457[461[463]467[479[487[491[499[503 509 [521[523 541 [547[557
20 — | = | = [ = [ == - i - — 1229
233| — - - | - S - - — | —|233
239| — — S - - - - 239
241 - S N [ - - — |241
251] — | — - - - I - 251
257 - - S - 257
263 - S U - — |263
269 - |- - - 269
271 - - - |- S I - 271
277 S R R R e — | =] =27
281] — - S I - — |281
283| — - S - - - - 283
203| — | — — - S [ [ ) - 293
307 - - - - - — === 307
311 - - = S [ - |- 311
313 - — - - S U [ e 313
317 - - - |- - —| = |317
331 I e — - - 331
337 - - - - - — [337
347 === =]=]=]=]=1]= - |- 347
9| — | — | — - - - - - 349
353 - - |- - 353
359 S - S QR - == =]=]=1]=135
367 - - S R P - — [367
373| — =] =]=]=]= - - — |373
379 — | — S - - S - — [379
383 - = - |- - - — [383
389| — - - - - |- — 1389
397 - - - - S - — [397
401 - S [ U [ — =] =401
409 — | — | - - - - - 409
419 - - - - - - 419
421 S - - - - |- - 421
431 — | — S R e - - S R 431
433 - - - - - - - - 433
439 — | —| - | - - - - - - 439
443| — - — - - - — |443
449 S - - - - - B - 449
a7 — | = | = | = | - - |- - - — |457
461 - - - - B - — |461
463 — | — | — S R - — =] =] =1]-463
67| — | — - - - - - — |467
479 S U [ [ R N [ - 479
487| — I - - = - - — | = |487
491 S R I - - - 491
499 - - - S e - - - 499
503| — - — == — | —|503
143]449] 457|461 463]467]479] 487|491 499503509521 523|541 | 547|557

397



Table II. Disquiss. Arithm. (Art. 99)

563[569[571]577[587]593[599[601[607]613]617]619]631]641]643]647]653
3 i —T=1= 1= - 3
5 - |- - S - 5
7 S - - - - - |- -7
11 - - ==l =]=]=]=-]1u
Bl -|-|- N - — =113
17— | - S U [ - - - 17
19 S R S [ [ S R T
23 S R R R R — =123
29 - - |- - - - - 29
31| — - - = - - — |31
37 - S - S I - - 37
41 - - - =-]=]=1-= - 41
43| — | - - S [ - 43
47 - - S [ =] =47
53 S R e - - —|=]=153
59 - -] - - S [ [ I U [ T
61| — | — | — N - 61
67 - S [ [ - 67
71 S [ I - |- N - 71
73 - - - - — — |73
9 — | - | - - - - - |- — |79
83| — - - - |- 83
89 - S S P - 89
97 - - S [ - - |- 97
101 — | — S - S - - |- - — |101
103 - - - S U [ 103
107 S R - - — |107
109 - - - — | = |109
ugl — | - - - - — | =113
127 - S - - - — |127
11— | - S - B - - - — | = |131
137| — — S [ - — | = |137
139 — | — - - I e - - 139
149| — N - - - == 149
151 — | = | = | = - - — =] ==
157 - - - - S e - — | = |57
163| — - - - — — | —|163
167| — - - - - - — |167
173 - - - S - 173
179 - S ) [ ) — | =] = |179
181 — - - - |- - 181
191 - B - S - - - |191
193] — S - - - 193
197 — | — - —l=]=]=]=1- — |197
199] — S ) [ e — | =] = [199
211 - - = - — | = |21t
223 - - - S - 223
227| — - |- - - - - 227
563[569|571]577(587]593[599]601[607]613]617]619]631]641]643]647]653
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Table II. Disquiss. Arithm. (Art. 99)

659]661[673[677[683[691[701[709]719]727]733]739]743[751]757] 761
3 1= - - —T=1- 1= 3
50 — | — S QR [ - - -1 5
7| — - - - S P - 7
1 - - S N S - 11
13| — - - - |- - 13
17— | - - S I =]
19 ==l =]=]=1]= =119
23 - - - - - — |23
29 B - S [ U A — 129
31 — | — N - - - 31
37| — - - - S P [ - — |37
41 - - - S [ — |4
43| — | - - S P 43
ar| - | - - B - - |- — |47
53 - - - |- I - 53
59 - - — - |- - — =159
61| — - = S [ - 61
67| — - - - |- — |67
71| — - - - 71
.1 [ [ Y [ - 73
79 - |- Y [ =] =]=1]m
83| — - S - S [ - |- 83
89| — - - - —=]=189
97 S R R I R - - - |- 97
101 S QR - - — |101
103 — - - - - - - - 103
107 - S R - - - |107
109 — | — — - - - 109
113 - - N - — |113
127 S I S S - - 127
131 — S N - - - 131
137 - - - — | = |137
139 -] - — - - - — |139
149 — - - - = - - — |149
151 — - S - - - - 151
157 — | — - - S I e - 157
163 S - S S - 163
167 - - - - — | = |67
173 — | - S R e S [ [ [ 173
179 - — - - - - — |179
181 — - —l=]=1=1-= — =] =181
191 — S - S P - - - 191
193 - - - - 193
197 - - S [ - 197
199 — | — S U [ [ Q) N - 199
211 - - - - 211
223| — S R - S [ S - 223
27| — | — | — - - S 227
659661 ]673]677]683]691]701]709]719]727]733]739]743]751| 757|761
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Table II. Disquiss. Arithm. (Art. 99)

563[569[571]577[587]593[599[601[607]613]617]619]631]641]643]647]653
229 - 1= - — =1 =1=1= 229
233 - - S - —| =] -1]-|233
29 — | — | | -] - - - S P - 239
21| — | — B - - 241
251 S [ I ) - - - 251
257| — - - - - - —| =] = |27
263| — | — - - - | - - - - 263
269| — S - Y [ [ — 1269
271 - |- - S I 271
277| — - - - - |- - 277
281 — | — | — - S - S [ U I 281
283| — - - - - - 283
293 S QR - - - |- — =] =] =293
307 — | — | — - - - - — [307
311] — - - = - - 311
313 - S U [ [ ) I [ - — |313
317 == - - - 317
331 — | — - I e - - 331
337| — - S - - - — | = [337
347 S - - - - — | =] = |37
349| — - - S e - - — | —|349
353 - - - - - 353
359| — - - - - - — | — 359
367 — | — | — | —| -] — - - S [ 367
373 S - - - - — |373
379 - - - - - 379
383 - - - - I 383
389 - - - - - — 1389
397 - S R - — | =] =397
401| — S - S P - - — l401
409 — | — | - - - - - 409
419| — - - - - 419
421| — - - - |- S - — |421
431 — | — - - |- - - 431
433 - - I - 433
439 - - S - - - - 439
443 — | — — — Y [ - |- - 443
449| — - |- - - — | =] = |449
457 - S - - - - — |457
461| — - S N - - 461
463| — S QR R I R S [ [ — |463
467 - - - - -1- — |467
a9 — | - -] -] - S R - - - - 479
a87| — | - | - - - S [ [ [ — |487
491 - - - S - 491
499| — | — - - S QR ) [ g 499
503 - - S - |- — | —|503
563[569|571|577|587]593]599]601]607|613]617|619]631|641|643]647|653
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Table II. Disquiss. Arithm. (Art. 99)

659[661]673[677[683]691[701[709]719]727[733[739[743[751 757761
229 i —T=T= - —T=1= 229
233 - - S e - - —| =] - |233
239 — - S [ [ — =] =123
241| — - - S [ [ [ 241
251 N N S R 251
257 - - S - 257
263| — -] - - - - — |263
269| — - S - 269
271 - - S P — lom1
277 - N - - — | = |27
281 - - S - - - 281
283| — | — - - - - - - — |283
293| — S - S R R - 293
307 S R [ S [ - 307
311 - - - - |- — | = [311
33| — | — - - - - -]- 313
317| — =l =]=1]= - - |- - 317
331 — - - I ) ) 331
337 S P [ - - 337
347 - |- S [ — — 347
349 - - — - - - - 349
353| — S R - 353
359 — | — - S - - - 359
367| — - - - 367
373| — - S - S - S - 373
379| — - - - - - |- 379
383 — | — - Y [ - — [383
389 — | — S [ [ R g - - — 1389
397 - - S e - — | =] =397
401 - - S S - — | =] =401
409| — - - - - 409
419| — - - - - |- — |419
421 S I S I — | = |421
431 — | = | = | = N - — =] = |43
433 —l==|=]=|=]=1]-|43
439 — | — | - - - - |- - 439
443 - - — | =] =] = |443
449 S I - |- — | = |449
457 N - - — = =] == a7
461| — B - === S - 461
463| — - S R [ [ [ e — |463
467 — - - - e 467
479 — - - - - - - 479
487 S R R R e — | =] =] = |a87
491| — - - - - - 491
499 - -] - - - 499
503 — | — | — —| - - |- - — |503
659|661 |673]677(683[691|701|709|719]727|733]739]743]751| 757|761

401



Table II. Disquiss. Arithm. (Art. 99)

769 |773|787| 797|809 |811|821|823|827 (829|839 (853|857 859|863 |877|881

~ ot w
|
|
|
|
|
|
|
|
~ ot w

53 - - - === 53

101 - - - S [ [ 101
103 S - - Y [ 103
107 - - - - — |107
109 S - S - — | =] =109
ml - | = | - - N - - 113
127 S [ U I - - 127
131 — - |- B - S [ - |- 131
137 — - S - - - — [137
139 - - - - |- — 139
49| — | - | - - - - S R 149
151 S U —l=]=]=1= 151
157 — | — - - - - - 157
163 S - — S [ - 163
167 - S QR P | - 167
13— | = | - S - - |- - — |173
179 - S - - - - |- 179
181 — | — - - - S [ [ 181
91 — | — | = - - S - |191
193] — | — - - - S [ — 1193
197 — | - | = | = - S [ [ [ — |197
199 — -] - - S [ (U (U [ - 199
211 — - N - |- - - - — |211
223| — - - - — |223
227 - - - |- - |- 227

769|773 | 787| 797|809 |811|821|823|827|829|839 853|857 (859|863 |877|881
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Table II. Disquiss. Arithm. (Art. 99)

883[887[907[911[919[929[937[941[947[953[967[971[977[983[991[997
3 = - - - - — =13
5 S - - - - 5
7| — S - S [ — - 7
1l - - |- - - S R P 11
Bl-|-|-|-|- - - - — =113
17| - - - S U | 17
19] — S - - — 119
23| — | — - - - — =123
2| — S [ [ - - - 29
31 - — - - - — |31
37 - S - - - - 37
41 S - S - 41
43| — - - S - S U 43
47| — - |- - B - - - - 47
53 - =l =]=]=]=1]= —=]=153
59| — - - |- - — | 59
61 S R e S [ - 61
67 S - S [ [ ) — |67
71 - S S -7
73 — Y Y — |73
79 S R | - - Y [ — |79
83 - |- - - - S R P
89 - |- - - S - — |89
97 - - - — | o7
101 - - - - — | = |101
103 — | - | — - - - I - 103
07| — - = - - - |107
109 - - - - — |109
113 S - |- - 113
127| — S I - - S U 127
131 S B - - - — | = |131
137 — | — S - — — | = |137
139| — — - - - - — |139
149 - N - = - — |149
151 — S - - - — | = |151
157 - - - - - |- - - 157
163 - - = - |- 163
167| — S e - - — |167
173 - S - - - — =] =173
179 I e - S e I - 179
181 - === 181
191 - - S - - 191
193 ===l =]=|=]=]=]-1- — 1193
197 - 197
199 I I - — — |199
211 - - S [ - 211
223 S I - S — |223
227 =] =]=1]= - =-]=-1- — |227
883[887[907[911[919[929[937[941[947(953[967]971]977[983[991[997
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Table II. Disquiss. Arithm. (Art. 99)

769[773]787[797[809] 811821 [823]827[829[839 [853]857[859 863877 [ 881
229] — - - i 229
233 - I - - | - — | —|233
239 - - - - - - 239
241 S - - - |- - — | = |oa1
251] — | — - = - - - I - 251
57| — | - | - | - - - |- - - 257
263| — - S R — =] =] =]=]=1]-1263
29| — | — | — S QR R S - 269
271 - S N [ - |- S N N 16
277| — - - - - - 277
281 B - - —l==]=]=]=]=]=1]= 281
283| — | — |- - - - - 283
293 - S R S - - 293
307| — - - - - 307
311] — N - - - |- 311
3| — | — | - | - — — - — — |313
317| — - - - - - — |317
331 - - === ]=-]-1]- — | = [331
337| — - |- S R S [ - 337
347| — — S [ R - S - 347
349 - - - - - 349
353 S - - S I 353
39| — | — | = | = | — S - - 359
367 - |- S - - - - 367
373 S R [ - - S [ [ - 373
379 -] - - - S - 379
383 — | — | = | = | - - S [ - 383
389 — | — | — | — - S QR P 389
397| — - S R e — === 397
401 - S I - S U 401
409| — | — - S - - - 409
419 - - - - - — =] =] =419
421 S [ U I - S [ U U I 421
431 — | — - - - — =] = |43
433 - S QU ) [ - - 433
439 - - - - - - 439
443 - - - - |- - — |443
a9 — | = | = |=|=-|-1]- S [ [ [ 449
457 - - - I - 457
461| — S I - S R N PTG
463| — -] - - - - - — |463
467 - S e - - 467
479 - - - - - - 479
87| — | — S R R R e - — |487
491 - S - - S - 491
499 — - - - - - — [499
503 - - - — == — [503
769|773 [ 787|797 809|811 [821 823|827 829|839 853857859 863|877 881
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Table II. Disquiss. Arithm. (Art. 99)

883[887]907[911[919]929[937[941[947[953[967 [971[977]983[991 [997
229] — —T=T= - —T=1=1= =229
233| — - - - | - - 233
239| — | — - - - - - 239
21| — | — S - - - - 241
251 - - - - 251
257 I - - - - - — |257
263 - - - - - — |263
269 - |- S - — 1269
71| — | — - |- S [ N [ [ [ [ e 271
277| — - — - S [ - - 277
281] — - - - S - - 281
283| — | — - - - - 283
293| — - - - - - 293
307 — | — | — - - - - — | =] =307
311 - - S R e - — [311
313 - - S I - S U [ e e RIE
317 N - = - - - 317
331 - - - - — | =331
337| — - - - - - - — [337
347 - S - — - |- 347
349| — SN N R R [ [ [ [ [ - 349
353 — | — | — S R Y [ [ [ 353
359 — | — - - - |- - - 359
367| — - - - - 367
373| — - - |- — |373
379 — | — | — S - - - S - — [379
383 - - - = - - - |- 383
389 S - - - - - - |- 389
397 - - - 397
401| — - B S U — l401
409 - - - - - - - — [409
a9 — | - |- -] -] - - - - |- 419
421 - - S - - - — | = |421
431 S R - - N — |431
433] — - - - - I - 433
439 — | — | - - - - - - - 439
443 — - Y I — | — |443
449 - |- - - |- — | = |449
457 N - - - |- 457
461| — S - - 461
463 - - - | - - - 463
467 S [ ) ) - - — |467
479 S e - - - - 479
487 - - - - - - - 487
491 - B - - |- — =] =491
499| — - - - - - - 499
503| — | — - - - - |- - 503
883[887[907[911[919[929[937[941[947(953[967(971[977[983[991[997
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TABLE

FOR CONVERTING

COMMON FRACTIONS WITH DENOMINATORS
FROM THE FIRST THOUSAND

INTO DECIMAL FRACTIONS.



Conversion of Common Fractions into Decimals

—_
~—

..6;(0)..3

.. 428571

.2;(2)..4;(3)..8;(4)..7; (5)..5; (0)..1
..81;(2)..63; (3)..27; (4)..54; (0)..90

.. 615384; (0) .. 769230

.. 5882352941 176470

..5263157894 73684210

.. 4347826086 9565217391 30

.. 740; (2)..481; (3)..962; (4)..925; (5)..851; (0)..370
.. 3448275862 0689655172 41379310

.. 4838709677 41935; (0) .. 3225806451 61290

..351; (2)..756; (3)..783; (4)..918; (5)..594; (6)..972;
..864; (8)..324; (9)..621; (10)..108; (11)..540; (0)..270
.. 46341; (2)..78048; (3)..68292; (4)..09756; (5)..58536;
..51219; (7)..07317; (0).. 24390

.. 5116279069 7674418604 6; (0) .. 2325581395 3488372093 0
.. 2127659574 4680851063 8297872340 4255319148 936170

.. 2040816326 5306122448 9795918367 3469387755 10

..9056603773 584; (2)..5471698113 207; (3)..2264150943 396;
.. 1886792452 830

.. 1694915254 2472881355 9322033898 3050847457 6271186440
796610

) .. 1639344262 2950819672 1311475409 8360655737 7049180327
8688524590

67 (1)..7910447761 1940298507 4626865671 641; (0)..1492537313
4328358208 9552238805 970

71 (1)..7323943661 9718309859 1549295774 64788; (0) .. 1408450704
2253521126 7605633802 81690

73 (1)..68493150; (2)..42465753; (3)..12328767; (4)..61643835;

—_ = =
_ O g W

o = R~ o

— N N N N

[u—
(aw]
~—

[\)

[\]
O© J W © 3 W
—_
N

IS W W N

— ENE
o N N e e I N N N N N N T N N
SRk N~ ~ O (=)
N e N e N S~—

1N
—~
—_
N—

1N
—~
—_
N—

ot U
Ne) W © N W
A~~~ N/~
o O = O
S— N N N

=
3

61

—

(5)..08219178; (6)..41095890 (7)..05479452; (8)..27397260;
(0) .. 13698630
79 (1)..6708860759 493; (2) .. 4556962025 316; (3) .. 2151898734 177;
(4) .. 2405063291 139; (5) .. 9746835443 037; (0) .. 1265822784 810
81 (1)..358024691; (2)..938271604; (3)..320987654; (4)..530864197;
(5)..839506172; (0).. 123456790
83 (1)..0240963855 4216867469 8795180722 8915662650 6;
(0)..1204819277 1084337349 3975903614 4578313253 0
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Conversion of Common Fractions into Decimals

89

97

101

103

107

109

113

121

127

131

137

139

149

(1)..3707865168 5393258426 9662921348 3146067415 7303;
(0) .. 1123595505 6179775280 8988764044 9438202247 1910
(0)..1030927835 0515463917 5257731958 7628865979 3814432989

6907216494 8453608247 4226804123 7113402061 855670

1)..1980; (2)..3960; (3)..7920; (4)..5841; (5)..1683; (6)..3366;
7)..6732; (8)..3465; (9)..6930; (10)..3861; (11)..7722;
12)..5445; (13)..0891; (14)..1782; (15)..3564; (16)..7128;
17)..4257; (18)..8514; (19)..7029; (20)..4059; (21)..8118;
22)..6237; (23)..2475; (24)..4950; (0)..0990

) .. 5825242718 4466019417 4757281553 3980; (2) .. 4951456310
6796116504 8543689320 3883 (0) .. 0970873786 4077669902
9126213592 2330

(1)..8878504672 8971962616 8224299065 4205607476 6355140186 915
(0) ..0934579439 2523364485 9813084112 1495327102 8037383177 570

(0)..0917431192 6605504587 1559633027 5229357798 1651376146
7889908256 8807339449 5412844036 6972477064 2201834862 38532110

(0) .. 0884955752 2123893805 3097345132 7433628318 5840707964
6017699115 0442477876 1061946902 6548672566 3716814159
2920353982 30

1)..8925619834 7107438016 52; (2)..2396694214 8760330578 51;
.. 3884297520 6611570247 93; (4) .. 5950413223 1404958677 68;
.. 0826446280 9917355371 90;

(

(3)

(0)

(1)... 3464566929 1338582677 1653543307 0866141732 28;
(2)

(0)

(
(
(
(
(
(1

.. 7244094488 1889763779 5275590551 1811023622 04;
.. 0787401574 8031496062 9921259842 5196850393 70

(0)..0763358778 6259541984 7328244274 8091603053 4351145038
1679389312 9770992366 4122137404 5801526717 5572519083
9694656488 5496183206 1068702290

1)..87591240; (2)..51094890; (3)..13138686; (4)..57664233;
5)..91970802; (6)..03649635; (7). .43795620; (8)..25547445;
9)..06569343; (10)..78832116; (11)..45985401; (12)..51824817;
13)..21897810; (14)..62773722; (15)..53284671; (16)..39416058;
). 07299270

1)..6187050359 7122302158 2733812949 6402877697 841726

)

)

..9208633093 5251798561 1510791366 9064748201 438848;
.. 0719424460 4316546762 5899280575 5395683453 237410

(0)..0671140939 5973154362 4161073825 5033557046 9798657718
1208053691 2751677852 3489932885 9060402684 5637583892
6174496644 2953020134 2281879194 6308724832 21476510
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Conversion of Common Fractions into Decimals

151

157

163

167

169

173

179

181

191

193

197

(1)..5496688741 7218543046 3576158940 3973509933 7748344370
8609271523 1788079470 19867 (0) .. 0662251655 6291390728
4768211920 5298013245 0331125827 8145695364 2384105960 26490

(1)..1464968152 8662420382 1656050955 4140127388 5350318471
3375796178 3439490445 85987261 (0) .. 0636942675 1592356687
8980891719 7452229299 3630573248 4076433121 0191082802 54777070

(1)..2944785276 0736196319 0184049079 7546012269 9386503067
4846625766 8711656441 7177914110 4 (0) .. 0613496932 5153374233
1288343558 2822085889 5705521472 3926380368 0981595092
0245398773 0

(0) .. 0598802395 2095808383 2335329341 3173652694 6107784431
1377245508 9820359281 4371257485 0299401197 6047904191
6167664670 6586826347 3053892215 5688622754 4910179640
7185628742 514970

(1)..1065088757 3964497041 4201183431 9526627218 9349112426
0355029585 7988165680 47337278 (0) .. 0591715976 3313609467
4556213017 7514792899 4082840236 6863905325 4437869822 48520710

(1)..7398843930 6358381502 8901734104 0462427745 664;
(2)..6705202312 1387283236 9942196531 7919075144 508;
(3) ..9826589595 3757225433 5260115606 9364161849 710;
(0)..0578034682 0809248554 9132947976 8786127167 630

(0) .. 0558659217 8770949720 6703910614 5251396648 0446927374
3016759776 5363128491 6201117318 4357541899 4413407821
2290502793 2960893854 7486033519 5530726256 9832402234
6368715083 7988826815 64245810

(0) ..0552486187 8453038674 0331491712 7071823204 4198895027
6243093922 6519337016 5745856353 5911602209 9447513812
1546961325 9668508287 2928176795 5801104972 3756906077
3480662983 4254143646 4088397790

(1)..2198952879 5811518324 6073298429 3193717277 4869109947
6439790575 9162303664 9214659685 8638743455 49738;

(0) .. 0523560209 4240837696 3350785340 3141361256 5445026178
0104712041 8848167539 2670157068 0628272251 30890
(0)..0518134715 0259067357 5129533678 7564766839 3782383419
6891191709 8445595854 9222797927 4611398963 7305699481
8652849740 9326424870 4663212435 2331606217 6165803108
8082901554 4041450777 2020725388 6010362694 30
(1)..7055837563 4517766497 4619289340 1015228426 3959390862
9441624365 4822335025 3807106598 9847715736 04060913;
(0)..0507614213 1979695431 4720812182 7411167512 6903553299
4923857868 0203045685 2791878172 5888324873 09644670
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Conversion of Common Fractions into Decimals

199

211

223

227

229

233

239

(1)..3819095477 3869346733 6683417085 4271356783 9195979899
4974874371 8592964824 1206030150 7537688442 211055276
(0) ..0502512562 8140703517 5879396984 9246231155 7788944723
6180904522 6130653266 3316582914 5728643216 080402010

(1)..3317535545 0236966824 6445497630; (2) ..3222748815
1658767772 5118483412; (3)..2559241706 1611374407 5829383886;
(4)..7914691943 1279620853 0805687203; (5) .. 5402843601
8957345971 5639810426; (6) .. 7819905213 2701421800 9478672985;
(0) ..0473933649 2890995260 6635071090

(0) .. 0448430493 2735426008 9686098654 7085201793 7219730941
7040358744 3946188340 8071748878 9237668161 4349775784
7533632286 9955156950 6726457399 1031390134 5291479820
6278026905 8295964125 5605381165 9192825112 1076233183
8565022421 5246636771 30

(1)..1806167400 8810572687 2246696035 2422907488 9867841409
6916299559 4713656387 6651982378 8546255506 6079295154
1850220264 317; (0) .. 0440528634 3612334801 7621145374
4493392070 4845814977 9735682819 3832599118 9427312775
3303964757 7092511013 2158590308 370

(0) .. 0436681222 7074235807 8602620087 3362445414 8471615720
5240174672 4890829694 3231441048 0349344978 1659388646
2882096069 8689956331 8777292576 4192139737 9912663755
4585152838 4279475982 5327510917 0305676855 8951965065
5021834061 1353711790 39301310

(0) .. 0429184549 3562231759 6566523605 1502145922 7467811158
7982832618 0257510729 6137339055 7959914163 0901287553
6480686695 2789799570 8154506437 7682403433 4763948497
8540772532 1888412017 1673819742 4892703862 6609442060
0858369098 7124463519 3133047210 30

1)..4644351; (2)..2552301; (3)..9330543; (4) .. 6569037;

(

(5)..9916317; (6)..7071129; (7)..7489539; (8)..2133891;
(9)..4686192; (10)..4016736; (11)..0585774; (12)..0502092;
(13)..7573221; (14)..5062761; (15)..7196652; (16)..1882845;
(17)..5899581; (18)..6485355; (19)..6987447; (20) .. 4560669;
(21)..9623430; (22) .. 6820083; (23) .. 8702028: (24) .. 4602510;
(25)..1087866; (26)..8075313; (27)..2635983; (28)..2259414;
(29)..9079497; (30) ..7782426; (31)..2384937; (32)..3472803;
(33)..1548117; (0)..0418410

410



Conversion of Common Fractions into Decimals

241 (1)..5809128630 7053941908 7136929460; (2) .. 1327800829
8755186721 9917012448; (3) .. 8589211618 2572614107 8838174273;
(4) ..0248962655 6016597510 3734439834; (5) .. 3485477178
4232365145 2282157676; (6) .. 8796680497 9253112033 1950207468,;
(7)..3153526970 9543568464 7302904564; (0) ..0414937759
3360995850 6224066390

243 (1)..6748971193 4156378600 8230452; (3) ..8683127572 0164609053
4979423; (3)..4403292181 0699588477 3662551; (4) ..6213991769
5473251028 8065843; (5) .. 3909465020 5761316872 4279835;
(0)..0411522633 7448559670 7818930

251 (1)..4223107569 7211155378 4860557768 9243027888 4462151394;
(2)..8764940239 0438247011 9521912350 5976095617 5298804780;
(3)..2908366533 8645418326 6932270916 3346613545 8167330677,
(4) ..2828685258 9641434262 9482071713 1474103585 6573705179;
(0)

.. 0398406374 5019920318 7250996015 9362549800 7968127490

257 (0)..0389105058 3657587548 6381322957 1984435797 6653696498
0544747081 7120622568 0933852140 0778210116 7315175097
2762645914 3968871595 3307392996 1089494163 4241245136
1867704280 1556420233 4630350194 5525291828 7937743190
6614785992 2178988326 8482490272 3735408560 3112840466 926070

263 (0)..0380228136 8821292775 6653992395 4372623574 1444866920
1520912547 5285171102 6615969581 7490494296 5779467680
6083650190 1140684410 6463878326 9961977186 3117870722
4334600760 4562737642 5855513307 9847908745 2471482889
7338403041 8250950570 3422053231 9391634980 9885931558
9353612167 30

269 (0)..0371747211 8959107806 6914498141 2639405204 4609665427
5092936802 9739776951 6728624535 3159851301 1152416356
8773234200 7434944237 9182156133 8289962825 2788104089
2193308550 1858736059 4795539033 4572490706 3197026022
3048327137 5464684014 8698884758 3643122676 5799256505
5762081784 38661710

411



Conversion of Common Fractions into Decimals

271

277

281

283

289

293

(1)..22140; (2)..32841; (3)..97047; (4)..82287; (5)..93726;
(6)..62361; (7)..74169; (8)..45018; (9)..70110; (10)..20664;
(11)..23985; (12)..43911; (13)..63468; (14)..80811; (15)..84870;
(16)..09225; (17)..55350; (18)..32103; (19)..92619; (20)..55719;
(21)..34317; (22)..05904; (23)..35424; (24)..12546; (25)..75276;
(26)..51660; (27)..09963; (28)..59778; (29)..58671; (30)..52029;
(31)..12177; (32)..73062; (33)..38376; (34)..30258; (35)..81549;
(36)..89298; (37)..35793; (38)..14760; (39)..88560; (40)..31365;
(41)..88191; (42)..29151; (43)..74907; (44)..49446; (45)..96678;
(46) ..80073; (47)..80442; (48)..82656; (49)..95940; (50)..75645;
(51)..53874; (52)..23447; (53)..39483; (0)..03690

(1)..8880866425 9927797833 9350180505 4151624548 7364620938
6281588447 653429602 (2) ..0469314079 4223826714 8014440433
2129963898 9169675090 2527075812 274368231 (3) .. 7545126353
7906137184 1155234657 0397111913 3574007220 2166064981
949458483 (0) .. 0361010830 3249097472 9241877256 3176895306
8592057761 7328519855 595667870

(1)..9217081850 5338078291 81494661; (2) .. 7722419928 8256227758
00711743; (3)..7010676156 5836298932 38434163; (4) ..8576512455
5160142348 75444839; (5) .. 3131672597 8647686832 74021352;
(6)..9110320284 6975088967 97153024; (7) .. 1957295373 6654804270
46263345; (8) .. 5693950177 9359430604 98220640; (9) .. 7473309608
5409252669 03914590; (0) .. 0355871886 1209964412 81138790

(1)..1519434628 9752650176 6784452296 8197879858 6572438162
5441696113 0742049469 9646643109 5406360424 0282685512
3674911660 7773851590 1060070671 3780918727 9 (0) .. 0353356890
4593639575 9717314487 6325088339 2226148409 8939929328
6219081272 0848056537 1024734982 3321554770 3180212014
1342756183 7455830388 6925795053 0

(0) ..0346020761 2456747404 8442906574 3944636678 2006920415
2249134948 0968858131 4878892733 5640138408 3044982698
9619377162 6297577854 6712802768 1660899653 9792387543
2525951557 0934256055 3633217993 0795847750 8650519031
1418685121 1072664359 8615916955 0173010380 6228373702
4221453287 1972318339 10

(1)..0375426621 1604095563 1399317406 1433447098 9761092150
1706484641 6382252559 7269624573 3788395904 4368600682
5938566552 9010238907 8498293515 3583617747 440273

(0) ..0341296928 3276450511 9453924914 6757679180 8873720136
5187713310 5802047781 5699658703 0716723549 4880546075
0853242320 8191126279 8634812286 6894197952 218430

412



Conversion of Common Fractions into Decimals

307

311

313

317

331

337

(1)..4951140065 1465798045 6026058631 9218241042 3452768729
6416938110 7491856677 5244299674 2671009771 9869706840
3908794788 2736156351 7915309446 2540716612 3778501628 664
(0) ..0325732899 0228013029 3159609120 5211726384 3648208469
0553745928 3387622149 8371335504 8859934853 4201954397
3941368078 1758957654 7231270358 3061889250 8143322475 570

(1)..2958199356 9131832797 4276527331 1897106109 3247588424
4372990353 6977491961 4147909967 8456591639 8713826366
5594855305 4662379421 2218649517 6848874598 0707395498 39228
(0) ..0321543408 3601286173 6334405144 6945337620 5787781350
4823151125 4019292604 5016077170 4180064308 6816720257
2347266881 0289389067 5241157556 2700964630 2250803858 52090

(0)..0319488817 8913738019 1693290734 8242811501 5974440894
9686900958 4664536741 2140575079 8722044728 4345047923
3226837060 7028753993 6102236421 7252396166 1341853035
1437699680 5111821086 2619808306 7092651757 1884984025
5591054313 0990415335 4632587859 4249201277 9552715654
9520766773 1629392971 2460063897 7635782747 6038338658
1469648562 30

(1)..2397476340 6940063091 4826498422 7129337539 4321766561
5141955835 9621451104 100946372 (2) .. 0220820189 2744479495
2681388012 6182965299 6845425867 5078864353 3123028391
167192429 (3) ..5678233438 4858044164 0378548895 8990536277
6025236593 0599369085 1735015772 870662460 (0) .. 0315457413
2492113564 6687697160 8832807570 9779179810 7255520504
7318611987 381703470

(1)..1178247734 1389728096 6767371601 2084592145 0151057401
8126888217 5226586102 7190332326 2839879154 0785498489
4259818731 (2)..3595166163 1419939577 0392749244 7129909365
5589123867 0694864048 3383685800 6042296072 5075528700
9063444108 7613293051 (0) ..0302114803 6253776435 0453172205
4380664652 5679758308 1570996978 8519637462 2356495468
2779466193 3534743202 4169184290

(0) .. 0296735905 0445103857 5667655786 3501483679 5252225519
2878338278 9317507418 3976261127 5964391691 3946587537
0919881305 6379821958 4569732937 6854599406 5281899109
7922848664 6884272997 0326409495 5489614243 3234421364
9851632047 4777448071 2166172106 8249258160 2373887240
3560830860 5341246290 8011869436 2017804154 3026706231
4540059347 1810089020 7715133531 157270

413



Conversion of Common Fractions into Decimals

343.

347

.349

353

359

(0) ..0291545189 5043731778 4256559766 7638483965 0145772594
7521865889 2128279883 3819241982 5072886297 3760932944
6064139941 6909620991 2536443148 6880466472 3032069970
8454810495 6268221574 3440233236 1516034985 4227405247
8134110787 1720116618 0758017492 7113702623 9067055393
5860058309 0379008746 3556851311 9533527696 7930

(1)..6023054755 0432276657 0605187319 8847262247 8386167146
9740634005 7636887608 0691642651 2968299711 8155619596
5417867435 1585014409 2219020172 9106628242 0749279538
9048991354 4668587896 253 (0) .. 0288184438 0403458213
2564841498 5590778097 9827089337 1757925072 0461095100
8645533141 2103746397 6945244956 7723342939 4812680115
2737752161 3832853025 9365994236 3112391930 8357348703 170

(1)..3037249283 6676217765 0429799426 9340974212 0343839541
5472779369 6275071633 2378223495 7020057306 5902578796
5616045845 272206 (2) . . 8194842406 8767908309 4555873925
5014326647 5644699140 4011461318 0515759312 3209169054
4412607449 8567335243 5530085959 885386 (0) .. 0286532951
2893982808 0229226361 0315186246 4183381088 8252148997
1346704871 0601719197 7077363896 8481375358 1661891117 478510

(1)..7932011331 4447592067 9886685552 40; (2) ..2096317280
4532577903 6827195467 42; (3) .. 8696883852 6912181303 1161473087
81; (4)..3512747875 3541076487 2521246458 92; (5) . . 8356940509
9150141643 0594900849 85; (6) .. 3994334277 6203966005 6657223796
03; (7)..1841359773 3711048158 6402266288 95; (8) .. 1558073654
3909348441 9263456090 65; (9) . . 3626062322 9461756373 9376770538
24; (10) .. 1529745042 4929178470 2549575070 82; (0) .. 0283286118
9801699716 7138810198 30;

(1)..3286908077 9944289693 5933147632 3119777158 7743732590
5292479108 6350974930 3621169916 4345403899 7214484679
6657381615 5988857938 7186629526 4623955431 7548746518
1058485821 7270194986 072423398 (0) .. 0278551532 0334261838
4401114206 1281337047 3537604456 8245125348 1894150417
8272980501 3927576601 6713091922 0055710306 4066852367
6880222841 2256267409 4707520891 3649025069 6378830083
565459610

414



Conversion of Common Fractions into Decimals

361

367

373

379

383

(0)..0277008310 2493074792 2437673130 1939058171 7451523545
7063711911 3573407202 2160664819 9445983379 5013850415
5124653739 6121883656 5096952908 5872576177 2853185595
5678670360 1108033240 9972299168 9750692520 7756232686
9806094182 8254847645 4293628808 8642659279 7783933518
0055401662 0498614958 4487534626 0387811634 3490304709
1412742382 2714681440 4432132963 9889196675 90

(0)..0272479564 0326975476 8392370572 2070844686 6485013623
9782016348 7738419618 5286103542 2343324250 6811989100
8174386920 9809264305 1771117166 2125340599 4550408719
3460490463 2152588555 8583106267 0299727520 4359673024
5231607629 4277929155 3133514986 3760217983 6512261580
3814713896 4577656675 7493188010 8991825613 0790190735
6948228882 8337874659 4005449591 2806539509 5367847411
4441416893 732970

(1)..1983914209 1152815013 4048257372 6541554959 7855227882
0375335120 6434316353 8873994638 0697050938 3378016085
7908847184 9865951742 6273458445 0402144772 1179624664
8793565683 6461126005 3619302949 061662 (0) .. 0268096514
7453083109 9195710455 7640750670 2412868632 7077747989
2761394101 8766756032 1715817694 3699731903 4852546916
8900804289 5442359249 3297587131 3672922252 0107238605
8981233243 9678284182 305630

(0) .. 0263852242 7440633245 3825857519 7889182058 0474934036
9393139841 6886543535 6200527704 4854881266 4907651715
0395778364 1160949868 0738786279 6833773087 0712401055
4089709762 5329815303 4300791556 7282321899 7361477572
5593667546 1741424802 1108179419 5250659630 6068601583
1134564643 7794722955 1451187335 0923482849 6042216358
8390501319 2612137203 1662269129 2875989445 9102902374
6701846965 6992084432 71767810

(0) .. 0261096605 7441253263 7075718015 6657963446 4751958224
5430809399 4778067885 1174934725 8485639686 6840731070
4960835509 1383812010 4438642297 6501305483 0287206266
3185378590 0783289817 2323759791 1227154046 9973890339
4255874673 6292428198 4334203655 3524804177 5456919060
0522193211 4882506527 4151436031 3315926892 9503916449
0861618798 9556135770 2349869451 6971279373 3681462140
9921671018 2767624020 8877284595 30

415



Conversion of Common Fractions into Decimals

389

397

401

409

419

(0) .. 0257069408 7403598971 7223650385 6041131105 3984575835
4755784061 6966580976 8637532133 6760925449 8714652956
2982005141 3881748071 9794344473 0077120822 6221079691
5167095115 6812339331 6195372750 6426735218 5089974293
0591259640 1028277634 9614395886 8894601542 4164524421
5938303341 9023136246 7866323907 4550128534 7043701799
4858611825 1928020565 5526992287 9177377892 0308483290
4884318766 0668380462 7249357326 47814910

(1)..3501259445 8438287153 6523929471 0327455919 3954659949
6221662468 5138539042 8211586901 7632241813 602015113;
(2)..5667506297 2292191435 7682619647 3551637279 5969773299
7481108312 3425692695 2141057934 5088161209 068010075;
(3)..3778337531 4861460957 1788413098 2367758186 3979848866
4987405541 5617128463 4760705289 6725440806 045340050;
(0)..0251889168 7657430730 4785894206 5491183879 0931989924
4332493702 7707808564 2317380352 6448362720 303022670

(1)..7381546134 6633416458 8528678304 2394014962 5935162094
7630922693 2668329177 0573566084 7880299251 8703241895
2618453865 3366583541 1471321695 7605985037 4064837905
2369077306 7331670822 9426433915 2119700748 1296758104
(0) .. 0249376558 6034912718 2044887780 5486284289 2768079800
4987531172 0698254364 0897755610 9725685785 5361596009
9750623441 3965087281 7955112219 4513715710 7231920199
5012468827 9301745635 9102244389 0274314214 4638403990

(1)..2542787286 0635696821 5158924205 3789731051 3447432762
8361858190 7090464547 6772616136 9193154034 2298288508
5574572127 1393643031 7848410757 9462102689 4865525672
3716381418 0929095354 5232273838 6308068459 6577017114 9144
(0) ..0244498777 5061124694 3765281173 5941320293 3985330073
3496332518 3374083129 5843520782 3960880195 5990220048
8997555012 2249388753 0562347188 2640586797 0660146699
2665036674 8166259168 7041564792 1760391198 0440097799 5110

(0) .. 0238663484 4868735083 5322195704 0572792362 7684964200
4773269689 7374701670 6443914081 1455847255 3699284009
5465393794 7494033412 8878281622 9116945107 3985680190
9307875894 9880668257 7565632458 2338902147 9713603818
6157517899 7613365155 1312649164 6778042959 4272076372
3150357995 2267303102 6252983293 5560859188 5441527446
3007159904 5346062052 5059665871 1217183770 8830548926
0143198090 6921241050 1183317422 4343675417 6610978520
2863961813 84248210

416



Conversion of Common Fractions into Decimals

421

431

433

439

(1)..2826603325 4156769596 1995249406 1757719714 9643705463
1828978622 3277909738 7173396674 5843230403 8004750593
8242280285 0356294536 8171021377 6722090261 (2) ..2636579572
4465558194 7743467933 4916864608 0760095011 8764845605
7007125890 7363420427 5534441805 2256532066 5083135391
9239904988 1235154394 2992874109 (0) .. 0237529691 2114014251
7814726840 8551068883 6104513064 1330166270 7838479809
9762470308 7885985748 2185273159 1448931116 3895486935
8669833729 2161520190

(1)..4872389791 1832946635 7308584686 7749419953 5962877030
1624129930 3944315545 2436194895 5916473317 8654292343
3874709976 7981438515 0812064965 1972197772 6218097447
7958236658 9327146171 6937354988 3990719257 5406032482
5986078886 31090 (0) .. 0232018561 4849187935 0348027842
2273781902 5522041763 3410672853 8283062645 0116009280
7424593967 5174013921 1136890951 2761020881 6705336426
9141531322 5058004640 3712296983 7587006960 5568445475
6380510440 8352668213 4570765661 25290

(0) .. 0230946882 2170900692 8406466512 7020785219 3995381062
3556581986 1431870669 7459584295 6120092378 7528868360
2771362586 6050808314 0877598152 4249422632 7944572748
2678983833 7182448036 9515011547 3441108545 0346420323
3256351039 2609699769 0531177829 0993071593 5334872979
2147806004 6189376443 4180138568 1293302540 4157043879
9076212471 1316397228 6374133949 1916859122 4018475750
9773672055 4272517321 0161662817 5519630484 9884526558
8914549653 5796766743 6489607390 30

(1)..4920273348 5193621867 8815489749 4305239179 9544419134
3963553530 7517084282 4601366742 5968109339 4077448747
1526195899 7722095671 9817767653 7585421412 3006833712
9840546697 0387243735 7630979498 8610478359 9088838268
7927107061 503416856 (0)..0227790432 8018223234 6241457858
7699316628 7015945330 2961275626 4236902050 1138952164
0091116173 1207289293 8496583143 5079726651 4806378132
1184510250 5694760820 0455580865 6036446469 2482915717
5398633257 4031890660 5922551252 847380410

417



Conversion of Common Fractions into Decimals

443

449

457

461

(1)..4176072234 7629796839 7291196388 2618510158 0135440180
5869574492 0993227990 9706546275 3950338600 4514672686
2302483069 9774266365 6884875846 5011286681 7155756207
6749435665 9142212189 6162528216 7042889390 5191873589
1647855530 4740406320 5 (0) .. 0225733634 3115124153 4988713318
2844243792 3250564334 0857787810 3837471783 2957110609
4808126410 8352144469 5259593679 4582392776 5237020316
0270880361 1738148984 1986455981 9413092550 7900677200
9029345372 4604966139 9548532731 3769751693 0

(1)..7572383073 4966592427 6169265033 40; (2) .. 7461024498
8864142538 9755011135 85; (3) .. 3674832962 1380846325 1670378619
15; (4)..4944320712 6948775055 6792873051 22; (5) .. 8106904231
6258351893 0957683741 64; (6) .. 5634743875 2783964365 2561247216
03; (7)..1581291759 4654788418 7082405345 21; (8) ..3763919821
8262806236 0801781737 19; (9) .. 7973273942 0935412026 7260579064
58; (10)..1091314031 1804008908 6859688195 99; (11)..7104677060
1336302895 3229398663 69; (12) .. 1559020044 5434298440
9799554565 70; (13)..3006681514 4766146993 3184855233 85;
(0)..0222717149 2204899777 2828507795 10

(1)..7768052516 4113785557 9868708971 5536105032 8227571115
9737417943 1072210065 6455142231 9474835886 2144420131
2910284463 8949671772 4288840262 5820568927 7899343544 85
(2)..0765864332 6039387308 5339168490 1531728665 2078774617
0678336980 3063457330 4157549234 1356673960 6126914660
8315098468 2713347921 2253829321 6630196936 5426695842 45
(0)..0218818380 7439824945 2954048140 0437636761 4879649890
5908096280 0875273522 9759299781 1816192560 1750547045
9518599562 3632385120 3501094091 9037199124 7264770240 70

(0)..0216919739 6963123644 2516268980 .4772234273 3188720173
5357917570 4989154013 0151843817 7874186550 9761388286
3340563991 3232104121 4750542299 3492407809 1106290672
4511930585 6832971800 4338394793 9262472885 0325379609
5444685466 3774403470 7158351409 9783080260 3036876355
7483731019 5227765726 6811279826 4642082429 5010845986
9848156182 2125813449 0238611713 6659436008 6767895878
5249457700 6507592190 8893709327 5488069414 3167028199
5661605206 0737527114 9674620390 4555314533 6225596529
2841648590

418



Conversion of Common Fractions into Decimals

463 (1)..7580993520 5183585313 1749460043 1965442764 5788336933
0453563714 9028077753 7796976241 9006479481 6414686825
0539956803 4557235421 1663066954 6436285097 1922246220 3023
(2)..9092872570 1943844492 4406047516 1987041036 7170626349
8920086393 0885529157 6673866090 7127429805 6155507559
3952483801 2958963282 9373650107 9913606911 4470842332 6133
(0)..0215982721 3822894168 4665226781 8574514038 8768898488
1209503239 7408207343 4125269978 4017278617 7105831533
4773218142 5485961123 1101511879 0496760259 1792656587 4730

Divisor . . . . .. 39111327313741435367 717379818389 101
Primitiveroot . . 22 2 6 217 5 628261262 529115030 2

Divisor . . . . . 103 107 121 127 137 139 151 157 163 169 173 191 197 199 211
Primitive root . . 6 63 35106 12 92114 18 70137 82157 73127 7

Divisor . . . . . 227 239 241 243 251 271 277 281 283 293 307 311 317 331 347
Primitive root . . 163 35 14 65111 6 80 54259 89 138258 71 37125

Divisor . . . . . 349 353 359 373 397 401 409 421 431 439 443 449 457 463
Primitive root . . 220 28299 82133 190 174 54 21 285240 34 264 174

467 2141327623 1263383297 6445396145 6102783725 9100642398
2869379014 9892933618 8436830835 1177730192 7194860813
7044967880 0856531049 2505353319 0578158458 2441113490
3640256959 3147751605 9957173447 5374732334 0471092077
0877944325 4817987152 0342612419 7002141327 .....

479 2087682672 2338204592 9018789144 0501043841 3361169102
2964509394 5720250521 9206680584 5511482254 6972860125
2609603340 2922755741 1273486430 0626304801 6701461377
8705636743 2150313152 4008350730 6889352818 3716075156
5762004175 3653444676 4091858037 5782881002 .....

487 2053388090 3490759753 5934291581 1088295687 8850102669
4045174537 9876796714 5790554414 7843942505 1334702258
7268993839 8357289527 7207392197 1252566735 1129363449
6919917864 4763860369 6098562628 3367556468 1724845995
8932238193 0184804928 1314163377 8234086242 2997946611
9096509240 2464065708 4188911704 3121149897 3305954825
4620123203 2854209445 5852156057 4948665297 7412731006
1601642710 4722792607 8028747433 2648870636 5503080082
1355236139 6303901437 3716632443 5318275154 0041067761
8069815195 0718685831 6221765913 7577002053

419



Conversion of Common Fractions into Decimals

491 2036659877 8004073319 7556008146 6395112016 2932790224

0325865580 4480651731 1608961303 4623217922 6069246435
8452138492 8716904276 9857433808 5539714867 6171079429
7352342158 8594704684 3177189409 3686354378 8187372708
7576374745 4175152749 4908350305 4989816700 6109979633
4012219959 2668024439 9185336048 8798370672 0977596741
3441955193 4826883910 3869653767 8207739307 5356415478
6150712830 9572301425 6619144602 8513238289 2057026476
5784114052 9531568228 1059063136 4562118126 2729124236
2525458248 4725050916 4969450101 8329938900

499 2004008016 0320641282 5651302605 2104208416 8336673346

503

509

6933867735 4709418837 6753507014 0280561122 2444889779
5591182364 7294589178 3567134268 5370741482 9659318637
2745490981 9639278557 1142284569 1382765531 0621242484
9699398797 5951903807 6152304609 2184368737 4749498997
9959919839 6793587174 3486973947 8957915831 6633266533
0661322645 2905811623 2464929859 7194388777 5551102204
4088176352 7054108216 4328657314 6292585170 3406813627
2545090180 3607214428 8577154308 6172344689 3787575150
3006012024 0480961923 8476953907 8156312625 2505010020

1988071570 5765407554 6719681908 5487077534 7912524850
8946322067 5944333996 0238568588 4691848906 5606361829
0258449304 1749502982 1073558648 1113320079 5228628230
6163021868 7872763419 4831013916 5009940357 8528827037
7733598409 5427435387 6739562624 2544731610 3379721669
9801192842 9423459244 5328031809 1451292246 5208747514
9105367793 2405566600 3976143141 1530815109 3439363817
0974155069 5825049701 7892644135 1888667992 0477137176
9383697813 1212723658 0516898608 3499005964 2147117296
2226640159 0457256461 2326043737 5745526838 9662027833
0019880715 .....

1964636542 2396856581 5324165029 4695481335 9528487229
8624754420 4322200392 9273084479 3713163064 8330058939
0962671905 6974459724 9508840864 4400785854 6168958742
6326129666 0117878192 5343811394 8919449901 7681728880
1571709233 7917485265 2259332023 5756385068 7622789783
8899803536 3457760314 3418467583 4970530451 8664047151
2770137524 5579567779 9607072691 5520628683 6935166994
1060903732 8094302554 0275049115 9135559921 4145383104
1257367387 0333988212 1807465618 8605108055 0098231827
1119842829 0766208251 4734774066 7976424361 4931237721
0216110019 .....

420



Conversion of Common Fractions into Decimals

521

523

529

541

547

557

1919385796 5451055662 1880998080 6142034548 9443378119
0019193857

1912045889 1013384321 2237093690 2485659655 8317399617
5908221797 3231357552 5812619502 8680688336 5200764818
3556405353 7284894837 4760994263 8623326959 8470363288
7189292543 0210325047 8011472275 3346080305 9273422562
1414913957 9349904397 7055449330 7839388145 3154875717
0172084130 0191204588 .....

1890359168 2419659735 3497164461 2476370510 3969754253
3081285444 2344045368 6200378071 8336483931 9470699432
8922495274 1020793950 8506616257 0888468809 0737240075
6143667296 7863894139 8865784499 0548204158 7901701323
2514177693 7618147448 0151228733 4593572778 8279773156
8998109640 8317580340 2646502835 5387523629 4896030245
7466918714 5557655954 6313799621 9281663516 0680529300
5671077504 7258979206 0491493383 7429111531 1909262759
9243856332 7032136105 8601134215 5009451795 8412098298
6767485822 3062381852 5519848771 2665406427 2211720226
8431001890

1848428835 4898336414 0480591497 2273567467 6524953789
2791127541 5896487985 2125693160 8133086876 1552680221
8114602587 8003696857 6709796672 8280961182 9944547134
9353049907 5785582255 0831792975 9704251386 3216266173
7523105360 4436229205 1756007393 7153419593 3456561922
3659889094 2698706099 8151571164 5101663385 9519408502
7726432532 3475046210 7208872458 4103512014 7874306839
1866913123 8447319778 1885397412 1996303142 3290203327
1719038817 0055452865 0646950092 4214417744 9168207024
0295748613 6783733826 2476894639 5563770794 8243992606
2846580406 6543438077 6340110905 7301293900 1848428835

1828153564 8994515539 3053016453 3820840950 6398537477
1480804387 5685557586 8372943327 2394881170 0182815356

1795332136 4452423698 3842010771 9928186714 5421903052
0646319569 1202872531 4183123877 9174147217 2351885098
7432675044 8833034111 3105924596 0502692998 2046678635
5475763016 1579892280 0718132854 5780969479 3536804308
7971274685 8168761220 8258527827 6481149012 5673249551
1669658886 8940754039 4973070017

421



Conversion of Common Fractions into Decimals

563

569

571

o877

1776198934 2806394316 1634103019 5381882770 8703374777
9751332149 2007104795 7371225577 2646536412 0781527531
0834813499 1119005328 5968028419 1829484902 3090586145
6483126110 1243339253 9964476021 3143872113 6767317939
6092362344 5825932504 4404973357 0159857904 0852575488
4547069271 7584369449 3783303730 0177619893 .....

1757469244 2882249560 6326889279 4376098418 2776801405
9753954305 7996485061 5114235500 8787346221 4411247803
1634446397 1880492091 3884007029 8769771528 9982425307
5571177504 3936731107 2056239015 8172231985 9402460456
9420035149 3848857644 9912126537 7855887521 9683655536
0281195079 0861159929 7012302284 7100175746

1751313485 1138353765 3239929947 4605954465 8493870402
8021015761 8213660245 1838879159 3695271453 5901926444
8336252189 1418563922 9422066549 9124343257 4430823117
3380035026 2697022767 0753064798 5989492119 0893169877
4080560420 3152364273 2049036777 5831873905 4290718038
5288966725 0437828371 2784588441 3309982486 8651488616
4623467600 7005253940 4553415061 2959719789 8423817863
3975481611 2084063047 2854640980 7355516637 4781085814
3607705779 3345008756 5674255691 7688266199 6497373029
7723292469 3520140105 0788091068 3012259194 3957968476
3572679509 6322241681 2609457092 8196147110 3327495621
7162872154 1155866900 1751313485

1733102253 0329289428 0762564991 3344887348 3535528596
1871750433 2755632582 3223570190 6412478336 2218370883
8821490467 9376083188 9081455805 8925476603 1195840554
5927209705 3726169844 0207972270 3639514731 3691507798
9601386481 8024263431 5424610051 9930675909 8786828422
8769497400 3466204506 0658578856 1525129982 6689774696
7071057192 3743500866 5511265164 6447140381 2824956672
4436741767 7642980935 8752166377 8162911611 7850953206
2391681109 1854419410 7452339688 0415944540 7279029462
7383015597 9202772963 6048526863 0849220103 9861351819
7573656845 7538994800 6932409012 1317157712 3050259965
3379549393 4142114384 7487001733

422



Conversion of Common Fractions into Decimals

o587

593

599

601

607

613

617

1703577512 7768313458 2623509369 1763202725 7240204429
3015332197 6149914821 1243611584 3270868824 5315161839
8637137989 7785349233 3901192504 2589437819 4207836456
5587734241 9080068143 1005110732 5383304940 3747870528
1090289608 1771720613 2879045996 5928449744 4633730834
7529812606 4735945485 5195911413 9693356047 7001703577

1686340640 8094435075 8853288364 2495784148 3979763912
3102866779 0893760539 6290050590 2192242833 0522765598
6509274873 5244519392 9173693086 0033726812 8161888701
5177065767 2849915682 9679595278 2462057335 5817875210
7925801011 8043844856 6610455311 9730185497 4704890387
8583473861 7200674536 2563237774 0303541315 3456998313
6593591905 5649241146 7116357504 2158516020 2360876897
1332209106 2394603709 9494097807 7571669477 2344013490
7251264755 4806070826 3069139966 2731871838 1112984822
9342327150 0843170320 4047217537 9426644182 1247892074
1989881956 1551433389 5446880269 8145025295 1096121416
5261382799 3254637436 7622259696 4586846543 0016863406

1669449081 8030050083 4724540901 5025041736 2270450751
2520868113 5225375626 0434056761 2687813021 7028380634
3906510851 4190317195 3255425709 5158597662 7712854757
9298831385 6427378964 9415692821 3689482470 7846410684
4741235392 3205342237 0617696160 2671118530 8848080133
5559265442 4040066777 9632721202 0033388981 6360601001

1663893510 8153078202 9950083194 6755407653 9101497504
1597337770 3826955074 8752079866 8885191347 7537437603
9933444259 5673876871 8801996672 2129783693 8435940099
8336106489 1846921797 0049916805 3244592346 0898502495
8402662229 6173044925 1247920133 1114808652 2462562396
0066555740 4326123128 1198003327 7870216306 1564059900
1663893510

1647446457 9901153212 5205930807 2487644151 5650741350
9060955518 9456342668 8632619439 8682042833 6079077429
9835255354 2009884678 7479406919 2751235584 8434925864
9093904448 1054365733 1136738056 0131795716 6392092257
0016474464

1631321370 3099510603 5889070146 8189233278 9559543230
0163132137

1620745542 9497568881 6855753646 6774716369 5299837925
4457050243 1118314424 6353322528 3630470016

423



Conversion of Common Fractions into Decimals

619

631

641
643

647

1615508885 2988691437 8029079159 9353796445 8804523424
8788368336 0258481421 6478190630 0484652665 5896607431
3408723747 9806138933 7641357027 4636510500 8077544426
4943457189 0145395799 6768982229 4022617124 3941841680
1292407108 2390953150 2423263327 9483037156 7043618739
9030694668 8206785137 3182552504 0387722132 4717235945
0726978998 3844911147 0113085621 9709208400 6462035541
1954765751 2116316639 7415185783 5218093699 5153473344
1033925686 5912762520 1938610662 3586429725 3634894991
9224555735 0565428109 8546042003 2310177705 9773828756
0581583198 7075928917 6090468497 5767366720 5169628432
9563812600 9693053311 7932148626 8174474959 6122778675
2827140549 2730210016

1584786053 8827258320 1267828843 1061806656 1014263074
4849445324 8811410459 5879556259 9049128367 6703645007
9239302694 1362916006 3391442155 3090332805 0713153724
2472266244 0570522979 3977812995 2456418383 5182250396
1965134706 8145800316 9572107765 4516640253 5657686212
3613312202 8526148969 8890649762 2820919175 9112519809
8256735340 7290015847

1560062402 4960998439 9375975039 0015600624

1555209953 3437013996 8895800933 1259720062 2083981337
4805598755 8320373250 3888024883 3592534992 2239502332
8149300155

1545595054 0958268933 5394126738 7944358578 0525502318
3925811437 4034003091 1901081916 5378670788 2534775888
7171561051 0046367851 6228748068 0061823802 1638330757
3415765069 5517774343 1221020092 7357032457 4961360123
6476043276 6615146831 5301391035 5486862442 0401854714
0649149922 7202472952 0865533230 2936630602 7820710973
7248840803 7094281298 2998454404 9459041731 0664605873
2612055641 4219474497 6816074188 5625965996 9088098918
0834621329 2117465224 1112828438 9489953632 1483771251
9319938176 1978361669 2426584234 9304482225 6568778979
9072642967 5425038639 8763523956 7233384853 1684698608
9644513137 5579598145 2859350850 0772797527 0479134466
7697063369 3972179289 0262751159 1962905718 7017001545

424



Conversion of Common Fractions into Decimals

653

659

661

673

677

1531393568 1470137825 4211322312 4042879019 9081163859
1117917304 7473200612 5574272588 0551301684 5329249617
1516079632 4655436447 1669218989 2802450229 7090352220
5206738131 6998468606 4318529862 1745788667 6875957120
9800918836 1408882082 6952526799 3874425727 4119448698
3154670750 3828483920 3675344563 5528330781 0107197549
7702909647 7794793261 8683001531

1517450682 - 8528072837 6327769347 4962063732 9286798179
0591805766 3125948406 6767830045 5235204855 8421851289
8330804248 8619119878 6039453717 7541729893 7784522003
0349013657 0561456752 6555386949 9241274658 5735963581
1836115326 2518968133 5356600910 4704097116 8437025796
6616084977 2382397572 0789074355 0834597875 5690440060
6980273141 1229135053 1107738998 4825493171 4719271623
6722306525 0379362670 7132018209 4081942336 8740515933
2321699544 7647951441 5781487101 6691957511 3808801213
9605462822 4582701062 2154779969 6509863429 4385432473
4446130500 7587253414 2640364188 1638846737 4810318664
6433990895 2959028831 5629742033 3839150227 6176024279
2109256449 1654021244 3095599393 0197268588 7708649468
8922610015

1512859304 0847201210 2874432677 7609682299 5461422087
7458396369 1376701966 7170953101 3615733736 7624810892
5869894099 8487140695 9152798789 7125567322 2390317700
4538577912 2541603630 8623298033 2829046898 6384266263
2375189107 4130105900 1512859304

1485884101 0401188707 2808320950 9658246656 7607726597
3254086181 2778603268 9450222882 6151560178 3060921248
1426448736 9985141158 9895988112 9271916790 4903417533
4323922734 0267459138 1872213967 3105497771 1738484398
2169390787 5185735512 6300148588

1477104874 4460856720 8271787296 8980797636 6322008862
6292466765 1403249630 7237813884 7858197932 0531757754
8005908419 4977843426 8833087149 1875923190 5465288035
4505169867 0605612998 5228951255 5391432791 7282127031
0192023633 6779911373 7075332348 5967503692 7621861152
1418020679 4682422451 9940915805 0221565731 1669128508
1240768094 5347119645 4948301329 3943870014

425



Conversion of Common Fractions into Decimals

683

691

701

709

1464128843 3382137628 1112737920 9370424597 3645680819
9121522693 9970717423 1332357247 4377745241 5812591508
0527086383 6017569546 1200585651 5373352855 0512445095
1683748169 8389458272 3279648609 0775988286 9692532942
8989751098 0966325036 6032210834 5534407027 8184480234
2606149341 1420204978 0380673499 2679355783 3089311859
4436310395 3147877013 1771595900 4392386530 0146412884

1447178002 8943560057 8871201157 7424023154 8480463096
9609261939 2185238784 3704775687 4095513748 1910274963
8205499276 4109985528 2199710564 3994211287 9884225759
7684515195 3690303907 3806078147 6121562952 2431259044
8625180897 2503617945 0072358900 1447178022

1426533523 5378031383 7375178316 6904422253 9229671897
2895863052 7817403708 9871611982 8815977175 4636233951
4978601997 1469329529 2439372325 2496433666 1911554921
5406562054 2082738944 3651925820 2567760342 3680456490
7275320970 0427960057 0613409415 1212553495 0071326676
1768901569 1868758915 8345221112 6961483594 8644793152
6390870185 4493580599 1440798858 7731811697 5748930099
8573466476 4621968616 2624821683 3095577746 0770328102
7104136947 2182596291 0128388017 1184022824 5363766048
5021398002 8530670470 7560627674 7503566333 8088445078
4593437945 7917261055 6348074179 7432239657 6319543509
2724679029 9572039942 9386590584 8787446504 9928673323
8231098430 8131241084 1654778887 3038516405 1355206847
3609129814 5506419400 8559201141 2268188302 4251069900

1410437235 5430183356 8406205923 8363892806 7700987306
0648801128 3497884344 1466854724 9647390691 1142454160
7898448519 0409026798 3074753173 4837799717 9125528913
9633286318 7588152327 2214386459 8025387870 2397743300
4231311706 6290550070 5218617771 5091678420 3102961918
1946403385 0493653032 4400564174 8942172073 3427362482
3695345557 1227080394 9224259520 4513399153 7376586741
8899858956 2764456981 6643159379 4076163610 7193229901
2693935119 8871650211 5655853314 5275035260 9308885754
5839210155 1480959097 3201692524 6826516220 0282087447
1086036671 3681241184 7672778561 3540197461 2129760225
6699576868 8293370944 9929478138 2228490832 1579689703
8081805359 6614950634 6967559943 5825105782 7926657263
7517630465 4442877291 9605077574 0479548660 0846262341
3258110014

426



Conversion of Common Fractions into Decimals

719

727

729

733

739

1390320584 1446453407 5104311543 8108484005 5632823365
7858136300 4172461752 4339360222 5312934631 4325452016
6898470097 3574408901 2517385257 3018080667 5938803894
2976356050 0695410292 0723226703 7552155771 9054242002
7816411682 8929068150 2086230876 2169680111 2656467315
7162726008 3449235048 6787204450 6258692628 6509040333
7969401947 1488178025 0347705146 0361613351 8776077885
9527121001

1375515818 4319119669 8762035763 4112792297 1114167812
9298486932 5997248968 3631361760 6602475928 4731774415
4057771664 3741403026 1348005502 0632737276 4786795048
1430536451 1691884456 6712517193 9477303988 9958734525
4470426409 9037138927 0976616231 0866574965 6121045392
0220082530 9491059147 1801925722 1458046767 5378266850
0687757909 2159559834 9381017881 7056396148 5557083906
4649243466 2998624484 1815680880 3301237964 2365887207
7028885832 1870701513 0674002751 0316368638 2393397524
0715268225 5845942228 3356258596 9738651994 4979367262
7235213204 9518569463 5488308115 5433287482 8060522696
0110041265 4745529573 5900962861 0729023383 7689133425
0343878954 6079779917 4690508940 8528198074 2778541953
2324621733 1499312242 0907840440 1650618982 1182943603
8514442916 0935350756 5337001375

1371742112 4828532235 9396433470 5075445816 1865569272
9766803840 8779149519 8902606310 0137174211

1364256480 2182810368 3492496589 3587994542 9740791268
7585266030 0136425648

1353179972 9364005412 7198917456 0216508795 6698240866
0351826792 9634641407 3071718538 5656292286 8741542625
1691474966 1705006765 8998646820 0270635994 5872801082
5439783491 2043301759 1339648173 2070365358 5926928281
4614343707 7131258457 3748308525 0338294993 2341001353

427



Conversion of Common Fractions into Decimals

743

751

757
761

769

773

1345895020 1884253028 2637954239 5693135935 3970390309
5558546433 3781965006 7294751009 4212651413 1897711978
4656796769 8519515477 7927321668 9098250336 4737550471
0632570659 4885598923 2839838492 5975773889 6366083445
4912516823 6877523553 1628532974 4279946164 1991924629
8788694481 8304172274 5625841184 3876177658 1426648721
3997308209 9596231493 9434724091 5208613728 1292059219
3808882907 1332436069 9865410497 9811574697 1736204576
0430686406 4602960969 0444145356 6621803499 3270524899
0578734858 6810228802 1534320323 0148048452 2207267833
1090174966 3526244952 8936742934 0511440107 6716016150
7402422611 0363391655 4508748317 6312247644 6837146702
5572005383 5800807537 0121130551 8169582772 5437415881
5612382234 1857335127 8600269179 0040376850 6056527590
8479138627 1870794078 0619111709 2866756393 0013458950

1331557922 7696404793 6085219707 0572569906 7909454061
2516644474 0346205059 9201065246 3382157123 8348868175
7656458055 9254327563 2490013315

1321003963 0118890356 6710700132

1314060446 7805519053 8764783180 0262812089 3561103810
7752956636 0052562417 8712220762 1550591327 2010512483
0742444152 4310118265 4402102496 7148488830 4862023653
0880420499 3429697766 0972404730 6176084099 8685939553
2194480946 1235216819 9737187910 6438896189 2247043363
9947437582 1287779237 8449408672 7989487516 4257555847
5689881734 5597897503 2851511169 5137976346 9119579500
6570302233 9027595269 3823915900 1314060446

1300390117 0351105331 5994798439 5318595578 6736020806
2418725617 6853055916 7750325097 5292587776 3328998699
6098829648 8946684005 2015604681 4044213263 9791937581
2743823146 9440832249 6749024707 4122236671 0013003901

1293661060 8020698576 9728331177 2315653298 8357050452
7813712807 2445019404 9159120310 4786545924 9676584734
7994825355 7567917205 6921096675 2910737386 8046571798
1888745148 7710219922 3803363518 7580853816 3001293661

428



Conversion of Common Fractions into Decimals

787

797

809

811

1270648030 4955527318 9326556543 8373570520 9656925031
7662007623 8881829733 1639135959 3392630241 4231257941
5501905972 0457433290 9783989834 8157560355 7814485387
5476493011 4358322744 5997458703 9390088945 3621346886
9123252858 9580686149 9364675984 7522236340 5336721728
0813214739 5171537484 1168996188 0559085133 4180432020
3303684879 2884371029 2249047013 9771283354 5108005082
5921219822 1092757306 2261753494 2820838627 7001270648

1254705144 2910915934 7553324968 6323713927 2271016311
1668757841 9071518193 2245922208 2810539523 2120451693
8519447929 7365119196 9887076537 0138017565 8720200752
8230865746 5495608531 9949811794 2283563362 6097867001

1236093943 1396786155 7478368355 9950556242 2744128553
7700865265 7601977750 3090234857 8491965389 3695920889
9876390605 6860321384 4252163164 4004944375 7725587144
6229913473 4239802224 9690976514 2150803461 0630407911
0012360939

1233045622 6880394574 5992601726 2638717632 5524044389
6424167694 2046855733 6621454993 8347718865 5980271270
0369913686 8064118372 3797780517 8791615289 7657213316
8927250308 2614056720 0986436498 1504315659 6794081381
0110974106 0419235511 7139334155 3637484586 9297163995
0678175092 4784217016 0295930949 4451294697 9038224414
3033292231 8125770653 5141800246 6091245376 0789149198
5203452527 7435265104 8088779284 8335388409 3711467324
2909987669 5437731196 0542540073 9827373612 8236744759
5561035758 3230579531 4426633785 4500616522 8113440197
2872996300 8631319358 8162762022 1948212083 8471023427
8668310727 4969173859 4327990135 6350184956 8434032059
1861898890 2589395807 6448828606 6584463625 1541307028
3600493218 2490752157 8298397040 6905055487 0530209617
7558569667 0776818742 2934648581 9975339087 5462392108
5080147965 4747225647 3489519112 2071516646 1159062885
3267570900 1233045662

429



Conversion of Common Fractions into Decimals

821

823

1218026796 5895249695 4933008526 1875761266 7478684531
0596833130 3288672350 7917174177 8319123020 7064555420
2192448233 8611449451 8879415347 1376370280 1461632155
9074299634 5919610231 4250913520 0974421437 2716199756
3946406820 9500609013 3982947624 8477466504 2630937880
6333739342 2655298416 5651644336 1753958587 0889159561
5103532277 7101096224 1169305724 7259439707 6735688185
1400730816 0779537149 8172959805 1157125456 7600487210
7186358099 8781973203 4104750304 5066991473 8124238733
2521315468 9403166869 6711327649 2082825822 1680876979
2935444579 7807551766 1388550548 1120584652 8623629719
8538367844 0925700365 4080389768 5749086479 9025578562
7283800243 6053593179 0499390986 6017052375 1522533495
7369062119 3666260657 7344701583 4348355663 8246041412
9110840438 4896467722 2898903775 8830694275 2740560292
3264311814 8599269183 9220462850 1827040194 8842874543
2399512789 2813641900 1218026796

1215066828 6755771567 4362089914 9453219927 0959902794
6537059538 2746051032 8068043742 4058323207 7764277035
2369380315 9173754556 5006075334 1433778857 8371810449
5747266099 6354799513 9732685297 6913730255 1640340218
7120291616 0388821385 1761846901 5795868772 7825030376
6707168894 2891859052 2478736330 4981773997 5698663426
4884568651 2758201701 0935601458 0801944106 9258809234
5078979343 8639125151 8833535844 4714459295 2612393681
6524908869 9878493317 1324422843 2563791008 5054678007
2904009720 5346294046 1725394896 7193195625 7594167679
2223572296 4763061968 4082624544 3499392466 5856622114
2162818955 0425273390 0364520048 6026731470 2308626974
4835965978 1287970838 3961117861 4823815309 8420413122
7217496962 3329283110 5710814094 7752126366 9501822600
2430133657 3511543134 8724179829 8906439854 1919805589
3074119076 5492102065 6136087484 8116646415 5528554070
4738760631 8347509113 0012150668

430



Conversion of Common Fractions into Decimals

827 1209189842 8053204353 0834340991 5356711003 6275695284

829

839

841

1596130592 5030229746 0701330108 8270858524 7883917775
0906892382 1039903264 8125755743 6517533252 7206771463
1197097944 3772672309 5525997581 6203143893 5912938331
3180169286 5779927448 6094316807 7388149939 5405078597
3397823458 2829504232 1644498186 2152357920 1934703748
4885126964 9334945586 4570737605 8041112454 6553808948
0048367593 7122128174 1233373639 6614268440 1451027811
3663845223 7001209189

1206272617 6115802171 2907117008 4439083232 8106151990
3498190591 0735826296 7430639324 4873341375 1507840772
0144752714 1133896260 5548854041 0132689987 9372738238
8419782870 9288299155 6091676718 9384800965 0180940892
6417370325 6936067551 2665862484 9215922798 5524728588
6610373944 5114595898 6731001206

1191895113 2300357568 5339690107 2705601907 0321811680
5721096543 5041716328 9630512514 8986889153 7544696066
7461263408 8200238379 0226460071 5137067938 0214541120
3814064362 3361144219 3087008343 2657926102 5029797377
8307508939 2133492252 6817640047 6758045292 0143027413
5876042908 2240762812 8724672228 8438617401 6686531585
2205005959 4755661501 7878426698 4505363528 0095351609
0584028605 4827175208 5816448152 5625744934 4457687723
4803337306 3170441001

1189060642 0927467300 8323424494 6492271105 8263971462
5445897740 7847800237 8121284185 4934601664 6848989298
4542211652 7942925089 1795481569 5600475624 2568370986
9203329369 7978596908 4423305588 5850178359 0963139120
0951248513 6741973840 6658739595 7193816884 6611177170
0356718192 6278240190 2497027348 3947681331 7479191438
7633769322 2354340071 3436385255 6480380499 4054696789
5362663495 8382877526 7538644470 8680142687 2770511296
0760998810 9393579072 5326991676 5755053507 7288941736
0285374554 1022592152 1997621878 7158145065 3983353151
0107015457 7883472057 0749108204 5184304399 5243757431
6290130796 6706302021 4030915576 6944114149 8216409036
8608799048 7514863258 0261593341 2604042806 1831153388
8228299643 2818073721 7598097502 9726516052 3186682520
8085612366 2306777645 6599286563 6147443519 6195005945
3032104637 3365041617 1224732461 3555291319 8573127229
4887039239 0011890606

431



Conversion of Common Fractions into Decimals

853

857

859
863

1172332942 5556858147 7139507620 1641266119 5779601406
7995310668 2297772567 4091441969 5193434935 5216881594
3728018757 3270808909 7303634232 1219226260 2579132473
6225087924 9706916764 3610785463 0715123094 9589683470
1055099648 3001172332

1166861143 5239206534 4224037339 5565927654 6091015169
1948658109 6849474912 4854142357 0595099183 1971995332
5554259043 1738623103 8506417736 2893815635 9393232205
3675612602 1003500583 4305717619 6032672112 0186697782
9638273045 5075845974 3290548424 7374562427 0711785297
5495915985 9976662777 1295215869 3115519253 2088681446
9078179696 6161026837 8063010501 7502917152 8588098016
3360560093 3488914819 1365227537 9229871645 2742123687
2812135355 8926487747 9579929988 3313885647 6079346557
7596266044 3407234539 0898483080 5134189031 5052508751
4585764294 0490081680 2800466744 4574095682 6137689614
9358226371 0618436406 0676779463 2438739789 9649941656
9428238039 6732788798 1330221703 6172695449 2415402567
0945157526 2543757292 8821470245 0408401400 2333722287
0478413068 8448074679 1131855309 2182030338 3897316219
3698949824 9708284714 1190198366 3943990665 1108518086
3477246207 7012835472 5787631271 8786464410 7351225204
2007001166

1164144353 8998835855 6461001164

1158748551 5643105446 1181923522 5955967555 0405561993
0475086906 1413673232 9084588644 2641946697 5666280417
1494785631 5179606025 4924681344 1483198146 0023174971
0312862108 9223638470 4519119351 1008111239 8609501738
1228273464 6581691772 8852838933 9513325608 3429895712
6303592120 5098493626 8829663962 9200463499 4206257242
1784472769 4090382387 0220162224 7972190034 7624565469
2931633835 4577056778 6790266512 1668597914 2526071842
4101969872 5376593279 2584009269 9884125144 8435689455
3881807647 7404403244 4959443800 6952491309 3858632676
7091541135 5735805330 2433371958 2850521436 8482039397
4507531865 5851680185 3997682502 8968713789 1077636152
9548088064 8899188876 0139049826 1877172653 5341830822
7114716106 6048667439 1657010438 7369640787 9490150637
3117033603 7079953650 0579374275 7821552723 0590961761
2977983777 5202780996 5237543453 0706836616 4542294322
1320973348 7833140208 5747392815 7589803012 7462340672
0741599073 0011587485

432



Conversion of Common Fractions into Decimals

877

881

883

1140250855 1881413911 0604332953 2497149372 8620296465
2223489167 6168757126 5678449258 8369441277 0809578107
1835803876 8529076396 8072976054 7320410490 3078677309
0079817559 8631698973 7742303306 7274800456 1003420752
9655644241 7331812998 8597491448 1185860889 3956670467
5028506271 3797035347 7765108323 8312428734 3215507411
6305587229 1904218928 1641961231 4709236031 9270239452
6795895096 9213226909 9201824401 3683010262 2576966932
7251995438 9965792474 3443557582 6681870011

1135073779 7956867196 3677639046 5380249716 2315550510
7832009080 5902383654 9375709421 1123723041 9977298524
4040862656 0726447219 0692395005 6753688989 7843359818
3881952326 9012485811 5777525539 1600454029 5119182746
8785471055 6186152099 8864926220 2043132803 6322360953
4619750283 7684449489 2167990919 4097616345 0624290578
8876276958 0022701475 5959137343 9273552780 9307604994
3246311010 2156640181 6118047673 0987514188 4222474460
8399545970 4880817253 1214528944 3813847900 1135073779

1132502831 2570781426 9535673839 1845979614 9490373725
9343148357 8708946772 3669309173 2729331823 3295583238
9580973952 4348810872 0271800679 5016987542 4688561721
4043035107 5877689694 2242355605 8890147225 3680634201
9855039637 5990939977 3499433748 5843714609 2865232163
0804077010 1925754813 1370328425 8210645526 6138165345
4133635334 0883352208 3805209513 0237825594 5639864099
6602441506 2287655719 1392978482 4462061155 1528878822
1970554926 3873159682 8992072480 1812004530 0113250283

433



Conversion of Common Fractions into Decimals

887 1127395715 8962795941 3754227733 9346110484 7801578354

907

911

919

0022547914 3179255918 8275084554 6786922209 6956031567
0800450958 2863585118 3765501691 0935738444 1939120631
3416009019 1657271702 3675310033 8218714768 8838782412
6268320180 3833145434 0473506200 6764374295 3776775648
2525366403 6076662908 6809470124 0135287485 9075535512
9650507328 0721533258 1736189402 4802705749 7181510710
2593010146 5614430665 1634723788 0496054114 9943630214
2051860202 9312288613 3032694475 7609921082 2998872604
2841037204 0586245772 2660653889 5152198421 6459977452
0856820744 0811724915 4453213077 7903043968 4329199549
0417136414 8816234498 3089064261 5558060879 3686583990
9808342728 2976324689 9661781285 2311161217 5873731679
8196166854 5659526493 7993235625 7046223224 3517474633
5963923337 0913190529 8759864712 5140924464 4870349492
6719278466 7418263810 5975197294 2502818489 2897406989
8534385569 3348365276 2119503945 8850056369 7857948139
7970687711 3866967305 5242390078 9177001127

1102535832 4145534729 8787210584 3439911797 1334068357
2216097023 1532524807 0562293274 5314222712 2381477398
0154355016 5380374862 1830209481 8081587651 5986769570
0110253583

1097694840 8342480790 3402854006 5861690450 0548847420
4171240395 1701427003 2930845225 0274423710 2085620197
5850713501 6465422612 5137211855 1042810098 7925356750
8232711306 2568605927 5521405049 3962678375 4116355653
1284302963 7760702524 6981339187 7058177826 5642151481
8880351262 3490669593 8529088913 2821075740 9440175631
1745334796 9264544456 6410537870 4720087815 5872667398
4632272228 3205268935 2360043907 7936333699 2316136114
1602634467 6180021953 8968166849 6158068057 0801317233
8090010976

1088139281 8280739934 7116430903 1556039173 0141458106
6376496191 5125136017 4102285092 4918389553 8628944504
8966267682 2633297062 0239390642 0021762785 6365614798
6942328618 0631120783 4602829162 1327529923 8302502720
3482045701 8498367791 0772578890 0979325353 6452665941
2404787812 8400435255 7127312295 9738846572 3612622415
6692056583 2426550598 4766050054 4069640914 0369967355
8215451577 8019586507 0729053318 8248095756 2568008705
1142546245 9194776931 4472252448 3133841131 6648531011
9695321001

434



Conversion of Common Fractions into Decimals

929

937

1076426264 8008611410 1184068891 2809472551 1302475780
4090419806 2432723358 4499461786 8675995694 2949407965
9543595263 7244348762 1097954790 0968783638 3207750269
1065662002 1528525296 0172228202 3681377825 6189451022
6049515608 1808396124 8654467168 9989235737 3519913885
8988159311 0871905274 4886975242 1959095801 9375672766
4155005382 1313240043 0570505920 3444564047 3627556512
3789020452 0990312163 6167922497 3089343379 9784714747
0398277717 9763186221 7438105489 7739504843 9181916038
7513455328 3100107642

1067235859 1248665955 1760939167 5560298826 0405549626
4674493062 9669156883 6712913553 8954108858 0576307363
9274279615 7950907150 4802561366 0618996798 2924226254
0021344717 1824973319 1035218783 3511205976 5208110992
5293489861 2593383137 6734258271 0779082177 1611526147
2785485592 3159018143 0096051227 3212379935 9658484525
0800426894 3436499466 3820704375 6670224119 5304162219
8505869797 2251867662 7534685165 4215581643 5432230522
9455709711 8463180362 8601921024 5464247598 7193169690
5016008537 8868729989 3276414087 5133404482 3906083244
3970117395 9445037353 2550693703 3084311632 8708644610
4589114194 2369263607 2572038420 4909284951 9743863393
8100320170 7577374599 7865528281 7502668089 6478121664
8879402347 9188900747 0651013874 0661686232 6574172892
2091782283 8847385272 1451440768 4098185699 0394877267
8762006403 4151547491 9957310565 6350053361 7929562433
2977588046 9583778014 9413020277 4813233724 6531483457
8441835645 6776947705 4429028815 3681963713 9807897545
3575240128 0683030949 8399146211 3127001067

435



Conversion of Common Fractions into Decimals

941

947

1062699256 1105207226 3549415515 4091392136 0255047821
4665249734 3251859723 6981934112 6461211477 1519659936
2380446333 6875664187 0350690754 5164718384 6971307120
0850159404 8884165781 0839532412 3273113708 8204038257
1732199787 4601487778 9585547290 1168969181 7215727948
9904357066 9500531349 6280552603 6131774707 7577045696
0680127523 9107332624 8671625929 8618490967 0563230605
7385759829 9681190223 1668437832 0935175345 3772582359
1923485653 5600425079 7024442082 8905419766 2061636556
8544102019 1285866099 8937300743 8894792773 6450584484
5908607863 9744952178 5334750265 6748140276 3018065887
3538788522 8480340063 7619553666 3124335812 9649309245
4835281615 3028692879 9149840595 1115834218 9160467587
6726886291 1795961742 8267800212 5398512221 0414452709
8831030818 2784272051 0095642933 0499468650 3719447396
3868225292 2422954303 9319872476 0892667375 1328374070
1381509032 9436769394 2614240170 0318809776 8331562167
9064824654 6227417640 8076514346 4399574920 2975557917
1094580233 7938363443 1455897980 8714133900 1062699256

1055966209 0813093980 9926082365 3643083421 3305174234
4244984160 5068637803 5902851108 7645195353 7486800422
3864836325 2375923970 4329461457 2333685322 0696937697
9936642027 4551214361 1404435058 0781414994 7201689545
9345300950 3695881731 7845828933 4741288278 7750791974
6568109820 4857444561 7740232312 5659978880 6758183738
1203801478 3526927138 3315733896 5153115100 3167898627
2439281942 9778247096 0929250263 9915522703 2734952481
5205913410 7708553326 2935586061 2460401267 1594508975
7127771911 2988384371 7001055966

436



Conversion of Common Fractions into Decimals

953

961

967

1049317943 3368310598 1112277019 9370409233 9979013641
1332633788 0377754459 6012591815 3200419727 1773347324
2392444910 8079748163 6935991605 4564533053 5152151101
7838405036 7261280167 8908709338 9296956977 9643231899
2654774396 6421825813 2214060860 4407135362 0146904512
0671563483 7355718782 7911857292 7597061909 7586568730
3252885624 3441762854 1448058761 8048268625 3934942287
5131164742 9171038824 7639034627 4921301154 2497376705
1416579223 5047219307 4501573976 9150052465 8971668415
5299055613 8509968520 4616998950 6820566631 6894018887
7229800629 5907660020 9863588667 3662119622 2455403987
4081846799 5802728226 6526757607 5550891920 2518363064
0083945435 4669464847 8488982161 5949632738 7198321091
2906610703 0430220356 7681007345 2256033578 1741867785
9391395592 8646379853 0954879328 4365162644 2812172088
1427072402 9380902413 4312696747 1143756558 2371458551
9412381951 7313746065 0577124868 8352570828 9611752360
9653725078 6988457502 6232948583 4207764952 7806925498
4260230849 9475341028 3315844700 9443861490 0314795383
0010493179

1040582726 3267429760 6659729448 4911550468 2622268470
3433922996 8782518210 1977107180 0208116545 2653485952
1331945889 6982310093 6524453694 0686784599 3756503642
0395421436 0041623309 0530697190 4266389177 9396462018
7304890738 8137356919 8751300728 4079084287 2008324661
8106139438 0853277835 5879292403 7460978147 7627471383
9750260145 6815816857 4401664932 3621227887 6170655567
1175858480 7492195629 5525494276 7950052029 1363163371
4880332986 4724245577 5234131113 4235171696 1498439125
9105098855 3590010405

1034126163 3919338159 2554291623 5780765253 3609100310
2378490175 8014477766 2874870734 2295760082 7300930713
5470527404 3433298862 4612202688 7280248190 2792140641
1582213029 9896587383 6608066184 0744570837 6421923474
6639089968 9762150982 4198552223 3712512926 5770423991
7269966928 6452947259 5656670113 7538779731 1271975180
9720785935 8841778697 0010341261

437



Conversion of Common Fractions into Decimals

971

977

1029866117 4047373841 4006179196 7044284243 0484037075
1802265705 4582904222 4510813594 2327497425 3347064881
5653964984 5520082389 2893923789 9073120494 3357363542
7394438722 9660144181 2564366632 3377960865 0875386199
7940267765 1905252317 1987641606 5911431513 9031925849
6395468589 0834191555 0978372811 5345005149 3305870236
8692070030 8959835221 4212152420 1853759011 3285272914
5211122554 0679711637 4871266735 3244078269 8249227600
4119464469 6189495365 6024716786 8177136972 1936148300
7209062821 8331616889 8043254376 9309989701 3388259526
2615859938 2080329557 1575695159 6292481977 3429454170
9577754891 8640576725 0257466529 3511843460 3501544799
1761071060 7621009268 7950566426 3645726055 6127703398
5581874356 3336766220 3913491246 1380020597 3223480947
4768280123 5839340885 6848609680 7415036045 3141091658
0844490216 2718846549 9485066941 2976313079 2996910401
6477857878 4757981462 4098867147 2708547888 7744593202
8836251287 3326467559 2173017507 7239958805 3553038105
0463439752 8321318228 6302780638 5169927909 3717816683
8311019567 4562306900 1029866117

1023541453 4288638689 8669396110 5424769703 1729785056
2947799385 8751279426 8167860798 3623336745 1381780962
1289662231 3203684749 2323439099 2835209825 9979529178
9314227226 2026612077 7891504605 9365404298 8741044012
2824974411 4636642784 0327533265 0972364380 7574206755
3735926305 0153531218 0143295803 4800409416 5813715455
4759467758 4442169907 8812691914 0225179119 7543500511
7707267144 3193449334 6980552712 3848515864 8925281473
8996929375 6397134083 9303991811 6683725690 8904810644
8311156601 8423746161 7195496417 6049129989 7645854657
1136131013 3060388945 7523029682 7021494370 5220061412
4872057318 3213920163 7666325486 1821903787 1033776867
9631525076 7656090071 6479017400 2047082906 8577277379
7338792221 0849539406 3459570112 5895598771 7502558853
6335721596 7246673490 2763561924 2579324462 6407369498
4646878198 5670419651 9959058341 8628454452 4053224155
5783009211 8730808597 7482088024 5649948822 9273285568
0655066530 1944728761 5148413510 7471852610 0307062436
0286591606 9600818833 1627430910 9518935516 8884339815
7625383828 0450358239 5087001023
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Conversion of Common Fractions into Decimals

983 1017293997 9654120040 6917599186 1648016276 7039674465
9206510681 5869786368 2604272634 7914547304 1709053916
5818921668 3621566632 7568667344 8626653102 7466937945
0661241098 6775178026 4496439471 0071210579 8575788402
8484231943 0315361159 3692777212 6144455747 7110885045
7782299084 4354018311 2919633774 1607324516 7853509664
2929806714 1403865717 1922685656 1546286876 9074262461
8514750762 9704984740 5900305188 1993896236 0122075279
7558494404 8830111902 3397761953 2044760935 9104781281
7904374364 1912512716 1749745676 5005086469 9898270600
2034587995 9308240081 3835198372 3296032553 4079348931
8413021363 1739572736 5208545269 5829094608 3418107833
1637843336 7243133265 5137334689 7253306205 4933875890
1322482197 3550556052 8992878942 0142421159 7151576805
6968463886 0630722278 7385554425 2288911495 4221770091
9564598168 8708036622 5839267548 3214649033 5707019328
5859613428 2807731434 3845371312 3092573753 8148524923
7029501525 9409969481 1800610376 3987792472 0244150559
5116988809 7660223804 6795523906 4089521871 8209562563
5808748728 3825025432 3499491353 0010172939

991 1009081735 6205852674 0665993945 5095862764 8839556004 0363269424

8234106962 6639757820 3834510595 3582240161 4530776992 9364278506
5590312815 3380423814 3289606458 1231079717 4571140262 3612512613
5216952573 1584258324 9243188698 9845610494 4500504540 8678102926
3370332996 9727547931 3824419778 0020181634 7124117053 4813319878
9101917255 2976791120 0807265388 4964682139 2532795156 4076690211
9071644803 2290615539 8587285570 1311806256 3067608476 2865792129

1624621594 3491422805 2472250252 2704339051 4631685166 4984863773
9656912209 8890010090

997 1003009027 0812437311 9358074222 6680040120 3610832497 4924774322
9689067201 6048144433 2998996990 9729187562 6880641925 7773319959
8796389167 5025075225 6770310932 7983951855 5667001003
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Table of the Frequency of Prime Numbers

TABLE OF THE
FREQUENCY OF PRIME NUMBERS.

51 89
52 97
53 89
54 92
95 90
56 93
97 99
58 91
59 90
60 94
61 88
62 87
63 88
64 93
65 80
66 98
67 84
68 99
69 80
70 81
7198
72 95
73 90
74 83
75 92
76 91
77 83
78 95
79 84
80 91
81 88
82 92
83 89
84 84
85 87
86 85
87 88
88 93
89 76
90 94
91 89
92 85
93 97
94 86
95 87
96 95
97 84
98 82
99 87
100 87

101 81
102 93
103 87
104 80
105 91
106 82
107 92
108 76
109 91
110 88
111 83
112 84
113 81
114 88
115 82
116 93
117 81
118 90
119 79
120 87
121 88
122 86
123 88
124 88
125 83
126 84
127 83
128 86
129 89
130 83
131 85
132 83
133 87
134 82
135 80
136 89
137 96
138 80
139 85
140 84
141 87
142 87
143 82
144 77
145 79
146 85
147 84
148 83
149 83
150 91

151 85
152 90
153 88
154 77
155 84
156 85
157 76
158 88
159 87
160 85
161 85
162 84
163 81
164 83
165 77
166 80
167 81
168 83
169 73
170 87
171 87
172 81
173 89
17479
175 83
176 75
177 95
178 73
179 89
180 94
18171
182 79
183 91
184 79
185 83
186 91
187 79
188 87
189 80
190 88
191 75
192 81
193 89
194 84
195 74
196 85
197 76
198 87
199 96
200 77

201 77
202 87
203 78
204 78
205 77
206 85
207 83
208 87
209 85
210 88
211 84
212 86
213 69
214 81
215 86
216 74
21776
218 80
219 84
220 91
221 78
222 80
223 81
224 80
225 83
226 84
22776
228 80
229 89
230 88
231 84
232 78
233 76
234 71
235 87
236 73
237 76
238 73
239 87
240 79
241 80
242 91
243 76
244 77
245 78
246 80
247 84
248 79
249 88
250 80

25171
252 88
253 78
254 81
255 76
256 87
257 72
258 78
259 86
260 76
261 77
262 73
263 79
264 84
265 80
266 78
267 87
268 94
269 75
270 78
271 84
272 78
273 83
274 71
275 80
276 83
277 83
278 74
279 81
280 73
281 87
282 85
283 77
284 72
285 90
286 77
287 71
288 71
289 85
290 84
291 84
29277
29378
294 68
295 85
296 75
297 82
298 73
299 73
300 78

301 85
302 83
303 72
304 84
305 88
306 80
307 82
308 73
309 76
310 80
31179
312 69
313 86
314 86
315 76
316 77
317 84
318 84
319 81
320 86
32179
322 80
323 81
324 71
325 87
326 85
32773
328 86
329 73
330 81
331 80
332 82
333 72
334 80
335 77
336 77
337 84
338 80
339 77
340 68
341 84
34277
343 77
344 80
345 80
346 76
347 80
348 82
349 77
350 82

351 74
352 80
353 82
354 79
355 87
356 79
357 67
358 80
359 83
360 71
361 68
362 79
363 76
364 84
265 77
366 77
367 85
368 79
369 72
370 68
37170
37276
373 81
37473
375 82
376 85
377 80
378 71
37977
380 83
381 72
382 76
383 74
384 81
385 78
386 80
387 78
388 69
389 75
390 84
391 81
39279
393 86
394 87
395 75
396 72
397 75
398 75
399 82
400 81

401 70
402 71
403 76
404 75
405 70
406 83
407 67
408 81
409 79
410 82
41173
412 81
413 74
414 69
415 90
416 80
417 67
418 82
419 85
420 75
421 75
42273
423 77
424 83
425 81
426 74
427 71
428 78
429 71
430 89
431 76
43279
433 84
434 80
435 85
436 82
43773
438 70
439 75
440 75
44179
442 72
443 85
444 88
445 82
446 68
447 68
448 73
449 70
450 80

451 92
452 76
453 63
454 72
455 74
456 82
457 73
458 77
459 75
460 68
461 77
462 69
463 74
464 77
465 85
466 74
467 69
468 83
469 85
470 72
471 87
472 78
473 73
474 78
475 80
476 86
477 75
478 69
479 85
480 71
481 77
482 78
483 82
484 75
485 65
486 63
487 82
488 78
489 83
490 78
491 78
492 76
493 67
494 82
495 80
496 87
497 68
498 81
499 72
500 81

440



Table of the Frequency of Prime Numbers

501 78
502 74
503 67
504 76
505 76
506 83
507 76
508 71
509 76
510 75
511 72
512 82
513 70
514 77
515 81
516 66
517 85
518 83
519 76
520 78
52173
522 83
523 79
524 69
525 77
526 79
527 84
528 72
529 70
530 78
531 80
532 68
533 79
534 74
535 72
536 71
537 87
538 67
539 78
540 71
541 73
54277
543 78
544 81
545 68
546 68
547 73
548 76
549 77
550 78

95179
952 75
553 71
554 80
555 77
556 61
957 88
558 68
559 74
560 77
561 86
962 61
563 83
564 67
565 77
566 78
o967 72
568 72
569 71
570 80
571 85
97272
573 85
074 72
575 70
576 77
o77 78
o578 77
979 76
580 77
581 73
982 79
583 73
584 78
585 72
586 81
o987 79
588 87
589 73
590 68
591 71
992 67
593 80
594 77
595 78
596 77
997 79
598 73
599 72
600 73

601 75
602 73
603 83
604 76
605 73
606 74
607 72
608 78
609 78
610 80
611 73
612 71
613 76
614 79
615 71
616 75
617 85
618 81
619 67
620 73
621 77
622 70
623 74
624 75
625 68
626 69
627 70
628 70
629 71
630 75
631 67
632 81
633 77
634 70
635 82
636 78
637 73
638 74
639 59
640 72
641 77
642 71
643 68
644 70
645 86
646 75
647 74
648 79
649 73
650 84

651 61
652 74
653 85
654 69
655 78
656 73
657 71
658 70
659 79
660 73
661 83
662 70
663 74
664 77
665 77
666 77
667 73
668 73
669 66
670 74
671 75
672 76
673 76
674 77
675 69
676 75
677 74
678 63
679 82
680 83
681 75
682 78
683 66
684 78
685 72
686 74
687 74
688 82
689 74
690 79
691 60
692 79
693 77
694 73
695 76
696 77
697 73
698 79
699 62
700 72

701 75
702 71
703 81
704 71
705 87
706 68
707 82
708 74
709 77
710 77
71178
712 76
713 72
714 73
715 66
716 83
717 69
718 65
719 67
720 74
72178
72277
723 73
724 86
725 75
726 69
727 76
728 75
729 76
730 75
731 69
732 76
733 71
734 75
735 74
736 79
737 69
738 78
739 70
740 81
741 67
742 74
743 73
744 67
745 64
746 67
747 76
748 71
749 76
750 72

751 68
752 85
753 73
754 71
755 83
756 70
757 66
758 68
759 79
760 77
761 77
762 80
763 68
764 79
765 72
766 82
767 78
768 68
769 77
770 74
e
77275
77370
77476
775 72
776 67
77770
778 76
779 81
780 71
781 70
782 82
783 68
784 74
785 75
786 77
787 70
788 73
789 80
790 68
791 78
792 71
793 82
794 71
795 73
796 79
797 77
798 72
799 71
800 81

801 85
802 66
803 70
804 69
805 78
806 79
807 68
808 70
809 69
810 78
811 78
812 72
813 69
814 72
815 78
816 69
81775
818 75
819 62
820 83
821 75
822 72
823 84
824 78
82571
826 81
827 78
828 69
829 69
830 68
831 76
83279
833 82
834 68
835 67
836 73
837 71
838 64
839 80
840 69
841 70
842 69
843 83
844 68
845 78
846 70
847 69
848 77
849 75
850 68

851 70
852 77
853 74
854 66
855 71
856 73
857 78
858 76
859 69
860 71
861 77
862 74
863 83
864 60
865 80
866 80
867 68
868 78
869 80
870 73
87179
872 58
873 76
874 65
875 75
876 80
87775
878 67
879 68
880 75
881 80
882 69
883 72
884 73
885 69
886 77
887 76
888 71
889 77
890 68
891 68
892 80
893 69
894 72
895 74
896 80
897 64
898 75
899 76
900 61

901 74
902 73
903 70
904 63
905 81
906 70
907 80
908 80
909 79
910 82
911 62
912 81
913 71
914 54
915 73
916 70
917 72
918 79
919 75
920 71
921 72
922 72
923 72
924 81
925 76
926 80
927 74
928 63
929 70
930 80
931 69
932 69
933 76
934 68
935 81
936 68
937 71
938 71
939 72
940 68
941 74
942 79
943 72
944 76
945 73
946 66
947 72
948 66
949 67
950 75

951 76
952 70
953 78
954 65
955 73
956 76
957 58
958 69
959 77
960 69
961 68
962 88
963 71
964 74
965 74
966 70
967 73
968 66
969 75
970 73
971 76
972 78
973 74
974 63
975 85
976 70
977 66
978 60
979 80
980 65
981 67
982 75
983 70
984 70
985 74
986 76
987 76
988 63
989 71
990 72
991 71
992 79
993 65
994 68
995 78
996 69
997 69
998 83
999 74
1000 65
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Table of the Frequency of Prime Numbers

1000000. .. 1100000

0 1 2 3 4 5 6 7 8 9

1 1 1
2 1 1 1 1 4
3 4 2 2 3 1 2 3 3 1 21
4 2 8 5} 4 3 6 9 4 ) 8 54
5| 11 10 & 18 12 10 10 12 15 8| 114
6| 14 14 18 21 16 22 19 15 17 15| 171
726 17 23 23 24 24 17 22 20 21| 217
81 19 19 21 7 14 15 20 17 15 17| 164
9] 11 13 9 13 14 14 12 13 11 16| 126
10 8 6 8 5) 9 5 5 9 7 9 71
11 6 6 4 6 3 1 3 1 4 5} 39
12 1 1 2 1 1 1 2 2 1 12
13 1 1 1 1 1 1 6
14
15
16

752 719 732 700 731 698 713 722 706 7737|7210

/ Az _ 791999
log x
1100000 .. 1200000
0 1 2 3 4 5 6 7 8 9

0 0
1 1 1
2 1 1 1 2 5
3 4 3 3 3 3 3 3 2 1 25
4 5 6 7 5 9 4 4 5 6 6 57
5 8 13 10 12 11 11 9 12 12 9] 107
6 14 20 17 20 17 17 18 16 17 14| 170
7121 19 22 19 21 21 20 18 29 27| 217
81 22 13 10 12 18 20 17 19 9 20| 160
91 13 14 16 17 7 11 16 14 12 11| 131
10 9 6 10 10 8 9 6 8 3 8 77
11 1 4 2 2 2 1 4 5 9 2 32
12 1 1 1 2 3 1 2 11
13 1 1 1 1 1 5}
14 1 1 2

736 710 716 713 697 725 729 723 735 7710|7194

/dx — 7165,911
log

442



Table of the Frequency of Prime Numbers

1200000 .. 1300000

o 1 2 3 4 5 6 7 8 9

0
1 11 P
2| 2 2 1 1| 6
3/ 3 2 4 5 4 3 1 4 3 3| 32
Al 7 7T 7 3 5 7 12 2 3 10| 63
5/ 15 12 12 15 10 14 9 15 6 12| 120
6/ 16 14 13 19 17 16 16 15 20 14| 160
7| 24 15 25 24 21 20 15 22 24 24| 214
8/ 17 19 16 11 17 15 22 18 19 14| 168
9/ 8 12 7 10 12 13 14 13 13 9| 111

0] 3 11 10 8 10 4 5 3 9 10| 73

1] 3 6 3 2 3 5 3 6 1 3 35

12 1 1 1 1 3 1 1 9

131 1 1 2 5

14 1 1

16 1 1

676 744 693 603 724 713 718 7090 722 689 | 7081
/ 19335
log x
1300000 . . . 1400000
0 1 2 3 4 5 6 7 8 9
1 1 1
2 11 11 1 2 1 1] 9
33 1 1 3 2 2 2 5 19
4l 3 10 7 11 6 8 7 6 6 5| 69
5/ 17 13 11 11 15 12 8 8 14 10| 119
6/ 15 14 17 14 20 18 23 17 16 19| 173
7| 22 18 26 18 21 16 16 28 19 23| 207
8| 14 22 14 16 14 13 21 17 15 15| 161
9/ 17 11 12 14 12 9 12 7 13 13| 120

0 5 6 2 11 5 15 5 8 6 7| 70

1) 4 2 7 1 1 3 3 6 3 3 33

12 1 2 1 2 2 2 1 1 3| 15

13 1 1 1 3

14 1 1

700 702 713 705 692 713 700 723 695 7377008

/ A _ 08448
log
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Table of the Frequency of Prime Numbers

1400000 . . . 1500000

141 142 143 144 145 146 147 148 149 150
0 0
1 1 1 1 1 1 5
2 1 1 2 2 1 7
3/ 3 3 0 2 1 2 2 4 2 0 19
4 8 8 8 4 6 T 9 9 5 8 T2
5 17 9 7 14 13 11 14 15 16 13| 129
6 21 23 20 18 20 19 11 16 16 19| 183
7| 17 23 18 18 13 24 18 11 15 22| 179
8 12 16 28 17 24 14 17 18 23 14| 183
9/ 12 11 4 15 6 10 13 12 7 8| 98
0| 7 2 7 7 9 7 8 9 8 9| 73
1| 2 2 2 4 2 3 6 5 4 4| 34
12 1 2 3 1 2 2 1 1 2 1 16
13 1 1 2

670 680 717 723 703 701 716 705 706 698 |7028

/ A _ 704878186
log x
1500000 . . . 1600000

151 152 153 154 155 156 157 158 150 160
0 0
1 11 2
2 1 1 2 2 1 3 10
3 2 4 2 2 3 5 3 6 1. 28
4l 8 5 5 7 9 13 6 10 7 7| 77
5/ 8 19 9 13 11 9 12 15 11 17| 124
6 16 20 25 21 20 12 26 14 23 22| 199
7119 21 18 19 18 15 12 19 11 20| 172
819 12 15 18 15 17 10 17 15 11| 149
91 16 14 16 12 8 17 15 6 11 9 124
0] 8 3 5 4 9 7 5 10 10 2| 63
11 5 2 2 3 3 3 2 4 5 29
12 4 1 3 1 1 4 1 2 17
13 1 2 2 1 6

731 702 601 636 698 714 680 701 693 6756971

/ 4T 01578776
log

444



Table of the Frequency of Prime Numbers

1600000 . . . 1700000

161 162 163 164 165 166 167 168 169 170
0 T T
1 2 2
20 1 3 1 1 1 2 2| 11
3 3 3 3 4 4 2 2 4 4 29
Al 7 4 9 7T 7 10 4 4 10 6| 68
5/ 10 11 8 12 11 11 13 12 18 14| 120
6 18 22 15 19 15 11 14 19 10 16| 159
7| 22 15 14 21 25 18 22 24 24 18| 203
8| 14 23 25 15 17 16 17 15 13 19| 174
9| 8 12 18 12 12 21 12 8 14 13| 130
0| 7 2 5 8 4 6 11 7 4 9| 63
1l 7 3 1 1 3 1 3 2 2 3| 2
20 2 1 1 1 4 9
13 1 1 1 3
14 | 1
15 1 1

719 694 710 692 692 700 716 702 675 712 | 7012

/ A _ 608513714
log x
1700000 . . . 1800000

171 172 173 174 175 176 177 178 179 180
0 0
1 1 1
2| 1 2 1 1| 5
3| 3 4 3 3 4 3 5 3 2| 30
4l 7 9 6 6 5 8 6 6 10 7| 70
5013 15 19 16 12 15 21 13 13 15| 152
6| 17 16 22 22 20 14 15 13 18 17| 174
70 23 21 22 15 22 19 19 21 17 15| 194
8 11 16 11 15 16 15 13 18 19 13| 147
9| 18 11 8 11 15 10 12 14 10 15| 124
0wl 3 1 8 7 2 9 6 9 5 11| 61
1| 1 3 3 1 3 4 4 1 4 2| 2
12 2 3 11 1 2| 10
131 1 1 2 5
14
15 1

695 685 691 689 706 684 679 700 689 7136931

/ 4% 605653562
logx

445



Table of the Frequency of Prime Numbers

1800000 . . . 1900000

181 182 183 184 185 186 187 188 189 190

—_
QSOOI Uk W~ O

=== =
=N =

1 1 2 1 2 3
3 2 1 &5 1 1 12 3 3
6 5 10 12 7 6 5 5 &8 7
14 15 10 11 11 12 19 17 12 14
13 20 14 15 21 19 16 19 23 15
25 26 18 17 21 21 20 22 19 17
15 19 13 18 22 15 19 15 11 14
0 7 19 13 9 8 10 12 10 15
9 4 8 6 6 13 4 6 8 10
2 4 3 5 2 5 2

10
22
71
135
175
206
161
113
74
23
10

704 672 718 674 700 707 703 689 697 691

6955

/ Az _ 6929.73017
logz

1900000 . . . 2000000

191 192 193 194 195 196 197 198 199 200

—_
QSOOI Uk W~ O

— =
=W N =

1 1 2 1
4 3 1 2 10 1 3 4 4 2
5 4 4 6 4 9 7 10 11 7
12 18 15 18 11 12 11 16 11 12
19 20 18 16 17 24 20 20 18 10
21 20 23 27 20 16 25 17 21 31
16 10 16 14 14 18 17 20
15 14 8 9 12 8
5 6 8 11 4 5
2 4 6 3 2 1

— N Oy GO
—
N QW Tt oo Ot

1 1
1 1

—t
=== R O OO0
(@)

34
67
136
182
221
148
103
62
30

689 697 711 683 692 685 673 670 688 714

6902

/ AT _ 6904 54424
log
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Table of the Frequency of Prime Numbers

2000000. . . 2100000

201 202 203 204 205 206 207 208 209 210

0
1 2 1 3
2 2 2 1 2 2 1| 10
3/ 3 3 5 2 2 3 4 5 2 3 32
4l 7 8 9 4 8 5 6 T 9 6| 69
5/ 13 10 9 15 13 10 12 13 9 15| 119
6| 25 20 13 16 26 23 25 14 17 18| 197
7| 10 22 23 25 13 23 18 23 25 22| 204
8 13 17 15 22 12 13 12 16 18 19| 157
9| 16 15 11 4 11 12 11 14 11 10| 115

010 2 8 6 11 7 7 3 3 6| 63

1l 2 1 5 3 1 3 3 3 21

12 2 1 2 2 1 8

13 1 1 2

705 691 693 690 671 696 694 674 086 674 | 6874
4% 880,780
log x
2100000 . . . 2200000
91T 212 213 214 215 216 217 218 219 220
0
1 | 1 P
2l 1 1 1 1 1 1 1 2| 9
3/ 5 3 3 1 4 2 3 2 4| 27
4l 7 7 213 5 3 9 6 9 8 69
5/ 12 14 20 16 16 12 17 13 12 14| 146
6| 12 20 17 14 16 25 16 23 21 19| 183
7| 19 14 18 23 26 22 18 22 22 17| 201
8 22 21 20 20 12 16 20 10 12 15| 168
9/ 12 10 8 7 9 10 7 13 16 17| 109

0 6 5 6 2 7 7 8 5 2 4| 52

1l 3 2 3 1 4 2 1 2 18

20 1 1 1 1 1 2 P 9

13 11 1 | 4

14 1 P 3

699 683 697 673 693 712 666 691 679 664 |6857
4% 858202
log

447



Table of the Frequency of Prime Numbers

2200000. .. 2300000

221 222 223 224 225 226 227 228 229 230

i 1 1 7
2 11 2 3 2] 9
3/ 5 2 4 7 2 1 2 2 2 2| 2
4 8 9 5 5 10 7 7 7 6 9| 73
5012 24 16 13 11 10 14 14 15 9| 138
6| 17 18 12 18 18 20 16 17 21 22| 179
71 19 17 25 21 18 20 23 25 19 18| 205
8| 12 12 19 15 18 24 13 17 16 22| 168
9/ 14 9 6 9 19 11 16 9 13 7| 113

0] 7 6 6 6 1 3 7 5 3| 44

1| 5 2 4 4 2 2 2 2 2 5| 30

2 1 1 2 1 2 2 1| 10

701 660 695 630 633 688 701 694 0662 635 | 6849
L/q'iI::6836977
log x
2300000 . . . 2400000
931 232 233 234 235 236 237 238 239 240
T 1 1 1 1 1
2 1 2 2 1 2 1 2| 11
3] 4 1 2 3 4 3 2 6 4 3| 32
4l 8 12 10 9 8 7 3 13 7 9| 86
5/ 13 18 13 14 17 12 10 13 10 16| 136
6| 15 16 21 20 16 21 26 11 14 16| 176
71 22 25 20 20 13 16 26 18 19 15| 194
8| 13 9 16 21 17 15 15 15 21 16| 158
9/ 13 9 6 7 14 14 8 13 14 14| 112

0] 7 5 3 2 5 5 8 7 8 5| 55

11 3 3 4 3 3 5 1 2 2 2| 28

12| 1 3 1 2l 7

13 1 1

690 662 672 671 666 690 691 660 705 6830|6787

/ 4z 6816.706
log x

448



Table of the Frequency of Prime Numbers

2400000. .. 2500000

241 242 243 244 245 246 247 248 249 250

i i i
2l 2 1 1 2 3| 9
3/ 4 6 4 4 1 5 3 5 3 2| 37
4l 12 8 7 7 9 7 10 8 6 4| 78
5/ 13 14 17 19 15 12 18 11 11 17| 147
6| 18 16 21 20 18 22 18 18 20 22| 193
7 21 16 19 20 17 17 21 22 19 17| 189
8/ 10 16 14 14 21 17 10 17 16 16| 151
9| 8 13 9 11 7 12 6 11 12 13| 102

0] 9 6 5 4 6 4 8 6 7 3| 58

1| 2 4 3 1 4 1 4 1 2 1| 23

12 1 1 1 1 1 2| 7

13 1 12 1 5

660 690 672 657 701 687 666 672 687 0674|6700
4T 797,304
log x
2500000 . . . 2600000
951 252 253 254 255 256 257 258 259 260
i T 1 1 3
2l 1 2 11 5
3| 4 6 6 2 2 1 2 8 4| 35
4l 7 18 9 7 8 6 10 7 8 8| 88
5010 11 7 15 15 23 16 16 10 13| 136
6/ 22 14 20 21 20 15 18 19 20 25| 194
7 24 17 12 20 22 22 23 15 13 12| 180
8| 18 15 20 9 16 18 16 20 19 19| 170
9] 8 10 13 7 9 7 6 12 6 10| 88

0] 2 5 8 10 5 4 7 4 9 4| 58

1| 1 5 3 2 2 1 2 3 5 24

12 1 1 1 2 2 1 2 1 2| 13

13 2 1 1 2| 6

677 675 696 670 670 671 678 698 693 676 |6304

/ 4z _ 6778.960
log
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Table of the Frequency of Prime Numbers

2600000. .. 2700000

261 262 263 264 265 266 267 268 269 270

0 i i
1 2 2 4
2 1 2 1 2 1 2 1 10
3/ 3 6 2 2 4 3 3 3 2| 28
4l 9 6 6 12 3 7 7T 8 6 7/ 71
50 11 15 14 11 13 17 22 16 18 21| 158
6| 26 17 14 18 23 19 20 24 19 15| 195
7 23 11 27 20 21 21 21 14 22 21| 201
8 14 23 16 13 15 16 12 8 12 13| 142
9] 9 10 13 16 10 10 5 10 5 8| 96

0 3 6 5 4 2 8 2 5 8 10| 53

11 1 1 1 3 1 4 4 5) 2 22

12 3 2 4 1 1 4 1 1 17

13 1 1

14 1 1

653 681 672 630 630 695 660 665 631 6836|6762
/ 4T 6761339
log
92700000 . . . 2800000
371 272 273 274 275 276 277 278 279 280
i 1 1 7
2 2 2 2 1 7
3/ 4 5 6 5 4 4 4 3 3 5| 43
4l 9 7 16 7 8 9 8 8 12 11| 95
510 14 13 14 13 12 13 17 11 18] 135
6 24 18 15 28 19 20 15 21 18 17| 195
7118 22 15 20 24 16 23 19 22 9| 188
8 13 10 13 12 15 13 20 19 15 15| 145
9] 9 9 10 4 11 12 9 7 8 8| 87

0/ 6 9 6 7 5 8 7 2 7 10| 67

11 3 3 4 2 2 3 1 6 24

12 1 3 1 1 1 1 1 9

13 1 1 2

14

15

16

17 1 1

670 695 644 657 672 671 634 606 0662 0684|6714

/ AT _ 6744430
log x
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Table of the Frequency of Prime Numbers

2800000 . . 2900000

281 282 283 284 285 286 287 288 289 290

i i i 7
2 2 4 5 2 11 15
3] 2 4 4 3 4 3 1 3 2 4| 30
4l 9 7 6 9 7 8 10 11 10 8| 8
5014 7 14 14 7 16 19 16 18 15| 140
6| 18 17 20 13 23 18 16 18 15 21| 179
7| 24 22 21 20 20 27 22 23 21 22| 222
8| 13 18 9 20 13 12 9 12 12 14| 132
9/ 10 17 12 12 8 6 14 9 10 11| 109

0| 7 4 6 3 5 7 5 5 8 3| 53

11 1 3 3 5 1 2 1 2| 18

12 2 1 1 2 2 8

13 1 2 2 5

14| 1 1 2

690 695 667 704 671 654 672 653 676 6626744
47 6798290
log x
2900000 . . . 3000000
501 202 203 204 295 296 297 298 299 300
i i 1 7
2 1 2 1 2 2 1 1 3| 13
3] 3 3 5 2 8 6 4 4 5 4| 44
4l 7 7 6 6 7T 9 6 6 6 4| 64
5020 11 14 18 12 15 17 19 16 11| 153
6/ 17 21 22 18 18 16 11 26 21 17| 187
7 19 30 18 22 22 25 27 13 15 23| 214
8 14 11 12 12 17 11 13 11 14 19| 134
9/ 10 9 12 13 9 6 12 12 9 11| 103

0] 6 4 5 6 3 6 8 7 9 4| 58

1| 2 1 3 1 2 1 14| 15

12 2 1 1 2 2 1 2 11

13 1 1

14

15 1 1

680 663 671 680 649 652 694 658 671 0687|6705

/ A _ 671964
log
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Table of the Frequency of Prime Numbers

1000000 .. .. 2000000

110 120 130 140 150 160 170 180 190 200
1 1

1 1 2 1 5 2 2 1 1 16

4 5 6 9 7T 10 11 5) 10 ) 72
21 25 32 19 19 28 29 30 22 34| 259
°4 57 63 69 72 7r 68 70 71 67| 668
114 107 120 119 129 124 120 152 135 136| 1256
171 170 160 173 183 199 159 174 175 182| 1746
217 217 214 207 179 172 203 194 206 221 | 2030
164 160 168 161 183 149 174 147 161 148| 1615
126 131 111 120 98 124 130 124 113 103| 1180
0 7 77 73 70 73 63 63 61 74 62| 687
11 39 32 3 33 34 29 26 26 23 30| 307
12 12 11 9 15 16 17 9 10 10 5 114

OO U W~ O

Bl 6 5 5 3 2 6 3 5 3| 38
14 2 1 1 1 3 8
15 1 1 2
16 1 1
7210 7194 7081 7008 7028 6971 7012 6931 6955 6002 | 70382
/ 7049778
log x
2000000 . . . 3000000
510 220 230 240 250 260 270 280 200 300
0 1 1
1 3 2 2 4 1 3 4 2 2 2 25
2 10 9 9 11 9 5 10 7 15 13 98
3| 32 27 20 32 37 35 28 43 30 44| 337
4 69 69 73 86 78 88 71 95 85 64 778
5| 119 146 138 136 147 136 158 135 140 153| 1408
6| 197 183 179 176 193 194 195 195 179 187| 1878
71 204 201 205 194 189 180 201 188 222 214| 1998
8| 157 168 168 158 151 170 142 145 132 134| 1525
9 115 109 113 112 102 88 96 87 109 103| 1034

101 63 52 44 55 58 58 53 67 53 58| 561
11 21 18 30 28 23 24 22 24 18 15| 223
12 8 9 10 7 T 13 17 9 § 11 99

13 2 4 1 ) 6 1 2 ) 1 27
14 3 1 2 6
15 1 1
16

17 1 1

6874 6857 6849 6787 6766 6804 6762 6714 6744 6705 | 67862
The group of one hundred numbers at position 26379 contains no prime
number
The group of one hundred numbers at position 27050 contains 17 prime

numbers.

/ A _ 67915733
log x
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Gauss to Enke

GAUSS TO ENKE.

Highly esteemed friend!

— — The remarks on the frequency of prime numbers that you kindly sent
me interested me in more than one way. They reminded me of my own work
on this subject, whose beginnings lie far in the past, in 1792 or 1793, when I
acquired LAMBERT’s supplements to the logarithm tables. Even before I had
begun the finer investigations of higher arithmetic, one of my first tasks was
to turn my attention to the decreasing frequency of prime numbers. For this
purpose I counted them in each group of a thousand and wrote the results on
one of the attached blank leaves. I soon saw that, despite all its fluctuations,
this frequency was on average approximately inversely proportional to the
logarithm, so that the number of all primes below a given bound n would be
approximately expressed by the integral

dn

/ logn

with the natural logarithm understood. Later, when I learned of the list
printed in VEGA’s tables (of 1796), extending up to 400031, I extended
my count, which confirmed that relationship. In 1811 the appearance of
CHERNAC’s cribrum gave me great pleasure, and (since I had no patience for
a sustained count in sequence) I very often spent an otherwise free quarter of
an hour counting a group of a thousand, here or there; eventually, however,
I gave it up altogether without quite finishing the million. Only later did
I make use of GOLDSCHMIDT’s diligence, partly to fill the remaining gaps
in the first million and partly to continue the count using BURCKHARDT’S
tables Thus the first three millions have been counted (for many years now)
and compared with the value of the integral. Here I give only a short extract:

Integral
there are dn Your
Below | prime numbers / logn Deviation | formula Deviation
500000 41556 | 41606,4 +50,4| 41596,9 +40,9
1000000 78501 | 79627,5 +126,5| 78672,7 +171,7
1500000 114112 114263,1 +151,1{114374,0 +264,0
2000000 148883 | 149054,8 +171,8|149233,0 +350,0
2500000 183016 | 183245,0 +229,0|183495,1 +479,1
3000000 216745 | 216970,6 +225,6 | 217308,5 +563,5
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Gauss to Enke

I did not know that LEGENDRE had also concerned himself with this sub-
ject. Your letter prompted me to look in his Théorie des Nombres, and in the
second edition I found some pages on it that I must have overlooked earlier
(or forgotten since). LEGENDRE uses the formula

_n
logn — A

where A is supposed to be a constant, for which he takes 1,08366. A quick
calculation then gives me the deviations in the above cases as

~23.3
+42.2
+68,1
+92,8
+159,1
+167,6

These differences are even smaller than those with the integral, but they
seem to grow faster as n increases, so it is quite possible that, if contin-
ued much further, they would exceed the latter. To bring the count and
the formula into agreement, one would have to set, respectively, in place of
A =1,08366

1,09040
1,07682
1,07582
1,07529
1,07179
1,07297

It seems that, as n grows, the (average) value of A decreases, but I venture
no conjecture as to whether the limit as n grows to infinity will be 1 or a
quantity different from 1. I cannot say that there are grounds for expecting
a very simple limiting value; on the other hand, the excess of A over 1 could
quite well be a quantity of order loglf,n' I would be inclined to believe that
the differential of the function in question must be simpler than the function
itself. Whereas I have assumed % for it, LEGENDRE’s formula would assume

a differential function that would be approximately Wl%' Your formula,
moreover, could for a very large n be regarded as agreeing with
n

logn — i

where k is the modulus of BRIGGS’s logarithms, and hence with LEGENDRE’s
formula if
A= g =1,1513 is set.
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Gauss to Enke

Finally, I should mention that I have noticed a couple of differences between
your counts and mine.

Between 59000 and 60000 you have 95 I 94
101000 102000 94 93

The first difference may be due to the prime number 59023 appearing twice
in LAMBERT’s supplements. The group of a thousand from 101000—102000
teems with errors in LAMBERT’s supplements: in my copy I have marked 7
numbers that are not prime and inserted 2 that were missing. Could you not
persuade the young DASE to count the primes in the following millions from
the tables at the Academy, which, I fear, the public is not meant to possess?
In that case I should mention that, in the 2nd and 3rd millions, the count
was made at my direction according to a special scheme that I had already
used myself for part of the first million. The counts for each 100000 occupy
one (small) octavo page in 10 columns, each referring to one group of ten
thousand; there is also a column before them (on the left) and another after
them on the right. As an example, here is one vertical column and the two
additional columns from the interval 1000000...1100000 — — —

For an explanation, take the 1st vertical column, for example. The group
of ten thousand from 1000000 to 1010000 contains 100 groups of a hundred;
among these there is 1 containing only one prime; none at all with 2 or
3; 2 with 4 primes each; 11 with 5 each, and so on. Together they give
752=1.14+4.245.1146.14+ .. The last column contains the aggregates
from the 10 individual columns. The numbers 14. 15. 16 in the first vertical
column are superfluous here, since no groups of a hundred contain so many
primes; but they come into use on the following sheets. Finally, the 10 pages
are again combined into 1, and thus cover the entire 2nd million.

But it is time to break off. — — — With heartfelt wishes for your well-
being

Always yours

Gottingen, 24 December 1849. C. F. Gauss.
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Number of Classes of Binary Quadratic Forms

TABLE
OF THE NUMBER OF CLASSES
OF BINARY QUADRATIC FORMS.

Hundred 1. Hundred 2.
G.IL...(17)..(61) G.I.... (11)..(101)
1. 1. 2. 3. 3 163
4.7 5 103. 127
3 11. 19. 23. 7 151
27. 31. 43. 9 107. 139. 199
67 11 167
5 47. 79 13 191
771 15 131. 179
9 59. 83 G. II..... (46)..(406)
G. II. .(58). .(280) 2 142. 148. 193
1 5.6.8. 3 106. 108. 109.
9. 10. 12. 115. 118. 121.
13. 15. 16. 123. 124. 135.
18. 22. 25. 147. 157. 162.
28. 37. 58. 169. 172. 175.
2 14. 17. 20. 187
32. 34. 36. 4 111. 113. 128.
39. 46. 49. 137. 158. 178.
52. 55. 63. 183. 196
64. 73. 82. 5 119. 122. 125.
97. 100 143. 159. 166.
3 26. 29. 35. 181. 188. 197
38. 44. 50. 6 116. 155. 171
51. 53. 54. 7 101. 134. 149.
61. 75. 76. 173
81. 87. 91. 8 146. 164
92. 99 10 194
4 41. 62. 68. G. IV....(39)..(356)
94. 95. 98 1 102. 112. 130.
5 74. 86 133. 177. 190
6 89 2 114. 117. 126.
G. IV..(25)..(136) 132. 136. 138.
1 21. 24. 30. 141. 144. 145.
33. 40. 42. 150. 153. 154.
45. 48. 57. 156. 160. 180.
60. 70. 72. 184. 192. 198
78. 85. 88. 3 104. 110. 129.
93 140. 152. 170.
2 56. 65. 66. 174. 176. 182.
69. 77. 80. 186. 189. 195.
84. 90. 96 200
Total 233...477 4 161. 185
Trreg. 0 Impr. 74 G. VIIL..(4)...(32)
1 105. 120. 165.
168
Total 291...895
Irreg. O
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Number of Classes of Binary Quadratic Forms

Hundred 3.
G.L...... (9).....(109)

7 223

9 211.

11 271
13 263

15 227.

21 251

3 202.
247.
277.

4 226.

295

5 218.
6 203.

241.

275.
7 215.
8 254.
9 236.
10 206.

11 269
12 299

G. IV...
1 232.
2 205.

220.
252.

288

3 201.
231.
246.
270.

300

4 221.
272.
5 209.

296

G. VIIL

2 264.

243(*3%). 283

239

207

262.

298

256.

224.

276

230.

(42)....

. 214.

. 242.
. 219.
. 259.
. 291

. 284.

. 216.
. 237.
. 253.
. 294,

248.

266.

.(6).....
1 210. 240. 273.

285

(482)
235.

. 268.

. 292.

250
233.
274.

287

Total 313...

Irreg. 1

..1167

Impr. 183.

Hundred 4.
G. I...... 9)..... (113)

G. IV
2 301.
333.

G. VIIL

7 343

9 307(*3*). 331. 367.

379
5 347
7 383

9 311.

3 358.
4 313.
5 303.

346.

394

6 302.
334.

387

338.

7
8 353
9

332.

362

0 386.
1 326.
2 356.

3 314

400

3 304.
325.
366.
393.

4 305.
350.
377.

399

321.

)
6 329
7 341

385

359

397

337.
316.
361.

323.
351.

349.

335.

374

(40). ...

382.
317.
373.

324.
355.

391

. 308.
. 369.
. 384.

. 365.

L (8).. ...
1 312. 330. 345.

2 336. 360. 390

339(*

(554)
388
319.
375.

327.
363.

3).

320.
392.
381.

(88)
357.

Total 325. ..
Irreg. 2
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Negative determinants

NEGATIVE DETERMINANTS.

Hundred 5. Hundred 6.
G.I.... (10)..(174) G. I..... (7)..(133)
7 463. 487 9 547
9 499 15 523. 571
15 439. 443 21 503. 587
21 431. 467 25 599
25 479 27 563
27 419. 491 G. II....(40). .(724)
G.1I....(33)..(512) 4 562. 577. 583
3 403. 427 5 508. 538. 541
4 457. 466. 478 6 507. 526. 529.
5 412. 415. 421. 543. 567
422. 423 7 502. 511. 535
6 433. 436. 475. 8 512. 514. 548.
484 559. 578
7 447. 454 9 515. 519. 527.
8 407. 409. 452. 531. 556. 557.
471 575. 586
9 411. 428. 451. 11 551. 554. 591
459(*). 486 12 539. 542. 579.
10 401. 449. 482. 593
500 14 596
13 458 15 509. 524. 566
14 404 16 521. 569
15 461 G.1IV....(41)..(672)
16 446 2 505. 522. 532.
G. IV....(49)..(760) 553. 568. 592.
2 418. 438. 442. 598
445. 448. 498 3 513. 517. 533.
3 405. 417. 424. 537. 540. 550.
430. 432. 435. 555. 565. 588.
450. 453. 460. 595. 597
472. 473. 477. 4 501. 518. 544.
483. 490. 492. 558. 564. 573.
493. 496 574. 576(*2%).
4 402. 406. 410. 580(*2*). 582.
414. 441. 444. 589
468. 469. 481. 5 534. 572. 590
485. 495 6 516. 549. 594
5 413. 437. 455. 7 506. 530. 536.
470. 474. 476. 581
488. 489 8... 545. 584
6 416. 425. 426. G. VIII. .(12). .(200)
434. 464. 497 1 520
7 494 2 504. 510. 525.
G. VIII.. .(8)..(120) 528. 552. 561.
1 408. 462 570. 585. 600
2 420. 429. 456. 3 546. 560
465. 430 Total 347...1729
3 440 Irreg. 2

Total 336...1566
Irreg. 1
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Negative determinants

Hundred 7. Hundred 8.
G.1.....(8)...(138) G.L....... (6)...(110)
9 643 13 727
13 607. 631 15 739. 751. 787
15 619. 683. 691 21 743
25 647 31 719
33 659 G.IL...... (39). ..(860)
G.1IL...(37)..(718) 4 772
3 652 5 709. 757
5 613. 625. 694 6 718. 723. 763. 775
6 603. 617. 622. 7 703. 733. 778
628. 655. 667. 8 799
673. 676. 687 9 707. 722. 729. 747.
7 604. 634. 639. 771. 783. 796
653 10 711. 724. 769. 788
9 661. 675(*3*). 11 758. 767
679 12 706. 766
10 601 13 746. 764. 773
11 623. 662. 668 15 716. 779. 797
12 674. 695 16 791
13 698 17 701
14 641. 686. 692 18 731. 755(*3*)
16 611. 635. 671. 20 734. 761
677. 699 21 794
17 614 G.1IV......(42)...(792)
18 626 2 708. 742. 793
G.IV....(43)..(812) 3 702. 715. 730. 748.
2 658. 697 753. 762. 795
3 606. 610. 618. 4 712. 717. 721. 732.
627. 637. 648. 735. 736. 738. 745.
669. 670. 682. 768. 784. 785. 786.
685. 688. 700 790
4 612. 632. 640. 5 726. 737. 750. 752.
642. 646. 657. 754. 774. 781
663 6 704. 713. 725. 756.
5 615. 633. 636. 759. 782. 800
638. 649. 664. 8 710. 740. 749. 789
666. 678. 681 10 776
6 602. 605. 608. G. VIII..... (13)...(264)
620. 621. 650. 1 760
651. 684 2 720. 765. 777. 792.
7 654 798
8 644. 656 3 705. 714. 728. 741.
9 629 744. 780
10 689 4 770
G. VIIL .(12)..(216) Total 356. ..2026
2 609. 616. 624. Trreg. 1
630. 645. 660.
672. 690. 693.

3 665. 680. 696.

Total 350..1884
Trreg. 1
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Negative determinants

Hundred 9.
G IL...... (8)....(164)
9 823. 883

21 811. 827. 859. 863.

29
33

© 00~ U]

3

4

8

10
11

G. VIII..
805.

2

3

G. XVI...

1

887
839

. 853
. 898
. 838. 841. 892.

. 871

. 831
. 815. 821. 851.

. 857

813
828

820(*2%)

850.
868.

852
873

900(*2)

822.
801.
819.
876.
806.

893

846.

896

824.

854

897

816.

888

840

830.
804.
833.
890.
845.

869.

836

825. 861. 885.
[(1)....(16)

. 877

(*37)
. 879

G.IV....(47)...(1
808. .
826.

. 814

. 837.
. 832.
. 855.
. 882.

872.
810.
848.
894
849.

(34)....(750)

. 843. 844. 867.

. 891

024)
817.

856

834.
865.
889.

874

812.
864.

860.

884(*2%).

.(10). ... .(200)
858. 870. 880.

Total 360. ..
Irreg. 4

..2154

Hundred 10.

G.L..... (8)....(174)

9
11
15
17
19
27

45

G. IV

9
11

G. VIIL . .(

2

3
)

Total 366

907
967
947
991
919
983
911
971

982
955
997
943.
922.
916.
932.
995.
934.
908.
953
914.

958.
931.
927.
939.

999

951.
923.

929.

974(*3%)

926
941
928
913.
940.
973.
903.
946.
917.
901.
954.
981.
902.
962

992

944.
965

910.
960
924.

920

918.
942.

988

904.
975.
921.
905.
976.
985.
906.

950.

986

14). .

961

963.
937.
964.

998
956

959.

925.
949.

993.

994

968.
915.
978.
987.
909.

989

972
977
979.

...(45)....(976)

933.
970.

938.

1000
948.
980.
996
935.

(312)

912. 952. 957.

930. 936. 945.
966. 969. 984. 990

Irreg. 1
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Negative determinants

Hundred 11.

G L......
9 1087
15 1051
19 1063
23 1039
35 1031
39 1019
51 1091

(7). ...

(35)....
. 1027.

. 1047

. 1059.

. 1099
. 1009

. 1082.

. 1058

. 1052.

. 1069

. 1055.

. 1046

. 1038.

. 1090

. 1015.
. 1057.

. 1066.
. 1035.
. 1062.
. 1096.
. 1014.

. 1022.

(*27)
. 1070

.(880)
1033. 1042

1075(*3%).

1084

1061. 1094.

1067. 1097

1048. 1068

1017. 1023.
1060. 1078.

1071. 1098

1036. 1044.
1073. 1077.

1029. 1086.

1025. 1074.

....(344)
. 1032. 1045.

. 1080
. 1085

Total 365. .
Irreg. 2

Hundred 12.

G.L........ 6).....(

15 1123

21 1163.

23 1103

1171

27 1187(*3*)

41 1151

6 1108. 1138. 1198

1117.

1183

(36)....(924)

7
8 1129. 1153. 1156. 1159
9 1107(*3*). 1132. 1135.

1142.

10 1143

11 1111.
12 1127.
15 1115.

16 1119

18 1172.

19 1199
20 1124
23 1181
24 1139
25 1109
28 1154

3 1162.
4 1149.
1178.
5 1102.
1182.
6 1131.
1158.
7 1101.
1148.

8 1146

9 1116.

10 1184

11 1121.
12 1106.

4 1104.
5 1160.

1147
1114
1186
1174

1193

1180

1125.

1189

1134.
1164.
1112.
1157.

1118.

1130

1169.
(18)

1140
1190

. 1126.
. 1191.
. 1175.

1192

1188

1194

1152.
1137.
1141.

1133.

1161.

1167
1195
1179

(40). .. .(1064)
1177.
1150.

1168.
1165.
1145.

1136.

1166

(408)
. 1110.'1113. 1120.
. 1128. 1170. 1185

. 1155. 1173. 1176

Total 382

Irreg. 2
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Negative determinants

Hundred 13.

G.L......... (6)........ (190)

23 1279

27 1231. 1291

33 1283

35 1223

45 1259(*3%)

G I........ (38)....... (986)

5 1213

6 1227. 1243. 1255. 1282.
1297

7 1237

8 1201. 1252

9 1203. 1207. 1215. 1219.
1228(*3*). 1267(*3*)

10 1261. 1263. 1268.

12 1202. 1234. 1299

13 1247

14 1294

15 1250

16 1217. 1249

17 1277

18 1251. 1262. 1289

19 1229. 1244

20 1214. 1271

21 1211. 1226. 1238

29 1286

3 1222. 1258. 1285
4 1204. 1225. 1233. 1246.
1278
5 1210. 1212. 1257. 1264.
1270. 1273. 1276. 1287
6 1208. 1216. 1236. 1242.
1269. 1275. 1292. 1293.
1296. 1300
7 1206
8 1220(*2%). 1239. 1241.
1253. 1266. 1280. 1298
9 1235. 1274. 1295
10 1205. 1284
13 1256
VIIL ... .(16)...... (416)
2 1240. 1248. 1288. 1290
3 1218. 1230. 1254. 1260.
1272. 1281
4 1221. 1224. 1232. 1245
5 1209. 1265

Total 370....... 2600
Trreg. 4

Hundred 14.

Total 391

1393

1317.
1390.
1308.
1362.
1311.

1396

1314.
1310.

. 1339.

. 1359

. 1371

1333.

1398

1313.
1377.
1335.

1334

1325.

1356(*3*)

1376

1304.
1316.
1349.

1370

1385.

1364

1351

1338.
1336.

1395.
1341.

1328.

1342.

1337.

1397

1352.

1329.

(46).........
12(*2%). 1332(*2*). 1345. 1357.

1378

1350

1374

. 1315(*3*). 1323(*3*). 1324.
. 1363. 1366. 1369. 1373. 1383

(1340)

. 1384.
. 1358.

. 1389.

1340.

Irreg. 5

462

Progr. 3192



Negative determinants

Hundred 15.
G.L........ (10). ... .(308)

9
21
23

7

Total 378

1423
1483
1447
1459
1487

1439.

1427

1471

1451. 1499

. 1486. 1489. 1492.

. 1418
. 1433. 1475

. 1456. 1464. 1480.
. 1485

1416. 1430.

1440(*2*). 1449. 1470

1496

Trreg. 1

....... 2826

Propr. 3282

Hundred 16.

3 1558.
4 1510.
1537,

1582(*

5 1534,
1576
6 1501.
1548.
7 1557.
1569.
8 1504.
1561.
9 1515.
1599
10 1509.
11 1586
12 1517.
1595
13 1529.

. 1519. 1549. 1563

. 1991
. 1587
. 1546. 1594

(53)....... (1564)
1593

1513(*2*%). 1528.
1552. 1578.

2%). 1600(*2*)
1542. 1570. 1573.

1506. 1521. 1525.
1572. 1575. 1585
1562. 1564. 1565.
1577

1508. 1536. 1551.
1568(*2*). 1598
1541. 1547. 1566.

1524. 1544. 1592

1526. 1550. 1580.

. 1518. 1530. 1533.
. 1554. 1584

. 1590(*2*). 1596

. 1581

Total 389
Irreg. 6

463

....... 2911

Propr. 3416



Negative determinants

Hundred 17. Hundred 18.

GL...... (6).......(182) G.L..... (5)....... (95)

17 1663 15 1723. 1747

21 1627 17 1783

27 1607 21 1787

33 1699 27 1759

39 1667 G.IL..... (35).....(1182)

45 1619 10 1714. 1753. 1774

G.IL...... (37)....(1116) 12 1726. 1731. 1732. 1762.

6 1618 1777. 1795

7 1642 13 1719. 1735. 1741. 1789

8 1657 14 1703. 1711. 1775

9 1603. 1621. 1675(*). 15 1707. 1756. 1772. 1779
1683. 1687 17 1733

10 1678. 1681. 1684 18 1727. 1763(*3*). 1791

11 1639. 1654. 1693 19 1754

12 1647. 1651 21 1709. 1715. 1724

13 1669 23 1718

14 1609. 1623. 1697 24 1751

15 1611. 1622. 1643. 1682 25 1766. 1799

16 1636 26 1721

19 1637. 1671 29 1706

20 1604 30 1739

21 1613. 1658 G.TV.....(41).....(1260)

22 1631. 1646. 1655 3 1708

26 1679 4 1717. 1737. 1738. 1780.

27 1676. 1691 1792

28 1601 5 1702. 1750. 1758. 1761.

G.IV......(41)...... (1312) 1765. 1773. 1786. 1798

3 1612 6 1728. 1743. 1744. 1771.

4 1633. 1660. 1698 1782. 1797

5 1626. 1648. 1660. 1662. 7 1757. 1788
1688. 1692. 1695 8 1764(*2*). 1767

6 1615. 1620. 1635. 1659. 9 1701. 1712. 1713. 1730.
1666. 1668. 1690. 1696 1734. 1755(*). 1793

7 1606. 1614. 1630. 1670 10 1745. 1746. 1748. 1778.

8 1602. 1628. 1673 1796

9 1644. 1674. 1689 11 1742

10 1625. 1629. 1652 13 1790

11 1641. 1686 16 1769. 1784

12 1649. 1661. 1664. 1694 17 1781

13 1685 G. VIIIL...... (18)..... (536)

14 1616 2 1705. 1710. 1752. 1768

16 1634 3 1720. 1722. 1729. 1740.

G. VIIL...(15)....... (368) 1800

2 1605. 1632. 1645. 1653 4 1716. 1725. 1776. 1794
1672. 1677 5 1749. 1770

3 1617. 1638 6 1704. 1736. 1760

4 1608. 1610. 1624. 1640. G. XVI..... (1) ....... (32)
1650. 1656. 1665 2 1785

G. XVL..... (1)eeiennn (32) Total 399. ... .. 3105

2 1680 Irreg. 3 Impr. 525

Total 380....... 3010

Irreg. 1 Impr. 513

464



Negative determinants

Hundred 19. Hundred 20.

G.L....... (7)o (263) G.L...... (6)......... (252)

15 1867 21 1987

19 1831 27 1999

27 1879 33 1951.

43 1847 39 1907

45 1823. 1871 63 1931(*3*)

69 1811 69 1979

G.II....... (B1)eevvnnnn.. (994) G.II...... (33)........ (1090)

6 1807. 1873 7 1948

7 1852 8 1983

8 1822. 1828 9 1915. 1927. 1933. 1963. 1996

9 1843. 1863. 1882 10 1906. 1975

10 1858 11 1903. 1942

11 1849 12 1939. 1982. 1993

12 1803 14 1954

14 1801. 1838 15 1923

15 1819. 1835. 1875. 1891. 1894 16 -1922. 1943

17 1877 18 1913. 1966. 1967. 1971(*3*)

18 1899 21 1901. 1959. 1973. 1997

19 1861 22 1919

20 1839 25 1916

21 1851. 1859. 1868. 1883 26 1934

23 1814 27 1964. 1994

24 1895 28 1991

28 1874 35 1949

30 1844 G. IV...... (43)....... (1356)

36 1889 3 1978

G.IV....... (45)......... (1416) 4 1912. 1918(*2*). 1945. 1957

4 1813. 1842. 1864. 1897 5 1930. 1962. 1969. 1981

5 1810. 1857. 1887. 1893 6 1908. 1917. 1926. 1936. 1941.

6 1812. 1815. 1818. 1825. 1827. 1947. 1972. 1984. 1990
1837. 1878. 1888. 1892. 1900 7 1909. 1929. 1935

7 1816. 1846. 1855. 1898 8 1911. 1924. 1940. 1958. 1961

8 1802. 1808. 1866. 1876. 1884 9 1902. 1944. 1955. 1977. 1998

9 1804. 1809. 1821. 1834. 1836. 10 1921. 1928. 1952. 1956. 1985.
1853. 1862 2000

10 1805. 1817. 1829. 1841. 1850. 12 1982. 1986. 1988
1854 13 1970

12 1856. 1865 14 1910

13 1832 17 1946

14 1826 G. VIIL...... (18)........ (584)

16 1886(*2*) 2 1992

G. VIIIL... ... (16)....... (496) 3 1905. 1932. 1950. 1960. 1968.

2 1870. 1885 1995

3 1830. 1833. 1840. 1890 4 1920. 1938. 1953. 1974. 1980.

4 1824. 1845. 1860. 1872 1989

5 1806. 1820. 1869. 1880. 1881. 5 1904. 1965,
1896 6 1914. 1925

G. XVIL..... (O (16) 7 1976

1 1848 Total 388......... 3282

Total 393......... 3185 Irreg. 3 Impr. 556

Irreg. 1 Impr. 513
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Negative determinants

Hundred 21.

9 2023. 2038. 2047.

12 2059. 2098
14 2007. 2018
15 2043. 2071. 2092

17 2026. 2029
19 2031. 2069

27 2051. 2075(*3%)

30 2036. 2081

4 .
5 2032. 2073. 2074
6

2022. 2025. 2028.
2067. 2068. 2082.
7 2008. 2033. 2044.
8 2004. 2005. 2034.
9 2014. 2049. 2060.

12 2006. 2009. 2045

2053

2035.
2086.
2055.
2041.
2076.

2050. 2052.
2058. 2094

2079. 2091

G.VIL....... (19)........... (632)

2002. 2013. 2080.

2037. 2065

2

3

4 2010. 2016. 2046.
5 2030. 2070. 2085.
6
7

2001. 2064. 2090

Total 404............
Irreg. 1 Impr. 560
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Negative determinants

Hundred 2

G.1...(5)..(149)

13 2143

21 2179

27 2187(*3%)

39 2131

49 2111

G. II...(33).(1174)

8 2113. 2137

9 2122. 2167. 2188

10 2164

11 2182

12 2107. 2116

13 2102. 2197

14 2127

15 2151. 2191

16 2153. 2194

17 2103. 2119

18 2155. 2161. 2199

21 2123. 2138. 2147. 2171. 2183.
2186

24 2195

28 2129

30 2126. 2159

32 2174

39 2141

G. 1V.(46).(1592)

5 2101. 2118. 2125. 2152. 2158.
2173. 2178

6 2104. 2115. 2132. 2139. 2148.
2157. 2163. 2172.

7 2110. 2140. 2146. 2149. 2165

8 2134. 2176(*2*) 2192

9 2106. 2108. 2117. 2124.
2133(*3*). 2175. 2181. 2198

10 2150. 2154. 2166. 2177

11 2135

12 2105. 2156. 2168. 2169. 2196

14 2114. 2144. 2162

15 2189

16 2180

G. VIIIL.(14).(424)

2 2128. 2170

3 2160. 2185. 2190. 2193. 2200

4 2112(*2*). 2130. 2142

5 2109. 2121. 2136

7 2120

G. XVL(2)...(80)

2 2145

3 2184

Total 399...3419
Irreg. 4 Impr. 585
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Negative determinants

Hundred 23.
C} L...(7)..(217)

21
29

7
9
10
11
12

2203
2251
2287
2267
2239
2207

2243(*3%)
G. 1L .(29).(1084)

2293

2221.

2281

2215.

2209
2218
2258

2237.

2206
2234
2228
2297

2213.

2271
2273

2252.

2279
2231
2276

2227. 2283

2263

2269. 2284. 2299

2259

2291

2219(*3%)

2246

G. IV.(46).(1612)

4
5
6

oo

2212.

2202.
2223.

2278

2217.
2236.
2286.
2214.
2241.
2249.
2204.
2211.

2222
2274

2264.

2201
2294

2242. 2248. 2272
2230. 2247. 2290
2257. 2260. 2268. 2275.

2238. 2270

2245. 2254(*2%).

2292. 2298

2221. 2235(*3%).

2253. 2266. 2295. 2300,
2250. 2255. 2282

2216

2225. 2229

2285

G. VIIL(17).(584)

2 2233. 2277

3 2205. 2220. 2262

4 2208. 2232. 2244. 2256. 2265.

2289.

2296
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Negative determinants

5 2226. 2288

6
7
9

2240
2210
2261

G. XVL(1)..(32)

2

2280

Total 401...3529
Irreg. 4

Impr. 571

Hundred 24

G.
1

29
39
57

59
63

2311
2371
2339
2399
2351

. 2383

I...(7)..(291)
5 2347

G. IL .(32).(1106)

2335

2302.
2326.
2307.
2362.

2359

2303.

2386

2333.

2381
2375
2342
2327
2396
2315
2393
2306
2309

2374
2323
2367
2319
2389

. 2348
. 2372

(*3%)

. 2395

. 2341

. 2391

. 2357

G. TV..(40).(1520)

4
5
6
7
8
9

11
12

14
15
16
18

2332
2398

2305.

2388

2314.
2304.
2343.
2318.

2387

2334.
2316.

2390

2324.
2321.

2336
2369

. 2353
2317

2382

2312.
2350.
2344.

2354.
2330.

. 2368
. 2322
2313

2356
2349

2364.
2331.

2376

2384
2378

2308. 2377

. 2363

. 2338. 2358.

. 2329(*2%).

. 2355. 2361.

. 2379(*2%).
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Negative determinants

G. VIIL(20).(648)

2
3
4

)
6
7

2392

2325. 2346. 2352. 2370. 2373.

2380

2320. 2328. 2337. 2340. 2365.

2385(*2%). 2397. 2400(*2*).
2360. 2394.

2301. 2376

2345

G. XVL.(1)..(32)

2

2310

Total 407...3597
Irreg. 5 Impr. 611
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Negative determinants

Hundred 25.

G.L..(5)..(217)

21 2467

33 2423

37 2447

57 2459

69 2411

G. II. .(35).(1250)

9 2403(*3*). 2437(*3*).
2443. 2458

10 2407. 2452. 2473. 2487. 2500

12 2419. 2468. 2479

13 2428

14 2401. 2446. 2455

15 2476

16 2434. 2462

17 2463

18 2417. 2491

19 2477

20 2402. 2404. 2498

21 2427

22 2439

27 2426

28 2495

30 2483

31 2471

33 2435

38 2441

39 2474

G. IV.(38).(1472)

4 2410

5 2422. 2433. 2494

6 2412. 2413. 2425. 2451. 2475.
2482. 2488. 2493

7 2416. 2431. 2438. 2497

8 2454

9 2430(*3*). 2461

10 2449

11 2421. 2489. 2492

12 2420(*2%). 2432. 2450.
2466. 2484. 2499

13 2453. 2469. 2481

14 2429. 2486

15 2406. 2444

17 2456

18 2414

G. VIIL(22).(720)

3 2418. 2424. 2440. 2457. 2472.
2485

4 2436. 2442. 2445. 2448(*2%).
2464. 2465. 2470. 2478. 2490
2496

5 2405. 2409. 2415. 2460

6 2408. 2480
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Negative determinants

Total 403. .3659
Irreg. 5 Impr. 595

Hundred 26.

(} I...(7)..(301)
2503

33 2539

35 2543

41 2551

51 2531

57 .2591

63 2579

G. II. .(29).(1028)
8 2578

9 2515. 2557. 2563(*
2566. 2572

10 2527

12 2587. 2593

13 2524

15 2523. 2575. 2518.

16 2521

18 2511. 2547

19 2554

20 2559

21 2507. 2571

22 2567. 2594

25 2582. 2588

28 2564

32 2519. 2558

35 2549

G. IV.(45). (1752)

4
)
6
7

8

9
10
11
12
13
14
15
16
18

2533. 2542(*2*)
2577

2512. 2517. 2538.
2592. 2598

2502. 2509. 2535.
2583

2506. 2513. 2528.
2589

2522. 2555. 2581.
2514. 2529. 2532
2570. 2573

2597

2510

2501. 2525. 2586
2526. 2534. 2537.
2546. 2561

2504. 2516

G. VIIL(18).(648)

3

4
)

2508. 2530. 2550.
2590

2568. 2580. 2584
2505. 2541. 2544.

3%).

2599

2545. 2548.
2536. 2556.
2560. 2569.

2595
2596

2540

2553. 2562.

2552 2585
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Negative determinants

6 2565. 2574. 2600
8 2576

G. XVL(1)..(32)

2 2520

Total 405..3761
Irreg. 2 Impr. 641
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Negative determinants

Hundred 27.

G.L..(7)...(231)

15 2647. 2683

23 2671

39 2659

43 2663

45 2699(*3*)

51 2687

G. II. .(29).(1196)

10 2638

11 2623. 2662. 2677

12 2611. 2689. 2692

14 2612

15 2602. 2643

16 2617. 2633. 2657

18 2619(*3*). 2627. 2644

21 2693

23 2614. 2615

24 2631. 2654

26 2642

27 2675(*3%)

30 2603. 2606

31 2621

33 2636

39 2651

42 2609

G. 1V.(46).(1776)

3 2608

4 2605

5 2641

6 2620. 2629. 2650. 2653. 2658.
2667. 2668. 2676. 2682. 2695.
2698

7 2607

8 2601. 2628(*2*). 2655.
2674. 2686

9 2626. 2634. 2635. 2637.
2646(*3*). 2673. 2700(*3*)

10 2656. 2678

11 2645. 2648. 2649. 2672

12 2681. 2691. 2696

13 2679

15 2630. 2684. 2690. 2694

16 2624(*3*). 2639. 2669

17 2666

18 2681

G. VIIL.(17).(584)

2 2632

3 2613. 2622. 2680. 2685. 2697

4 2652. 2665. 2688

5 2610. 2618. 2625. 2664. 2670.

6 2604. 2660

7 2616
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Negative determinants

G. XVL.(1)..(32)
2 2640

Total 401...3819
Irreg. 7 Impr. 625

Hundred 28.

G.1...(6)..(208)

21 2707 2767

33 2731

39 2791

41 2719

53 2711

G. 11.(29).(1190)

9 2787. 2797

10 2722. 2743

12 2713

13 2762

14 2734. 2753

15 2727. 2732. 2764

18 2723. 2763(*3*). 2783

19 2738. 2746. 2799

20 2777

21 2749. 2779

22 2798

27 2747. 2759

29 2741

30 2708

31 2735

39 2771

40 2729

41 2789

G. 1V.(47).(1864)

4 2773. 2788

5 2776

6 2704. 2710. 2715. 2718. 2725.

2740. 2748. 2752. 2755. 2758.

2794

2703. 2761. 2766. 2782

2733. 2742. 2775. 2785

9 2716. 2770. 2778. 2781. 2795

10 2724. 2751

11 2757

12 2701. 2702(*2*). 2739.
2754 2780

13 2721. 2792

14 2744. 2768. 2774

15 2750. 2796

17 2726

18 2705. 2786

20 2714. 2756(*2*)

G. VIIL.(16).(568)

2 2737

3 2728. 2800
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Negative determinants

4 2706. 2709. 2717. 2745. 2772.
2790. 2793

5 2712. 2769

6 2720. 2736. 2784

7 2765

G. XVL(2)..(64)

2 2730. 2760

Total 412..3894
Irreg. 3 Impr. 644
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Negative determinants

Hundred 29.

G.
25

2887
2803
2851
2843
2879
2819

1..(6)..(250)

G. IL .(32).(1298)

2878

2818.
2815.

2827

2809.
2875.

2833

2867.

2858
2866
2837
2811
2807

2859.
2801.

2876
2861

2804.

2846

2836. 2857
2863

2823. 2839. 2854
2883. 2899

2897

2891(*3*)
2855

2831. 2894

G. IV.(43).(1680)

NeJ

10

11
12

13
15
16
21

2842.
2830.
2802.
2812.
2817.
2868.
2806.
2862.
2810.

2896
2841

2816.
2873.

2893
2853

2872. 2892

2881

2845. 2847: 2848(*2*).

2884

2828. 2835(*3*).

2887. 2888. 2890. 2895
2844. 2869. 2871. 2874

2822. 2824. 2825. 2852.
2900.

2826.

2813.

2882
2834

2864. 2889

G. VIIL(17).(648)

2
3
4

)
6
7

2832
2808
2821
2865
2814
2820
2870

. 2860

. 2829. 2850(*2*).
. 2880. 2898

. 2838. 2877. 2886
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Negative determinants

8 2840. 2849
G. XVL(2)..(96)
3 2805. 2856

Total 410..3972
Irreg. 4 Impr. 636

Hundred 30.

G. 1..(6)..(322)

31 2927

33 2971

39 2963

59 2903

73 2999

87 2939

G. II. .(33).(1266)

8 2962

9 2902. 2923. 2998

10 2983

11 2917. 2935

12 2947. 2953. 2995

13 2908

14 2932

15 2956. 2986

17 2918

18 2916. 2943. 2979

20 2942. 2959

21 2911. 2931. 2972

24 2974. 2991

26 2969

27 2951. 2957

30 2978. 2987

33 2906

35 2909

43 2966

G. IV.(37).(1588)
2965

2907. 2914. 2938. 2977. 2997

2913. 2930. 2941. 2973

2944. 2946. 2949. 2980(*2*)

2950. 2955. 2988. 2989

10 2919. 2929. 2948. 2975

11 2922. 2933. 2934. 2967

12 2993(*2%)

13 2901. 2984

16 2921. 2994. 2996.

18 2915. 2924

20 2936. 2954. 2981

G. VIIL(24).(888)

2 2968

3 2905. 2920. 2937. 2970. 2982.
2992

4 2928. 2940. 2952. 2958. 2985

5 2904. 2910. 2926. 2990. 3000

© 00 ~J Oy Ut
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Negative determinants

6 2912. 2925. 2961. 2964. 2976
8 2945. 2960

Total 412..4064
Irreg. 2 Impr. 714
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Negative determinants

Hundred 43.

G. L..(7)..(425)

27
45
o1
63
65
69
105

G. IL(32).(1592)
4258. 4267. 4273

G. TV.(38).(1780)
4225,
4210.
4228,
4236.
4293.
4215.

20

4243
4219
4231
4283
4271
4211
4259

4222.
4207.

4279

4204.

4261

4201.

4252

4203.

4223

4239.
4217.
4262.

4276
4247
4229
4286
4274
4226
4289

4282

4227

4253

4287.
4244
4299

. 4241

4237.
4213
4249

4295

4288

4291(*3*). 4297

4246. 4255. 4263. 4285.
4294. 4300(*3")
4238. 4281. 4298

4212(*2%). 4232. 4251.
4275(*2%). 4292
4202. 4206. 4208. 4234

4205

4235. 4250. 4266

4269

4220. 4265. 4268

4254
4214

G. VIII(22)..(976)

SO0 ULk W

—_

4218
4216
4230
4245
4209
4221
4280
4256

. 4257.
. 4240.
. 4233.
. 4248.

. 4224,

4272
4260
4242
4277

4296

. 4270. 4278
. 4264. 4284
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Negative determinants

G. XVL(1)..(48)

3 4290

Total 415.

Irreg. 4

...4821

Hundred 51.

G.L..(8).

25 5023
45 5003
57 5059
63 5011
69 5087
83 5039
87 5051
117 5099

.(546)

G. I1. .(22).(1104)

11 5077.
15 5047.

16 5086

18 5007.
21 5027.

24 5095
25 5071

27 5067

30 5009
32 5079
39 5021
42 5006

5098
5062

5041. 5042. 5063
5043. 5091

5078

45 5036(*3%)

58 5081

G. IV.(51).(2728)

5020.

5002.
5013.

6
7 5038
8
9

5065. 5083
5008. 5017. 5058. 5089

5014. 5035. 5050. 5055.

5068(*3*). 5097

10 5026.
5056.

11 5093

12 5022.
13 5029.
14 5046.
15 5019.
16 5012.
18 5004.

5028. 5044. 5052. 5053.

5072. 5092

5076
5090

5074

5030. 5094
5031(*2%)

5033. 5034. 5048. 5054.

5069(*3*). 5075(*3%)

19 5001.
20 5057.

22 5015

26 5024.

30 5066

5018
5084

5045

G. VIII(16).(784)

3 5032

481



Negative determinants

4 5037
5 5061. 5080
6 5010. 5025. 5049. 5070. 5073.
5082. 5085. 5088. 5100
8 5064
9 5096
10 5060
G. XVL(3).(128)
2 5005
3 5016. 5040

Total 424...5290
Irreg. 5

482



Negative determinants

Hundred 61.

G.1..(7)..(353)

27 6007. 6043

45 6067(*3*). 6091(*3*)

57 6079

71 6047

81 6011(*3%)

G. 11. .(22).(1440)

12 6073

15 6022

17 6037

18 6087

22 6082. 6092

24 6098

25 6031. 6053

27 6075(*3%)

28 6046

31 6038

33 6019

35 6029

39 6059

41 6023

42 6051

46 6002

48 6071

49 6044

58 6089

63 6074

G. IV.(53).(3012)

7 6013. 6028

8 6001(*2*%). 6052(*2*)

9 6015. 6021(*3*). 6055.
6063. 6064. 6070. 6076. 6078.
6085(*3*)

10 6010. 6034. 6049. 6058. 6088.

11 6012

12 6003. 6004. 6008. 6025. 6027.
6057. 6066. 6077. 6084. 6099.
6100(*2*)

13 6033. 6094

14 6062

15 6017. 6039. 6050. 6081. 6093.

16 6016

18 6065. 6083(*3*)

19 6009

20 6036. 6054

21 6035. 6095

24 6014(*2*). 6068. 6086

25 6056

26 6005

28 6026

30 6041

G. VIIL.(14).(768)

3 6097

483



Negative determinants

4 6040. 6042
6 6018. 6024. 6030. 6048
8 6032. 6061. 6069. 6080
9 6060

10 6020. 6096

G. XVL(4).(208)

3 6045. 6072. 6090
4 6006

Total 439..5781
Irreg. 11 Impr. 933

Hundred 62.
G.1...(5)..(265)
33 6163
39 6199
41 6143
59 6151
93 6131
G. I1. .(28).(1704)
11 6127
14 6103
15 6115. 6147
16 6178
18 6183. 6187. 6196
19 6172
21 6133
22 6121
27 6122
29 6166
30 6139
33 6124. 6167
34 6113
35 6134. 6197
37 6173
40 6159
41 6119
42. 6155. 6158
45 6107
49 6191
53 6101
60 6179
G. TV.(44).(2568)
6 6157
7 6108. 6142. 6193
8 6112. 6148
9. 6130. 6154. 6175
10 6106. 6117. 6169. 6198
11 6182. 6190
12 6123(*2*). 6181
14 6145. 6174. 6185
15 6102. 6109. 6125. 6126. 6129.
6171
16 6144. 6189

484



Negative determinants

17 6128. 6184

18 6111. 6135. 6156(*3*).
6164

19 6140

20 6114. 6137. 6161. 6176. 6186
22 6152. 6194

25 6170

28 6146
G. VIII(20).(1200)

4 6118

5 6136. 6153. 6162. 6168
6 6132. 6138. 6150. 6165. 6177.
6180. 6192. 6195
7 6141
9 6188
10 6110
12 6104. 6200
13 6116
15 6149
G. XVI(3)..(128)
2 6160
3 6105. 6120

Total 445. . .5865
Irreg. 2 Impr. 975

485



Negative determinants

Hundred 63.
G. L..(7)..(447)

43
45
o1
T
129

6247
6211
6203. 6271. 6287
6263
6299

G. 1. .(28).(1678)

6238. 6295
6259. 6268

6217

6267(*3). 6283(*3*)
6223. 6241. 6274
6218. 6277

6207. 6250
6227(*3*)

6229

6212. 6219

6243

6242

6257

6275

6239. 6291(*3*)
6236. 6284

6269

6221(*3*)

G. 1V.(39).(2428)

6220. 6262
6253

6202. 6208(*2*)

6235. 6252. 6297
6246. 6292

6298

6255 6286(*2%)

6282

6228. 6245. 6260. 6276
6214. 6234. 6249

6231. 6233. 6244. 6272(*4%)
6294

6226(*3%). 6251

6281. 6289

6261

6266

6224

6278

6209. 6215

6206

6296

6254

G. VIII(23).(1176)

3
4
5
6

6232
6273
6205. 6213. 6258. 6280. 6285
6210. 6222. 6225. 6237. 6288.

486



Negative determinants

6290

. 6300

7 6248. 6256. 6265. 6279. 6293

8
9
10
11

G. XVI(3)..(176)

3

6204
6264
6201
6230

6216

4 6240. 6270

Total 451..5905

Irreg

.9

Hundred 91.

G.1...(6)..(386)

27
35
45
63
99
117
G. II
15
18
19
21
26
27
29

G. 1V.(42).(2928)
9087.
9022.
9025.

9067
9007
9043
9091
9011
9059

..(26).(1960)

9013

9003(*3*). 9055

9034
9004
9079
9031
9098
9001
9068
9049
9023
9041
9047
9019
9038
9092
9099
9029
9014
9026

9052

9018.

9082

9017.
9033.
9002.
9012.

9075

. 9046
. 9094
. 9076

. 9083

(*3%)

(*37)
. 9071

9088

9058

(*3%)

9037.

9027.

9032.
9051.
9057.
9015.

9073. 9097

9028

9066
9063
9070
9069(*)..

487



Negative determinants

19 9053. 9095
20 9039. 9054. 9062. 9081
21 9036
22 9084
27 9008. 9050. 9074
28 9089
30 9005. 9035. 9056. 9077
G. VIII(23).(1640)
5 9010

6 9040. 9042. 9045. 9072. 9085.
9100

7 9078. 9080. 9090. 9093

8 9016(*2%). 9024. 9060

9 9061. 9074

10 9020

11 9006

12 9021. 9065

14 9096

17 9086

18 9044

G. XVI(3)..(176)
3 9030. 9048
5 9009

Total 45..7090
Irreg. 6 Impr. 1122

488



Negative determinants

Hundred 92.
G.1..(5)..(295)
51 9199
57 9103. 9127
63 9187
67 9151

G. 11. .(30).(2208)
13 9157

14 9172

19 9133
20 9124. 9183
21 9115
23 9181
27 9109. 9123. 9167. 9175
28 9137
29 9148
30 9147
32 9111
34 9122. 9166
36 9143
39 9107. 9171
40 9188
47 9173
54 9134. 9155
56 9182
57 9179
60 9131
62 9119
63 9194

72 9161

G. IV.(36).(2652)
7 9178

8 9118(*2*). 9193
9 9132. 9139. 9162. 9163(*3*)
10 9190

12 9121. 9142. 9153. 9186
13 9117

15 9106. 9136. 9195. 9196
17 9158

18 9154

19 9146
20 9169
21 9126. 9197
22 9138. 9189
24 9113. 9159
25 9101. 9125
27 9164.
28 9116
30 9140
31 9191
32 9104(*2*%)
33 9149
34 9110

489



Negative determinants

G. VIII(26).(1752)

00 3 O Ui

9
10
11
12
19

9108
9102.
9112.
9174
9135.
9192.
9105.
9128.
9129.
9141
9176

9160
9130. 9145. 9150

9144. 9156. 9168. 9184.
9198
9114. 9180. 9185. 9200
9152
9170

G. XVI(3)..(176)

3

9177

4 9120. 9165

Total 465...7083
Irreg. 3

Impr. 1207

Hundred 93.
G.1...(4)..(340)

33
75
93
139

9283
9227
9203
9239

G. IL. .(27).(2092)

13
17
18
21
25
27
29
30
31

9277
9223
9241
9235
9293
9211
9244
9271
9263
9267
9279
9259
9274
9242
9278
9251
9221
9209

. 9298

. 9247

. 9286. 9287
(*3%)

9257.

9206
9236
9299
9281

G. IV.(47).(3216)

7

9262

8 9202. 9208. 9232
10 9238. 9289
11 9237. 9258

490



Negative determinants

12 9207. 9219. 9220(*2*).

13
14
15
16

17
18
21
22
24
25

36

9228.
9292.
9249.
9217.
9212.

9214
9248
9254
9234
9201
9233
9275
9231
9218
9260
9215
9284
9224

9266(

9243(*2*). 9268.
9259. 9297
9255

9226. 9253
9250. 9276
(*2*). 9216.
(*2*). 9252

. 9229. 9261
. 9245

. 9291

. 9294

. 9290

(*3%)

*2*)

G. VIII(20).(1440)

6 9205. 9213. 9265. 9270. 9288.

15

9300
9256
9222
9285
9272
9210
9230
9204
9269
9246

. 9225, 9273. 9280(*2*).

. 9264
. 9296

G. XVL(1)..(48)

3

9282

G. XXXII(1).(64)

2

9240

Total 454...7200
Trreg. 9

Ingr. 1145

491



Negative determinants

Hundred 94.
G.L..(6)...(478)
41 9319
51 9343
55 9391
87 9323
97 9311
147 9371
G. II. .(27).(1894)
15 9307. 9388
18 9355
21 9397
23 9382
25 9375
26 9337
27 9349
28 9327
30 9346. 9358. 9363. 9364
32 9377
34 9326. 9332
36 9347. 9379. 9395
41 9302
46 9351
49 9335
51 9383
52 9359
56 9314
57 9356
69 9341
G. IV.(39).(2848)
7 9340. 9367
9 9342(*3*). 9370
11 9304. 9322
12 9378. 9387
13 9313. 9318
14 9353. 9394
15 9325. 9331. 9339
16 9301. 9316(*2*)
17 9303
18 9315(*3*). 9357. 9362.
9376. 9385(*3*). 9396.
9398
21 9334. 9368. 9392
22 9305. 9317.
23 9365
24 9308. 9399
27 9369. 9374.
30 9386
32 9344(*2)
33 9329. 9389
G. VIII(25).(1752)
4 9310. 9328. 9373
5 9333
6 9352

492



Negative determinants

7
8

9321. 9361. 9381.
9312(*2%). 9348. 9372.
9393. 9394. 9400

9 9390

10 9330. 9338. 9366
11 9306. 9309. 9336
12 9324

14 9350. 9380

13 9320

G. XVL(3)..(176)
3 9384
4 9345. 9360

Total 464...7148
Irreg. 6 Impr. 1210

Hundred 95.
G.I....(8)..(708)

33
45
75
91
101
105
123
135

9403
9463
9439
9431
9479
9419
9467
9491

G. 1. .(24).(1706)

16
18

9433
9475

9466. 9487

9442

9427

9406. 9409. 9423
9459

9421

9458

9451. 9497(*3*)
9484

9473

9428

9411. 9437

9407

9413

9461

9404

9446

G. TV.(41).(2988)

8

9
11
12
13

9412(*2*). 9457(*2%).

9472

9493

9402. 9447. 9496

9445. 9469. 9483. 9498

9415. 9418. 9448. 9454. 9468.
9478

493



Negative determinants

14
15
17
18
20
21
22
24

28

9436

9443.

9410

9444.

9500

9414.

9441

9452
9477. 9482. 9495

9481. 9489. 9499

9422(*2*). 9426. 9474.

9488
9494
9449
9455
9470
9476
9434

G. VIII(25).(1744)

9430
9417

9408.
9453.
9424.
9420.

9440

9429.
9425.

9416
9401

9432. 9438. 9465. 9492
9462

9460. 9485. 9486. 9490
9450(*3*). 9471

9456
9435. 9464

G. XVL(2)..(112)

3
4

9480
9405

Total 452..7258
Irreg. 5

494



Negative determinants

Hundred 96.

G.L...(5)..(471)

39
69
129
165

9547
9511. 9587
9551
9539

G. I1..(28).(1964)

G. IV.(38).(2700)

8
10
12

13
14
15
16
17
18
19
20

9508
9535

9523. 9583
9598

9502. 9507
9559
9543
9531(*3
9574(*3*)
9532
9571
9527
9556. 9586
9524. 9567
9518

9578

9566

9599

9575

9596

9572

9533

9521

9538. 9562.
9517. 9553.
9505. 9522.
9595(*2*)
9514. 9549.
9501. 9529.
9582

9544

9564

9558

9565

*). 9563.

9577
9573
9526. 9550. 9580.

9557
9542

9503(*2*). 9589. 9591.

9593
9515. 9561
9519. 9579
9530. 9584
9509
9536
9506
9569
9554

G. VIII(26).(1960)

4

9568

495



Negative determinants

0~ O Ot

9
10
12
13
14
15

9592
9552. 9585. 9597
9528

9510(*2*). 9513(*2%).

9537. 9540(*2*). 9588.

9600(*2*).

9541. 9548. 9555(*3*)
9525. 9534. 9594
9504. 9516(*2*). 9560
9545. 9594

9581

9512. 9590

G. XVL(3).(176)

3
5

9520. 9570
9576

Total 469..7271
Irreg. 10

Hundred 97
G.1....(5)..(333)

33
o7
71
7
95

9643
9619
9679
9631
9623

G. IL .(29).(2108)

12
19
20
21
24
26
27

28
30

9667
9661

9697

9607. 9613
9601

9655
9627(*3%). 9663.
9683(*3*)
9604. 9634. 9649
9687. 9691
9662

9692

9668

9651

9647

9602

9626

9677

9689

9629

9659

9671

9611

9644

G. IV..(41).(3108)

9

9612(*3*). 9615. 9622.
9678

496



Negative determinants

10 9628

11 9670

12 9652. 9673(*2%). 9676.
9682. 9700

13 9637

14 9642. 9658. 9664

15 9639

16 9610

17 9606

18 9603. 9675(*3%).
9693(*3*).

19 9638. 9694

20 9608. 9616. 9650. 9653

21 9699

22 9654. 9684

23 9695

24 9641. 9666

25 9609

29 9617. 9674. 9698

30 9621

32 9665

33 9635

42 9686

G. VIII(22).(1600)

4 9640

9618. 9625. 9685. 9683

9648. 9696

9633. 9646

9645. 9669

9630. 9657

10 9620. 9636

11 9681

12 9605. 9632. 9680(*2*)

15 9624

16 9614

18 9656

G. XVL(3)..(192)

3 9672

4 9690

5 9660

© 00 ~J O Ut

Total 451..7341
Irreg. 7

497



Negative determinants

Hundred 98.

G. L..(6)..(524)

39 9739. 9787

89
105
119
133
G. II

1

9767
9743
9791
9719

.(24).(1646)

7 9703
9748(*3*). 9783

18
19
21
22
24
25
26

G. IV.(43).(3292)

7

9
10
11
12
13
14

9727
9733
9742
9763
9781
9769

. 9778

9747(*3%). 9751

9755
9799
9754
9788
9707
9722
9721
9731
9764
9749

9718
9772

9732.
9738.
9706.
9712.
9757.
9766.
9736.

9711

9715.

9773

9714.
9708.
9725.

9728
9794

9704.
9716.

9761
9746
9740
9779
9701

. 9771

. 9759

9793
9753

9713

9797

9796

9756

9726
9734

9745.
9775.
9777.

9723.

9710.

9762
9784
9795

9782

9770. 9774

G. VIII(24).(1752)
5 9717. 9730

498



Negative determinants

6
7
8

9
10
11
12
14
15

9760
9724
9702
9758
9725
9741
9737
9800
9789
9776

. 9790
. 9752

(*2*). 9729. 9735.
. 9780. 9792(*2*)
. 9709. 9720(*3*)
. 9750. 9798

. 9786

. 9785

G. XVI(3)..(192)
4 9744. 9765. 9768

Total 466..7406
Irreg. 5

Hundred 99.

G. L
4

.(8)

9 9871

T

9883
9811
9887
9839
9803
9851

(638)

(*3%). 9859

..(22).(1700)

9892
9829
9847
9817
9838
9886
9857
9826
9827
9899
9863
9818
9819
9833
9836
9875
9806
9866

. 9862. 9868
. 9874

. 9895

(*3%)

G. IV.(43).(3164)

9823
9802
9865
9832
9808
9813
9872
9846
9820

. 9843. 9853. 9898
. 9837. 9850

. 9835

. 9878

499



Negative determinants

15 9822. 9882
16 9807. 9814. 9848
17 9852. 9893. 9897
18 9801(*3*). 9844. 9873.
9891
19 9815. 9879
21 9855
22 9841
25 9830
26 9812. 9876
27 9831
28 9881(*2*)
31 9884
32 9809(*2*)
34 9824
37 9854
39 9896
41 9869
G. VIII(24).(1712)
5 9877
6 9804. 9810. 9828. 9867. 9888.
9900
7 9805. 9858. 9885
8 9816. 9856. 9360
9 9825(*3%). 9849(*3%).
9889
10 9821. 9834
11 9894
12 9861. 9864
13 9842
16 9845
17 9890
G. XVI(3)..(192)
3 9870
4 9880
5 9840

Total 464..7406
Trreg. 7

500



Negative determinants

Hundred 100.
G.1...(4)..(228)

39

9967

45 9907(*3*)

69
(0]

9931
9923

G. 11.(28).(2302)

16
18
23
25
27
28
30
31
32
34

9991
9934
9927
9949
9963
9903
9938
9901
9986
9998
9908
9914
9939
9983
9935
9902
9995
9971
9959
9941
9929
9974

(*3%)
. 9973

(*3%)
. 9943
. 9979

. 9987
. 9947

. 9946

G. TV.(46).(3248)
7 9937

9
10
11
12

9925
9913
9970
9916
9972
9993
9988

9904.
9961.
9919.
9910.
9951.

9992
9909

9953.
9917.

9981
9924
9989

9926.
9932.

9911

. 9958.
. 9942,

. 9922.

(*2%)

9985
9965

9994

9980
9950

9921.

9915.
9957.

9956.

9997
9948

9952

9969

9964
9977

9962

. 10000

. 9955(%2%).

. 9978

. 9999

501



Negative determinants

G. VIII(18).(1328)

4 9982

5 9976

6 9928. 9940. 9990
7 9906

8 9930. 9975. 9984
10 9918

11 9968

12 9905. 9920. 9936. 9954. 9996
13 9966

14 9944

G. XVI(4)..(240)

3 9933

4 9912. 9945. 9960

Total 452..7346
Irreg. 5

Hundred 117.
G.L..(1)..(147)
147 11699
G. II. .(35).(2896)
16 11617
18 11698
19 11677
20 11614
22 11668
26 11647
27 11643. 11683(*3*)
29 11663
30 11602. .11623. 11659
35 11686
36 12603. 11631. 11633. 11667.
11671. 11689. 11691. 11695
37 11642
42 11657
43 11626
45 11611
51 11621
54 11619
56 11678
59 11612
63 11675
67 11639
70 11636
73 11654
81 11651(*3*)
90 11681
G. IV..(35).(2672)
8 11650
9 11608. 11692
11 11638. 11653
12 11635. 11641. 11673
13 11632. 11674

502



Negative determinants

14
15
16

11652.
11607.
11629.

11672

11601.

11687
11644
11618
11615
11693

11604.

11646
11630

11666.

11624
11606

11662
11694
11665

11627

11669

11684

. 11637. 11664

. 11679

G. VIII(27).(2248)

6

11610.
11680.
11605.

11682

11613.
11616.

11688

11648.
11634.

11690

11660.

11609

11620
11697

11622.

11655

11625.

11661.
11645.

11696

G. XVL(2).(128)

3
5

11685
11640

. 11628. 11656.

11658. 11670.

11676

11700(*2*)
11649

Total 459...8091
Irreg. 3

Impr.

prim. 1339

503



Negative determinants

Hundred 118.
G.I1...(5)..(319)

39 11743

41 11719

63 11731

81 11779(*3*)

95 11783

G. I1. .(28).(2560)

18 11707

21 11767

22 11727. 11758

25 11734

29 11722

30 11755

31 11701. 11708

33 11702. 11763

36 11762

39 11747. 11787

40 11791

49 11789

50 11794

53 11751

54 11723

60 11711. 11771. 11777
61 11735. 11738

65 11759

73 11717

87 11756

98 .11714

G. IV.(40).(3100)

8 11797

9 11782

10 11785

11 11740. 11757

12 11733. 11737. 11788
14 11728. 11746. 11764
15 11710. 11773. 11793
16 11705. 11775. 11776. 11796
17 11761

18 11754. 11772

19 11706

20 11716. 11768

21 11724. 11799

22 11703. 11732. 11749
25 11709. 11769. 11780
27 11795(*3*). 11798.
28 11786

29 11721. 11741.

30 11774

34 11729

40 11744

G. VIII(23).(1744)

4 11713(*3%)

6 11715. 11718. 11748. 11752

504



Negative determinants

7
8

9
10
11
12
15
16
18

11720.
11712.
11770.
11800
11792
11736
11739.
11766
11780
11726.

11742. 11778
11725(%2%). 11753.
11784. 11790

11745

11765

G. XVL(4)..(320)

4

11760

5 11704. 11730

6

11781

Total 469...8043
Irreg. 4

Impr. prim. 1369

Hundred 119.

G.II
21

75

G.1...(7)
3

11863
11827
11887
11839
11867
11807
11831

11878
11806
11851
11875
11884
11852

11833.

11821

11871.
11813.

11876

11828.

11855
11801
11819
11879

..(505)

...(23).(1990)

. 11812, 11854
(*3%). 11881

11897

11899(*3%)
11846

11843(*.3%)

G. IV.(44).(3608)

8

9
10
11
12
13
14
15
16

11848
11803
11860
11815
11823
11838
11842
11824
11857

. 11818. 11893
. 11862

. 11892
. 11853. 11883
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Negative determinants

43

11809.
11873.
11841

11811. 11835(*3).
11874

11822(*2*). 11836. 11847.

11858.
11859.
11829
11826.
11834.
11804.
11882
11870
11849
11885
11891
11864

11866
11888. 11898

11889. 11896
11894
11810. 11861

G. VIII(22).(1688)

G. XVL(4).

2
4
6

Total 469. ..

11872

11817.
11830.
11805.
11802.
11850.
11837.
11844.
11814.
11816

11880
11832
11856.

11845. 11869. 11895
11890

11808(*2%). 11877
11820. 11825

11900

11868

11886

11840

.(304)

11865

Irreg. 6

8095
Impr. 1337
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Negative determinants

Hundred 120.
G.L..(7)..(547)

39
45
81
83
95
123

11923
11971

(*3%)

11903. 11939(*3%)

11927
11959
11987

G. I1. .(22).(1912)

20
21
24
27
30
31
33
41
48
49
50
o7
66
69
71
73
80

11953
11962
11995

11907(*9*). 11911. 11967

11943
11983
11974
11941
11963
11933
11975
11915
11906
11909
11981
11996
11969

. 11947

. 11979

. 11999

G. TV.(45).(3564)

9
10
11
12
13
15
17
18
19
20
21
23
24
26
27
29
30
32
33
40
42

11992

11922.
11902.
11905.

11986

11944.

11982

11916.
11918.

11978

11901.

11989

11926.
11936.
11919.

11951

11912.

11966
11931
11924
11954

11965

11955

11957

11945

11948
(*27)

11932.

11908.

11956.
11993.

11964.

11930.

11938. 11958

11917. 11929. 11950. 11980. 11988(*2*). 11998

11991
11994

11972(*2%)

11942. 11961(*3*)
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Negative determinants

G. VIII(22).(1832)

11914. 11937. 11968. 11977
11973
11920(*2*). 11940. 11946

21

G. XVL(4).

11913.
11997.
11904.

11934

11976.

11990
11921

3 11928
4 11985
5 11960
6 11970

11925. 11935. 11949. 11952
12000
11910

11984

.(288)

Total 471...8143
Irreg. 8

Impr. prim. 1361

Thousand 1.
G.1...(93)..(1277)
1 1.2.3.4.7..
11. 19. 23. 27. 31. 43. 67. 163 ..
47.79. 103. 127 ..
71. 151. 223. 343. 463. 487 ..
59. 83. 107. 139. 199. 211. 243(*3*). 283. 307(*3*). 331. 367.

~ Ot W

©

379.
167.
191.
131.
751.
383.
311.
251.
479.
419.

719.
659.

499.
271.
263.
179.
787.
991 .
359.
431.
999.
491.

547. 643. 823. 883. 907 ....

607. 631. 727 .....

227. 239. 347. 439. 443. 523. 571. 619. 683. 691. 739.

947 ..

919 .....
467. 503. 587. 743. 811. 827. 859. 863 ..

563. 983 ..

0 O =~ 0o Ut

—_
S Ot W

NN WO WN

(402).. ... (6068)

. 8.9.10. 12. 13. 15. 16. 18. 22. 25. 28. 37. 58 ..
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Negative determinants

2 14. 17. 20. 32. 34. 36. 39. 46. 49. 52. 55. 63. 64. 73. 82. 97. 100. 20
142. 148. 193 ..
3 26. 29. 35. 38. 44. 50. 51. 53. 54. 61. 75. 76. 81. 87. 91. 92. 99. 49
106. 108. 109. 115. 118. 121. 123. 124. 135. 147. 157. 162. 169.
172. 175. 187. 202. 207. 214. 235. 247. 262. 267. 268. 277. 298.
358. 397. 403. 427. 541. 652 .. ...
4 41. 62. 68. 94. 95. 98. 111. 113. 128. 137. 158. 178. 183. 196. 32
226. 256. 289. 292. 295. 313. 337. 382. 388. 415. 457. 466. 478.
562. 577. 583. 772. 862 ............
5 74. 86. 119. 122. 125. 143. 159. 166. 181. 188. 197. 218. 229. 39
242. 250. 303. 316. 317. 319. 346. 361. 373. 375. 394. 412. 421.
422. 423. 508. 538. 613. 625. 694. 709. 757. 847. 853. 877. 982
6 89. 116. 155. 171. 203. 212. 219. 233. 241. 244. 259. 274. 275. 49
279. 291. 302. 323. 324. 327. 334. 351. 355. 363. 387. 433. 436.
475. 484. 507. 526. 529. 543. 567. 603. 617. 622. 628. 655. 667.
673. 676. 687. 718. 723. 763. 775. 802. 898. 955 .....
7 101. 134. 149. 173. 215. 278. 284. 287. 338. 349. 391. 447. 454. 28
502. 511. 535. 604. 634. 639. 653. 703. 733. 778. 807. 838. 841.
892. 997 .........
8 146. 164. 254. 257. 353. 407. 409. 452. 471. 512. 514. 527. 548. 22
559. 578. 722. 799. 895. 943. 958. 961 .............
9 194. 236. 293. 332. 335. 339(*3*). 362. 411. 428. 451. 459. 486. 37
515. 519. 531. 556. 557. 575. 586. 661. 675(*3*). 679. 707. 729.
747, 771, 783. 796. 835. 843. 844. 867. 886. 891(*3*). 922. 931.
963. 972 ..........
10 206. 281. 386. 398. 401. 449. 482. 500. 601. 711. 724. 769. 788. 18
878. 916. 927. 937. 977 ......
11 269. 326. 389. 551. 554. 591. 623. 662. 668. 758. 767. 829. 842. 15
871. 879 .
12°299. 356. 371. 395. 539. 542. 579. 593. 674. 695. 706. 766. 932. 18
939. 964. 979. 995. 999 ......
13 314. 458. 698. 746. 764. T73. 934. 951. 998 ..... 9
14 404. 596. 641. 686. 692. 818. 831 ......... 7
15 461. 509. 524. 566. 611. 635. 671. 677. 699. 716. 779. 797. 803. 20
815. 821. 851. 875. 908. 923. 956
16 446. 521. 569. 791. 809. 857. 953 ........ 7
17 614. 701 ........ 2
18 626. 731. 755(*3*). 914. 929. 959. 974(*3*) ... 7
20 734. 761. 881. 926 ... 4
21 794. 899 ....... 2
22 866 .......... 1
23 941 .......... 1
Irreg. 5 all *3* pr. 7394
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Negative determinants

G. IV...(417)

1

2

10
11

21. 24. 30. 33. 40. 42. 45. 48. 57.

112. 130. 133.

56. 65. 66. 69.
144.
213.
322.
. 505.

141.
208.
310.

574.
663.

820(*
900(*

209.
470.
638.
822.
329.
650.
812.
976.
341.
902.
545.

992 .

944.
689.
854.

145.
217.
328.
522.

. 129.
. 216.
. 297.
. 378.
. 473.
. 555.
. 682.
. 813.
. 949.
. 221.
. 376.
. 469.

576(*2%).

712.
2%).
2%).
230.
474.
649.
830.
416.
651.
819.
978.
374.
906.
584.
950.
776.
965.

T17.
832.
903.
266.
476.
664.
872.
426.
684.
833.
980.
494.
909.
644.

989
824.

(6620)

60. 70. 72. 78. 85. 88. 93. 102.

177. 190. 232. 253 ..

150.
220.
333.
553.

140.
222.
300.
393.
477.
565.
685.
814.
970.
224.
377.
481.

580(*

721.
834.
904.
290.
488.
666.
874.
434.
704.
848.
981.
506.
935.
656.

152.
231.
304.
396.
483.
588.
688.
817.
973.
248-.
380.
485.
2%).
732.
850.
933.
296.
489.
678.
917.
464.
713.
864.
985.
530.

962

710.

154.
228.
352.
992.

170.
234.
309.
405.
490.
595.
700.

988

384.
495.

735.
852.

321.
934.
681.
921.
497.
725.
876.
987.
536.

77. 80. 84. 90. 96.
153.
225.
340.
568.

156.
238.
372.
598.

174.
237.
315.
417.
492.
997.
702.
826. 827.

260. 272.
392.
501.
982. 589.
736.
855.
938. 946.
344.
o72.
726.
968.
516.
756.
890.

996

o81.

114.
160.
252.
400.
658.

176.
245.
318.
424.
493.
606.
715.
837.

276.
399.
o18.
612.
738.
865.
975.
365.
590.
737.

549.
759.
894.

117.
180.
258.
418.
697.

182.
246.
325.
430.
496.
610.
730.
856.

305. 306. 308. 320. 350.
402. 406. 410. 414. 441.
532. 544. 558. 564. 573.

126.
184.
265.
438.
708.

186.
249.
342.
432.
513.
618.
748.
913.

132.
192.
282.
442.
742.

189.
255.
348.
435.
517.
627.
753.
918.

136.
198.
288.
445.
793.

195.
261.
364.
450.
533.
637.
762.
925.

928

632 640. 642. 646. 657.

745.
868.

994

381.
608.
750.
594.
782.
901.

768.
873.
. 437
. 633
. 774

654.

. 789.

806.

846.

785.
882.

. 605.
. 801.
. 915.

. 849.

786

. 790.

889.

620
804
948

860.

. 884(*2%).

. 455.
. 636.
. 781.

. 621.
. 810.
. 954.

138.
205.
301.
448.

200.
270.
366.
453.
537.
648.
784.
933.

893.

896.

24

67

110

82

47

46

18

13

W

pr.

[—y

6904

. VIIL. .(87)...

105. 120. 165.
408. 462. 520.

..(1496)

168. 210. 240. 273. 280. 312. 330. 345. 357. 385.
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Negative determinants

2

264.
528.
690.
912.
440.
825.

285.
952.
693.
952.
546.
861.

336.
561.
720.
957.
560.
885.

Total number of all

360. 390. 420.
570. 585. 600.
765. 777, 792.

665. 680. 696.
888. 924. 930.

429.
609.
798.

705.
936.

456.
616.
805.

714.
945.

465.
624.
858.

728.
966.

genera = 3277

classes p.p.p = 15467
V1++v2+ ..+ /1000 = 21097,661
Quotient = 0,733

Irreg. 11, 5(*2%), 6(*3*)

Thousand III.
G I1..... (64)...

13
15
21
23
25
27
29
31
33
35
37
39
41
43
45
49
ol
93
57
59
63

. 2719 .

. 2347. 2647. 2683 ..
. 2083. 2179. 2251. 2467. 2503. 2707. 2767 ..

. 2187*. 2803 ....
. 2311. 2383 .....
. 2267
. 2239.

511

480.
630.
870.

741.
969.

504.
645.
880.

744.
984.

510
660
897

780.

. 525.
. 672.
. 910.

990 .

816.

43

25
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Negative determinants

69 2411 ........... 1

73 2999 ........... 1

87 2939 ........... 1

Irreg. 3

G.II....(311)..... (11646)

6 2017. 2062 ........ 2

7 2293. 2335 ........ 2

8 2095. 2113. 2137. 2302. 2308. 2377. 2578. 2878. 2962 ........... 9

9 2023. 2038. 2047. 2053. 2122. 2167. 2188. 2221. 2227. 2283. 24
2403(*3*). 2437(*3*). 2443. 2458. 2515. 2557. 2563(*3*). 2566.

2572. 2787. 2797. 2902. 2923. 2998, ....

10 2164. 2281. 2407. 2452. 2473. 2487. 2500. 2527. 2638. 2722. 2743. 15
2818. 2836. 2857. 2983 .....

11 2182. 2215. 2263. 2326. 2374. 2623. 2662. 2677. 2815. 2863. 2917. 12
2935 ..

12 2059. 2098. 2107. 2116. 2209. 2307. 2323. 2395. 2419. 2468. 2479. 21
2587. 2593. 2611. 2689. 2692. 2713. 2827. 2947. 2953. 2995

13 2102. 2197. 2218. 2362. 2367. 2428. 2524. 2762. 2809. 2823. 2839. 13
2854. 2908 ...........

14 2007. 2018. 2127. 2258. 2359. 2401. 2446. 2455. 2612. 2734. 2753. 12
2932 ..

15 2043. 2071. 2092. 2151. 2191. 2237. 2269. 2284. 2299. 2303. 2319. 28
2341. 2363. 2476. 2523. 2575. 2578. 2599. 2602. 2643. 2727. 2732.
2764. 2875. 2883. 2899. 2956. 2986 ..

16 2048. 2153. 2194. 2206. 2386. 2434. 2462. 2521. 2617. 2633. 2657. 12
2833 ..

17 2026. 2029. 2103. 2119. 2234. 2333. 2389. 2391. 2463. 2918 10

18 2155. 2161. 2199. 2228. 2417. 2491. 2511. 2547. 2619(*3*). 2627. 19
2644. 2723. 2763(*3*). 2783. 2867. 2897. 2916. 2943. 2979

19 2031. 2069. 2381. 2477. 2554. 2738. 2746. 2799. 2858 .......... 9

20 2078. 2297. 2375. 2402. 2404. 2498. 2559. 2777. 2866. 2942. 2959 11

21 2012. 2123. 2138. 2147. 2171. 2183. 2186. 2213. 2259. 2342. 2348. 21
2357. 2427. 2507. 2571. 2693. 2749. 2779. 2911. 2931. 2972

22 2089. 2271. 2439. 2567. 2594. 2798 ....... 6

23 2614. 2615. 2837 .... 3

24 2019. 2195. 2273. 2327. 2372. 2631. 2654. 2811. 2974. 2991 10

25 2042. 2396. 2582. 2588 .. 4

26 2642. 2807. 2969 . ... 3
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Negative determinants

27

28
29
30

31
32
33
34
35
36
38
39
40
41
42
43

2051.
2759.
2066.
2231.
2036.
2978.
2471.
2084.
2309.
2804.
2549.

2075(*3%). 2252. 2291. 2315(*3*). 2426. 2675(*3%). 2747. 13
2891(*3*). 2951. 2957 ..........

2859.
2129.

2279. 2495. 2564

2741 ... ..
2126. 2159. 2393. 2483. 2603. 2606. 2708. 2801. 2855. 13

2081.

. 2636. 2861. 2906

2219(*3%). 2846 ....

2441

2141. 2246. 2474. 2651. 2771

5
2

o= == O NN WOTO

...(16232)

2020. 2077. 2212. 2242. 2248. 2272. 2332. 2353. 2368.

2542(*2*%) 2605. 2773. 2788. 2842. 2893 ..........

2032.
2230.
2853.
2022.
2104.
2268.
2425.
2592.
2695.
2758.

2802.
2008.
2217.
2535.
2913.
2004.

2350. 2356. 2454. 2506. 2513. 2528. 2560. 2569. 2589. 2601.

2073.
2247.
2965 .
2025.
2115.
2275.
2451.
2598.
2698.
2794.

2872.
2033.
2238.
2536.
2930..
2005.

2074. 2101. 2118.
2290. 2398. 2422.

2028. 2035. 2050.
2132. 2139. 2148.
2278. 2305. 2317.
24'75. 2482. 2488.
2620. 2629. 2650.
2704. 2710. 2715.

2892. 2907. 2914.
2044. 2055. 2058.
2270. 2314. 2382.
2556. 2583. 2607.

2941. 2973 .....

2034. 2041. 2056.

2125. 2152. 2158. 2173.
2433, 2494. 2577. 2641.

2052. 2067. 2068. 2082.
2157. 2163. 2172. 2223.
2322. 2338. 2358. 2388.
2493. 2512. 2517. 2538.
2653. 2658. 2667. 2668.
2718. 2725. 2740. 2748.

2938. 2977. 2997 ..

2410.

2178.
2776.

2086.
2257.
2412.
2545.
2676.
2752.

1
2533. 17

2202. 24
2830.

2096.
2260.
2413.
2548.
2682.
2755.

76

2094. 2110. 2140. 2146. 2149. 2165. 37
2416. 2431. 2438. 2497. 2502. 2509.
2703. 2761. 2766. 2782. 2812. 2881.

2134. 2176(*2*). 2192. 2236. 2245. 47
2254(*2*). 2286. 2292. 2298. 2304. 2312. 2313. 2329(*2*). 2343.

2628(*2*). 2655. 2674. 2686. 2733. 2742. 2775. 2785. 2817. 2845.

2847. 2848(*2*) 2868. 2884. 2944. 2946. 2949. 2980(*2*)
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Negative determinants

9 2014. 2049. 2060. 2076. 2079. 2091. 2106. 2108. 2117. 2124
2133(*3*). 2175. 2181. 2198. 2214. 2221. 2235(*3*). 2241. 2253.
2266. 2295. 2300. 2318. 2344. 2349. 2355. 2361. 2387. 2430(*3*).
2461. 2522 2555. 2581. 2595. 2626. 2634. 2635. 2637. 2646(*3*).
2673. 2700(*3*). 2716. 2770. 2778. 2781. 2795. 2806. 2828.
2835(*3*). 2862. 2887. 2888. 2890. 2895. 2950. 2955. 2988. 2989

10

11

12

13

14

15

16

17
18

19
20
21

2057. 2061.
2514. 2529.
2871. 2874.
2135. 2204.
2648. 2649.
2006. 2009.
2316. 2331.
2484. 2499.
2780 2816.
2015. 2222.

2984 ..

2114. 2144.
2587. 2744.
2096. 2189.
2537. 2540.

2150.
2532.
2896.
2216.
2672.
2045.
2366.
2597.
2822.
2453.

2162.
2768.
2264.
2630.

2154.
2596.
2919.
2334.
2757.
2105.

2166.
2656.
2929.
2364.
2841.
2156.

2177.
2678.
2948.
2421.
2922.
2168.

2249
2724
2975

2489.
2933.

2169

. 2250
. 2751

. 2196

. 2255. 2282. 2449.
. 2810. 2844. 2869.

. 2570. 2573. 2645.

. 2967 ..

. 2211. 2225. 2229.

2379(*2*). 2390. 2420(*2*). 2432. 2450. 2466.
. 2702(*2%). 2739. 2754.
2993(*2*)

2661.
2824.
2469.

2274.
2774 .
2285.
2684.

2691.
2825.
2481.
2324.
2321.
2690.

. 2561.

. 2516.

2696.
2852.
2510.

2354.

2330.
2694.

2701

2873.

2679

2384

2378
2750

2900.
. 2792, 2826. 2901.

. 2721

. 2429

. 2406
. 2796

. 2486. 2501. 2525.

. 2444. 2526. 2534.

. 2813. 2864. 2889

2624(*2*). 2639. 2669. 2882. 2921.

2681. 2705. 2786. 2915. 2924

58

29

20

39

12

15

22

12

G. VIIL . .(184)....(6344)

2

3

2002
2832
2037
2346
2508
2728
2010
2244

. 2013.
. 2068

. 2065.
. 2352.
. 2530.
. 2800.
. 2016.
. 2256.

. 2088. 2128.
. 2185. 2190.
. 2373. 2380.
. 2553. 2562.
. 2860. 2905.
. 2072. 2100.
. 2289. 2296.

2170.

2193.
2418.
2590.
2920.

2233.

2200.
2424.
2613.
2937.

2277.

2205.
2440.
2622.
2970.

2392.

2220.
2457.
2680.
2982.

2632.

2262.
2472.
2685.

2992

2737.

2325.
2485.
2697.

2112(*2*). 2130. 2142. 2208. 2232.
2320. 2328. 2337. 2340. 2365.
2385(*2%). 2397. 2400(*2*). 2436. 2442. 2445. 2448(*2*). 2464.
2465. 2470. 2478, 2490. 2496. 2568. 2580. 2584. 2652. 2665. 2688.
2706. 2709. 2717. 2745. 2772. 2790. 2793. 2821. 2829. 2850(*2*).
2865. 2880. 2898. 2928. 2940. 2952. 2958. 2985
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Negative determinants

5 2030. 2070. 2085. 2093. 2109. 2121. 2136. 2226. 2288. 2360. 2394. 36
2405. 2409. 2415. 2460. 2505. 2541. 2544. 2552. 2585. 2610. 2618.
2625. 2664. 2670. 2712. 2769. 2814. 2838. 2877. 2886. 2904. 2910.
2926. 2990: 3000 ..

6 2001. 2064. 2090. 2240. 2301. 2376. 2408. 2480. 2564. 2574. 2600. 22
2604. 2660. 2720. 2736. 2784. 2820. 2912. 2925. 2961. 2964. 2976

7 2024. 2120. 2210. 2345. 2616. 2765. 2870 ..... 7

8 2576. 2840. 2849. 2945. 2960 ........... )

9 2261 ........... 1

Irreg. 5 (2)

G. XVL...(11).....(400)

2 2040. 2145. 2280. 2310. 2520. 2640. 2730. 2760 .. 8

3 2184. 2805. 2856 ..... 3

Total of all
genera p.p.p = 4054 expected  4051,3
classes p.p.p = 37092 37074,3
. impr. p.p = 6182

Irreg. 18(*2*). 19(*3*). Sa= 37

Thousand X.

Genera I.

27 9067

33 9283. 9403. 9643

35 9007

39 9547. 9739. 9787. 9967
41 9319

45 9043. 9463. 9907(*3*)
49 9871

51 9199. 9343. 9883

55 9391

57 9103. 9127. 9619’

63 9091. 9187. 9811(*3*). 9859
67 9151

69 9511. 9587. 9931

71 9679

75 9227. 9439. 9887. 9923
77 9631

87 9323

89 9767

91 9431. 9839
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Negative determinants

93 9203
95 9623
97 9311
99 9011
101 9479
105 9419. 9743
111 9059. 9803
119 9791
123 9467
129 9551
133 9719
135 9491. 9851
139 9239
147 9371
165 9539
.57...4401.

Genera II.

12 9667 ...........

13 9157. 9277 .......

14 9172 ...........

15 9013. 9307. 9388 ....

16 9433. 9508. 9991 ....

17 9223. 9535. 9703 ....

18 9003(*3*). 9055. 9241. 9298. 9355. 9475. 9523. 9583. 9748(*3*). 1
9783. 9934(*3*) ........

19 9034. 9133. 9466. 9487. 9661. 9727 .......

20 9124. 9183. 9442. 9598. 9697. 9892 .......

21 9004. 9046. 9115. 9235. 9397. 9427. 9607. 9613. 9733. 9829. 9862. 12
9868 ..

22 9742. 9847 ........

23 9181. 9382. 9927. 9973 ..

24 9406. 9409. 9423. 9502. 9507. 9601. 9763. 9817. 9874 ..........

25 9293. 9375. 9559. 9781. 9949 ...........

26 9079. 9337. 9543. 9655. 9769. 9778. 9838 .....

27 9031. 9094. 9109. 9123. 9167. 9175. 9211. 9247. 9349. 9531(*3*). 1
9563. 9574(*3*). 9627(*3*). 9663. 9683(*3*). 9747(*3*). 9751.

D =W Wwwr— N~

[=p}

0 J Ut © = N

9963(*3%) .....
28 9137. 9327. 9604. 9634. 9649. 9886. 9895. 9903. 9943 .......... 9
29 9098. 9148. 9244. 9532 4

30 9001. 9076. 9147. 9271. 9346. 9358. 9363. 9364. 9459. 9571. 9687. 16
9691. 9755. 9857. 9938. 9979 ..

31 9263. 9901 ....... 2

32 9111. 9377. 9662. 9986 .. 4

33 9068. 9267. 9421. 9527. 9692. 9799 ....... 6

34 9122. 9166. 9326. 9332. 9458. 9556. 9586. 9826. 9998 .......... 9
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Negative determinants

35
36

37
38
39

40
41
42
43
44
45
46
47
48
49
50
51
52
o4
95
56
57
59
60
61
62
63
64
65
66
67
69
70
71
72
75
76
7
80
81
85

9279.
9049.

9047.

....... 2

. 9143. 9259. 9347. 9379. 9395. 9451. 9497(*3*). 9668 10

........ 2

. 9908 ..... 3
. 9242. 9286. 9287. 9484. 9707. 9771. 9914. 9987 10

. 9278. 9473 ..

9019(*3*). 9251(*3*). 9411. 9437. 9626. 9899(*3*).

9038.
9173.
9092.
9221.

9902

9383.
9359.

9351.
9935.
9566.
9335.

9407. 9721. 9759. 9983 ........

9731. 9863 ..
9599. 9677. 9818 ............

Nej
w
ot
S
Nej
=~
(@)
—
Nej
(@)}
ot
©w
©
o
w
(@)
F R NRNRRRRARRNRRORRFROROONRF R WERRCER WSO N W

Total 265..19580

Irreg. 14.
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Negative determinants

Genera IV.

6 9823 ........... 1
7 9178. 9262. 9340. 9367. 9718. 9802. 9937 ......

8 9087. 9088. 9118(*2*). 9193. 9202. 9208. 9232. 9412(*2*). 14

9457(*2*). 9472. 9538. 9562. 9577. 9865 ...........

9 9022. 9037. 9073. 9097. 9132. 9139. 9162. 9163(*3*). 9342(*3*). 23
9370. 9493. 9612(*3*). 9615. 9622. 9678. 9772. 9832. 9843. 9853.
9898. 9925. 9958. 9997 ...........

10 9025. 9058. 9190. 9238. 9289. 9517. 9553. 9573. 9628. 9732. 9793. 18
9808. 9837. 9850. 9913. 9942. 9948. 10000 .......
11 9052. 9237. 9258. 9304.

9322. 9402. 9447. 9496. 9670. 9738. 9753. 9813. 9970 ........... 13

12 9018. 9027. 9028. 9121. 9142. 9153. 9186. 9207. 9219. 9220(*2*). 43
9228. 9243(*2*). 9268. 9292. 9295. 9297. 9378. 9387. 9445. 9469.
9483. 9498. 9505. 9522. 9526. 9550. 9580. 9595(*2*). 9652.
9673(*2%). 9676. 9682. 9700. 9706. 9745. 9762. 9835. 9872. 9916.
9922. 9952. 9955(*2*). 9972(*2*)

13 9082. 9117. 9249. 9255. 9313. 9318. 9415. 9418. 9448. 9454. 9468. 20
9478. 9514. 9549. 9557. 9637. 9712. 9713. 9846. 9993 ..

14 9017. 9032. 9066. 9217. 9226. 9253. 9353. 9354. 9436. 9501. 9529. 21
9542. 9642. 9658. 9664. 9757. 9775. 9784. 9820. 9878. 9988

15 9033. 9051. 9063. 9106. 9136. 9195. 9196. 9212. 9250. 9276. 9325. 26
9331. 9339. 9443. 9452. 9582. 9639. 9766. 9777. 9795. 9822. 9882.
9904. 9921. 9969. 9978 ........

16 9214(*2%). 9216(*2*). 9248(*2*%). 9252. 9301. 9316(*2*). 9544. 15
9610. 9736. 9797. 9807. 9814. 9848. 9961. 9985 . ...

17 9002. 9057. 9070. 9158. 9254. 9303. 9410. 9564. 9606. 9711. 9852. 15
9893. 9897. 9919. 9965 .. ...

18 9012. 9015. 9069(*3*). 9075(*3%). 9154. 9234. 9315(*3*). 9357. 31
9362. 9376. 9385(*3*). 9396. 9398. 9444. 9477. 9482. 9495. 9558.
9603. 9675(*3*). 9693(*3*). 9715. 9723. 9782. 9801(*3*). 9844.

9873. 9891. 9910. 9915. 9964 ..........

19 9053. 9095. 9146. 9565. 9638. 9694. 9773. 9815. 9879. 9951. 9957. 12
9977 ..

20 9039. 9054. 9062. 9081. 9169. 9500. 9503(*2*). 9589. 9591. 9593. 17
9608. 9616. 9650. 9653. 9714. 9796. 9992 .......

21 9036. 9126. 9197. 9201. 9229. 9261. 9334. 9368. 9392. 9414. 9481. 22
9489. 9499. 9515. 9561. 9699. 9708. 9710. 9770. 9774. 9855. 9909

22 9084. 9138. 9189. 9233. 9245. 9305. 9317. 9441. 9654. 9684. 9725. 17
9756. 9841. 9953. 9956. 9962. 9999 ..........

23 9365. 9695. 9917. 9994 .. 4

24 9113. 9159. 9275. 9291. 9308. 9399. 9422(*2*). 9426. 9474. 9488. 15
9519. 9579. 9641. 9666. 9728 ..
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Negative determinants

25 9101. 9125. 9231. 9294. 9530. 9584. 9609. 9830. 9981 .......... 9
26 9218. 9290. 9794. 9812. 9876. 9924 .......
27 9038. 9050. 9074. 9164. 9260(*3*). 9369. 9374. 9509. 9704. 9726. 12

(=)

9831. 9989 ..........
28 9089. 9116. 9494. 9536. 9716. 9734. 9881(*2*). 9926. 9980 ....... 9
29 9215. 9449. 9617. 9674. 9698. 9761 ....... 6
30 9005. 9035. 9056. 9077. 9140. 9284. 9386. 9455. 9506. 9621. 9746. 13
9932. 9950 ..........

31 9191. 9884 .......

32 9104(*2%). 9224. 9344(*2*). 9665. 9809(*2*) .....
33 9149. 9329. 9389. 9635. 9740 ..........
34 9110. 9824. 9911 ....

35 9470 ..........

36 9266(*2*). 9476. 9779 ..

37 9854 ..........

38 9569. 9701 .......

39 9896 ..........

40 9554 ..........

41 9869 ..........

42 9434. 9686 .. .....

Total 416...30144

Trreg. 20(*2*). 11(*3%)

N == NFRWRR Woot N

Genera VIII.

4 9108. 9310. 9328. 9373. 9430. 9568. 9640. 9982.

5 9010. 9102. 9160. 9333. 9417. 9592. 9618. 9625. 9685. 9688. 9717. 14
9730. 9877. 9976 .......

6 9040. 9042. 9045. 9072. 9085. 9100. 9112. 9130. 9145. 9150. 9206. 38
9213. 9265. 9270. 9288. 9300. 9352. 9408. 9432. 9438. 9465. 9492.
9552. 9585. 9597. 9648. 9696. 9760. 9790. 9804. 9810. 9828. 9867.
9888. 9900. 9928. 9940. 9990 .......

7 9078. 9080. 9090. 9093. 9174. 9256. 9321. 9361. 9381. 9453. 9462. 20
9528. 9633. 9646. 9724. 9752. 9805. 9858. 9885. 9906 ..

8 9016(*2*). 9024. 9060. 9135. 9144. 9156. 9168. 9184. 9192. 9198. 46
9222. 9225. 9273. 9280(*2*). 9285. 9312(*2*). 9348. 9372. 9393.
9394. 9400. 9424. 9460. 9485. 9486. 9490. 9510(*2*). 9513(*2*).
9537. 9540(*2*). 9588. 9600(*2*). 9645. 9669. 9702(*2*). 9729.

9735. 9758. 9780. 9792(*2*). 9816. 9856. 9860. 9930. 9975. 9984

9 9061. 9064. 9105. 9114. 9180. 9185. 9200. 9272. 9390. 9420. 23
9450(*3*). 9471. 9541. 9548. 9555(*3*). 9630. 9657. 9705. 9709.
9720(*3*). 9825(*3*). 9849(*3*). 9889 ...

10 9020. 9128. 9152. 9210. 9330. 9338. 9366. 9440. 9525. 9534. 9594. 19
9620. 9636. 9741. 9750. 9798. 9821. 9834. 9918 ....

11 9006. 9129. 9170. 9230. 9306. 9309. 9336. 9429. 9456. 9681. 9737. 14
9786. 9894. 9968 ........
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Negative determinants

12 9021. 9065. 9141. 9204. 9264. 9324. 9425. 9435. 9461. 9504.

9516(*2").

9560.
9954.
9545.
9096.
9246.
9401.
9086.
9044.

13
14
15
16
17
18
19

. 9632. 9680(*2*). 9900. 9861. 9864. 9905. 9920. 9936.

. 9842. 9966 . .
. 9296. 9350. 9380. 9416. 9581. 9789. 9944
. 9512. 9590. 9624. 9776. 9785 .. ..
. 9845 ...

23

NN W] O

Total 233..16680
Irreg. 11(*2*), 5(*3%)

Genera XVI.

3 9030. 9048. 9177. 9281. 9384. 9480. 9520. 9570

. 9672. 9870. 9933 11

4 9120. 9165. 9345. 9360. 9405. 9690. 9744. 9765. 9768. 9880. 9912. 13

9945. 9960

5 9009. 9576. 9660. 9840 ..

4

28...1680.

Genera XXXII.

Sum of all

Irreg. 31(*2%). 32(*3%)...
Greatest quotient

classes p.p.p. 72549
expected 72572
Yvv/D 72775

genera p.p.p. 4595
expected 4594.,9

63

1,729662 from 9434. 1V, 42

least

0,2421048 from 9823. IV, 6
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Negative determinants

Number of classes

less than half the root 244
less than the root
greater than half 566

greater than the root 199

FEight hundred negative determinants.
of the form —(15n + 7).

G.L.... (93).....(2793)

3607. 4327. 5527 .. ...
1627. 1987. 2467. 2707. 2767. 3067. 3187. 3907. 5107. 5647

6367 ...........

5407. 6247. 8527. 8887 ..

5227(*3*). 5827. 6067(*3*). 6607. 8287. 8467. 8707. 9907(*3*).
10267 .. ..

7927. 11887 .......

O Wk I N U = =

—
\V]

Nely o

p—
— O = = 00N W

O =

— = = NN
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Negative determinants

S UL W N~

o

10

11

12

13

14

15

16

17

18

19

20
21

22
23
24

25
26

52. 82. 97. 142 .. ..

157. 1
292. 3
412. 7
622. 6

502. 8

72. 187.
37. 382.
o7. 847.
67. 802.

92. 997.

202. 247. 262. 277. 397. 427. 652 ..
457. 562. 577. 772. 862 ..
877. 982 ..
1027. 1042. 1282. 1297. 1387. 1507. 1807. 2017.

1117. 1237. 1372. 1402. 1597. 1642. 1852
1252. 1657. 1822. 2137. 2302. 2377. 2962. 3217. 4687

922. 1132. 1147. 1207. 1267(*3*). 1687. 1882. 1927. 2047. 2122.

2167. 2227. 2437(*3*). 2557. 2572. 2797. 2902. 3037. 3292. 3427.
3532. 5692 ..
937. 1492. 1522. 2407. 2452. 2527. 2722. 2857. 3007. 3412. 3697.

4057.
1942.
6637 .
1732.
3787.
5707.
2197.
8572.
2932.
9172 .
2092.
5062.
T477.
2617.
11617
4762.
7402.
4297.

4162.
2182.

1762.
4132.
5947.
2362.
8842.
3022.

2602.
5437.
7627.
3247.

4927.
7642.
9737.

4372.
2662.

1777.
4222.
7417.
3622.
9157.
3457.

3142.
6022.
8227.
4612.

5197.
7702.
9767.

4852 .
2677.

2107.
4267.
7492.
3862.
9277.
3487.

3517.
6442.
8677.
4702.

5287.
8047.

2917.
2587.
4387.

7522.
4207.

3637.

2692.
4657.
7987.
4282.

3802

2827.
4747.
8002.
9482.

10207. 11302 ...

5422.

3667.
6667.
8812.
6217.

5557.
8317.

5602.

3877.
6727.
8947.
T177.

6037.

o812.

4087.
6892.
9307.
8452.

6502.

. 4957. 5077.

2947. 3127.
4867. 4882.

6922. 7087.

10042. 11482 ......
5857(*3*). 6187. 6382. 6577. 6787.

5212.

3202.
5182.

. 6997.

. 8017.

. 4627.

7162.

6127.

3742.
5587.

8422.

8782.

5047.
7387.

10147. 10732. 10957
8962. 10327. 10462

6652. 6982. 7132. 7327.

7057. 7267(*3*). 7732. 7807. 8107(*3*). 8212. 8347. 8407. 8482.

8737. 8767. 10747(*3*). 10882. 11257. 11347. 11707 ...

4252. 4597. 4822. 5722. 6172. 9487. 9727. 10597. 10837. 11062.
11197. 11677

3442. 4177. 7012. 8542. 9442. 9697. 9892. 10162. 10177

5242. 5932. 6487. 7147. 7447. 8182. 8332. 9397. 9427. 9607. 9862.
10012. 10102. 10342. 10927. 11002. 11227. 11317. 11767. 11962
6082. 6772. 7297. 7537. 7822. 9742. 9847. 11167 .
6277. 6397. 7237. 7717. 8902. 9382. 10522. 10762 .
7747, 7972, 8377. 9502. 9817. 10372. 10657. 10807. 10852. 10942

7342. 7762. 9337. 11647 .

522

12

30

17

12

32

11

24

12



Negative determinants

27 8587. 9247. 10357. 10447. 11212 ..........
28 11497 ..........

29 9532. 11722 .......

30 10027. 11182. 11602. 11947

32 11332 ..........

34 10702 ..........

35 11437 ..........

=== R DN = Ot

G. IV....(310)....(9688)

1 112.232........ 2
217. 322. 352. 442. 532. 592. 697. 742. 1012 ... 9

3 472. 517. 637. 682. 817. 1072. 1162. 1177. 1192. 1222. 1432. 12
1612 ...

4 712. 832. 1057. 1312(*2%). 1357. 1417. 1462. 1477. 1537. 1552. 27
1582(*2*). 1717. 1792. 1897. 1912. 1957. 2077. 2212. 2242. 2272,
2332. 2542(*2*). 2842. 3172(*2*). 3322. 3502(*2). 3712 ....

5 1102. 1342. 1702. 2032: 2152. 2422. 3082. 3367. 3382. 3397. 3817. 16
3922. 4102. 4342. 5272. 5377 ..

6 1837. 1972. 2257. 2317. 2482. 2512. 2752. 2872. 2977. 3052. 3232. 47
3337. 3577. 3592. 3652. 3892. 3937. 3997. 4012. 4117. 4192. 4237.
A417. 4432. 4477, 4537. 4552. 4642. AT17. 4792. 4942. 4972. 5317
5362. 5467. 5497. 5842. 6157. 6262. 6307. 6352. 6472. 6682. 6862.
7282. 7837. 10432 ....

7 2497. 2782. 2812. 3097. 3112. 3277. 3352. 3562. 3982. 4582. 4732. 23
5122. 5137. 5302. 5902. 5977. 6142. 6517. 7792. 9262. 9367. 9802.
9937 ...

8 3262(*2*). 3682. 3757. 3772. 3832. 4402. 4672(*2%). 4777(*2*). 50
5002. 5017.. 5257. 5392. 5572. 5632. 5752. 5917. 5962. 6052(*2*).
6112. 6202. 6532. 6697. 6757. 6817. 7252. 7312. 7357. T582(*2*).
7597. 8122. 8197. 8257. 8497. 8992(*2%). 9202. 9232. 9412(*2*).
9457(*2%). 9472. 9562. 9577. 10132(*2*). 10312. 10537. 10642.

11092. 11377. 11512. 11572. 11797

9 4042. 4072. 4147. 4837. 4897. 4912(*3*). 5452. 5542. 5677. 5782. 40
5872. 6322. 6412. 6457. 7102. T117. 7372. 7852. 7942. 8062. 8092
8152. 8242(*3*). 8752. 8827(*3*). 9022. 9037. 9097. 9622. 9772.
9832. 9997. 10222. 10252(*3%). 10717. 10822. 11407. 11692.

11782. 11992

10 4462. 4807. 5092. 5332. 6292. 6592. 6712. 6802. 6937. 7432. 7897. 30
8077. 8137. 8302. 8557. 8617. 8692. 8857. 8977. 9517. 10057.
10087. 10297. 10402. 10552. 10777. 10972. 11122. 11272. 11932

11 5662. 7222. 7567. 7612. 7882. 8362. 8662. 8917. 9052. 9322. 14
10417. 10492. 11452. 11902 ... ...
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Negative determinants

12 5617. 6562. 6877. 7042. 7552. 7957. 8392. 8722. 9142. 9292. 9652. 22
9682. 9922. 9952. 10237. 10387. 10612. 10672. 11017. 11542.
11737. 11917 .......

13 8872. 9082. 9637. 9712. 10117. 11632 ......

14 8032. 9217. 9757. 11662. 11842 ..........

15 8797. 10072. 10507 ...

16 10282. 10897. 11392(*2*). 11857 ..........

Irreg. 19

= W ot o

G. VIIL .. .(54)....(1856)

2 952. 1672. 2002. 2392. 2632. 2737 ........ 6

32092, 3157. 3952. 4522. 5032. 5797. 6097. 6232. 6832. 7912 10

4 3472. 4312. 5152(*2%). 5992. 6622. 6952. 7072(*2*). 7672(*2*). 14
8437. 8512. 8932. 9982. 11152. 11872

5 5512. 7192. 7462. 7657. 7T777. 8632. 9592. 9877. 11242, 11362. 11

11557 ...
6 8272. 9112. 9352. 10192. 10582. 10792. 10912. 11032. 11077. 12
11137. 11752. 11977
7 8602 ............ 1
Irreg. 3

All genera 2451 expected 2445,10
all classes 24347 expected 24358,82

8n..... 3068
8n+4.. 3010} 0078
12174
8n+2.. 3062
8n+6.. 3034} 6096
8n+1.. 3076
8n+5.. 3026} 0102
12173
8n+3.. 3033
8n+7.. 3038} 607l
... 115.. 3411
Tn+1.. 115.. 3009
Tn+2.. 114.. 2975
Tn+4.. 114.. 2993
R7...  343.. 8977
Tn+3.. 114.. 3979
Tn+5.. 114.. 3998
Tn+6.. 114.. 3982
NT. 342.. 11959



Negative determinants

Impr. classes 4049
Proper together with improper
28396 expected 28418,62

Eight hundred negative determinants.
of the form —(15n + 13)

3 43.163 ........ 2
5 103 ........... 1
7 223. 343. 463 ....... 3
9 283. 643. 823. 883. 1423 . )
11 1303 .......... 1
13 2143 .......... 1
15 523. 1123. 1723. 2203. 2683 .......... 5
17 1663. 1783 ....... 2
19 1063. 1543. 3343. 3463 .. 4
21 1483. 2083. 2503. 4603. 5923 .......... 5
23 4783. 6703 ....... 2
25 5023. 5503 ....... 2
27 2803. 3163. 3643. 3943. 4243. 4363. 4483. 4723. 4903. 5443(*3*). 17
6043. 6763. 6883. 7723(*3*). 8563. 8803(*3*). 11383 .

29 2383. 3583. 3823. 5743. 8863 .......... 5
31 11863 .......... 1
33 4423. 4663. 5623. 5683. 6163. 6343. 6823. 7603. 8443. 9283. 9403. 12
9643 ..
35 11503 .......... 1
39 4003. 7243. 7963. 11743. 11923 .......... 5
41 10903 .......... 1
43 8263 .......... 1
45 5323. 5563(*3*). 9043. 9463. 10243. 10663. 10723(*3*). 11083 ... 8
51 8623. 9343. 9883. 10303. 11443 .......... 5
o7 8923. 9103 ....... 2

G. IL...(340)....(10110)

1. 13.28. 58 .......

2 73.148. 193 ......

3 118. 268. 298. 358. 403 .

4 178. 313. 388. 478. 583 .

5 373. 508. 538. 613. 853. 1093. 1213. 1318 ....

6 433. 628. 673. 718. 763. 898. 1003. 1033. 1108. 1138. 1198. 1243. 1
1588. 1618. 1873 .......

703. 733. 778. 838. 1183. 1453. 1948. 2293 .... 8
943. 958. 1153. 1348. 1438. 1828. 2113. 2308. 2578. 2878 ........ 10

3
3
5
5
8
)

o
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Negative determinants

9

10

11

12

13

14

15

16

17
18

19

20

21

22

23
24

25
26
27
28
29
30
31
32
33
40

1018. 1228(*3*). 1363. 1468. 1603. 1843. 1933. 1963. 2023. 2038.
2563(*3*). 2923. 2998. 3238. 3523. 3628.

2053.
3733.
1678.
3508.
1693.
8023.
1993.
3883.
6238.
2218.
5818.
3673.
6673.
2518.
6463.
9013.
2833.
10558
3253.
3043.
6793.

2188.
3763.
1753.

4153

1903.

8143

2098.
4063.

2443.
4348.
1858.

8068 ..

2428.
5878.
3988.
7438.
3148.
6778.
9388.
4993.

4303.
3793.
7543.

6988.

2458.
4678.
2473.

7123.

. 2863.

. 2713.
. 4513.

. 3613.
. 8383.
. 4468.
. 8233.
. 4813.
7303.

10483. 10588 ...
6178. 6628. 7183

5308. 5578. 7333
4963. 5458. 5998
9298. 9523. 9583
10603. 10753. 10798(*3*). 11698 ...
5158. 5638. 6373. 6733. 7573. 7933. 8983. 9133. 10198. 11173

. 7393

. 7558

3418.

2953.
4843.

3853.
8743.
4948.
8353.
5203.
7363.

. 2818. 2983. 3028.

. 8548. 8578. 9433.

. 8038. 9223. 9703

3703. 3868. 3958.

3283. 3313. 3403.
5188. 5233. 5758.

3898. 4093. 4618.
10333. 10543 ....
5218. 5263. 6103.
11113. 11278 ....
5398. 5653. 5803.
7468. 7483. 8053.

3103. 3118.

4918. 5098.

3433. 3778.
5938. 6073.

4933. 5383.

6388. 6658.

6268. 6403.
8458. 8698.

9508.

. 6283(*3"). 6418. 6553. 6583(*3*).
. 9748(*3*). 10003. 10018. 10228.

3748. 5143. 6223. 6718. 6898. 7063. 7423. 8098. 8158. 9598.
10063. 10513. 10993. 11428. 11953 ...
4198. 6133. 6508. 6523. 7213. 7318. 7948. 7978. 8518. 9613. 9733.
9868. 10093. 10123. 10363. 10378. 10453. 10828. 11023. 11068.

11263. 11323. 11878 ....

5113. 5953. 5983. 7663. 7783. 7873. 7903. 7993. 8713. 10273.

10708. 11668. 11758

0788. 8278. 8293. 8893. 9973. 10423. 10618 ....
4798. 6943. 7003. 7108. 8083. 8503. 8683. 8818. 9763. 10843.
10963. 11143. 11203 11353. 11563 . ...

10783. 11548

8788. 9778. 9838
8203. 11683(*3*)
9943. 10078. 11038. 11593 .

526

25

13

13

24

19

19

26

11

10

15

13

1

ot
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Negative determinants

G. IV....(320)....(10088)

1
2
3

4

10

11
12
13
14

15

88. 133. 253 .......

208. 238. 328. 418. 448. 553. 568. 598. 658. 793. 928 ............
493. 688. 748. 808. 913. 973. 988. 1048. 1258. 1558. 1708. 1978.
2608 ..

868. 1078. 1168. 1393. 1408. 1498. 1513(*2*). 1528. 1633. 1738.

1813. 1918(*2*). 2248. 2353. 2368. 2533. 2773. 2788(*2*). 2893.

3088. 3193. 3298. 3448 ...........

1273. 1333. 1378. 1573. 1648. 1798. 2158. 2173. 2398. 3133. 3178.

3388. 3928. 3973. 4558. 4873 ..
1888. 2068. 2278. 2338. 2413. 2488. 2548. 2653. 2668. 2698. 2758.
2938. 3073. 3208. 3268. 3478.

3598. 3658. 3718. 4018. 4033. 4108. 4123. 4168. 4288. 4393. 4438.
4453. 4708. 4753. 4768. 4978. 5083. 5128. 5173. 5293. 5338. 5518.
5548. 5713. 5728. 6028. 6433. 6493. 6913. 7018. 7093. 7228. 7813.

8248. 9823 .....

2008. 3538. 3568. 3838. 4213. 4333. 4498. 4543. 4573. 5038. 5488.
5608. 5833. 5863. 6013. 6193. 6253. 6538. 6568. 6973. 7198. 7408.

9178. 9718. 10858. 10873 .......
2848(*2%). 3013. 3058. 3328. 3358(*2%). 3493. 4228. 4318(*2*).
4633(*2*). 4738. 5008. 5248(*2*). 5428. 5533. 5668. 5908.
6148(*2*). 6208(*2*). 6868(*2*). 6958(*2*). 7033. 7168. 7288.
7588. 7648. 7828. 8308. 8338. 8638(*2*). 8653. 8878(*2*). 9088.
9118(*2*). 9193. 9208. 9538. 10033. 10138. 11533. 11848 .......
3688. 4378. 4528. 4588. 4693. 4828. 5068(*3*). 5773. 6313. 6359.
6643. 6748. 7258. T513. 7528. 7678. 7693(*3*). T708. 7738. 7918.
8188. 8218. 8323(*3*). 8488. 8668. 8908. 8998. 9073. 9163(*3*).
9493. 9853. 9898. 9958. 10213. 10288. 10393. 10693. 11158.
11188. 11608. 11803. 11818. 11893

4858. 5053. 5473. 5968. 6058. 6088. 6613. 7153. 7273. 7453. 7498.
7798. 8128. 8173. 8473. 8593. 8608. 8758. 8773. 8833. 8953. 9058.

9238. 9553. 9628. 9793. 9808. 9913. 10108. 10438. 10888. 10978.
11053. 11293. 11398. 11458. 11938 ...........
6298. 7618. 7768. 8413. 8728. 10648. 11638. 11653

5353. 5893. 6838. 6928. 7048. 7348. 7633. 7843. 8428. 9028. 9268.

9673(*2*). 10048. 10258. 10348. 10768. 11008. 11218. 11308.
11488. 11578. 11788. 11908. 11998

8938. 9313. 9418. 9448. 9478. 10498. 10678. 10918. 11098. 11518

527

13

23

16

o1

26

40

43

37

10

10



Negative determinants

G. VIIL .. .(48)....(1600)
1288. 1768. 2128. 2233. 2968. 4048 ....

2
3 2728. 3553. 3913. 4648. 4888. 5278. 6448 ... ..
4

3808. 5593. 5698. 5848. 6118. 6328(*2*). 6688(*2*). 6853. 7378. 20

8398. 8848. 8968. 9328. 9373. 9568. 10168(*2*). 10528(*2*).

10948. 11368. 11713(*2*)

5 4408. 5368. 6808. 9688. 10153. 10738

6 7888. 8533. 9928. 10318. 11473. 11968
7 8113. 11128. 11248 ....

Total G. 2451 Cl. 24391

Irreg. 37
m...... 115.. 3435...
m+1.. 114.. 2988...
m+2.. 114... 2987...
m+4.. 114.. 2994...
RT... 342.. 8969...

m+3.. 114.. 4005...
m+5.. 114.. 3975...
m+6.. 115.. 4007...

NT... 343.. 11987.

All . 800.  24391..

Quot. min. 0,2349782 from 163,2608
max. 0,7354322 from 11833

Det. of the form

—(15n+13).. 68 305
—(15n+7)... 69 316
03 04

[Det. in hundred 10000 of the form 15n]

G. VIIL...(3).....
48 999975
63 999945
72 999930

G. XVL...(3).....
39 999915

*44 999900

56 999990(*2*)

528

15n + 7,13
230.. 6846
229.. 5997
228.. 5962
228.. 5987
685.. 17946
228.. 7984
228.. 7973
229.. 7989
685.. 23946

1600.. 48738
271 128 27
264 130 21
05 0,6

(1464)

(2224)

impr. 4075



Negative determinants

[Quotient

G. XXXII. .(1)...... (576)
18 999960
104...... 4264
Impr. 592
<3< <1<]
in hundred 11 Det. 24. 1. 56.

12 28 51
13 21 58
14 27 57
15 21 62
16 22 56
17 29 52
18 25. 57
19 22 64
20 21 61
21 18 62
22 18 63
23 19 61
24 27 55
25 31 51
26 26 54
27 30 51
28 27 53
29 23 57
30 24 58
117 24 56
118 20 61
119 24 61
120 29 52

Negative determinants.

in hundred Quotient
1,271998
0,2626128
1,435917
0,2349782

1

max.
min.

529

from det.

19
21
21
16
17
22
19
18
14
18
20
19
20
18
18
20
19
20
20
18
20
19
15
19

89
o8
194
163



Negative determinants

22

23

24

27

28

29

30

91

92

93

94

95

96

97

99

100

117

118

119

120

1,685723
0,2808228
1,645848
0,2923654
1,479278
0,2897240
1,6445315
0,2895883
1,5527075
0,3030216
1,5778996
0,2974718
1,604748
0,2936893
1,684117
0,2835515
1,586777
0,2717044
1,660820
0,2699414
1,518533
0,2893063
1,729662
0,3287980
1,689400
0,3269906
1,707014
0,2440986
1,650848
0,2420048
1,702214
0,2808862
1,6654535
0,2964744
1,810938
0,294621
1,579112
0,2846194
1,5326965
0,3287433

530

2141
2143
2246
2293
2369
2335
2609
2683
2789
2783
2834
2893
2939
2968
9026
9067
9176
9157
9281
9277
9371
9367
9434
9472
9539
9577
9686
9667
9869
9823
9974
9937
11681
11650
11714
11797
11864
11863
11921
11992



Positive determinants

Square determinants excluded: 10.

Positive determinants.

1 2.5.13. 17. 29. 41. 53. 61. 73. 89. 97

Hundred 1.
G.1....(12)
3 37
G.II....(51)
1 3.6.7. 8 10.
33. 38. 43. 44.
T1. 74. 76. 77.
2 34. 82
3 79
G. IV...(27)
1 15. 24. 30. 35.
80. 84. 87. 88.
Hundred 2.
Excluded: 4.
G.L...(11)
1 109. 113. 125.
3 101. 197
G.1I....(41)
1 103. 106. 107.
134. 139. 142.
177. 179. 185.
2 145. 146. 178.
3 141. 148. 189
G. V.. .(40)
1 102. 104. 105.
136. 138. 140.
175. 176. 180.
G. VIIL.. .(4)
1 120. 150. 168.
Hundred 3.
G. 1
1 233. 241. 277.
3 229. 257. 269
G. II
1 201. 202. 206.
243. 244. 245.
283. 284. 292.

2 205. 221. 274

11. 12. 14. 18. 19. 20. 21. 22. 23. 26. 27. 28. 31. 32.
45. 46. 47. 50. 52. 54. 57. 58. 59. 62. 65. 67. 68. 69.
83. 85. 86. 92. 93. 94. 98

39. 40. 42. 48. 51.

90. 91. 95. 96. 99

137.

108.
151.
188.

194

110.
143.
182.

195

281.

211.
249.
297.

149.

116.
153.
191.

111.
147.
183.

293

212
250
298

199

157.

117.
158.

112.
152.
184.

173.

118.
161.

114.
154.
186.

55. 56. 60. 63. 66. 70. 72. 75. 78.

181. 193

122. 124.
162. 163.

115. 119.
155. 156.
187. 190.

127.
164.

123.
159.
192.

128.
166.

126.
160.
198.

129.
167.

130.
165.

200

131.
172.

132.
170.

133.
174.

135.
171.

. 213. 214. 217. 218. 229. 236. 237. 239. 242.
. 251. 253. 261. 262. 263. 265. 268. 271. 278.

531



Positive determinants

IV
203.
252.
286.
219.
235

= w

= 0w N

210.

204.
258.
287.
220.

. VIII

231.

Hundred 9.

G 1I...
1 809
3 829
G.II...
1 801
873
802
813
817
898

= O Ot W N

1
G. IV..

1 803.
831.
860.

2 812.

3 874.

G. VIII..
1 816.
2 870.

G. XVI..

1 840

(7)

. 821.
877
(32)
. 811.
. 878.
. 818.
. 837.

(841)

_(52)
804.
832.
861.
820.
894.
(8)
819.
880.

(1)

Hundred 10.

1 929
3 997

G.IL..(38)...

1 907
964
914

982
901

O O W N

905.

. 937.

. 908.
. 965.

909.

223. 226. 254.

207.
259.
290.
224.

240.

853.

823.
883.

866

839.

805.
834.
864.
828.
895.

855.

291

215.
260.
294.
288

255.

857.

827.
886.

842.

806.
835.
867.
876.

899

858.

(900)

941.

953.

.(130)

911.
967. 971.

916. 925.

913.

216.
266.
295.

264.

881

833.
887.

892

807.
836.
868.
884.

888

977

917.
972.

933.

222. 228. 230. 232. 234. 238. 246. 247. 248.
267. 270. 272. 273. 275. 276. 279. 282. 285.
296. 299. 300

280

838. 844. 845. 849. 859. 862. 863. 865. 869.
889. 893

808. 810. 814. 815. 822. 824. 825. 826. 830.
843. 846. 847. 848. 850. 851. 852. 854. 856.
871. 872. 875. 879. 882. 885

890. 891. 896. 897

919. 921. 922. 926. 932. 947. 949. 956. 958.
974. 981. 983. 989. 991. 998

934. 973. 985. 993

532



Positive determinants

(15 961]

G. IV....(40)...(224)

1

2
3
4

1
2

FONFEQOWNREONOTW R

902.
954.
999.
939.
906.
904.
G. VIII..
903.
910.

918. 923. 927. 928. 931. 938. 942. 944. 945. 946. 948. 950. 951.
955. 957. 962. 968. 969. 970. 976. 978. 980. 986. 988. 995. 996.

1000
943. 959. 963. 979. 992
940

994

(16)...(144)

912. 915. 920. 924. 930. 935. 936. 952. 966. 975. 984. 987. 990
960

I

313.
349.
401
o77

I

301.
305
316.
727

IV

303.
306.

. VIII

312.

Total 370

317
373. 389. 397. 557. 677. 701. 709. 733. 757. 761

302. 307. 309. 311. 314.

321. 325. 326

304. 308. 310. 318. 319. 320. 327

322. 323

315

533



Table for Circle Division

O =N

12
14
17
19
22
27
30
32
34
38
43
46
50
57
70
73
76
81
91
98
100
111
117
123
129
133
157
172
174
183
191
193
211
216
237
242
253

TABLE

FOR

CIRCLE DIVISION.

)

17

37

5.13

101

5.29

197

5.29

181

5.97
5.73
17.53
5.5.41
13.89
5.17.17
5.5.37
29.73

41 .61
5.5.95.13
13.13.29
5.13.41
53.109
17.193
41.101
5.17.113
73.137
61.101
5.37.37
5.17.89
53 . 157
5.29.61
5.5.17.29
5.61.97
13.17.137
5.17.197
17.29.37
5.5.5.149
113 .197
13.37.97
5.41.137
5.13.17.53
5.37.173

534

105
112
119
128
132
142
162
173
182
185
192
200
212
233
239
251
255

)

13

5.9

41

61

5.17

113
5.95.13

13 .17
5.53
5.157

13 .37
5.109
5.137
29.29
13.149
5.13.17
17.89
5.9.5.37
5.17.61
29.97
37.173
5.13.53
5.95.173
13.13.29
37.149
5.13.193
73.97
5.29.113
.0.17.41
.37.109
.29.181
.41.73
.5.5.5.53
109 . 157
5.73.101
13.17.181
5.89.101
5.61.89
13.13.13.13
17.17.109
13.41.61

Ut Ot Ot Ut Ot



Table for Circle Division

265|13.37.73 268(15.5.13.13.17
278 15.13.29 .41 29315.5.17.101
294 (13 .61.109 302 |5.17.29 37
30715.5.5.13.29 313|5.97.101

319 117.41.73 32715.17.17.37
3421 5.149 . 157 34315.5.13.181
360 | 29.41.109 378 15.17.41 .41
394129.53.101 401 | 37 .41 .53

403 | 5.109. 149 408 | 5.13.13.197
411 113.73.89 43715.13.13.113
438 |5.17.37.61 44315.5.5.5.157
44715.13.29.53 463 |5.13.17.97
467 | 5.113.193 499 | 13.61.157

500 | 53 .53 .89 50715.5.53.97
512|5.13.37.109 515 |13.101.101
524 (37.41.181 538 (5.13.61.73
95715.5.5.17.73 960 | 53.61.97

568 5.5.5.29.89 577 15.13.13.197
599 | 17.61.173 606 | 13.13.41.53
616 | 13.17.17.101 621 (29.61.109
65715.5.89.97 660 | 37.61.193
68215.5.5.61.61 684 |13.17.29.73
69315.5.5.17.113 69715.13.37.101
701|17.97.149 743 15.5.61.181
746 | 13.13.37.89 757 15.5.73.157
77215.13.53.173 776 | 73.73.113

785 13.137.173 798 15.13.97.101
818 15.5.5.53.101 829 | 17.17.29 .41
853 15.13.29.193 882(5.5.29.29.37
905 | 13.17.17.109 919 | 37.101.113
922 |5.17.73.137 924 153.89.181

931 |13.17.37.53 945129.89.173

948 | 5.17.97.109 99315.5.13.37.41
999 | 17.149.197 1032 15.5.13.29.113
1057 {5.5.5.41.109 1067 | 5.17.37.181
1068 {5.5.5.5.5.5.73 1087 {5.13.61.149
1118 | 5.5.17.17.173 1123 {5.13.89.109
1143 | 5.5.17.29.53 1148 | 5.29.61. 149
1196 | 53 . 137 . 197 1228 | 5.17.113 . 157
1239 | 41 .97 .193 1270 | 61.137.193
1303 | 5.41.41.101 1341 73.109.113
1385 | 41.149 . 157 1393 (5.5.197.197
1407 {5.5.17.17.137 1432 15.5.5.5.17.193
1433 15.29.73.97 1467 |5.29.41.181
1477 (5.13.97.173 1560 | 17.37.53.73
1567 | 5.41.53.113 1568 {5.5.5.13.17.89
1597 {5.37.61.113 1607 {5.5.13.29.137
1636 | 17.29.61.89 1744 | 137.149 . 149

535



Table for Circle Division

1772
1823
1893
1929
1984
2013
2042
2153
2191
2350
2436
2540
2621
2697
2801
2917
3039
3141
3166
3323
3405
3521
3583
3782
3957
4217
4246
4484
4545
4594
4747
4937
5052
5257
5357
5507
5667
o767
5962
6107
6252
6682
6908
6962
7161
7697
8224
8368

5.17.17.41.53
5.17.113.173
5.5.13.37.149
13.13.101.109
13.29.53.197
5.29.89.157
5.29.149.193
5.13.181 197
89.149 .181
17.17.97.197
13.13.13.37.73
13.29.109. 157
13.37.37.193
541.113.157
17.29.73.109
5.13.29.37.61
17.61.61.73
13.13.17.17.101
17.41.73.197
5.13.29.29.101
29.29.61.113
29.37.53.109
5.13.17.37.157
5.5.29.109.181
5.5.13.13.17.109
5.13.29.53.89
13.17.29.29.97
17.89.97.137
13.37.109.197
13.17.29.37.89
5.17.41.53.61
.73.173.193
.13.41.61.157
.5.13.17.41.61
.5.61.97.97
.5.13.13.37.97
.29.37.41.73
.13.17.101. 149
.13.29.109.173
.5.17.17.29 89
.17.29.101. 157
.5.5.29.109.113
.13.73.89113
5.37.37.73.97
17.101.109.137
5.17.29.61.197
13.17.29.61.173
5.5.17.37.61.73

O Ot Ot Ot Ot Ot Ot Ot O Ot Ot Ot

1818
1832
1918
1955
2010
2018
2059
2163
2309
2428
2515
2547
2673
2738
2818
2943
3112
3149
3207
3362
3458
3532
3740
3793
4193
4232
4327
4535
4581
4662
4906
4952
5087
5283
5443
5648
5701
5928
6065
6118
6481
6898
6943
7093
7443
7782
8307

536

5.95.5.137.193
5.5.17.53.149
5.5.37.41.97
13.29.37.137
13.17.101.181
5.5.29.41.137
13.41.41.97
5.13.17.29.73
13.53.53.73
5.41.149.193
101.173.181
.37.89.197
.13.17.53 .61
.13.29.41.97
.5.5.17.37.101
.9.5.5.13.13 .41
.13.13.73. 157
17.29.89.113
5.5.29.41.173
5.13.17.53.193
5.73.181.181
5.5.17.149.197
41.41.53.157
5.5.53.61.89
5.5.5.5.5.29.97
5.5.41.101.173
5.89.109.193
17.53.101.113
13.53.97.157
5.13.13.17.17.89
13.53.181.193
.37.41.53 .61
.17.29.29.181
L13.17.73.173
.5.5.5.137.173
.17.53.73.97
29.53.97.109
5.29.29.61.137
17.53.137.149
5.5.13.41.53.53
17.37.173.193
5.13.17.17.17.149
.5.29.61.109
L13.17.29. 157
.5.37.53.113
L13.17.97.113
.5.5.5.61.181

ot

Ut Ot Ot Ut O

Ut OU Ot Ot

ot
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Table for Circle Division

8393 15.5.13.29.37.101 8457 |5.5.53.137.197
8578 |5.37.41.89.109 9133 |5.17.37.89.149

9152 5.29.41.73.193 919315.5.5.5.17.41.97
9298 | 5.41.53.73.109 9431 | 17.97.149.181

9466 | 29 .37 .37.37.61 9667 | 5.13.41.89.197
9703 |5.13.13.17.29.113 9762 | 5.17.37.157.193
9872 15.13.13.29.41.97 9901 |13.13.29.73.137
10298 | 5.17.61.113.181 10312 1 5.29.53.101. 137
10833 | 5.17.41.113.149 11018 | 5.5.157.157.197
11471 | 13.17.41.53.137 11981 | 13.17.41.89.89
12332 5.5.13.41.101.113 12433 |5.13.61.101.193
12882 15.5.17.37.61.173 12943 15.5.5.5.13.13.13.61
13043 |5.5.17.17.61.193 13068 | 5.5.5.53.149.173
13241 {29.101.173.173 13252 5.13.13.37.41.137
13545 | 17 .17 .53 .53 . 113 13918 |5.5.13.37.89.181
14140 17.29.37.97.113 14318 | 5.5.5.13.17.41.181
14573 | 5.17.73.109. 157 14646 | 13.37.41.73.149
14773 15.13.13.29.61.73 14942 |1 5.13.13.37.37.193
14958 | 5.13.101.173.197 15075 | 13.17.53.89. 109
16513 | 5.29.53.113. 157 16928 | 5.17.109. 157 .197
17191 13.17.61.97.113 17557 15.5.5.17.29.41.61
17766 | 13.37.73.89.101 17923 | 5.61.61.89.97

18258 | 5.29.97.137.173 18432 |5.5.5.17.29.37.149
18543 |5.5.13.17.29.29 .37 19123 5.29.37.173.197
19283 | 5.37.37.157.173 19326 | 13.29.61.109. 149
19534 1 13.13.13.29.53.113 19653 | 5.37.61.109. 157
19703 |5.13.13.29.89.89 19902 | 5.73.89.89.137
19911 | 13.17.29.157.197 20080 [ 13.29.61.89.197
20457 | 5.5.13.29.149.149 211241 29.41.53.73.97
21705 |13.17.61.101.173 2190715.5.29.29.101.113
22008 | 5.41.109.149. 157 22157 |5.5.13.37.137.149
22231 (29.37.41.41.137 24263 |15.13.17.41.73.89
24331 (13.17.89.101.149 24778 15.29.149.157.181
24816 | 17.17.61.181.193 25462 | 5.13.17.37.101. 157
25523 | 5.53.73.113.149 25683 |5.13.17.17.97.181
25793 15.5.17.29.137.197 25943 (5.5.5.13.29.37.193
26018 | 5.5.13.97.109.197 27493 | 5.5.17.17.17.17 . 181
28205 |13.29.73.97.149 28322 |5.13.13.13.13.41.137
28862 | 5.17.17.53.73.149 29757 (5.5.41.61.73.97
30027 1 5.29.89.181.193 30103 | 5.13.17.41.73.137
30383 |5.17.17.37.89.97 31752 15.17.17.37.109.173
32258 |5.13.37.41.61.173 32406 | 17.17.17.37.53.109
32807 15.5.5.13.61.61.89 32885 | 13.13.109.149 . 197
32973 |5.13.37.37.41.149 33307 15.5.5.5.17.53.197
34208 | 5.13.13.17.29.53 .53 34367 | 5.13.37.41.53.113
35857 | 5.5.17.61.137.181 36673 |5.17.29.37.73.101
37057 15.5.5.5.73.101.149 37448 | 5.13.13.53.173.181
377701 13.17.29.41.61.89 38326 | 29.37.41.173.193
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Table for Circle Division

38807
39307
40188
40568
41319
42658
43633
44179
44733
45068
46617
47783
48737
50052
51387
51917
54193
54507
66347
67852
71564
72662
75382
80593
81141
83071
84141
86143
88699
38868
89471
90657
93197
99893
102163
106242
112595
114669
117307
128482
133749
136404
137883
143382
145231
148582
155317
157318

5.95.5.17.37.61.157
5.5.5.13.13.13.2997
5.13.37.61.101.109
5.5.5.13.53.97.197
13.41.101.101. 157
5.13.13.97.149.149
5.13.29.41.109.113
13.13.13.17.17.29.53
.89.101.113.197
.5.5.41.61.73.89
.93 .137.173.173
.13.17.53.101.193
.29.29.53.73.73
.17.41.41.89.197
L17.37.53.89.89
.13.37.53.97.109
.5.5.5.5.41.73.157
.5.37.53.157.193
.13.13.17.37.41.101
.13.37.89.137. 157
37.61.97.149 . 157
5.13.17.29.37.61.73
5.5.13.17.73.73.193
5.5.17.17.17.137.193
13.61.137.157.193
37.61.89.89.193
13.29.29.41.53.149
5.5.13.17.61.101.109
29.53.89.149.193
5.5.29.37.37.73.109
13.13.41.41.73.193
5.5.13.17.61.89.137
5.37.53.53.61.137
5.5.29.181.193.197
)
5

ot

Ut Ot Ot Ot Ot Ot Ot Ot O Ot Ot

.37.41.41.97.173

.53.53.73.101.109
17.29.41.53.61.97
17.37.53.53.61.61
5.5.5.13.149.157.181
5.5.17.29.89.101. 149
13.13.37.53.137.197
13.17.29.97.173.173
5.13.17.29.29.53.193

5.5.13.13.17.17.113.149

13.37.37.41.97.149
5.5.13.53.73.97.181
5.41.61.73.73.181

5.5.5.5.5.5.13.3737.89

538

39082
39818
40515
41187
41688
42932
43932
44507
45050
46444
47403
48187
49083
51115
51412
52571
94358
57532
67333
68463
71700
74043
78629
80802
81749
83247
85353
88668
88733
89361
90212
93020
99557
101343
104818
109637
112782
117251
117372
129553
136293
137717
141743
145046
148158
150522
157308
159772

5.5.41.73.137.149
5.5.5.5.17.37.37.109
17.53.61.109.137
L17.37.37.37.197
.17.41.53.97.97
.9.5.29.29.89.197
.5.5.5.13.17.89.157
.5.13.113.149.181
13.41.109.181.193
13.41.149.157.173
5.13.29.37.89.181
5.97.101.137.173
5.13.17.73.109.137
17.17.17.29.53.173
5.17.61.61.61.137
37.41.61.109.137
5.13.29.73.109.197
5.5.17.41.41.41.113
5.17.53.6173.113
5.13.17.113.137.137
13.29.37.41.89.101
5.5.13.37.37.61.101
13.17.41.41.53.157
5.37.41.53.109. 149
13.17.17.53.97.173
5.13.13.13.29.73.149
5.13.17.37.41.41.53
5.5.13.17.73.101.193
5.13.41.97.97.157
29.37.137.157.173
5.13.37.89.193.197
13.13.17.17.29.41.149
5.5.5.5.41.41.53.89
.5.13.29.41.97.137
.5.5.5.17.29181.197
.13.17.29.37.37.137
.5.17.37.41.109.181
1.97.101.109. 157
.13.17.17.53.101. 137
.13.13.17.61.61. 157
.5.17.41.53.89.113
.13.53.89.157.197
.5.89.149.157.193
3.29.37.101.109.137
.53.61.61.113.197
.13.17.29.37.97.197
.13.29.29.41.61.181
.37.53.101.149.173

Ut Ut Ot Ut Ut
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Table for Circle Division

160590 | 29.29.29.89.109. 109 161832 |5.5.13.13.29.37.53.109
162014 | 13.17.73.89.101. 181 173932 15.5.5.5.5.13.73.101.101
174118 | 5.5.17.41.89.113.173 177144 | 17.29.73.89 97. 101

180107 | 5.5.13.29.97.113 . 157 181343 |5.5.17.37.53.109. 181

181743 |5.5.17.17.73.173.181

184133 | 5.29.73.101.101. 157
189782 | 5.5.13.61.89.137.149
190393 | 5.5.13.13.137.173.181
191407 | 5.5.13.13.17.37.61.113
191807 | 5.5.5.13.17.41.109. 149

194708 | 5.5.29.41.73.101.173
201106 | 17.17.61.89.149.173
208048 | 5.53.89.109.113.149
210195 | 61.113.137.149.157
210943 | 5.5.5.13.37.37.73.137
211765 | 13.17.53.89.137.157
216676 | 13.29.41.97.173.181
219602 | 5.17.17.53.53.109.109
221382 1 5.5.13.73.101.113.181
228068 | 5.5.5.17.29.61.101.137
232643 | 5.5.13.13.13.41.61.197
236151 | 17.17.41.89.137.193
247643 | 5.5.17.29.73.173.197
249501 | 13.53.53.61.89.157
251103 | 5.13.17.17.89.109.173
256638 | 5.13.29.37.61.113.137
260359 | 13.13.17.41.53.61.89

262433 | 5.17.29.29.53.61.149
263317 | 5.17.17.17.89.101. 157
263557 | 5.5.5.13.37.41.73.193
265842 | 5.13.17.17.101.193.193
267657 | 5.5.41.41.61.89.157
281897 | 5.13.29.37.37.89.173
286018 | 5.5.13.13.53.53.61.113
287228 | 5.17.17.29.73.149.181
289038 | 5.17.17.37.89.97.181
292362 | 5.13.17.41.61.157.197
298307 | 5.5.5.5.41.53.181.181

307939 | 13.29.61.101.137.149
309070 | 13.29.101.113.149.149

320078 | 5.13.41.61.73.89.97
322392 | 5.13.17.41.89.149.173
330182 | 5.5.5.5.5.13.29.37.41.61
331068 | 5.5.5.5.53.101.181.181
383807 | 5.5.5.13.37.73.97.173
385692 | 5.13.17.61.89.137.181
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Table for Circle Division

389163
390112
403639
409557
411787
418048
444753
447342
464307
465525
465694
478707
485298
494607
500150
508929
018734
520463
534568
538275
548630
966793
967923
571459
586455
606325
607533
617427
623888
627391
662843
672717
683982
700107
703175
704683
721068
780262
783568
791532
793921
812447
832902
848871
899168
907567
911111
936513

5.1329.41.89.101.109
5.13.17.17.17.17.17.17.97
29.29.37.97.137.197
5.5.5.5.13.13.73.73.149
L17.17.53.97.101 . 113
.97.97.109.173.197
.53.109.113.157.193
.17.29.41.97.137.149
.5.5.29.37.73.101.109
13.13.29.89.97.113.197
13.13.17.29.73.181.197
5.5.13.13.13.17.41.41.73
5.13.1313.13.29.29.37.53
5.5.29.89.101.137.137
41.61.73.73.137.137
13.13.37.53.53.73.101
13.17.37.37.53.97.173
5.13.41.61.73.101.113
5.5.5.13.89.89.149.149
17.61.73.97.109. 181
37.41.89.109.113.181
5.5.17.29.29.41.97.113
5.13.17.17.17.41.109.113
13.13.13.13.17.37.61.149
29.41.73.89.113.197
13.37.97.137.149.193
5.17.29.73.97.97.109
5.13.13.17.29.53.89.97
5.13.37.41.113.181.193
41.41.53.113.113.173
5.5.17.113.137.173.193
5.89.97.157.173.193
5.5.17.29.61.61.101.101
5.5.13.17.41.53.137.149
13.17.17.29.97.149 . 157
5.13.29.61.97.113.197
5.5.5.5.17.29.109.113.137
5.17.17.29.37.41.61.157
5.5.5.5.17.29.101.109.181
5.5.53.89.149.181.197
17.17.17.29.73.157.193
5.29.29.41.89.137.157
5.13.13.13.17.109.173 . 197
29.53.73.113.157.181
5.5.17.37.53.73.97.137
5.29.37.41.89.109.193
17.41.101.173.173.197
5.37.37.4189.97.181

Ut Ot Ot Ot Ut
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Table for Circle Division

1000193
1010027
1024240
1031675
1049433
1059193
1067157
1068182
1083493
1089593
1131527
1139557
1143007
1197943
1264557
1306143
1351742
1373307
1387203
1402232
1413443
1477034
1518057
1528649
1615463
1618855
1635786
1664957
1750507
1766693
1824257
1909461
1954207
1984933
2036069
2050706
2052057
2126007
2277387
2298668
2343692
2353918
2379723
2457057
2471717
2475918
2478328
2484968

5.5.5.29.53.101.149.173
5.13.61.89.89.109.149
37.61.109.157.157.173
13.13.17.53.73.113.157.197
5.13.61.89.89.89.197
.5.5.13.13.13.37.61.181
.41 .113.157.173.181
.5.17.17.41.61.73.173
.13.61.61.61.73.109
.61.89.149.149.197
1.53.53.73.97.157
.5.5.5.5.5.17.37.73.181
.13.41.61.73.101.109
.5.5.5.17.17.37.109.197
.5.5.5.13.13.29.53.197
.29.37.37.61.73.193
.17.53.109.137.157.173
.9.5.5.17.29.101.157.193
.29.41.41.113.181.193
.5.17.37.41.113.137.197
.5.13.29.37.41.89.157
37.37.41.53.53.101.137
5.5.5.13.13.41.61.113.193
13.37.53.61.61.109.113
5.13.17.37.53.73.73.113
17.29.37.53.89.97.157
29.29.41.89.89.97.101
5.5.13.37.73.89.113.157
5.5.13.53.53.89.109.173
5.5.5.5.5.5.29.97.157.173
5.5.17.29.97.109.113.113
13.13.17.17.41.53.89.193
5.5.13.61.61.89.113.157
5.17.37.37.37.53.89.97
17.41.41.61.61.101.193
13.17.17.17.41.53.157.193
5.5.5.5.5.5.5.17.29.73.97.193
5.5.17.29.29.181.181.193
5.13.29.29.53.89.89.113
5.5.13.13.17.17.29.37.37.109
5.17.41.41.61.73.89.97
5.5.13.17.29.29.61.113.173
5.13.29.37.53.53.97.149
)
5
5
)
)

O Ot Ot O O = Ot UL O Ot Ot

)
5
5
5
)
)
)
5.
5
)
)
)
5
5
5
)

.5.5.5.13.17.41.53.89.113
.37.41.109.137.149.181
.5.17.53.61.157.157.181
.13.29.37.89.97.101.101
.5.13.61.97.113.157.181
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Table for Circle Division

2680168 | 5.5.29.61.73.109.137.149

2733307

2809305 | 13.17.29.37.37.61.73.101
2923783 | 5.13.17.37.41.109.149 . 157
2959007 | 5.5.17.37.97.101.157.181
3014557 | 5.5.5.5.5.5.5.5.41.53.53.101
3025001 | 13.13.17.17.61.73.109.193
3136570 | 13.13.29.37.53.61.97.173
3139557 [ 5.5.5.5.5.5.13.29.73.73.157
3272693 | 5.5.5.13.37.41.101.137.157
3370437 | 5.13.13.13.13.41.73.97.137
3449051 | 13.13.13.53.61.89.97.97
3637197 | 5.13.17.29.61.89.193.197
3800438 | 5.13.29.29.97.101.149.181
3801448 | 5.29.37.53.61.73.101.113
3815076 | 13.13.17.37.53.109.137.173
3894873 | 5.13.13.37.89.101.137.197
3911450 | 29.29.41.97.137.173.193
3931663 | 5.13.29.37.41.109.137.181
4000300 | 13.13.13.17.17.73.137.181.181
4079486 | 13.17.17.53.61.73.137.137
4218932 | 5.5.5.5.29.41.41.61.61.157
4466678 | 5.13.17.73.97.109.149 . 157
4650839 | 17.17.89.113.137.157.173
4697282 | 5.5.13.113.113.137.197.197
4751232 | 5.5.13.17.29.73.97.101.197
4773557 | 5.5.5.29.29.41.113.149.157
5033696 | 13.17.37.37.89.89.97.109

5982670
6151956
6208047
6225244
6315768
6356150.
6367252
6656382
6817837
6829610
6981694
7138478
7620661
7691443
8082212
8571779
8809432
9407318

13.13.13.17.41.53.53.53.157
13.17.29.29.73.97.113 . 149
5.17.17.17.17.29.41.41.197.197
29.37.41.53.53.53.61.97
5.5.17.17.53.61.73.149.157
13.29.37.37.61.61.109.193
5.13.17.29.29.61.73.97.101
5.5.13.29.41.41.137.137.149
5.17.17.53.61.149.173.193
13.17.17.53.61.101.193.197
13.41.97.137.181.193.197
5.29.37.41.73.89.181.197
5.17.37.73.101.101.137.181
5.5.5.37.53.97.101.109.113
5.13.17.17.37.53.97.101.181
13.13.29.41.73.101.137.181
5.5.5.13.89.101.149.181.197
5.5.5.5.5.5.37.41.53.73.193
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Table for Circle Division

9548768 | 5.5.13.13.17.41.53.61.61.157
9614382 | 5.5.29.37.53.61.61.101.173
9639557 | 5.5.5.5.5.5.13.17.17.53.109. 137
9689961 | 13.29.29.37.61.113.113.149
10328193 | 5.5.5.13.17.29.53.53.137.173
10669731 | 17.89.97.101.101.193.197
11131086 | 13.13.17.17.37.61.73.89.173
12477035 | 17.17.17.29.29.29.37.97.181
12514913 | 5.13.41.53.137.149.157.173
12750353 | 5.13.17.17.41.61.73.137.173
14698000 | 13.13.17.17.29.61.97.149.173
15165443 | 5.5.5.5.37.53.61.97.101. 157
15986082 | 5.5.13.17.109.109.137.157.181
16317267 | 5.13.17.17.61.61.101.109.173
18378313 | 5.13.13.17.37.61.137.193.197
18975991 | 13.17.17.17.53.61.89.97.101
20198495 | 13.17.41.89.101.101.137.181
22866693 | 5.5.5.5.41.61.73.101.113.197
23747457 | 5.5.17.17.17 . 17.17.17.37.73.173
24208144 1 29.29.29.37.37.53.61.61.89
24280807 | 5.5.5.5.13.13.17.53.109.157.181
24310918 | 5.5.13.13.37.41.53.89.113.173
31011557 | 5.5.5.13.17.61.97.109.137.197
32944452 | 5.13.13.29.29.41.53.53.89.149
34436768 | 5.5.17.61.97.101.137.173.197

34602875 | 13.17.17.29.37.53.113.137.181
45500682 .9.5.37.53.53.61.89.149.197
53365057 | 5.5.5.13.37.89.97.101.157.173

75505943 .5.5.37.37.53.89.137.149.173

95665578 .13.37.41.73.181.181.197.197
111530944 | 13.13.13.13.13.17.37.37.53.157 .173
121042733 | 5.17.41.73.97.97.101.157.193
160007778 | 5.13.13.17.17.29.29.73.73.149. 157
167207057 | 5.5.5.5.17.17.17.29.73.109. 109 . 181
168623905 | 13.1313.13.17.29.29.37.89.97.109
185507821 | 13.13.17.29.29.53.61.101.113.193
193788912 | 5.13.17.17.37.37.37.53.73.101.101
201229582 | 5.5.13.13.17.17.17.17.17.53.97.101
211823957 | 5.5.17.17.53.101.137.149.157 . 181
284862638 | 5.13.17.17.17.17.29.29.41.41.97.109
299252491 | 13.29.37.97.109.109. 113 . 157
317742693 | 5.5.5.13.29.41.73.89.137.149.197

1
)
)
58305593 | 5.5.13.17.37.37.101.109.137.149
5
)

327012132 | 5.5.13.17.17.29.89.109.149.157.173

599832943 | 5.5.5.5.13.17.29.37.37.41.7397.113

830426722 | 5.13.13.61.97.149.157.173.173.197
1112115023 | 5.17.17.61.73.113.157.173.173.181
1282794079 | 13.17.29.29.73.89.97.113.181.197.197
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Table for Circle Division

13
17
29
37
41
53
61
73

89

97

101

109

113

137

2189376182 | 5.5.5.17.17.29.29.53.61.61.89.89.101
2971354082 | 5.5.13.17.29.41.53.53.113.149.157.181
3955080927 | 5.13.17.17.17.17.53.53.61.61.101.149.173.197
8193535810 | 13.13.29.29.61.109.109.137.157.157.193
14033378718 | 5.5.13.13.17.17.61.61.61.61.73.73.157.181

2.3.7

5. 8. 18. 57. 239

4. 13. 21. 38. 47. 268

12.17. 41. 70. 99. 157. 307

6. 31. 43. 68. 117. 191. 302. 327. 882. 18543*

9. 32. 73. 132. 278. 378. 829. 993. 2943

23. 30. 83. 182. 242. 401. 447. 606. 931. 1143*. 1772. 6118. 34208. 44179.
85353. 485298

11. 50. 72. 133. 255. 438. 682. 2673. 2917. 4747*. 4952. 5257. 9466. 12943.
17557. 114669. 330182

27. 46. 173. 265. 319. 538. 557. 684. 1068. 1560*. 2163. 2309. 2436. 3039.
5667. 8368. 14773. 48737. 72662. 478707*

34.55.123. 233. 411. 500. 568. 746. 1568. 1636*. 3793. 4217. 4594. 4662. 6107
11981. 19703. 24263. 32807. 37770*. 45068. 51387. 99557. 157318. 260359
24208144

22. 75. 119. 172. 216. 463. 507. 560. 657. 1433*. 1918. 2059. 2738. 4193.
4246. 5357. 5507. 5648. 6962. 9193*. 9872. 17923. 21124. 29757. 30383.
39307. 41688. 112595. 320078. 390112*. 617427. 1984933. 2343692. 3449051.
6225244

10. 91. 111. 192. 212. 293. 313. 394. 515. 616*. 697. 798. 818. 1303. 2818.
3141. 3323. 8393. 17766. 36673*. 66347. 71700. 74043. 173932. 177144.
508929. 683982. 1635786. 2478328. 2809305*. 3014557. 6367252. 18975991.
193788912. 201229582. 2189376182

33.76. 142. 251. 294. 360. 512. 621. 905. 948*. 1057. 1123. 1929. 2801. 3521.
3957. 5701. 6943. 8578. 9298*. 15075. 32406. 39818. 40188. 51917. 86143.
88868. 106242. 160590. 161832*. 219602. 389163. 464307. 607533. 1083493.
1143007. 2298668. 5033696. 168623905. 284862638*

15. 98. 128. 437. 693. 776. 919. 1032. 1341. 1567*. 1597. 3149. 3405. 4535.
6682. 6908. 7443. 7782. 9703. 12332*. 13545. 14140. 17191. 19534. 21907
34367. 43633. 57532. 67333. 136293*. 191407. 286018. 411787. 520463.
566793. 567923. 1528649. 1615463. 1824257. 2277387*. 2457057. 3801448.
7691443. 599832943

37.100. 174. 237. 922. 1407. 1607. 1955. 2018. 4484*. 5928. 7161. 9901. 10312
11471, 13252, 19902. 22231. 28322. 30103*. 40517. 49083. 51412. 52571.
68463. 90657. 93197. 101343. 109637. 117372*. 145046. 210943. 228068.
256638. 494607. 500150. 721068. 899168. 1477034. 3370434*. 4079486.
9639557
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149

157

173

181

193

197

44. 105. 193. 403. 701. 1087. 1148. 1744. 1832. 1893*. 5767. 6065. 6898.
9133. 10833. 14646. 18432. 19326. 20457. 22157*. 24331. 25523. 28205. 28862
32973. 37057. 39082. 42658. 80802. 83247*. 84141. 93020. 128482. 143382.
145231. 189782. 191807. 208048. 262433. 307939*. 309070. 409557. 447342.
534568. 571459. 700107. 1010027. 2379723. 2680168. 6151956*. 6656382.
9689961. 32944452. 58305593

28. 129. 185. 342. 443. 499. 757. 1228. 1385. 2013*. 2540. 2697. 3112
3583. 3740. 4581. 5052. 6252. 7093. 14573*. 16513. 19653. 22008. 25462.
38807. 41319. 43932. 54193. 67852. 71564*. 78629. 88733. 117251. 129553
180107. 184133. 210195. 211765. 249503. 263317*. 267657. 703175. 780262.
812447. 1131527. 1413443. 1618855. 1664957. 1954207. 2923783*. 3139557.
3272693. 4218932. 4466678. 4773557. 5982670. 6315768. 9548768. 15165443.
160007778*. 299252491

80. 93. 253. 599. 772. 785. 945. 1118. 1477. 1823*. 3207. 4232. 5283. 5443.
5962. 8224. 12882. 13068. 13241. 18258*. 19283. 21705. 31752. 32258. 46444.
46617. 48187. 51115. 81749. 89361*. 102163. 136404. 159772. 174118. 194718.
201106. 251103. 281897. 322392. 383807*. 518734. 627391. 1000193. 1024240.
1068182. 1351742. 1750507. 1766693. 2353918. 2733307*. 3136570. 3815076.
4650839. 9614382. 10328193. 11131086. 12514913. 12750353. 14698000.
16317267*. 23747457. 24310918. 53365057. 75505943. 111530944. 327012132
19. 162. 200. 343. 524. 743. 924. 1067. 1467. 2010*. 2191. 2515. 3458. 3782.
5087. 8307. 9431. 10298. 13918. 14318*. 24778. 25683. 27493. 35857. 37448.
44507. 47403. 112782. 117307. 148582*. 155317. 157308. 162014. 181343.
181743. 190393. 216676. 221382. 287228. 289038*. 298307. 331068. 385692.
538275. 548630. 783568. 848871. 936513. 1059193. 1067157*. 1139557
2471717, 2475918. 2484968. 2959007. 3800438. 3931663. 4000300. 7620662.
8082212*. 8571779. 12477035. 15986092. 20198495. 24280807. 34602875.
167207057. 211823957. 1112115023. 2971354082*. 14033378718

81. 112. 467. 660. 853. 1239. 1270. 1432. 1818. 2042*. 2428. 2621. 3362. 4327
4906. 4937. 6481. 9152. 9762. 12433*. 13043. 14942. 24816. 25943. 30027.
28326. 45050. 47783. 54507. 75382*. 80593. 81141. 83071. 88668. 88699.
89471. 137883. 141743. 236151. 263557, 265842. 444753. 606385. 623888
662843. 672717. 793921. 907567. 1306143. 1373307*. 1387203. 1518057
1909461. 2036069. 2050706. 2052057. 2126007. 3025001. 3911450. 6356150*.
6817837. 9407318. 121042733. 185507821. 8193535810

14. 183. 211. 408. 577. 999. 1196. 1393. 1984. 2153*. 2350. 2547. 3166. 3532.
4545. 7697. 8457. 9667. 11018. 14958*. 16928. 19123. 19911. 20080. 25793
26018. 32885. 33307. 40568. 41187*. 42932. 44733. 50052. 54358. 90212.
99893. 104818. 133749. 137719. 148158*. 150522. 232643. 247643. 292362.
403639. 418048. 465525. 465694. 586455. 704683*. 791532. 832902. 911111.
1031675. 1049433. 1089593. 1197943. 1264557. 1402232. 3637197*. 3894873.
4697282. 4751232. 6208047. 6829610. 6981694. 7138478. 8809432. 10669731.
18378313*. 22866693. 31011557. 34436768. 45500682. 95665578. 317742693.
830426722. 1282794079. 3955080927
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13
21
25
31
43
53
61
81
99
111
127
143
169
199
211
219
247
283
311
359
417
469
927
611
691
749
761
841
961
1043
1089
1159
1351
1381
1581
1801
2025
2355

Factorable aa + 4.

b} 3|13

29 7153

5.17 11(5.5.5

173 1915.73

5.89 23(13.41

17.37 2915.13.13
5.193 3915.5.61
17.109 4915.13.37
29.97 5915.17.41
5.5.149 63 129.137
5.13.101 83]61.113
5.37.53 101 | 5.13.157
5.5.17.29 121{5.29.101
13.17.73 14115.41.97

113 .181 1615.5.17.61
5.29.197 17915.13.17.29
5.89.89 205|13.53.61
5.5.13.137 213 | 17.17.157
5.53.181 237 (13.29.149
17.37.97 261(5.5.5.5.109
13.61.101 309 (5.13.13.113
5.95.93.73 335|13.89.97
5.149.173 393 [ 13.109.109
17.53.193 41915.13.37.73
5.29.37.41 485117 .101.137
29.61.157 535 | 17.113.149
5.5.109.137 679(5.13.41.173
5.29.37.89 7051 13.13.17.173
5.29.53.73 759 15.29.29.137
5.5.5.41.113 82915.13.97.109
5.17.53.157 943 | 17.17.17.181
5.5.17.41.53 1011 5.5.5.13.17.37
13.13.41.157 1047 | 89.109.113
5.5.13.41.89 1131 | 5.17.101. 149
5.37.53.137 1305 | 97.97.181
5.17.109. 197 1371 5.41.53.173
5.13.13.37.61 1499 | 5.41.97.113
5.41.89.137 1745 | 13.29.41.197
5.37.89.197 1899 | 5.37.101.193
13.29.73.149 2343 113.37.101.113
17.41.73.109 2441 15.13.29.29.109

2677 | 17.17.137.181
3039 | 5.5.13.157.181
3339 | 5.5.41.73.149
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3351 | 5.13.13.97.137
3377 | 13.61.73.197

3717 1 29.53.89.101

3749 | 5.17.37.41.109
4021 | 5.17.37.53.97
4123 | 17.29.29.29 .41
4215 | 13.73.97.113

4761 1 5.5.5.13.13.29.37
4989 | 5.5.5.13.17.17.53
5041 | 5.13.13.17.29.61
5567 | 13.17.17.73.113
5573 129.61.97.181

5717 | 13.13.41.53.89
5821 | 5.13.37.73.193
6061 | 5.5.13.17.61.109
6261 | 5.5.5.53.61.97
6989 | 5.5.5.53.73.101
7319 | 5.17.73.89.97
7745 | 13.13.37.53.181
8049 | 5.17.53.73.197
8579 | 5.29.53.61.157
8879 1 5.29.41.89.149
9801 | 5.17.73.113.137
9817 | 17.37.37.41.101
9947 | 73.89.97.157

10039 | 5.5.13.17.17.29.37
12383 | 37.109.193 . 197
12605 | 17.37.41.61.101
12815 | 13.13.41.137.173
13251 | 5.17.101.113.181
13489 1 5.5.5.5.5.5.5.17.137
13507 | 17.17.41.89.173

14261 | 5.5.5.89.101.181
14901 | 5.13.13.13.17.29 .41
16041 | 5.73.89.89.89

20511 | 5.5.5.13.17.97.157
20769 | 5.29.37.37.41.53

20875 | 13.29.53.113.193
21139 | 5.5.17.37.157.181
21161 | 5.5.13.89.113.137
21189 | 5.5.37.61.73.109
22805 | 13.17.89.137.193
23311 | 5.5.29.41.101.181
23901 | 5.29.137.149.193
23915 | 13.29.73.113.173
25689 | 5.5.29.41.149.149
27355 | 13.37.53.149.197
27411 | 5.5.41.61.61.197
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27429 | 5.17.29.37.73.113
27611 | 5.5.41.61.89.137
29169 | 5.13.29.41.101. 109
29691 | 5.17.17.29.109.193
29929 | 5.13.17.61.97.137
31351 | 5.37.149.181.197
32003 | 13.17.17.41.61.109
32139 | 5.5.13.17.73.197
32239 15.5.5.5.5.37.89.101
37579 | 5.17.29.41.89.157
44301 | 5.13.37.53.89.173.
473891 5.5.53.97.101.173
47761 | 5.5.5.5.17.17.73.173
47829 | 5.17.37.41.113.157
49813 | 13.53.101.181.197
97989 | 5.5.5.53.53.61.157
63911 | 5.5.13.13.17.29.37.53
66361 | 5.5.41.113.193.197
79011 [ 5.5.5.5.13.89.89.97

79871 | 5.29.37.61.101.193
81487 | 13.13.73.73.73.101
81669 | 5.13.29.113.173.181
86487 | 17.17.41.41.89.173
91587 | 17.29.29.37.101. 157
95963 | 13.13.41.89.109. 137
99011 | 5.5.5.5.5.13.29.53.157
99407 | 17.29.37.41.73.181
108111 | 5.5.13.17.97.113.193
110211 | 5.5.13.37.73.101.137
114611 | 5.5.13.13.89.181.193
115983 | 13.17.37.61.149.181

117281 | 5.29.61.89.101.173
128359 | 5.13.17.29.53.89.109
139701 | 5.13.53.149.193.197
140489 | 5.5.5.41.113.173.197
140871 | 5.13.17.37.61.73.109
142047 | 29.29.41.53.61.181
148939 | 5.5.29.29.73.97.149
183739 | 5.5.5.13.2941.101.173
191279 | 5.13.13.29.73.113.181
203091 | 5.17.17.41.61.101.113
205111 | 5.5.13.73.97.101.181

206707 | 29.37.53.61.109.113
207171 | 5.13.17.29.89.101. 149
211221 | 5.13.13.37.61.149.157
228179 | 5.13.13.61.73.101.137
234333 | 37.37.37.41.137.193
234881 | 5.13.13.17.17.17.97. 137
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241511 1 5.5.5.5.13.17.37.101.113
244299 | 5.13.17.37.97.101.149
245293 | 109.113.137.181.197

247699 | 5.13.17.41.61.149.149
257665 | 13.17.101.109.157.173
2634891 5.5.5.5.5.5.29.37.41.101
269459 | 5.17.37.37.53.61.193
289589 | 5.5.29.61.97.113.173
302111 | 5.5.41.61.97.101. 149
306757 | 17.29.53.101.181.197
313489 | 5.5.5.5.5.17.17.17.37.173
317039 | 5.5.53.61.89.89.157
326957 | 37.37.41.101.109.173
349835 | 17.41.73.97.137.181
355989 | 5.5.5.5.13.17.37.137.181
387921 | 5.61.101.137.181.197
396783 | 13.13.29.61.61.89.97
408489 |1 5.5.5.5.13.29.73.89.109
466489 | 5.5.5.13.17.29.61.61.73
563235 | 13.17.41.61.61.97.97
567629 | 5.13.37.73.109.113.149
582997 | 37.41.73.113.157.173
588489 | 5.5.5.55.61.89.137.149
628261 | 5.5.5.13.17.29.41.61.197
634205 | 37.53.73.109.149.173
637855 | 13.37.41.41.61.73.113
834267 | 17.17.17.29.137.181.197
840421 | 5.13.17.137.149.173.181
851929 | 5.17.53.73.89.137.181
922769 | 5.13.13.17.41.61.137.173
966391 | 5.13.17.2929.37.157.173
1029353 | 61.61.89.109.149.197
1165689 | 5.5.29.41.41.53.109.193

1230349 | 5.13.13.17.17.29.37.53.109
1299241 | 5.13.13.37.89.89.173.197
1341429 | 5.29.61.73.89.173.181
1362611 | 5.5.1337.89.89.101.193
1493911 | 5.5.13.29.101.109. 137 . 157
1499001 | 5.13.13.17.73.73.149.197
1780489 | 5.5.5.29.37.41.53.73.149
1996199 | 5.13.13.17.17.37.53 53 . 157
2028211 | 5.5.13.17.41.41.53.61.137
2050005 | 17.29.61.73.89.137.157

2159739 | 5.5.5.5.13.17.37.41.113.197
3376311 | 5.5.13.13.13.17.17.61.61.193
3666653 | 13.13.17.41.53.97.149.149
3872099 | 5.13.13.17.37.41.41.97.173
4370811 | 5.5.13.17.53.61.89.197
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4490249 | 5.13.29.61.73.89.137.197
4705711 | 5.5.13.17.17.17.17.41.101.197
51256339 | 5.5.17.17.29.37.97.181.193
5472411 | 5.5.17.29.41 .41 .89.109. 149

6101547 | 13.13.13.17.29.37.61.97.157
6489011 | 5.5.5.5.17.37.41.89.149.197
8175989 | 5.5.5.5.5.13.17.37.97.149 . 181
8649761 | 5.5.5.13.17.37.61.101.109.109
8812979 | 5.17.17.17.29.73.89.97.173
9530277 | 13.13.17.17.17.73.89.113. 149
10126399 | 5.13.17.29.29.53.89.149.157
10251621 | 5.13.17.1729.61.101.173.181
10763489 | 5.5.5.5.5.5.61.61.101.109.181
10831321 | 5.17.29.29.41.61.73.89.101
11398611 | 5.5.13.17.53.97.137.173.193
11483821 | 5.29.53.61.101.113.157.157
15035789 | 5.5.37.41.41.53.101.157.173
)

17363031 .13.13.41.73.89.89.101.149

23866411 | 5.5.13.17.17.17.61.157.193.193
25252451 | 5.13.29.37.41.97.97.137.173
31456571 | 5.13.17.41.97.101.109.113.181
34411159 | 5.13.37.41.61.73.89.157.193
35272357 | 13.13.13.13.17.29.61.97.101. 137
35944451 | 5.13.17.17.17.29.73.89 109 . 197
61017271 | 13.13.13.17.29.37.61.97.157
107402539 | 5.5.13.29.37.61.109.149.173.193
143828743 |29 .29 .37.37.53.97.113.157.197
148757489 | 5.5.5.13.13.17.37.41.41.61.109. 149
150446761 | 5.5.5.13.17.37.53.113.137.137.197
322564791 | 5.13.17.29.29.29.37.53.101.101.193
657182319 | 5.17.17.61.97.97.113.149.157.197
1359685525 | 13 .17 .53.61.61.97.113.157.157.157
4949475989 15.5.5.5.5.13.13.29.29.37.37.41.61.89.181
28608252345 | 13.29.29.29.37.53.61.73.97.113.149.181
112899039159 | 5.13.13.17.17.17.17.29.37.41.61.73.73.73.173

5(1.11
13 3. 29
1719
29 | 5. 111. 179
37 | 25. 49. 1011. 4761. 10039
41 | 23. 59. 469. 4123. 14901
53 | 7. 99. 961. 4989. 20769. 63911
61 | 39. 61. 205. 1381. 5041
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73
89
97
101
109

113

137

149

157

173

181

193

197

19. 127. 311. 419. 749. 466489

21. 199. 691. 1089. 5717. 16041

53. 141. 247. 335. 4021. 6261. 7319. 79011. 396783. 563235*

81. 121. 283. 3717. 6989. 9817. 12605. 32239. 81487. 263489*. 10831321

43. 261. 393. 829. 2355. 2441. 3749. 6061. 21189. 29169*. 32003. 128359.
140871. 408489. 1230349. 8649761

83.309. 761. 1047. 1499. 2343. 5567. 27429. 203091. 206707*. 244299. 637855
63. 211. 485. 611. 759. 1159. 1581. 3351. 9801. 13489*. 21161. 27611. 29929.
95963. 110211. 228179. 234881. 2028211. 35272357

61.237.535. 1131. 2025. 3339. 8879. 25689. 148939. 207171*. 244299. 247699.
302111. 567629. 588489. 1780489. 3666653. 5472411. 9530277. 17363031*.
148757489

101. 213. 527. 841. 1043. 8579. 9947. 20511. 37579. 47829*. 57989. 91587.
99011. 211221. 317039. 1493911. 1996199. 2050005. 6101547. 10126399
11483821. 61017271. 1359685525

13. 359. 679. 705. 1371. 12815. 13507. 23915. 44301. 47389*. 47761. 86487.
117281. 183739. 257665. 289589. 313489. 326957. 582997. 634205*. 922769.
966391. 3872099. 8812979. 15035789. 25252451. 112899039159

143. 219. 943. 1305. 2677. 3039. 5573. 7745. 13251. 14261*. 21139. 23311.
81669. 99407. 115983. 142047. 191279. 205111. 349835. 355989*. 840421.
851929. 1341429. 8175989. 10251621. 10763489. 31456571. 4949475989.
28608252345

31. 417. 1899. 4215. 5821. 20875. 22805. 23901. 29691. 79871*. 108111.
114611. 234333. 269459. 1165689. 1362611. 3376311. 5125339. 11398611.
23866411*. 34411159. 107402539. 322564791

169. 1351. 1745. 1801. 3377. 8049. 12383. 27355. 27411. 31351*. 32139. 49813.
66361. 139701. 140489. 245293. 306757. 387921. 628261. 834267*. 1029353.
1299241. 1499001. 2159739. 4370811. 4490249. 4705711. 6489011. 35944451.
143828743*. 150446761. 657182319

Factorable aa + 9

1]5 2113
415.5 517

7129 8173

10 | 109 1115.13

13 |89 14 15.41

16 |5.53 17| 149
1915.37 2217.29
26 | 5.137 28|13 .61
2915.5.17 31(5.97
37113.53 4115.13.13
4615.5.5.17 50| 13.193
55 | 37.41 96 |5.17.37
65129.73 67 (13.173
68 | 41.113 7115.5.101
73117.157 76 15.13.89
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79
89
106
119
128
143
155
163
167
181
196
232
241
271
284
314
379
419
436
446
464
529
044
574
629
722
796
821
869
971
1015
1055
1081

5.9.9.95.5 80
5.13.61 94
5.13.173 109
5.13.109 124
13.13.97 131
53.193 154
61.197 158
97.137 166
13.29.37 175
5.29.113 191
5.95.29.53 211
13.41.101 239
5.37.157 254
5.5.13.113 281
5.13.17.73 301
5.13.37.41 352
5.5.13.13.17 413
5.97.181 430
5.193.197 437
5.5.73.109 454
5.17.17.149 521
5.95.29.193 935
5.13.29.157 047
5.13.37.137 610
5.5.41.193 704
37.73.193 746
5.95.95.37.137 811
5.5.13.17.61 848
5.13.37.157 943
5.5.109.173 991
17.157.193 1042
13.13,37.89 1070
5.13.89.101 1129
1144 | 5.17.89.173
1175 | 41.113.149

1259 | 5.13.89.137
1298 | 13.29.41.109
1309 | 5.53.53.61
1324 | 5.13.149.181
1421 | 5.5.5.41.197
1559 | 5.17.17.29 .29
1618 | 97.137.197

1627 | 13.17.53.113
1646 | 5.5.29.37.101
1675 | 13.29.61.61
1687 | 73.101.193

552

13.17.29
5.29.61
5.29.41
5.17.181
5.17.101
9.95.13.73
13.17.113
5.37.149
17.17.53
5.41.89
.61.73
.29.197
.5.29.89
.53 .149
5.13.17.41
17.37.197
17.29.173
17.73.149
17.41.137
5.5.5.17.97
5.5.61.89
13.101.109
41.41.89
37.89.113
5.5.5.5.13.61
5.5.113.197
5.17.53.73
29.137.181
37.61.197
5.17.53.109
13.17.17.17 .17
61.137.137
5.95.13.37.53
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1805 | 13.29.29.149
1831 5.13.17.37.41
1909 | 5.13.17.17.97
1979 1 5.5.29.37.73
2069 | 5.13.13.17.149
2182 13.29.73.173
2351 | 5.13.17.41.61
2528 | 17.41.53.173
2596 | 5.5.17.101. 257
2719 | 5.13.29.37.53
2839 | 5.61.73.181

2953 | 13.17.109.181
3038 | 17.29.97.193
3089 | 5.17.37.37.41
3458 | 29.41.89.113
3496 | 5.5.37.73.181
3571 | 5.5.37.61.113
3677 | 13.13.13.17.181
4136 | 5.13.17.113.137
4171 | 5.5.5.13.53.101
4196 | 5.5.41.89.193
4237 | 37.41.61.97

4459 | 5.17.29.37.109
4489 | 5.53.193.197
4496 | 5.5.13.37.41.41
4565 | 1341 .113.173
4786 | 5.13.53.61.109
5029 | 5.5.13.13.41.73
51111 5.13.13.13.29.41
5125 | 37.37.53.181
5198 | 13.13.29.37.149
5401 | 5.17.29.61.97
5549 | 5.13.41.53.109
5579 | 5.5.5.13.61.157
5605 | 13.17.17.37.113

5921 | 5.5.5.17.73.113
6329 | 5.5.5.5.5.13.17.29
6346 | 5.5.13.17.37.197
6421 | 5.5.5.17.89.109
6494 | 5.37.37.61.101
6641 | 5.13.37.53.173
6821 | 5.5.53.97.181
7196 | 5.5.17.37.37.89
72711 5.5.17.37.41 .41
7489 | 5.29.41.53.89
7616 | 5.13.53.113.149
7646 | 5.5.13.13.101.137
77291 5.5.97.109.113
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7934

9650
10012
10154
10447
10736
11074
11671
12109
12191
13561
14029
15004
16096
16291
17029
17357
17668
18671
19504
20651
20813
22085
22367
22700
23425
23671
23879
24001
24311
25645
26141
27341
27731
27805
27844
28804
28973
30544
33629
34010
38608
39704
40030
40304
42173
42421
43864

5.17.53.89.157
29.113.157.181
13.13.29.113.181
5.5.17.41.61.97
29.73.149.173
5.13.97.101.181
5.13.61.157.197
5.5.5.41.97.137
5.17.41.109.193
5.37.41.97.101
5.13.13.17.37.173
5.5.13.29.53.197
5.5.13.37.97.193
5.5.13.13.13.53.89
5.13.17.29.41.101
5.5.17.41.53.157
13.41.41.61.113
17.29.37.109. 157
5.5.5.5.5.17.17.193
5.5.17.89.89.113
5.61.61.73.157
17.37.53.73.89
13.41.53.89.97
17.17.37.149 . 157
13.17.29.37.41.53
29.29.41.73.109
5.5.5.5.13.29.29 .41
5.5.13.61.73.197
5.61.61.113.137
5.53.61.101.181
89.137.149.181
5.13.17.37.61.137
5.13.17.17.101.197
5.13.29.37.37.149
13.37.73.101.109
5.13.13.13.13.61.89
5.5.29.37.157.197
17.41.73.73.113
5.17.29.37.53.193
5.5.13.89.113.173
13.13.29.53.61.73
13.41.137.137.149
59.5.5.13.73.97.137
17.41.97.137.173
5.5.73.73.89.137
29.29.89.109.109
5.5.5.5.13.37.41.73
5.13.37.89.89.101
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47296
47335
48046
48829
49883
49924
94871
54926
55709
57701
97839
62402
66584
70171
71021
71276
71354
73972
78829
79051
84563
84818
86221
88411
95071
95188
105274
109279
109991
112171
114499
114896
115079
116881
127114
133523
134764
137659
141581
146794
147409
154679
154729
157454
167689
170107
174427
178336

9.95.5.13.73.109.173
13.29.89.173.193
5.5.5.5.13.29.97.101
5.5.5.5.17.29.53.73
13.17.17.41.41.197
L17.41.73.97.101
.5.13.17.53.53.97
.37.41.41.89.109
.97.109.149.197
.37.41.41.53.101
.13.13.13.13.13.17.53
13.13.17.89.97.157
5.13.17.17.5361.73
5.5.5.17.37.173.181
5.5.13.13.13.17.37.73
5.17.61.89.101.109
5.5.17.37.41.53.149
13.17.29.53.89.181
5.5.5.5.29.37.41.113
5.13.13.37.37.37.73
13.17.17.17.17.37 .89
17.29.29.61.73.113
5.5.61.73.173.193
5.13.37.73.113.197
5.5.13.37.61.61.101
13.13.13.17.41.61.97
.41.53.73.89.157
.5.29.37.41.61.89
.13.53.89.109. 181
.5.5.17.109.157.173
.29.29.41.193.197
.5.13.41.61.109. 149
.9.5.5.29.53.61.113
.13.53.73.157.173
.17.29.29.37.41.149
7.29.41.53.53.157
.17.97.101.113.193
.13.37.137.149.193
.13.13.17.37109.173
.13.4141.53.61.61
.13.13.41.53.61 97
.5.29.37.41.73.149
.5.17.17.61.157.173
.5.5.13.37.41.89.113
5.13.13.13.73.89.197
13.17.17.29.37.37.97
61.89.113.137.181
5.13.13.41.61.101.149
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Table for Circle Division

178988 | 17.37.37.73.109.173

180416 | 5.13.17.29.89.101.113
190021 | 5.5.17.41.53.113.173
190541 | 5.17.41.137.193.197
193546 | 5.5.5.13.13.97.101.181
193829 | 5.5.5.5.5.29.89.137
219754 | 5.5.13.17.17.53.89.109

249871 | 5.5.13.17.17.29.73.157
250250 | 37.41.53.61.113.113
252328 | 13.41.89.97.101.137
263681 | 5.13.13.37.101.101.109
265256 | 5.17.29.41.61.101.113
280750 | 13.13.17.61.61.73.101
286904 | 5.5.17.29.29.41.41.137
293687 | 17.37.61.73.89.173

311921 | 5.5.5.17.53.61.73.97
313454 1 5.5.5.13.13.13.13.13.29.73
314257 | 17.17.73.109.109 . 197
316739 | 5.17.37.41.73.73.73
324952 | 29.37.41.89.149.181
341569 | 5.17.29.29.53.89.173
347543 | 17.29.41.113.137.193
356809 | 5.13.29.37.41.113.197
377804 | 5.5.13.109.113.181.197
386722 | 13.29.109.109.173.193
393079 | 5.5.5.13.17.137.137.149
415825 | 17.37.37.109.173.197
419246 | 5.5.29.53.137.173 193
423475 | 17.41.89.89.109. 149
448280 | 41.41.41.89.181.181
496004 | 5.5.13.17.37.41.149.197
512579 1 5.5.5.5.5.13.17.37.53 .97
520921 | 5.5.5.13.53.97.109.149
524704 | 5.5.5.13.13.29.41.97.113
528967 | 17.29.101.109.149.173
539996 | 5.5.13.13.37.109.109. 157
541829 | 5.5.5.13.17.29.41.41.109
550985 | 37.41.61.101.109.149
554279 1 5.5.13.13.37.61.89.181
599510 | 13.17.29.29.109.113. 157
693775 | 17.17.17.41.97.109.113
700061 | 5.13.41.53.89.101.193
713291 | 5.17.29.29.29.41.41.73
744421 | 5.5.5.1337.149.157.197
745249 | 5.13.13.29.29.53.73.101
792113 1 29.61.89.101.109. 181
847319 | 5.17.37.73.101.113.137
859379 | 5.5.17.29.29.53.101.193
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Table for Circle Division

895208
895861
937766
947329
970454
984934
987406
1196173
1202704
1256084
1297090
1460288
1717025
1799921
1800254
2153956
2253046
2347195
2362579
2382560
2454779
2473954
2579296
2710934
2867521
2960596
3045079
3287839
3386888
3569269
4046131
4546271
4699704
4889605
8026096
8182343
8931226
9237421
9250762
10419736
11077571
12519856
13237028
13382956
14937769
19912579
20620229
22181629

13.17.17.17.29.41.61.173
.17.29.89.97.109.173
.13.17.29.41.53.73.173
.5.5.37.73.89.109.137
.5.5.37.73.97.149.193
.13.17.29.29.61.109. 157
.17.53.73.101.149.197
53.89.97.101.113.137
5.5.5.17.17.37.61.113.157
5.13.17.29.53.61.97.157
13.29.37.41.109.137.197
13.13.13.17.29.101.101.193
13.2941.53.73.157.157
5.5.5.5.5.17.29.37.157.181
5.5.17.37.97.101.109.193
5.17.101.101.157.173.197
5.5.5.5.95.29.41.53.149.173
17.29.41.53.137.137.137
5.5.5.5.5.5.5.13.29.37.197
13.29.37.101.113.181.197
5.5.13.41.73.109.157.181
.9.5.13.17.17.29.41.97.113
.5.5.5.17.29.41.61.89.97
L17.17.17.37.41.53.61.61
.5.17.61.73.101.137. 157
.5.13.17.41.53.73.73.137
.9.5.5.13.17.17.101.113.173
L17.17.17.29.53.53.73.73
13.13.17.29.37.137.157.173
5.13.29.41.53.89.101.173
5.13.17.29.89.101.157.181
5.5.13.17.41.53.53.109. 149
5.5.5.13.61.73.113.137.197
37.41.53.61.73.173.193
5.5.17.37.37.89.101.109.113
17.17.29.41.73.73.101.181
5.37.53.61.89.89.113.149
5.5.5.5.95.13.17.17.29.29.29.149
41.89.97.101.101.137.173
5.13.13.29.37.73.101.109. 149
5.5.13.13.41.109.113.149.193
5.13.3737.41.53.61.97.137
17.29.37.41.61.149.149.173
.13.17.29.29.37.137.193.197
.13.17.37.53.61.61.101.137
.5.5.5.5.13.41.41.97.173.173
.5.37.37.61.73.73.97.197
.9.13.13.13.17.29.37.41.53.113
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Table for Circle Division

13
17
29
37
41
53
61
73

89

97

101

109

23504986 | 5.13.13.13.29.29.29.41.53.73
25674911 | 5.13.29.37.41.73.89.113.157
26999399 | 5.13.13.29.37.97.109.193.197
33399844 | 5.17.17.29.37.37.41.73.73.89
33753059 | 5.13.13.41.89.97.101.109.173
34618846 | 5.5.13.13.13.17.17.37.97.109.193
34792409 | 5.13.13.13.17.29.41.101.137.197
40103726 | 5.17.37.41.109.109. 197
41494546 | 5.5.5.13.61.61.89.109.149.197
48279454 | 5.5.5.5.13.29.41.41.41.61.181
60740461 | 5.13.17.17.17.41.73.97.101.197
64370954 | 5.5.5.13.17.37.53.61.73.89.193
96499349 | 5.13.17.2937.41.61.73.137.157
105742171 | 5.5.5.13.17.29.29.37.41.41.53.73
110518796 | 5.5.5.13.37.53.53.61.73.109. 149
111009121 | 5.5.13.17.17.37.37.37.73.113 . 157
113737804 | 5.5.13.13.29.29.53.73.89.97.109
117290203 | 17.29.37.41.53.73.109.113.193
149574656 | 5.29.41.61.73.137.173.181.197
163030454 | 5.5.5.13.13.17.37.37.53.73.89.157
165242573 | 13.29.37.41.73.97.109 .157.197
178643779 | 5.5.13.41.41.61.113.137.157.197
200760094 | 5.13.17.17.37.37.37.41.53.101.193
323643829 | 5.5.5.5.5.5.13.13.17.37.61.73.73.97
401580454 | 5.5.5.13.53.61.73.73.97.137.137.193
478666540 | 17.17.29.37.41.61.73.149.157.173
1411168679 | 5.5.13.17.17.89.113.157.173.197.197

1. 4. 79

2. 11. 41

5. 29. 46. 379. 1042

7. 22. 80. 1559. 6329

19. 56. 167

14. 55. 109. 301. 314. 1831. 3089. 4496. 5111. 7271*. 23671

16. 37. 175. 196. 1129. 2719. 22700. 57839

28. 89. 94. 704. 821. 1309. 1675. 2351. 146794. 2710934

8. 65. 154, 211. 284. 811. 1979. 5029. 34010. 42421*. 48829. 66584.
71021. 79051. 313454. 316739. 713291. 3287839. 23504986. 105742171*
13. 76. 191. 254. 521. 547. 1055. 7196. 7489. 16096*. 20813. 27844.
84563. 109279. 33399844

31. 128. 454. 1909. 4237. 5401. 10154. 22085. 54871. 95188*. 147409.
170107. 311921. 512579. 2579296. 323643829

71. 131. 232. 1081. 1646. 4171. 6494. 12191. 16291. 43864*. 48046. 49924.
97701. 95071. 280750. 745249

10. 119. 446. 535. 991. 1298. 4459. 4786. 5549. 6421*. 23425. 27805.
42173. 54926. 71276. 219754. 263681. 541829. 113737804
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113

137

149

157

173

181

193

197

68. 158. 181. 271. 610. 1627. 3458. 3571. 5605. 5921*. 7729. 17357.
19504. 28973 78829. 84818. 115079. 157454. 180416. 250250*. 265256.
524704. 693775. 2473954. 8026096. 22181629

26. 163. 437. 574. 796. 1070. 1259. 4136. 7646. 11671*. 24001.
26141. 39704. 40304. 193829. 252328. 286904. 847319. 947329. 1196173*.
2347195. 2960596. 12519856. 14937769

17. 166. 281. 430. 464. 1175. 1805. 2069. 5198. 7616*. 27731. 38608.
71354. 114896. 127114. 154679. 178336. 393079. 423475. 520921*. 550985.
4546271. 8931226. 9237421. 10419736. 110518796

73. 241. 544. 869. 2596. 5579. 7934. 17029. 17668. 20651*. 22367. 62402.
105274. 133523. 249871. 539996. 599510. 984934. 1202704. 1256084*.
1717025. 2867521. 25674911. 96499349. 111009121. 163030454

67. 106. 413. 971. 1144. 2182. 2528. 4565. 6641. 10447*. 13561. 33629.
40030. 47296. 112171. 116881. 141581. 154729. 178988. 190021*. 293687.
341569. 528967. 895208. 895861. 937766. 2253046. 3045079. 3386888.
3569269*. 9250762. 13237028. 19912579. 33753059. 478666540

124. 419. 848. 1324. 2839. 2953. 3496. 3677. 5125. 6821*. 9650. 10012.
10736. 24311. 25645. 70171. 73972. 109991. 174427. 193546*. 324952.
448280. 554279. 792113. 1799921. 2454779. 4046131. 8182343. 48279454
50. 143. 529. 629. 722. 1015. 1687. 3038. 4196. 12109*. 15004.
18671. 30544. 47335. 86221. 134764. 137659. 347543. 386722. 419246*.
700061. 859379. 970454. 1460288. 1800254. 4889605. 11077571. 34618846.
64370954. 117290203*. 200760094. 401580454

155. 239. 352. 436. 746. 943. 1421. 1618. 4489. 6346*. 11074. 14029.
23879. 27341. 28804. 49883. 55709. 88411. 114499. 167689*. 190541.
314257. 356809. 377804. 415825. 496004. 744421. 987406. 1297090.
2153956*. 2362579. 2382560. 4699704. 13382956. 26620229. 26999399.
34792409. 40103726. 41494546. 60740461*. 149574656. 165242573.
178643779. 1411168679

Factorable aa + 16.

17
5.9
41
5.13
9197
11 | 137
13 15.37
171 5.61
19 1 13.29
23 15.109
27 15.149
3315.13.17
35| 17.73

N Ot W
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39
45
47
53
61
67
7
87
97
103
105
131
135
137
141
147
173
227
241
253
257
263
271
279
309
357
383
397
403
487
505
545
569
579
619
647
677
747
851
897
903
987
1021
1203
1237
1293
1353
1359

29 .53
13.157
5.5.89
5.5.113
37.101
5.17.53
5.29.41
5.37.41
5.5.13.29
5.5.5.5.17
61.181

89.193
17.29.37
5.13.17.17
101.197
5.5.5.173
5.53.113
5.13.13.61
13.41.109
5.5.13.197
5.73.181
5.101.137
17.29.149
13.53.113
29.37.89
5.13.37.53
5.13.37.61
5.5.5.13.97
55.73.89
5.13.41.89
37.61.113
17.101.173
41.53.149
13.17.37.41
29.73.181
5.5.5.17.197
5.29.29.109
5.5.13.17.101
13.17.29.113
5.5.5.41.157
5.5.13.13.193
5.17.73.157
13.17.53 .89
5.5.13.61.73
5.29.61.173
5.13.17.17.89
5.5.5.5.29.101
13.17.61.137
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1463
1553
1717
1837
1929
2203
2223
2243
2301
2447
2455
2477
2593
2687
2823
2957
3095
3113
3153
3247
3293
3603
3607
3777
3847
4453
4497
4505
4601
4647
4853
4897
9337
5473
5635
5897
5921
6051
6081
6427
6605
6727
7345
7413
7547
7683
7703
7963

5.13.13.17.149
5.5.13.41.181
5.41.73.197
5.17.29.37.37
137 .157.173
5.95.13.109.137
5.29.173.197
5.13.17.29.157
29.41.61.73
5.5.17.37.193
29.37.41.137
5.13.13.53.137
.13.13.73.109
.17.29.29.101
.17.29.53.61
.13.17.41.193
7.37.97.157
.13.29.53 .97
.5.13.13.13.181
.5.53.73.109
.101.109. 197
.5.5.17.41.149
.13.13.89.173
.1341.53.101
.5.29.137.149
.5.17.37.97
5.5.61.89.149
13.13.29.41.101
29.37.109.181
5.5.5.13.97.137
55.5.29.73.89
5.5.5.5.17.37.61
5.13.17.149.173
5.17.53.61.109
13.13.13.97.149
5.5.5.29.53.181
13.89.157.193
13.17.29.29.197
37.53.109.173
5.17.53.53.173
61.73.97.101
5.13.61.101.113
17.89.181.197
5.17.37.101.173
5.5.13.13.13.17.61
5.17.37.137.137
5.5.13.41.61.73
5.13.89.97.113
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Table for Circle Division

45793
52157
52379
52393
57323
57803
66333
67327
68215
69347
73467
74133

8141

8523

8747

9133

9353
10003
11967
12045
12257
12603
12667
13397
16897
17477
17635
17853
19991
20167
23677
24447
24785
25617
28581
29217
29853
36107
36823
37579
38863
39653
40853
41373
44269
44947

73.89.101.101
.37.41.61.157
.5.101.157.193
.13.61.109.193
.5.5.13.13.41.101
.9.13.37.53.157
L13.17.29.41.109
3.29.53.53.137
.29.53.113.173
.5.5.5.13.113.173
.37.73.109.109
.5.5.13.17.73.89
.5.5.17.29.41.113
L17.17.29.37.197
13.41.53.101.109
5.5.5.109.149. 157
17.29.61.97.137
5.41.97.113.181
5.53.97.113.193
5.5.13.13.17.53.157
13.13.17.29.73.101
5.13.29.37.97.97
13.53.73.109. 149
5.13.37.37.53.181
.5.5.17.41.53.193
.13.17.53.113. 197
L13.17.41.173.173
.17.29.41.89.157
L13.17.17.37.41.53
.5.29.101.109. 197
.5.5.13.61.113.149
5.13.29.29.173.181
17.53.61.181.197
5.5.13.17.17.137.157

UL Ot Ot O UL O = Ot O Ot Ot Ot Ot
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5.13.37.89.97.101
5.17.17.17.37.41.73
37.73.89.101.113
5.17.29.41.157.173
5.13.172941.41.61
5.5.89.97.113.137
5.13.17.17.29.41.197
5.37.41.61.97.101
37.61.101.137.149
5.5.101.101.109.173
5.29.41.89.101.101
5.13.13.41.41.53.73
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81413
82817
82893
103317
104293
113699
126497
130553
132143
139477
150897
154821
158373
158509
161399
162383
171293
172569
174727
232147
239387
240347
242897
251817
260033
260575
300527
374203
378671
434441
577603
648447
650103
658783
696353
748853
870487
873503
970497
1193679
1229533
1259837
1335487
1404163
1626475
2008103
2083893
2116091

.13.29.29.29.37.113
.13.73.89.109. 149
L17.37.73.173.173
.13.13.29.37.61.193
.13.61.101.157.173
29.29.29.53.73.137
5.5.13.53.61.97.157
5.5.13.53.97.101.101
5.29.53.193.193
5.37.41.97.137.193
5.5.5.13.29.61.89.89
29.37.41.41.97.137
5.13.17.37.61.89.113
17.17.53.101.109 . 149
17.17.53.89.97.197
5.17.89.149.149 . 157
5.17.29.41.41.73.97
13.29.29.101.149.181
5.13.17.37.53.73.193
.5.5.13.41.41.109. 181
.53.97.109.113.181
.9.17.41.89.193.193
.5.5.17.17.97.113.149
.13.29.41.53.113.137
.13.13.17.29.29.29.193
17.29.61.73.157.197
5.13.17.37.113.113.173
5.5.17.89.113.181.181
13.13.37.41.53.61.173
13.13.37.37.41.101.197
5.5.5.5.29.29.41.113.137
.5.13.17.61.61.113.181
.5.5.5.29.37.73.89.97
C17.17.29.41.41.61.101
.5.5.517.17.37.37.37.53
.5.5.5.5.61.109.137.197
.13.61.73.97.137.197
.9.13.1361.109.157.173
55.17.37.53.73.113.137
1329.41.41.101 113 .197
5.13.13.53.53.53.61.197
5.13.13.13.17.29.37.89.89
5.17.89.97.113.137.157
5.13.13.37.41.97.101.157
13.29.41.73.109.137. 157
5.5.5.13.41.53.61.97.193
5.13.17.53.73.89.101.113
17.29.37.101.113.137.157

Ut Ot Ot Ot Ot

Ut Ot Ot Ot Ut

U Ot Ot Ut O Ot Ot
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Table for Circle Division

13
17
29
37
41
93
61
73
89
97
101

109
113

137

149

2373167 | 5.17.29.37.41.53.157.181
2960653 | 5.5.13.13.17.17.17.101.113
3258603 | 5.5.5.37.41.61.61.101.149
3611583 | 5.17.29.37.61.109.137.157
3898603 | 5.5.5.13.13.37.41.73.73.89
4945505 | 13.13.17.17.17.29.89.101.113
5431603 | 5.5.5.17.17.29.41.73.97.97
8180243 | 5.13.29.29.37.37.41.53.53.113.193
8268383 | 5.13.13.29.41.73.73.113.113
9993613 | 5.13.29.37.53.53.61.61.137
10311423 | 5.41.41.61.109.113.113.149
15305803 | 5.5.13.37.53.101.109.173.193
16626883 | 5.17.73.101.109.149.157.173
17545053 | 5.5.13.17.17.41.53.101.109. 137
17916571 | 17.37.37.61.73.109.157 . 181
18500917 | 5.13.29.41.41.61.89.101.197
19344643 | 5.13.13.29.41.73.73.113.113
20278927 | 5.13.17.29.53.73.113.149.197
22858302 | 5.5.17.17.17.17.17.29.53.61.157
38648107 | 5.17.17.29.97.109.109.157.197
)

40473647 .5.5.5.13.37.41.73.97.137.137

46113113 | 5.13.13.17.29.37.53.73.181.197
1082687431 | 13.17.29 53.61.97.109 157.173.197
1254102921 | 13.13.17.17.41.53.61.97.101.137.181

3

7

1. 33. 103. 137

19. 97

13. 135. 1837

5. 77. 87. 579

39. 67. 357. 38863. 696353

17. 227, 383. 2823. 4897. 7547. 57323

35. 1203. 2301. 7703. 52157. 74133

47. 309. 403. 487. 1021. 1293. 4853. 13397. 150897. 1259837*. 3898603
9. 397. 3113. 4453. 25617. 171293. 650103. 5431603

61. 747. 1353. 2687. 3777. 4505. 6605. 8141. 9353. 24785*. 45793. 67327.
73467. 130553. 658783

23. 241. 677. 2593. 3247. 5473. 11967. 12667. 17635

53. 173. 279. 505. 851. 6727. 7963. 16897. 52379. 81413*. 158373.
2083893. 2960653. 4945505. 8268383. 19344643

11. 263. 1359. 2203. 2455. 2477. 4647. 7683. 12045. 19991*. 57803.
113699. 154821. 251817. 577603. 970497. 9993613. 17545053. 40473647
11. 271. 569. 1463. 3603. 3849. 4497. 5635. 28581. 40853*. 68215. 82817.
158509. 242897. 3258603. 10311423
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Table for Circle Division

157

173

181

193

197

45. 897. 987. 2243. 3095. 8523. 10003. 17853. 24447. 37579*. 44947.
126497. 162384. 1335487. 1404163. 1626475. 2116091. 3611583. 22858302
147. 545. 1237. 1929. 3607. 5337. 6081. 6427. 7413. 12257*. 12603. 36823.
52393. 69347. 82893. 104293. 300527. 378671. 873503. 16626883*

105. 257. 619. 1553. 3153. 4601. 5897. 20167. 29217. 41373*. 172569.
232147. 239387. 374203. 648447. 2373167. 17916571. 1254102921

131. 903. 2447. 2957. 5921. 8747. 9133. 23677. 29853. 103317. 132143
139477, 174727, 240347. 260033. 2008103. 8180243 15305803

141. 253. 647. 1717. 2223. 3293. 6051. 7345. 17477. 36107*. 39653. 44269.
66333. 161399. 260575. 434441. 748853. 870487. 1193679. 1229533*.
18500917. 20278927. 38648107. 46113113. 1082687431

Factorable aa + 25.

13

29

17

41

61

37

89
9153

1173

12 1 13.13

13 | 97

14 1 13.17

17 | 157

19 | 193

271 13.29

31 | 17.29

37 | 17.41

38 | 13.113

44 | 37.53

48 | 17.137

51 | 13.101

53 | 13.109

54 | 17.173

56 | 29.109

62 | 53.73

67 | 37.61

71| 17.149

78 | 41.149

811]37.89

84 | 73.97

86 | 41.181

0O ~J O = Wi
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Table for Circle Division

89 | 29.137

97 | 53 .89.

99 | 17.17.17
116 | 13.17.61
118 | 13.29.37
119 | 41.173
127 | 41.197
151 | 101.113
157 | 13.13.73
168 | 13.41.53
174 | 157.193
181 | 13.13.97
201 | 17.29 .41
207 | 13.17.97
209 | 13.41 .41
227 1149 .173
252 | 17.37.101
259 1 13.29.89
267 | 181.197
274 | 13.53.109
303 | 17.37.73
309 | 17.53 53
311 | 13.61.61
324 | 13.41.197
326 | 13.13.17.37
354 | 17.73.101
363 | 13.37.137
376 | 13.73.149
377 | 17.37.113
414 | 37.41.113
433 | 29.53 .61
437 129.37.89
454 | 13.101.157
488 | 37.41.157
521 | 13.53.197
573 | 13.73.173
611 | 29.41.157
636 | 13.29.29.37
638 | 13.173.181
677 | 13.17.17.61
733 | 37.53.137
753 | 13.113.193
768 | 13.17.17.157
816 | 41.109.149
819 | 17.109. 181
857 | 13.13.41.53
858 | 37.101.197
898 | 13.17.41.89
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Table for Circle Division

959

984
1092
1104
1177
1252
1364
1431
1442
1544
1561
1733
1767
1887
2128
2144
2341
2434
2751
2887
2989
3199
3323
3471
3522
3654
3686
3788
4219
4264
4458
4798
4814
5154
5251
5706
5927
6001
6157
6581
6616
7359
7676
7753
8147
8231
8776
9209

29.
29.
61.
13.
37.
73.
13.
13.
13.
17.
13.
97.
13.
29.
17.
13.
13.
17.
17.
13.
13.
13.
37.
17.
13.
13.
17.
17.
17.
17.
13.
13.
17.
17.
13.
13.
13.
29.
17.
29 .
13.
13.
93.
.61.61.197
29.
17.
13.
73.

41

101 . 157
173.193
113.173
29.53 .61
97.193
109 . 197
13.101.109
17.41.113
17.97.97
17.73.113
17.37.149
113.137
29.41.101
29.29.73
41.73.89
29.89.137
41.53 .97
29.61.197
41.61.89
17.109.173
17.17.29 .41
13.13.17.137
37.37.109
37.61.157
17.37.37.41
61.113.149
41.101.193
61.101.137.
41.113.113
61.89.197
89.89.193
89.101.197
17.17.53 .89
89.97.181
13.29.29.97
101.137.181
13.3753 .53
73.97.173
53.109.193
53.73.193
17.3753.101
97.109.197
73.97.157

37.157.197
101.109. 181
13.37.109 113
73.73.109

567



Table for Circle Division

10049
10061
10501
12468
12526
13786
13787
14067
14756
15807
17057
18123
18771
18823
19553
19751
20502
21009
21319
21527
21644
23488
24101
24358
25401
26707
30467
31226
33381
38011
38134
40559
41037
41891
44407
48062
49943
50051
56913
60347
68626
85699
87989
93469
95473
101151
108871
121479

41
13.
37.
13.
17.
73.

.89.101.137

17.29.53.149
73.137.149
29.41.89.113
17.29.97.193
101.149.173

8997.101.109

13.
13.
13.
13.
13.
13.
13.
13.
17.
13.
13.
13.
13.
13.
29.
13
17.
13.
29.
17.
17.
29.
13.
17.
13.
29.
17.
13.
13.
17.
13.
13.
13.
13.
37.
17.
13.
13.
37.
17.
17.

29 37.41.173
37.41.61.181
17.29.101.193
13.53.109. 149
29.37.61.193
13.1317.53.89
29.41.73.157
17.17.17.41.73
17.17.29 .37 .37
53.61.73.137
17.37.137.197
37.37.113.113
53.61.137.149
13.17.41.41.97
37.53.89.109

.29.61.73.173

29.41.149.197
17.97.101.149
29.37.73.157
41.41.109.149
53.61.113.157
37.53.97.101
41.89.97.157
41.97.137.157
17.17.37.61.97
41.73.89.109
37.73.97.197
17.1737.41.173
17.53.53.61.61
37.73.157.173
17.173.181.181
17.37.37.53.101
17.29.29.97.101
1317 .53 .157.197
61 89.101.181
53.113.193.197

13.13.17.29.37.109

13.13.73.157.181
41.101.173.193
53 173.193.197
17.29.41.109.197
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141777
144808

152762

152803
155187
160314

172561
183971

188618
214482

214631
234852

249014

257841

279007
329219
329848
382537
422419
458742

484041

546534
564812

735331
743781

867847
938003
1000154
1964806
2144583
3589859

3879591

5693622
6991009
7062082
8489259
8717008
9707868
10305788
17462342
38722306
48162204
60920523

63769026
111771087
141757784

13.
13.
13.
13.
73.
29.
13.
17.
13.
29.
13.
17.
13.
13.
13.
17.
13.
13.
17.
17.
13.
13.
13.
13.
13.
17.
13.
13.
13.
13.
17.
13.
13.

13.
13.
13.
13.
13.
13.
13.
13.
13.

17.
41.
41.
29.
97 .

13.
37.
17.
37.
29.
41
73.
29.
13.
37.
17.
17.
17.
17.
29.
13.
37.
13.
13.
89.
29.
13.
13.
41
17.
37.
13.

37
61
41
37

.73.113.149
.61.97.109

.97.101.109
.41.137.149

101 .113 149
3741.61.61.157

13
41

.13.37.73.193
.73.89.101

1729 53.61.101

93.
41.
.93.
73.
.89.
17.
73.
17.
17.
17.

61

61.89.149
73.137.149
73.113.181
89.89.113
101 . 149
29.89.181
89 . 149
29.37.137.197
29.61.101.109
41.53.61.137

29.
89.

113.173.193.193

37.
37.
.41.53.73.113
37.
13.
89.
93.
29.
17.
.03
73.
93.
13.
1317 .17.37.53.113.149.197

37

37.61.61.61
41.41.157.181

41.53.101 197
13.17.37.89.173
137.137.149
61.61.61.97
29.37.3753.97.
29.41.73.113.137
61.73.101.181

109 .113.137.181
89.113.149.197
53.97.101.157.181

29.29.41.53.73.149 193
17.29.29.29.41.41.41.97
1317.17.37.37.89.113.113

29.
17.
37.
13.
17.
17.

29
37
61
29
37
17

.37.101.113.137. 149
.53 101.
.61.89.
.37.61
.37.41
.53 .61

109.113.197
89.137 157
.89.89.109. 157
.53.101.181.193
.61.101.137.181

17.29.37.41.53.89.101.101.113
13.17.37.61.61.89.113.137.149
13.17.53.61.89.113.137.137.149
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Table for Circle Division

13
17
29
37
41
53
61
73
89
97

101
109

113

137

149

157

173

181

193

197

172642653 | 13.17.29.73.89.89.137.149.197
190067607 | 73.89.97.101.101.109.149.173
308956283 | 13.29.29.37.41.53.61.73.89.137
569329071 | 13.13.29.37.41.97.101.109.137.149

12

14. 99

27. 31

. 118. 326. 636. 19751

. 37. 201. 209. 2989. 3522

. 44. 168. 309. 857. 5927

6. 67. 116. 311. 433. 677. 1104. 48062. 484041

11. 62. 157. 303. 1887. 19553

8. 81. 97. 259. 437. 898. 2128. 2751. 4814. 18771*

13. 84. 181. 207. 1442. 2341. 5251. 21644. 40559. 938203*. 1000154.
8489259

51. 252. 354. 1767. 6616. 33381. 56913. 60347. 183971. 188618*

53. 56. 274. 1364. 3323. 9209. 13787. 23488. 41037. 93469*. 144808.
152762. 382537

38. 151. 377. 414. 1431. 1544. 4219. 8776. 12468. 21319*. 249014. 564812.
8717008. 63769026

48. 89. 363. 733. 1733. 2144. 3199. 3788. 10049. 20502*. 422419. 1964806.
308956283

71. 78. 376. 816. 1561. 3654. 10061. 10501. 17057. 21527*. 25401.
30467. 14777. 152803. 155187. 214482. 214631. 257841. 329219. 867847*.
9707868. 111771087. 141757784. 569329071

17. 454. 488. 611. 768. 959. 3471. 7676. 18823. 26707*. 31226. 38011.
38134. 160314. 17462342. 38722306

54. 119. 227. 573. 1092. 2887. 6001. 13786. 14067. 24101*. 44407. 49943.
743781. 190067607

86. 638. 819. 5154. 5706. 8231. 14756. 50051. 85699. 95473*. 234852.
279007. 546534. 2144583. 3589859. 5693622. 60920523

19. 174. 753. 984. 1177. 3686. 4458. 6157. 6581. 12526*. 15807. 18123.
101151. 172561. 458742. 7062082. 48162204

127. 267. 324. 521. 858. 1252. 2434. 4264. 4798. 7359*. 7T753. 8147.
21009. 24358. 41891. 68626. 87989. 108871. 121479. 329848*. 735331.
3879591. 6991009. 10305788. 172642653

© B N o
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Table for Circle Division

Factorable aa + 36.

1137
5|61
7T15.17
11 | 157
13 15.41
1715.5.13
23 | 5.113
35| 13.97
41 | 17.101
43 15.13.29
61 | 13.17.17
67 5.5.181
7315.29.37
85 | 53 .137
89 | 73.109
95 | 13.17 .41
113 | 5.13.197
115 | 89.149
127 | 5.53 .61
191 | 13.53.53
203 | 5.73.113
217 15.5.5.13.29
233 | 5.5.41.53
293 | 5.89.193
295 | 13.37.181
307 | 5.109.173
347 | 5.13.17.109
445 | 37.53.101
479 1 29.41.193
517 | 5.5.17.17.37
565 | 29.101.109

617 | 5.5.97.157
667 | 5.5.13.37.37
673 | 5.17.73.73
737 15.13.61.137
763 | 5.13.13.13.53
953 | 5.13.89.157

971 1 13.29.41 .61
1183 | 5.5.17.37.89
1333 | 5.5.17.37.113
1463 | 5.41.53.197
1517 | 5.5.13.73.97
1673 | 5.13.17.17.149
1717 1 5.5.5.5.53.89
1873 | 5.41.109. 157
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2201 | 13.41.61.149

2251 | 17.17.89.197

2383 | 5.5.13.101.173

2557 | 5.13.17.61.97

2567 | 5.5.29.61.149

2963 | 5.89.109.181

3181 | 13.37.109.193

3563 1 5.13.29.37.181

3767 | 5.5.17.173.193

4031 | 41.61.73.89

4277 | 5.17.29.41.181

4883 | 5.5.37.149.173

5009 | 13.97.101.197

5321 | 13.13.29.53.109

5467 | 5.5.5.5.17.29.97

5495 | 13.13.29.61.101

9497 | 5.173.181.193

6217 | 5.5.5.37.61.137

6221 | 29.73.101.181

6655 | 29.41.193.193

6827 | 5.17.61.89.101

7547 | 5.37.37.53.157

7717 15.5.5.53.89.101

7813 | 5.17.61.61.193

7861 | 13.17.137.157

7919 | 37.97.101.173

8459 | 13.17.41.53.149
10261 | 13.17.53.89.101
10565 | 13.13.41.89.181
13763 | 5.13.17.37.41.113
13823 | 5.13.109. 149 181
14543 | 5.13.29.29.53.73
15245 | 13.37.61.89.89
15733 | 5.5.29.29.61.193
17617 | 5.5.29.41.53.197
18659 | 13.17.97.109 . 149
22345 | 17.29.53.97.197
22481 | 13.17.17.17.41.193
22583 | 5.5.17.101.109. 109
22733 15.5.13.13.13.97.97
22867 | 5.529.37.101.193
23753 | 5.37.113.137.197
29129 | 13.53.89.101.137
29995 | 13.13.13.13.17.17.109
30845 | 13.13.17.41.41.197
31885 | 13.1729.41.53.73
32647 | 5.13.17.73.73.181
38893 | 5.73.109.193.197
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38923 | 5.17.37.53.61.149
39347 | 5.13.41.53.97.113
42133 | 5.5.17.17.17.97.149
443271 5.29.29.37.73.173
48967 | 5.5.5.13.17.29.41.73

49517 | 5.5.29.113.173.173
54167 | 5.5.13.13.37.137.137
61117 | 5.5.13.29.61.73.89
62825 | 13.17.37.41.61.193
74603 | 5.13.17.29.29.53.113
87217 | 5.5.5.17.17.29.53.137
96227 | 5.17.53.109.109.173
125909 | 13.17.61.73.89.181
130613 | 5.41.53.73.137.157
141709 | 13.13.29.37.37.41.73
151163 | 5.29.61.109.137.173
161035 | 13.41.53.61.101.149
171655 | 89.97.109.173 . 181
174565 | 29.37.37.41.97.193
182743 | 5.17.29.29.29.89.181

189353 | 5.17.109.157.157 . 157
191203 | 5.53.53.73.181.197
206407 | 5.17.17.29.41.137.181
256693 | 5.17.17.29.61.149.173

387833 | 5.13.37.53.53.61.73
427795 | 13.17.37.37.53.101.113
429347 | 5.13.13.37.173.173.197
449921 | 13.29.37.41.41.89.97
533789 | 13.13.29.29.113.113.157
726029 | 17.17.29.29.101.109. 197
837533 | 5.5.5.37.97.101.113.137
1097105 | 13.17.17.97.109.157.193
1396529 | 13.13.13.37.41.53.61.181

2390717 [ 5.5.5.13.17.29.29.37.61.109

2525527 | 5.13.17.61.8997.97.113

5318933 | 5.5.13.17.29.89.97.113.181

6920333 | 5.5.13.17.17.17.37.61.97.137

9439957 | 5.17.17.17.17.17.37.37.53.173

11776417 | 5.5.17.41.73.73.89.97.173

45435967 | 5.5.5.29.41.53.61.113.193.197
70145903 | 5.13.13.17.41.53.73.97.113.197
90115783 {5.5.5.5.5.5.5.5.5.5.5.13.13.13.17.61.73
716295433 | 5.5.13.13.29.29.37.41.61.8989.197
2009136133 | 5.5.13.17.41.61.73.89.97.113.181.197
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13 | 17

17 | 7. 61

29 | 43. 217

37 | 1. 73. 517. 667

411 13. 95

53 | 191. 233. 763

61 | 5. 127. 971

73 | 673. 14543. 31885. 48967. 141709. 387833. 90115783

89 | 1183. 1717. 4031. 15245. 61117

97 | 35. 1517. 2557. 5467. 22733. 449921

101 | 41. 445. 5495. 6827. 7717. 10261

109 | 89. 347. 565. 5321. 22583. 29995. 2390717

113 | 23. 203. 1333. 13763. 39347. 74603. 427795. 2525527

137 | 85. 737. 6217. 29129. 54167. 87217. 837533. 6920333

149 | 115. 1673. 2201. 2567. 8459. 18659. 38923. 42133. 161035

157 | 11. 617. 953. 1873. 7547. 7861. 130613. 189353. 533789

173 | 307. 2383. 4883. 7919. 44327. 49517. 96227. 151163. 256693. 9439957*.
11776417

181 | 67. 295. 2963. 3553. 4277. 6221. 10565. 13823. 32647. 125909*. 171655.
182743. 206407. 1396529. 5318933

193 | 293. 479. 3181. 3767. 5497. 6655. T813. 15733. 22481. 22867*. 62825.
174565. 1097105

197 | 113. 1463. 2251. 5009. 17617 22345. 23753. 30845. 38893. 191203*.
429347. 726029. 45435967. 70145903. 716295433. 2009136133

Factorable aa + 49.

115.5
2153
3129
415.13
5|37
615.17
8113
915.13
10 | 149
11| 5.17
12 | 193
13 | 109
15 | 137
16 | 5.61
171 13.13
19 15.41
22 | 13.41
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23
24
26
29
30
31
32
39
40
41
43
45
48
51
55
57
60
61
69
74
79
96
99
101
103
104
106
108
113
116
118
121
122
132
137
139
142
149
152
159
171
176
181
186
199
205
214
227

5.37.61
13.17.53
13.17.29
5.37.73
89 . 157
5.13.113
109 . 137
101.173
97.97
5.13.149
17.29 .41
5.9.95.89
13.13.137
5.17.149
.29.101
.5.17.73
.17.193
.13.13.41
5.5.13.61
109 . 193
5.53.173
17.37.41

2 B2 B G
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Table for Circle Division

229 15.29.181
2341 5.97.113
249 1 5.5.17.73
25115.5.13.97
264 |1 5.13.29.37
289 | 5.61.137
295 | 13.17.197
296 | 5.89.197
314 | 5.109. 181
316 | 5.13.29.53
321 15.13.13.61
331 |15.97.113
334 1 5.13.17.101

347 | 13.41.113
351 15.5.5.17.29
373 | 13.53.101
374 15.5.29.193
449 | 5.5.37.109
474 1 5.5.89.101
533 | 17.61.137
550 | 13.17.37.37
954 15.29.29.73
555 | 13.17.17 .41
589 | 5.13.17.157

591 | 5.181.193

594 | 5.13.61.89
601 |5.5.5.5.17.17
606 | 5.17.29.149
634 | 5.37.41.53
641 | 5.13.29.109
667 | 13.109. 157
676 | 5.5.101.181
691 | 5.17.53.53
719 | 5.13.41.97
776 | 5.5.13.17.109
799 |1 5.5.113.113
809 | 5.29.37.61
824 | 5.5.157.173
839 | 5.17.41.101
844 | 5.17.17.17.29
899 15.5.5.583.61
906 | 5.13.73.173
919 | 5.13.73.89
979 | 5.13.73.101

992 | 13.17.61.73
1009 | 5.17.53.113
1031 | 5.13.13.17.37
1041 | 5.29.37.101
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1374
1395
1556
1592
1609
1621
1629
1649
1689
1751
1766
1929
1949
2069
2076
2151
2374
2381
2521
2578
2595
2607
2659
2817
2851
2930
2944
2999
3100
3156
3251
3501
3547
3709
3753
4034
4065
4211
4286

1111 | 5.17.53 . 137
1128 | 17.29.29.89
1179 | 5.13.17 .17 37
1186 | 5.29.89.109
1221 | 5.29.53.97
1252 | 13.17.41.173
1364 | 5.37.89.113

5.5.13.37.157
13.29.29.89
5.13.193.193
17.29.53.97
5.17.97.157
L13.17.29 .41
.13 137. 149
.5.5.73.149
L17.97.173
.5.1353.89
.29.137.157
.3789.113
55.17.41.109
5.41.53.197
5.5.13.89.149
55.37.41.61
5.5.17.89.149
5.29.113.173
537.89.193
13.17.17.29.61
17.37.53 101
17.29.61.113
5.37.97.197
13.37.73.113
55.5.1341.61
17.41.109.113
561.157.181
5.5.13.101.137
17.29101.193
5.17.17.61.113
55.29.37.197
5.5.13.109.173
17.37.73.137
5.13.29.41.89
13.41.73.181
5.13.29.89.97
13.37.89.193
5.97.101.181
5.13.41.61.113

Ot Ot Ot Ot Ot Ot Ot
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Table for Circle Division

4324 1 5.5.17.29.37 .41
4399 | 5.5.5.5.113.137
4556 | 5.2937.53.73
4629 | 5.73.149.197
4630 | 17.37.173 197
4657 | 37.37.89.89

4715 1 13.13.17.53.73
4749 | 5.5.13.13.17.157
4754 | 5.13.17.113.181
4778 | 37.41.101. 149
4918 | 13.13.13.101.109
4927 | 29.53.53.149

5024 | 5.5.5.5.41.197
5101 | 5.5.5.29.37.97
5191 | 5.13.17.89.137
5221 | 5.101.137.197

9226 | 5.5.5.41.73.73
5841 | 5.13.37.41.173

6008 | 41.41.109.197
6029 | 5.17.29.73.101
6309 | 5.13.53.53.109
6381 | 5.17.17.73.193
6574 | 5.5.1313.53.193
6899 | 55.5.5.13.29.101
6998 | 13.17.37.53.113
7276 | 5.5.13.29.41.137
7316 | 5.17.53.109.109
7440 | 13.17.41.41.149
7914 | 5.29.61.7397
8149 | 5.5.5.5.5.5.5.5.5.17
8219 | 5.37.41.61.73
8251 | 5.5.13.17.61.101
8515 | 37.89.101.109
8753 | 13.137 137 . 157
8919 | 5.17.41.101.113
9161 | 5.13.29.113.197
9301 | 5.5.73.137.173
9546 | 5.13.97.97.149
9616 | 5.13.13.17.41.157
9837 | 13.17.37.61.97
9993 | 13149 149 .173
10291 | 5.17.37.113.149
10630 | 13.13.61.97.113
10651 | 5.5.13.37.53 .89
10727 | 29.97.113 . 181
10761 | 5.41.53.73.73
10887 | 41.89.109. 149
11185 | 53.89.89.149
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11632
12151
12489
13101
13329
14351
14656
14811
15356
15425
15661
16393
16446
17247
18099
18976
19743
20297
20999
21768
21834
22156
22569
25726
25931
26016
26337
27200
27564
27721
29254
29501
30179
30424
31274
32491
33258
34134
35303
35361
35524
36149
37409
37836
38601
39901
41801
41859

29.149.173.181
.5.13.13.101.173
.13.13.17.61.89
.5.5.5.17.41.197
L13.73.97.113
.5.95.5.3761.73
.41.61.89.193
.13.109.113.137
541.61.109.173
17.29.29.53.157
5.13.61.157.197
61.101.113 193
5.29.109.109 157
13.3737.61 137
5.5.17.29.97.137
5.5.5.13.37.53.113
13.17.41.137.157
13.13.13.29.53 .61
5.13.29.149.157
97.137.181.197
5.17.29.41.53.89
.13.13.53.97.113
.41.41.157.193
.5.5.29.41.61.73.
L13.17.41.41.181
L17.29.37.41.181
113.113.157.173
13.37.97.101.157
5.13.13.73.109.113
L17.17.29.53.173
.13.13.53.97.197
.5.13.17.17.41.113
.61.73.113.181.
.5.13.17.29.53.109
.5.5.5.13.17.73.97
.13.37.41.53.101
13.17.17.37.73.109
5.13.41.53.73.113
17.37.61.109. 149
5.41.113.137.197
.5.5.17.17.181.193
.5.5.13.13.157.197
.61.89.149.173
.17.17.61.109. 149
.5.5.13.17.149.181
.5.13.13.29.73.89
.5.41.61.89.157
.73.89.149.181

Ot Ot Ot Ot Ot Ot

ot

Ut Ot Ot Ot Ot

Ut Ot Ot Ot Ot Ot Ot

Ot Ot Ot Ot O Ot Ot Ut
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43416
44677
44976
46229
48317
49099
50632
51176
54274
95774
58881
64051
64644
67785
69983
72851
73043
73672
73721
76534
80841
82307
83430
87369
88213
88406
88989
89149
92049
102735
124029
131863
133149
138199
139551
141633
148439
150410
150681
154876
157995
160168
163609
166851
167124
174074
178149
179565

5.13.13.13.29.61.97
13.53.97.109.137
5.5.5.5.513.17.29.101
5.17.29.41.97.109
13.13.29.37.41.157
5.5.41.73.89.181
17.73.101.113.181
5.5.17.17.37.97.101
.5.5.37.53.61.197
.5.5.13.89.137. 157
.13.53.61.73.113
.5.73.73.89.173
.29.37.61.113.113
17.53.109.149. 157
13.13.17.61.89.157
5.5.5.17.17.17.29.149
13.17.37.41.73.109
17.17.37.53.61.157
5.29.2953.89 137
5.29.53.53.197
5.17.61.73.89.97
13.53.157.173.181
13.17.29.37.149 197
5.13.17.89.197.197
37.41.97.137.193
5.17.53.89.101.193
5.13.17.17.41.53.97
5.5.5.29.89.109.113
5.5.13.17.29.137.193
13.13.13.89.137.197
5.13.13.37.37.61.109
13.17.37.97.97.113
5.5.5.5.5.41101.137
5.5.13.17.101.109. 157
5.5.13.29.53.101.193
17.17.17.17.29.41.101
5.37.41.73101.197
17.37.41.61.73.197
5.29.53.97.97.157
5.5.17.41.73.109.173
29.37.41.53.53.101
17.37.41.53.137.137
5.13.13.37.41.53.137
5.5.5.5.5.13.41.61.137
5.5.13.13.29.37.61.101
5.5.13.17.157.181.193
5
1

ot Ot Ot Ot

ot

.5.5.5.17.89.97.173
3.17.29.113.113.197
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187249 | 5.5.17.17.109.113.197
189538 | 73.109.149.157.193

207814 | 5.13.17.17.97.137.173
213263 | 29.37.41.73.73.97

217351 |1 5.5.5.13.13.17.17.53.73
231755 | 13.17.17.17.61.61.113
273694 | 5.17.37.41.53.97.113

281226 | 5.5.5.5.61.73.157.181
288901 | 5.5.29.37.53.149.197
299399 | 5.5.5.5.13.29.37.53.97
307519 | 5.13.17.17.29.29.41.73
343066 | 5.13.17.17.17.41.89.101
345094 | 5.1317.37.113.149.173
361409 | 5.13.17.53.61.101.181
375967 | 5.17.37.53.61.149

401444 | 5.13.17.17.29.29.101. 101
408628 | 41.53.89.89.89.109

415848 | 13.17.17.37.101.109.113
417317 | 13.41.61.113.137.173
428021 | 5.13.37.41.61.97.157
448976 | 5.5.5.17.61.89.101.173
462953 | 29.41.53.101.113.149
521044 | 5.13.13.17.17.73.97.157
527329 | 5.17.37.61.61.109.109
658576 | 5.5.13.13.13.13.53.73.157
689601 | 5.5.5.37.41.73.89.193
788493 | 13.41.109.157.173.197
935601 | 5.5.5.5.5.13.13.17.29.41.41
979976 | 5.5.5.5.17.17.137.197 197
1055864 | 5.13.17.29.37.53.113.157

1538221 | 5.13.13.29.53.61.109.137
1686759 | 5.13.29.29.41.41.113.137
2001229 | 5.13.17.29.41.53.149.193
2446492 | 13.41.73.89.101.109. 157
3254151 | 5.5.13.17.29.41.61.73.181
3297075 | 37.41.53.53.73.101.173
3643774 | 5.5.5.13.17.41.109.137. 157
4515359 | 5.13.13.13.17.17.113.157.181
5307581 | 5.17.37.53.73.73.101.157
5456999 | 5.5.41.73.73.101.137.197
7936717 | 13.29.37.41.41.41.181.181
8555207 | 13.17.41.5361.73.109.157
12448726 | 5.55.5.13.13.13.41.89.157.197
21432319 | 5.17.37.73.149.173.197. 197
40407039 | 5.17.37.41.53.89.97.101.137
41719774 | 5.5.5.17.17.29.29.41 .41 .173.197
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13
17
29
37
41
93
61
73
89
97
101
109

113

137

149

157

173

181

193

197

118135085 | 1717 .37.41.61.101.109.137.173

1. 24

4. 9. 17

6. 11. 23. 74. 601. 8149

3. 26. 61. 113. 351. 844

5. 32. 69. 79. 264. 550. 1031. 1179

19. 22. 101. 142. 186. 227. 555. 1621. 4324. 935601*

2. 51. 55. 104. 108. 316. 634. 691

16. 45. 106. 199. 321. 809. 899. 2151. 2578. 2851*. 20297

30. 43. 103. 116. 176. 249. 554. 992. 4556. 4715*. 5226. 8219. 10761.
14351. 25726. 217351. 307519

29. 60. 149. 594. 919. 1128. 1395. 1751. 3709. 4657*. 10651. 12489.
21834. 39901

40. 57. 137. 251. 719. 1221. 1592. 4034. 5101. 7914*. 9837. 31274. 43416.
80841. 88989. 213263. 299399

31. 171. 334. 373. 474. 839. 979. 1041. 2595. 6029*. 6899. 8251. 32491.
44976. 51176. 141633. 157995. 167124. 343066. 401444*

13. 96. 449. 641. 776. 1186. 1949. 4918. 6309. 7316*. 8515. 30424. 33258.
46229. 73043. 124029. 408628. 527329

8. 121. 234. 331. 347. 799. 1009. 1364. 1929. 2607*. 2817. 2930. 3156.
4286. 6998. 8919. 10630. 13329. 18976. 22156. 27564*. 29501. 34134.
58881. 64644. 89149. 131863. 231755. 273694. 415848

15. 122. 152. 289. 533. 1111. 2999. 3547. 4399. 5191*. 7276. 14811.
17247. 18099. 44677. 73721. 133149. 160168. 163609. 166851*. 1538221.
1686759. 40407039

10. 139. 159. 606. 1629. 1649. 2076. 2374. 4778. 4927*. 7440. 9546.
10291. 10887. 11185. 35303. 37836. 72851. 375967. 462953*

39. 118. 589. 667. 1374. 1609. 1766. 4749. 8753. 9616*. 15425. 16446.
19743. 20999. 27200. 41801. 48317. 55774. 67785. 69983*. 73672. 138199.
150681. 428021. 521044. 658576. 1055864. 2446492. 3643774. 5307581*.
8555207

41. 132. 214. 824. 906. 1252. 1689. 2381. 3501. 5841*. 9301. 9993. 12151.
156356. 26337. 27721. 37409. 64051. 154876. 178149*. 207814. 345094.
417317. 448976. 3297075. 118135085

48. 229. 314. 676. 2944. 3753. 4211. 4754. 10727. 11632*. 25931. 26016.
30179. 38601. 41859. 49099. 50632. 82307. 281226. 361409*. 3254151.
4515359. 7936717

12. 181. 205. 374. 591. 1556. 2521. 3100. 4065. 6381*. 6574. 14656.
16393. 22569. 35524. 88213. 88406. 92049. 139551*. 174074. 189538.
689601. 2001229

99. 295. 296. 2069. 2659. 3251. 4629. 4630. 5024. 5221*. 6008. 9161.
13101. 15661. 21768. 29254. 35361. 36149. 54274. 76534*. 83430. 87369.
102735. 148439. 150410. 179565. 187249. 288901. 788493. 979976*.
5456999. 12448726. 21432319. 41719774
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Factorable aa + 64.

115.13
3173

5|89

7113

915.29

11 5.37

15| 17.17
1915.5.17

21 15.101

251 13.53
27113 .61

29 1 5.181
31]5.5.41

49 1 5.17.29
51 ]5.13.41
53 113.13.17
63 | 37.109

67 | 29.157

69 | 5,5.193
79 15.13.97
81]5.5.5.53
85 | 37.197

95 | 61.149
115 | 97.137
121 | 5.17.173
131 15.5.13.53
149 15.61.73
155 | 13.17.109
159 | 5.37.137
181 5.5.13.101
183 1 13.29.89
219 | 5.5.17.113
223 | 17.29.101

233 | 5.37.113

28115.5.29.109
309 | 5.97.197

339 5.13.29.61
359 | 5.17.37.41
381 |5.5.37.157
389 | 5.13.17.137

391 5.13.13.181
393 | 17.61.149
433 | 37.37.137
441 1 5.13.41.73
455 | 29.37.193
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911

937

989
1035
1097
1141
1169
1171
1191
1247
1343
1419
1491
1589
1609
1613
1637
1681
1691
1749
1839
1861
1999
2019
2041
2055
2081
2131
2201
2445
2479
2601
2625

461
467
529
071
581
661
703
707
717
729
831
873
879

5.17.41.61
13.97.173
5.17.37.89
5.13.29.173
5.5.5.37.73
5.17.53 .97
13.193.197
41.89.137
53.89.109
5.13.13.17.37
5.5.95.5.5.13.17
53.73.197
5.29.73.73

5.13.113.113
13.17.29.137
5.13.101.149
17.29.41.53
41.149.197
5.17.17.17.53
5.5.5.13.29.29
5.13.17.17.73
5.53.53.101
13.37.53.61
29.37.41. 41
5.5.5.89.181
5.37.61.197
5.41.109.113
5.41.73.173
13.17.61.193
1313.101. 157
5.5.17.61.109
5.13.29.37.41
L17.17.29.73
.37.101.181
.37.97.193
.41.101.193
.5.41.41.97
.73.101.113
13.17.97.197
5.5.5.5.13.1341
5.95.13.89.157
5.53.101.181
13.29.101. 157
5.73.113.149
5.13.29.37.97
5.13.53.73.137

Ut Ut O Ot gt Ut
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2771 | 5.73.109.193

2989 | 5.13.13.97.109
3171 | 5.13.37.37.113
3199 | 5.13.29.61.89

3413 | 29.41.97.101

3721 | 5.17.29.41.137
4031 | 5.5.13.17.17.173
4061 | 5.17.17.101.113
4109 | 5.13.13.13.29.53
4315 | 1341 .181.193

4419 | 5.5.5.13.61.197
4541 | 5.17.41.61.97
4979 1 5.29.37.97.157
5097 | 13.61.181.181

5169 | 5.5.5.37.53.109
5381 | 5.5.13.41.41.53
5459 | 5.13.17.149.181
5761 | 5.17.37.61.173
5869 | 5.5.89.113.137
6081 | 5.5.5.29.101.101
77811 5.5.29.37.37.61
9039 | 5.29.37.97.157
9779 | 5.37.73.73.97
10519 | 5.37.37.53.61
10527 | 41.109.137.181
10831 | 5.5.5.5.17.61.181
11511 | 5.17.41.193.197
13331 15.5.5.5.5.29.37.53
13581 | 5.5.5.17.2941.73
13889 | 5.41.89.97.109
13911 | 5.13.13.29.53 . 149
14451 | 5.29.73.109.181
16069 | 5.5.13.37.109.197

16985 | 17.29.53.61.181

17421 | 5.13.137.173.197
18511 | 5.13.17.17.17.29 .37
18563 | 13.37.41.101.173
18685 | 17.29.73.89.109

24061 | 5.29.29.37.61.61
24261 | 5.17.17.37.101.109
27665 | 13 37.41.197.197

29019 | 5.5.37.53.89.193
29981 | 5.5.37.41.137.173
31669 | 5.5.5.5.13.17.53.137
58397 | 13.17.29.37.73.197
59279 | 5.13.53.73.89.157
88789 | 5.1317.29.37.61.109
103481 | 5.5.13.13.17.29 .53 .97
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13
17
29
37
41
53
61
73
89
97
101
109
113
137
149
157
173
181

193
197

132081
170529
213331
383229
728391
1934581
2446081
4056181
5106581

14836119

1

15. 19. 53. 831
9. 49. 1169

11. 729.

31. 51. 359. 1343. 1691. 2081

25. 81. 131. 1035. 1141. 4109. 5381. 13331

27. 339. 461. 1247. 7781. 10519. 24061. 1934581
3. 149. 441. 581. 879. 1171. 1749. 13581

18511

Ut Ot Ot Ot U U Ot gt Ot Ut

.5

2 B2 B B |

.9.5.5.5.95.5.13.89.193
.17.29.41.53.61.89
.5.5.5.5.13.13.17.37.137
L17.17.61.89.97.193
.13.73.97.101.101.113
.9.5.13.17.17.17.29.53.61
.5.13.17.17.37.53.73.89
.13.17.29.41.101.137.181
.5.13.17.37.41.61.101.101
L13.13.17.17.17.17.29 . 137 . 157

5. 183. 529. 3199. 170529. 2446081

79.661. 2019. 2601. 4541. 9779. 103481

21. 181. 223. 1191. 3413. 6081. 5106581

63. 155. 281. 717. 1681. 2989. 5169. 13889. 18685. 24261*. 88789
7. 219. 233. 911. 1589. 2041. 3171. 4061. 728391

115. 159. 389. 433. 707. 937. 2625. 3721. 5869. 31669*. 213331

95. 393. 989. 2479. 13911

67. 381. 1637. 2131. 2445. 4979. 9039. 59279. 1483619
121. 467. 571. 1609. 4031. 5761. 18563. 29981
1419. 1839. 2201. 5097. 5459. 10527. 10831. 14451*.

29. 391.
4056181

69. 455. 1613. 1861. 1999. 2771. 4315. 29019. 132081. 383229

16985.

85. 309. 703. 873. 1097. 1491. 2055. 4419. 11511. 16069*. 17421. 27665.

58397

—_ =

= O 00 N U N =

Factorable aa + 81.

41
5. 17
97
93
5.13
5.29
181
101
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Table for Circle Division

13
17
19
20
22
23
28
32
37
38
40
43
49
50
93
98
99
62
71
79
83
91
95
97
98
101
112
122
124
128
137
139
163
188
191
202
215
217
247
248
253
268
287
292
313
317
323
352

9.9.9
5.37

13 .17
13.37
5.113

.61

173
13017
.5.29
5.561

41 .41
5.193
17.73
29.89
5.17.17
5.13.53
13.137
5.5.157
13.197
29.109
5.17.41
37.113
29.157
5°13.73
5.13.149
593.97
5.5.5.101
5.41.73
13.29.41
5.37.89
5.5.13.29
89.109
5.5.13.41
5.5.13.109
101.181
5.13.17.37
13.13.137
5.93.89
.41.149
.109.113
L13.17.29
L73.197
.9.17.97
.13.13.101
.9.37.33
.89.113
.953.197
.137.181

v Ot Ot Ot

Ot O Ot Ot Ot Ot Ot Ot Ot Ut
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Table for Circle Division

376
389
406
409
427
461
472
487
491
933
047
953
566
575
o978
o87
617
631
662
683
694
733
737
763
797
862
877
920
1018
1037
1060
1108
1118
1168
1201
1229
1243
1265
1277
1313
1436
1447
1463
1475
1487
1585
1639
1645

17.53.157
17.61.73
17.89.109
13.41.157
5.17.29.37
13.13.17.37
5.29.29.53
5.5.5.13.73
17.41.173
5.157.181
5.173.173
5.13.13.181
13.157.157
37.41.109
5.13.53.97
5.5.61.113
5.13.29.101
13.17.17.53
5.5.89.197
5.13.37.97
53.61.149
5.17.29.109
.5.5.41.53
.5.5.17.137
.17.37.101
.5.5.5.29.41
.13.61.97
17.17.29.101
5.17.89.137
5.5.137.157
13.13.61.109
5.41.53.113
5.953.53.89
5.29.97.97
37.101.193
13.13.41.109
5.17.61.149
73.97.113
5.17.53.181
5.5.29.29 .41
13.41.53.73
5.17.109.113
5.5.13.37.89
13.13.41.157
5.5.5.5.29.61
53 .137.173
41.181.181
13.29.37.97

ot O Ot Ot Ot
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Table for Circle Division

1685
1702
1703
1787
1807
2008
2009
2041
2051
2125
2138
2293
2312
2450
2531
2623
2705
2888
2906
3088
3238
3322
3347
3503
3517
3791
3988
4010
4112
4354
4388
4429
4648
4657
4837
5083
5162
5557
5747
5792
5833
6013
6233
6458
6532
6689
6883
7097

17.37.37.61
L17.173.197
.29.73.137
.5.13.17.17 .17
.53 .61.101
5.13.17.41.89
13.29.53.101
97.109.197
29.29.41.61
13.29.53.113
5.5.5.13.29.97
5.17.157.197
5.5.29.73.101
13.17.157.173
17.29.73.89
5.41.97.173
17.29.41.181
5.5.5.5.5.17.157
13.37.97.181
5.5.13.13.37.61
5.5.41.53.193
5.13.41.41.101
)
)

ot Ov Ot Ot

L13.17.37.137

.13.13.53.137
5.13.17.29.193
29.37.37.181
5.5.29.97.173
13.13.17.29.193
5.5.5.17.73.109
17.61.101.181
5.5.5.13.17.17 .41
29.41.73.113
5.13.29.73.157
5.101.109.197
5.5.41.101.113
5.29.41.41.53
5.5.61.101.173
5.13.17.89.157
5.109.157.193
5.13.13.29.37.37
5.17.17.61.193
5
5
5
5)

.5.5.5.5.5.13.89

.13.37.41.197

.17 .37.89.149

.5.37.113. 157
13.97.113. 157
5.13.13.17.17.97
5.29.29.53113
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Table for Circle Division

7160

7793

8158

8273

8638

9028

9101

9295

9562

9587

9607
10118
10577
11563
12143
12565
15233
16237
16522
16777
17888
17972
18887
18974
19558
20362
23368
24083
24499
24958
29153
29242
29765
30218
31487
31843
34763
35137
35783
37147
38201
44987
46963
96387
57037
60743
61337
69107

53.61.101.157
.13.29.89.181
.13.13.17.41.113
.29.53.61.73
.5.5.13.17.37.73
.13.73.89.193
41.73.101.137
61.7389.109
5.5.13.29.89.109
5.5.13.13.73.149
5.17.29.97.193
5.37.53.53.197
5.29.41.97.97
5.51329.41.173
5.29.29.89.197
13.17.29.109.113
5.29.73.97.113
5)
5)
)
5
5
)

ot O Ot Ot Ot

.5.5.17.17.41 .89
L17.29.37.41.73
.13.13.17.97.101
.5.55.37.101.137
.13.29.53.53.61
.5.29.37.61.109
13.13.17.29.29.149
5.13.13.41.61.181
5.5.5.113.149.197
5.13.13.53.89.137
5.13.157.157.181
13.17.61.113.197
5.17.37.37.53.101
5.13.17.29.89.149
5.17.17.61.89.109
17.37.41.89.193
5.13.41.41.61.137
.5.5.5.5.41.53.73
L1317 .17 .137.197
.5.5.5.17.29.37.53
.9.17.73.101.197
L13.17.17.173 197
.13.17.41.97.157
3.17.17.29.37.181
.5.5.13.29.109.197
.5.13.29.29.53.73
.5.13.17.53.61.89
.5.13.17.37.73.109
L13.17.17.17.53.109
.5.41.109.113.149
.17.53.53.73.137

Ot O Ot Ot Ot O Ot = Ot O O Ot Ot Ot
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Table for Circle Division

69244 | 13.13.29.37.137.193
79813 | 5.5.13.17.53.73.149
86528 | 5.17.29.97.173.181

87263 | 5.5.5.5.5.13.17.37.149
97577 1 5.29.61.73.73.101

98063 | 5.5.73.97.157.173

121933 | 5.1341.97.149.193

132683 | 5.17.29.109.181.181
157723 1 5.13.13.29.53.61.157
168703 | 5.37.37.61.173.197
181508 | 5.41.41.101.197.197
195787 | 5.5.13.17.29.37.53 .61
237322 1 5.13.13.13.17.17.113.157
269861 | 13.37.41.101.101.181
278297 | 5.5.13.37.97.113.113
297212 1 5.5.13.97.113.137.193
314387 | 5.5.41.41.73.89.181
3277371 5.5.5.5.13.13.29.89.197

349487 1 5.5.5.29.29.53.97.113

474013 | 5.5.5.13.17.17.29.73.113.
609161 | 13.73.73.113.137.173

647665 | 29.37.53.97.193.197

934862 | 5.5.5.13.13.17.17.37.53.73
1125533 | 5.13.41.89.101.137.193

1158413 | 5.5.29.37.41.61.73.137
1880912 | 5.5.13.17.37.53.53.61.101
2023513 [ 5.5.5.5.37.41.97.113.197
2092285 | 17.17.37.37.37.41.41.89
2898587 | 5.5.17.29.73.137.173.197
3559861 | 13.37.61.89.109.113.197
4034153 | 5.13.13.17.29.41.53.89.101
4676188 | 5.5.17.37.37.37.89.101.113
4802183 | 5.73.97.109.113.137.193
4947916 | 17.17.37.53.61.73.89.109
6678737 [ 5.5.5.17.17.29.41.53.97.101
9578563 | 5.5.13.17.17.17.29.61.109.149
34928797 | 5.13.13.17.29.37.53.53.73.193
59554033 | 5.13.13.13.37.61.73.89.101.109

5 |13

1317

171 2.19. 32. 53. 1787

29 | 8. 37. 137. 253

37 | 17. 20. 202. 427. 461. 5792

991



Table for Circle Division

41
53
61
73
89
97
101
109
113
137
149
157

173
181

193

197

1. 40. 83. 124. 163. 862. 1313. 4388

5. 88. 313. 472. 631. 737. 5083. 34763

23. 38. 1487. 1685. 2051. 3088. 17972. 195787

49. 97. 122. 389. 487. 1436. 8273. 8638. 16522. 31487. 46963. 934862

50. 128. 217. 1118. 1463. 2008. 2531. 6013. 16237. 56387. 2092285

4. 101. 287. 578. 683. 877. 1168. 1645. 2138. 6883. 10577

11. 112, 292. 617. 797. 920.1807. 2009. 2312. 3322. 16777. 24958. 97577.
1880912. 4034153. 6678737

79. 139. 188. 406. 575. 733. 1060. 1229. 4112. 9295. 9562. 18887. 29242.
57037. 60743. 4947916. 59554033

22. 91. 248. 317. 587. 1108. 1265. 1447. 2125. 4429. 4837. 7097. 8158.
12565. 15233. 278297. 349487. 474013. 4676188

59. 215. 763. 1018. 1703. 3347. 3503. 9101. 17888. 23368. 30218. 69107.
1158413

98. 247. 694. 1243. 6458. 9587. 18974. 29153. 61337. T9813. 87263.
9578563

62. 95. 376. 409. 566. 1037. 1475. 2888. 4648. 5557. 6532. 6689. T160.
37147, 157723. 237322

28. 491. 547. 1585. 2450. 2623. 3988. 5162. 11563. 98063. 609161

10. 191. 352. 533. 553. 1277. 1639. 2705. 2906. 3791. 4354. 7793. 19558.
24083. 38201. 86528. 132683. 269861. 314387

43. 1201. 3238. 3517. 4010. 5747. 5833. 9028. 9607. 29765. 69244. 121933.
297212. 1125533. 4802183. 34928797

71. 268. 323. 662. 1702. 2041. 2293. 4657. 6233. 10118. 12143. 20362.
24499. 31843. 35137. 35783. 44987. 168703. 181508. 327737. 647665.
2023513. 2898587. 3559861
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A New Quadrature of the Circle

A NEW QUADRATURE OF THE CIRCLE.

I. Acotg.5 = (2) — (13).

26684971 0210071265 7279572372 8848455203 4183360499
364 7220869565 2173913043 4782608695
4977954329 5694145758 6618876941

1499728341
6521739130
4575866188
2790697674
5531914893
0156862745
0843578181
2254817540
2730743726
0259630730
. 332561019
503719
765

26684971 0210071630 9478396268 6921374192

0505397169

7498644659

0,2000640569 5190437336 8654456654 4566544566
7710131 0688316235 2941176470

185127900 6896551724

266673 0412205651

7830238

5445665445
5882352941
1379310344
4831745270
1276333963
9947155749
. 252833663
378007
567

6654456654
1764705882
8275862068
7696610135
9002267573
8300377358
2909752140
0506907695
5921253449
8555011744
12937990
19625

0,2000640569 5198147467 9528161463 4824308667 9015775954 9600162348
26684971 0210071630 9478396268 6921374192 0505397169 7498644659

0,1973955598 4988075837 0049765194 7902934475 8510378785 2101517688
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A New Quadrature of the Circle

II.  Acotg.70 = 2(2) — 2(13) — (29)

0,0142857142 8571428571 4285714285 7142857142
3) 29154 5189504373 1778425655 9766763848

5) 5 9499018266 1986077229 7257095257

7) 12142656 7890201240 2509644305

9) 2478
11)

0932222490 0490308090
5057333106 6306222511

13) 1032108 7972715555

15) 210 6344484227
17) 429866221

19) 87727

21) 17

8571428571
3965014577
9282441839
1546792335
6745213631
8552396982
6146643346
6644111559
2709519206
8002593779
9036327059

23) 36538025

25) 7456
27) 1

4285714285
2594752186
7096447908
0693284989
0887896588
3736915897
3229334064
8665965170
4407891013
4298858753
9549856909
9306030583
7399858373
5217836705

29) 3105680

31) 633
33)

714
588
609
369
773
263
468
217
300
268
949
042
588
790
960
812
128

9718

1729834791
1734665

0592808551 9922254616
2555743034 3215663472
459757555 1482383864
14 0422965615

4617

1321671525
1649541762
7141126998
1776274103
2526452304

1588609

7531584062
1527612141
3976083263
9911064344
1805203092
8230696981
563623581
20

196
338
387
681
277
871
695
447

9718

1731569456

3608309155 5043272185

4416655304

3545867487

890

0,0142857142
1

8571428571
1899803653
275

4285714285 7142857142
2397215445 9451419051
3436913610 0054478676
79392 9844055042
25286248

8571428571
5856488367
7416134847
7395895642
3100559953
8525539383

298

4285714285
9419289581
8987544065
0248410312
3200464177
8073802709
2695994334

107092

714
721
419
651
252
997
943
446

3

0,0142857144
9718

0471232500
1731569456

0119922734 6518096163
3608309155 5043272185

0866047064
4416655304

6911326560
3545867487

146
890

0,0142847425

8739663043

6511613579 1474823977

594

6449391760

3365459072

256



A New Quadrature of the Circle

III.  Acotg.99 = —(2) +2(13) — (29).

0,0101010101 0101010101
3) 10306 1015212836

5) 1 0515357128

7) 1072886

9) 109

11)

0101010101
4555667892
1335022514
1471414653
4670081768
111689631

13) 11395
15) 1

0101010101
0621375472
8344109925
8633643925
6617552662
8506950061
7383788077
1627118027

17) 1186319

19) 121
21)

0101010101
9212335579
0559046254
1020361090
3737477845
4898861083
7534424942
5561425816
5620402145
0406654464
123498281

23) 12600
25) 1

0101010101
0228548210
0127571528
3228255032
2290911973
3430495960
4633550708
2373699984
2725474308
0491044329
2431434654
5796595391
2856422466

27) 1311745

29) 133
31)

010
397
232
295
781
817
689
767
742
589
048
761
625
991
837
13

3435 3671737612
153269

1518555964
4495916379
10153602

0207125157
1233377703
8955177278
775141201
6

6404111859
5860051584
3172623734
8370761721
3705613392

547

6776182736
3318322147
8493681450
0824913332
8446897069
8512895451

48583

799
470
983
317
978
815
184

3435 3671890881

6024625946

1170821347

7513162840

6372940772

546

0,0101010101 0101010101
2103071425
12

0101010101
6267004502
1630099085

876

0101010101
9668821985
4068616962
5952599082

69783

0101010101
0111809250
4859719760
9041109610
5036494243

5880870

0101010101
8025514305
5810101330
9587196208
8395616135
5353877840
514256898
4

010
646
420
360
808
668
665
615

0,0101010101 2204081538
3435 3671890881

7998024565
6024625946

9791117914
1170821347

9156023837
7513162840

7787572825
6372940772

192
546

0,0101006665 8532190657

1973398619

8620296567

595

1642860997

1414632052

646



A New Quadrature of the Circle

IV. Acotg.307 = —3(2) + 3(5) + (13) + (29).

0,0032573289 9022801302 9315960912 0521172638 4364820846 9055374592 833
3) 345 6088648397 3443000295 0769987174 1094169326 1556823471 597

5) 36669764 6489336152 1087234559 3817877050 8899421286 416

7) 389 0732490417 2580304164 8671007839 6274855960 501

9) 41281419 3298311709 4522474201 4009658191 131

11) 438 0037913381 6985798496 2620441698 672

13) 46473043 8878046300 7405517516 808

15) 493 0879254719 3742187243 551

17) 52317576 3638805103 367

19) 555 9995380734 067

21) 58897127 616

23) 624 909

0,0032 115 2029549465 7814333365 0256662391 3698056442 0518941157 199
55 5818927202 4654329166 4095858262 8039265137 214

39 8185264852 8816890772 3874585608 970

32 8725283647 9582812482 903

29 2157651617 582

27 169

115 2029549521 3633260607 3096256443 5336089154 4173256031 037
0,0032573289 9022801302 9315960912 0521172638 4364820846 9055374592 833
7333952 9297867230 4217446911 8763575410 1779884257 283

4586824 3699812412 1613608244 6001073132 347

3574849 5298311253 9031193655 139

3077504 4919929711 962

2804625 124

0,0032573289 9030135255 8618414966 8442006812 0043393260 0790259974 688
115 2029549521 3633260607 3096256443 5336089154 4173256031 037
0,0032573174 7000585734 4985154359 5345750368 4707304105 6617003943 651

TABLE OF ARCS CORRESPONDING TO GIVEN PRIME TANGENTS
IN UNITS OF THE RADIUS, TO 110 DIGITS.

2(0,7853981633 9744830961 5660845819 8757210492 9234984377 6455243736 1480769541
5(0,4636476090 0080611621 4256231461 2144020285 3705428612 0263810933 0887201978 6

13(0,5880026035 4756755124 5611080625 0854276017 0724605592 4353726047 2072
17(0,2449786631 2686415417 2082481211

2910,3805063771 1236486630 3587916810 4331044974 0571365810 0837576305 623
3710,1651486774 1462683827 9128289643 9435540983 8
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On Calculating Common Logarithms

ON CALCULATING COMMON LOGARITHMS.

Calculate the logarithms of

g 1025 _
og » =aqa
10242
log =b
k
812
log— =c¢
*
1252
log =d
*
992
log— =e¢

(* denotes a denominator that is 1 less than the numerator) then, as is easily

checked: . 5
142 +2a+2b—2¢c—2d + e
log9 — ——4 "1 4 _
it 49 /

It is also easy to derive

logdl =a+12f —-2=g
l+c+4f+g

log3 =
og 3

log11. 31 and log 1—71 and thus also log 7. 31

7 16802
99 79 from this 73
17 Tdeddo | ¥
23.73 * from these oo and Lz
7.73 5112 23 23" 17
17 *
* : .
7302 ——— from this and — [and ]
17 43 17 17 23
*

gives 7, 17, 23, 43
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On Calculating Common Logarithms

[

9

D,

q,

29

43

23.

17

73

13

19

47

61

31

11

71

53

67

37

81
30

6561
6560

1025
1024

2401
2400

16812
1680.1682

512001
512000

16802
73 1679.1681

136000
135999

5112
510.512

7292
728.730

5122
511.513

21162
2115.2117

25002
2499.2501

170812
17080.17082

10242

7302
729.731

20012

1023.1025

109352
10934.10936

788800
788799

274700
274699

1000000

2000.2002

37512

*

13312

999999

598
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On Calculating Common Logarithms

34812
u, 59 34503481
v ]9 40952
) 4094.4096
w 33 68892
) 6388.6890
x 79 38792
) 3880.3882
97 138712 466562
Y 13870.13872  46655.46657

[How these fractions can be used to calculate the logarithms of the small
primes listed beside them, using the very rapidly convergent series in still
increasing powers of % for log %5, follows directly from the example at the
beginning.

For calculating the logarithms of the smallest primes 2, 3, 7 one can, more-
over, obtain still more advantageous series by suitably combining these num-
bers of GAUSS with those given by HUYGHENS (HUGENII, Opera varia, Lug-
duni 1724 p. 457) as follows:

2 1000
1024 = 210
3 32805=3%.5
32768 = 215
7 2400 =100.23.3
2401 = 74
11 9800 =100.2.72
9801 = 3% .11?

13 123200 =100.2%*.7.11
123201 = 3% .13

17 2600 =100.2.13
2601 = 32 .17%

19 28899 =32.13%2.19
28900 = 100 . 172

23 25920 =10.2°.3%
25921 = 7% . 232

29 613088 =2°.7%.17.23
613089 = 36 . 292
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On Calculating Common Logarithms

31 116280 = 10.2%.32.17.19.
116281 = 112.31

37 165648 =2%.3.7.17.29
165649 = 112 .37

41 1413720=10.2%2.33.7.11.17
1413721 = 292 . 412

43 978120 =10.2%2.3%2.11.13.19
078121 = 232 . 432

47 664848 =2°.36.7.13
664849 = 312 . 472

53 3059000 = 100.7.19.23
3059001 = 3% .112 . 532

59 5851560 = 10.2%.3.11%2.13.31
5851561 = 412 . 592

61 3575880 =10.22.33.7.11.43
3575881 = 312 . 612

67 1620528 =2*.3.72.13
1620529 = 192 . 672

71 2016399 =3.72.11.29.43
2016400 = 100 .22 . 712

73 5116644 = 22 .32 .132.292
5116645 =7.17.19.31.73

79 5997600 = 100.23.3%.7%2.17
5997601 = 312 . 792

83 1164240 =10.2%.33.72.11
1164241 = 132 . 832

89 2859480 = 10.2%.32.132 .47
2859481 = 192 . 892.

97 1138488 =2%.3.13.41.89
1138489 = 112 . 972

To calculate the logarithms of all primes less than 200 one can use to
advantage the decompositions of aa + 1, a + 2, .. aa + 81 found in the tables
for circle division, provided one restricts attention to the numbers a that
themselves have only primes less than 200 as divisors. The other a can then
be used to calculate the logarithms of the larger prime divisors occurring in
them.|
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First Ten Thousand Squares

POSTHUMOUS PAPERS. FIRST TEN THOUSAND
SQUARES.

10| 20| 30 40 50 60 70 80 90
1000|4000 {9000 | 16000 | 25000 | 36000 | 49000 | 64000 | 81000 | 000
02| 04| 06 08 10 12 14 16 18|001
04| 08| 12 16 20 24 28 32 361004
06| 12| 18 24 30 36 42 48 54009
08| 16| 24 32 40 48 56 64 72|016
10| 20| 30 40 50 60 70 8081090025
12| 24| 36 48 60 72 84164096 |81108|036
14| 28| 42 56 70 8414909864112 26049
16| 32| 48 64 80(36096 |49112 28 441064
18| 36| 54 7212509036108 26 44 621|081
201 40| 60 80(25100 20 40 60 80(100
22| 44| 66 88 10 32 54 76|81198|121
24| 48| 72|16096 20 44 686419281216 | 144
26| 52| 78|16104 30 56 82164208 341169
28| 56| 84 12 40 68149196 24 52196
300 60| 90 20 50 80(49210 40 70(225
32| 64]9096 28 6036192 24 56 | 81288256
34| 68(9102 36 7036204 38 7281306289
36] 72| 08 44 80 16 5264288 24324
38| 76| 14 5225190 28 66 64304 421361
40| 80| 20 6025200 40 80 20 60 (400
42| 84| 26 68 10 5249294 36 78441
44| 88| 32 76 20 64149308 5281396 |484
46| 92| 38 84 30 76 22 68181414529
1048|4096| 44|16192 40136288 3664384 32(576
50(4100| 50{16200 50(36300 50|64400 50625
521 04| 56 08 60 12 64 16 68676
54| 08| 62 16 70 24 78 32|81486 | 729
56| 12| 68 24 80 3649392 48181504 | 784
58| 16| T4 32125290 48149406 64 22841
60| 20| 80 40125300 60 20 80 40900
62| 24| 86 48 10 72 34164496 581961
65| 29| 93 57 21 85 49164513 77024
67 339199 65 3136397 63 2981595089
69| 37[9205 73 41136409 77 45181613 |156
71| 41 11 81 51 21149491 61 31(225
73| 45| 17 89 61 33149505 77 491296
75| 49| 23]16297 71 45 1964593 67369
77 53] 29/16305 81 57 33164609 | 81685 | 444
79| 57| 35 13(25391 69 47 25|81703|521
81| 61| 41 2125401 81 61 41 21(600
83| 65| 47 29 1136493 75 57 391|681
85| 69| 53 37 21|36505|49589 73 57|764
87| 73| 59 45 31 17(49603| 64689 751849
89| 77| 65 53 41 29 17164705|81793|936
92| 82| T2 62 52 42 32 22|81812|025
94| 86| 78 70 62 54 46 38 30(116
96| 90| 84 78 72 66 60 54 481209
1098 | 94| 90 86 82 78 74 70 66 | 304
110041989296 | 16394 | 25492 | 36590 | 49688 | 64786 | 81884 | 401
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First Ten Thousand Squares

11 21| 31 41 51 61 71 81 91
1210(4410|9610|16810|26010|37210|50410|65610 | 82810000
12| 14| 16 18 20 22 24 26 28201
14| 18| 22 26 30 34 38 42 461404
16| 22| 28 34 40 46 52 58 641609
18| 26| 34 42 50 58 66 74|82882|816
21 31| 41 51 61 71 81(65691|82901|025
23| 35| 47 59 71 83150495|65707 19]236
251 39| 53 67 813729550509 23 371449
271 43| 59 752609137307 23 39 55|664
29| 47| 65 8326101 19 37 55 73881
321 52| 72|16892 12 32 52 72182992100
34| 56| 7816900 22 44 66|65788|83010|321
36| 60| 84 08 32 56 8065804 28544
38| 64| 90 16 42 68150594 20 46769
40| 68]9696 24 52 80|50608 36 641996
43| 173|9703 33 6337393 23 53|83083|225
451 77| 09 41 7337405 37 69183101 (456
47 81| 15 49 83 17 5165885 191689
491 85| 21 5726193 29 65]65901 371924
521 90| 28 66 | 26204 42 80 18 56161
1254 94| 34 74 14 5450694 34 74400
56(4498| 40 82 24 6650708 50(83192|641
5814502| 46 90 34 78 22 6683210 (884
61| 07| 5316999 45]37491 37 83 29129
63| 11| 59|17007 55|37503 51165999 47376
65| 15| 65 15 65 15 6566015 65625
67| 19| 71 23 75 27 79 31|83283|876
70| 24| 78 32 86 40150794 48183302129
72| 28| &4 40126296 5250808 64 20384
74| 321 90 48126306 64 22 80 38641
76| 36(9796 56 16 76 36 | 66096 56 (900
79| 41]9803 65 2737589 51/66113 75(161
81| 45| 09 73 3737601 65 2983393424
83| 49| 15 81 47 13 79 45183411689
85| 53| 21 89 57 2550893 61 291956
88| 58| 28|17098 68 3850908 78 481225
90| 62| 34|17106 78 50 2266194 66496
93| 66| 40 14 88 62 366621083484 |769
95| T1| 47 23126399 75 51 2783503044
1297 75| 53 3126409 87 65 43 21321
1299 79| 59 39 19]37699 79 59 391600
1301 83| 65 47 293771150993 75 57881
04| 88| 72 56 40 2451008 66292 76164
06| 92| 78 64 50 36 2266308 83594 | 449
0814596| 84 72 60 48 36 24|83612|736
1114601 91 81 71 61 51 41 31(025
13| 059897 89 81 73 65 57 491316
15| 0919903 (1719726491 85 79 73 67609
17) 13| 09]17205|26501|37797|51093|66389|83685|904
1320(4618|9916|17214|26512|37810|51108 |66406 | 83704 |201
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First Ten Thousand Squares

10| 20| 30 40 50 60 70 80 90
50(1102{4202|9302|16402|25502|36602 49702 | 64802 |81902| 500
1| 04| 06| 08 10 12 14 16 18 20(601
2| 06| 10| 14 18 22 26 30 34 38704
3] 08| 14| 20 26 32 38 44 50 56 | 809
4| 10| 18| 26 34 42 50 58 66 74|916
5| 13| 23| 33 43 53 63 73 83181993025
6| 15| 27| 39 51 63 754978764899 (82011 |136
7 17| 31| 45 59 73 8714980164915 29249
8| 19| 35| 51 67 83136699 15 31 471364
59| 21| 39| 57 75(25593 36711 29 47 65481
60| 23| 43| 63 83125603 23 43 6382083600
1| 25| 47| 69 91 13 35 57 79(82101|721
2| 27| 51| 7516499 23 47 71/64995 19|844
3| 29| 55| 81|16507 33 594988565011 371969
4] 32| 60| 88 16 44 7249900 28 56096
5| 34| 64(9394 24 54 84 14 44 74225
6| 36| 68/9400 32 6436796 28 6082192356
7| 38| 72| 06 40 7436808 42 76|82210|489
8| 40| 76| 12 48 84 20 56 65092 28624
69 42| 80| 18 56 | 25694 32 70(65108 46|761
70(1144| 84| 24 64125704 44 84 24 641900
1| 47| 89| 31 73 15 5749999 41|82283 1041
2| 49| 93| 37 81 25 69150013 5782301184
3| 51(4297| 43 89 35 81 27 73 191329
4| 53(4301| 49|16597 45136893 4165189 37476
5| 55| 05| 55|16605 5536905 5565205 55625
6| 57| 09| 61 13 65 17 69 21 73|776
7| 89| 13| 67 21 75 29 83 37182391929
8| 62| 18| T4 30 86 42150098 5382409084
79| 64| 22| 80 38(25796 5450112 70 28241
80| 66| 26| 36 46 | 25806 66 26 (65286 46400
1| 68| 30| 92 54 16 78 40165302 641561
2| 70| 34(9498 62 26 36990 54 18182482|724
3| 7238|9504 70 3637002 68 34182500 | 889
4| 75 43| 11 79 47 15 83 51 19]056
5| 77| 47| 17 87 57 2750197 67 371225
6] 79| 51| 23|16695 67 39150211 83 55396
7| 81| 55| 29]16703 77 51 2565399 73569
8| 83| 59| 35 11 87 63 39]65415 82591 | 744
89| 85| 63| 41 19]25897 75 53 31(82609 (921
90| 88| 68| 48 28125908|37088 68 48 28100
1| 90| 72| 54 36 18]37100 82 64 46281
2| 92| 76| 60 44 28 12150296 80 641464
3| 94| 80| 66 52 38 2415031065496 | 82682 | 649
4] 96| 84| T2 60 48 36 24165512 |82700|836
5(1199| 89| 79 69 59 49 39 29 191025
61201 93| 85 77 69 61 53 45 37(216
7| 034397 91 85 79 73 67 61 55409
8| 05[4401|9597|16793 89 85 81 7 73604
911207 (4405|9603 | 16801 {25999 37197 |50395|65693 | 82791 | 801
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First Ten Thousand Squares

11| 21 31 41 51 61 71 81 91
1322|4622 | 9922|17222|26522|37822|51122|66422|83722|500
24| 26 28 30 32 34 36 38 40801
27| 31 35 39 43 47 51 55 59104
291 35 41 47 53 59 65 71 77(409
311 39 47 55 63 71 79|66487|83795|716
34| 44 54 64 74 8415119466504 | 83814 |025
36| 48 60 72 843789651208 20 32336
38| 52 66 8026594 (37908 22 36 501649
401 56 72 88126604 20 36 52 68964
43| 61 7917297 15 33 51 6983887281
45| 65 8517305 25 45 65]66585(83905|600
471 69 91 13 35 57 79166601 23(921
50| 74| 9998 22 46 70151294 18 421244
52| 78(10004 30 56 8251308 34 60569
54| 82 10 38 66 37994 22 50 781896
57| 87 17 47 7738007 37 6783997225
1359| 91 23 55 87 19 51 83|84015|556
1361|4695 29 6326697 31 6566699 889
6414700 36 7226708 44 80|66716 224
66| 04 42 80 18 5651394 32 561
68| 08 48 88 28 68151408 900
71 13 5517397 39 81 23 241
73| 17 6117405 49138093 37 584
75 21 67 13 5938105 51 929
78| 26 74 22 70 18 66 276
80| 30 80 30 80 30 80 625
82| 34 86 38126790 42151494 976
85 39 93 47126801 5551509 329
87| 43(10099 55 11 67 23 684
90| 48(10106 64 22 80 38 041
92| 52 12 72 3238192 52 400
94| 56 18 80 4238204 66 761
97| 61 25 89 53 17 81 124
1399| 65 3117497 63 2951595 489
1401| 69 37117505 73 4151609 856
04| 74 44 14 84 54 24 225
06| 78 50 22126894 66 38 596
08| 82 56 30(26904 78 52 969
11| 87 63 39 15|38291 67 344
13| 91 69 47 2538303 81 721
16|4796 76 56 36 16]51696 100
18]4800 82 64 46 2851710 481
201 04 88 72 56 40 24 864
23| 09]10195 81 67 53 39 249
25| 13|10201 89 7 65 53 636
28 18 08117598 88 78 68 025
301 22 14117606 |26998 | 38390 82 416
32| 26 20 14127008 | 38402 | 51796 809
35| 31 27 23 19 15(51811 204
1437|4835(10233 17631 |27029 | 38427 | 51825 601
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Indices of Primes in the Higher Number Domain

POSTHUMOUS PAPERS INDICES OF PRIMES IN THE
HIGHER NUMBER DOMAIN.
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o 1)1 2] 3| 3| 4] 4| 7| 7| 9] 9/10|10|12|13|13(15|15|18|18|22|22|24|24
1+4|2[3|3| 7| 4| 7| 5| 1|22| 1|28|32| 2|46|40| 1|16|31| 1{37|23|23| 1| 7
1—qe|1{2|1] 4] 1| 3| 1|22|15|28|19|22(32|34|27|40| 1|16|55(19| 1| 1|73|79
—1+4+ 24 | 3| 7| 4| 5| 9| 2|18|12|13| 6(27|21|25|19|10{35| 9|68|65|10|40|20({63
—1—2¢| 1| %| 5[11| 4|14|15|12|18| 6]31(31|17|31|10|45(39| 5(11|68|40|54|81(44
=3 3| 1| x| 2| 2| 3| 5|17 3|16(16(25|35|16(|21|47({12[{12| 6|42|51|29|14|50

3+ 2¢| 2| 16| x| 1]13| 9(13|23]|14|35|26|33| 3| 4|44|28|52| 9|44(79|38|36|23
3 —2¢|3|2[2| 7| x[15(11] 9|27|17|14| 3| 6(21|44| 4|52|28|44|27(82[57|89|60
1+42 1|23 9| 7| | 6/15(20(21| 2| 8| 9(29|22|24|38|11|23|52|27|81|78| 1

1 — 44 2| 3| 1| 1| 3|10 =|20] 1| 2| 3|19| 8|11|24|22(41(38|52| 5|15| 5|79(18
—5+4+2¢[ 02| 1] 3(11|11|12| =|25| 5|28|29|24|30|51|41{19(36|71|66| 8|75/91|58
—5—24[ 2|/ 0] 3] 5| 9| 4|13|11| *|28|23|24|39|18|15|25[36(49(30|53|53| 8|70(85
—1+4+ 67 3/0|4] 8| 3| 5/10|19|22| *|29(33| 5|22|27|33|34|59(39|67|65|12|39(32
—1—62/0| 1| 4] 9| 8 6| 3|22| 5|11| *|15| 3|10| 7| 1|29(34|49|21|12|87|32| 9
54 4i| 3| 3| 5| 6|11| 4| 3| 5|16|25({15] *|32| 9(16| 9|46|32|69(13|26|55| 4(43
5—4i| 1| 17| 5| 6] 5[12({16(19|33| 7|32| *({15|35|16|32|46|31|15(33|70(37|28
—7| 1| 3|4| 7| 1| 1] 7|10|/10(10{10| 1|11| *|28|28|23(53|51|33|83(61|11| 5

7+ 24| 1] 0| 1|10{12] 2| 8|21| 9| 1|25|36| T7|44| *|43|55|26|37|10({87|85(27|89
7 —2¢| 0] 3| 3| 2|10] 8(14(23| 7| 7|19|37]36(20({17| *|26|25|46|55({19(65|23|21
—5+ 64| 1| 1| 0] 6(10|10| 1|25| 6| 4|27| 2| 4|43|37| 8| *|31|21|43|85| 2|45(29
—5— 61 3|3/ 0[10| 6| 7| 6| 6|11] 9| 4| 4|22|13| 8|11| 1| *|25|39|46|19|83| 3
—3+ 8| 0| 3| 6| 5| 4/15|18| 7|26| 3[33| 9|31|23| 1| 6(33[13| *|26|28|24|73(13
—3 — 8¢ 10| 2] 4(11| 8|19|26|21{15|21|21|19|17| 6|27(|43| 3|62| *|24|28|67| 7
5+ 8¢ 2|07 7|10{11(15] 4| 5| 9| 8|38[13[19(39| 7|25| 2|24|56| *|30|77|79
5 — 8t 0] 25|10 1] 9(13(19| 4| 8|27|23|18(37|33|13| 2|55|56|24|74| x| 1|35
9444 0] 1| 2| 8| 5[14| 7({11|14|35| 4|28(25(39| 3(39|21| 7| 1|11{49] 1| *|90
9 44| 3]0|6|11| 8| 1| 2(14|25| 4|17|35(28|33|13|29|37|51|65[19|23|71| 6| *
—1410¢| 2| 2| 5| 2| 0] 7| 7[16(17|31|17|21|10| 5[46|35|50|45|39|34|57(42(10|54
—1—10¢/2|2{7| 0] 2| 1] 1] 3|16|35|13|30|31{35| 9|46|15|50|70|21|86|79(42|22
3+ 104| 1{ 3| 2| O] 9| 6| 5(14|24|23|24|17(18|38|49|50|54|56|14| 2|69|51|65|31
3 — 107 1| 3| 6| 3| 0| 3|10(24|14|24| 5|38(27|26|50|23|56|54|38(50|29| 3|49|47
=7+ 8| 3|2| 7] 1| 9/14| 9|22| 9| 7|22| 7|15|12| 5|23[48| 6| 4|47|11|68|58|82
—7 —8:i| 2| 1| 5] 3| 7|15| 2|23|22|22|25| 5|37|36|49|31| 6(48|29| 4|68|77|46|70
—11(2|2|0(11| 5| 5| 3| 1|15(24(24|37| 7|40|12(12(15(45|61| 7|16|16|94(34
—11+4 42| 0| 1| 3| 4| 3| 7[15]14(27|29|13|36|29(26(32|21|57|29|54|30(41{18| 9|38
—11 —44| 3|0 1| 9| 4| 9] 1]13|14|31|11|39|36(38(47|32|59|27|66|18|62(63|26|39
7+ 10¢ 3| 1| 3] 3| 4|12| 0| 3| 1{26{10(23|20| 4| 6(12({44|22|29|31|47|14|12|75
7—10:| 3| 1| 1] 4| 9| 0| 4|15]17({10(26(20|13|28|12| 6(22]44|13|47|58|25|69(84
114 64| 2| 3] 4|11 7| 0[12{17| 4|20(12| 7|14[17(18(49| 8|29|43|18|13[11|75|20
11 — 64| 1| 2{ 4| 1| 5| 4] 0] 4| 3|12|20(34|37(23|23(18|59| 8|54|25|77|35(44|69
—23+4+2:[ 1|1 0| 7| 2| 8|15 4|27| 1{20{18|18|32| 7|33|36(24| 7|26|28|72|66|38|77
—23 —2¢| 0| 3| 5| 8| 2[12| 9]15(13|18|20|32|38| 1[36| 7|37|24|28|62(22|72|35|26
—9+20:{ 0| 0| 2{11| 1| 3| 6| 8[16(19] 3|20|37|15|42|37| 5[42|53|59|39|56|61(16
—9 —10¢/ 0| 06| 7| 5[10| 5]16| 8|21| 1| 7|20| 9(11|42|42|35|41|71|56{17|16|19
—7+12:( 2| 1| 4] 0|11 9| 4|12{13| 1{14|11]|22|20|30| 5[{42{19(59|50|81|64|87(87
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Auxiliary Table for Solving the Indeterminate Equation

AUXILIARY TABLE
FOR SOLVING THE INDETERMINATE EQUATION

A= fxz + gyy

BY THE METHOD OF EXCLUSION.

It is assumed that a prime p has been chosen as the exclusion number,
and that none of the numbers A, f, g is divisible by it. The table is also

restricted to the two cases in which the value of the expression 4 (mod.p) is

either a fixed quadratic residue (always 1), or a fixed quadraticfnonresidue
modulo p. Finally, the table has been provided only for the case in which fg
is a quadratic residue of p, and the opposite case has been omitted entirely.
Section Six of the Disquisitiones Arithmeticae gives sufficient instruction on

how to derive easily from the table what it does not contain directly.
FEzxamples. Let the equation to be solved be 21680143 = xx + 78yy

1) Exclusion number = 5 fg =N, ? =3=2.2°
From the table 1,4 for fg = R and hence 0,2, 3 for fg = N, and for the above
case 0,1,4 or excluded 5n + 2

2) Exclusion number = 7 fg=R, ? =2=1,3?
From the table 0,1, 2,5, 6 For the present case 0, 3,6, 1,4 and excluded 7n+2
3) Exclusion number = 11 fg =R, ? =1
Thus we obtain 0,1, 3,5, 6, 8,10; excluded 11n £+ 2,4
4) Exclusion number = 17 fg=N, ? =9=1.3!
0.1.3.4.6
0.3.8.5.1
0,2,3,4,6,7

Exclusion number +1,5,8
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Auxiliary Table for Solving the Indeterminate Equation

Value of
P ?(mod.p) Numbers, taken positively or negatively, to which = must be
congruent modulo p.
3 1 0,1
2 1
5 1 0,1
2 1
7 1 0,1,2
6 2,3
11 1 0,1,3,5
10 1,3,4
13 1 0,1,2,6
2 1,4,5
17 1 0,1,3,4,6
3 1,2,4,6
19 1 0,1,2,3,4,7
18 1,3,6,7,8
23 1 0,1,4,8,9,10,11
22 1,2,3,4,6,8
29 1 0,1,5,6,8,9,11,13
2 1,3,5,6,8,13,14
31 1 0,1,2,4,5,7,10,11,13

30 4,5,6,8,11,12,13, 14
37 1 0,1,2,7,8,10,11, 14, 16, 18
2 1,3,6,7,8,14,15,17,18
41 1 0,1.3,9,12,13,14,16,17,18,19
3
1

1,2,6,7,8,9,11,12,13,17

43 0,1,2,3,7,8,9,11,13,17, 18,20
42 1,2,5,6,7,8,9,16,17,19, 21

47 1 0,1,4,6,9,10, 11,16, 18, 19, 20, 22, 23
46 2,3,5,9,13,15,16, 18,19, 21, 22,23

53 1 0,1,4,5,8,10,12,13, 14, 16, 19, 20, 21, 22

1,3,7,8,11,12, 15,16, 18, 21, 24, 25, 26

59 1 0,1,3,5,10,11,13, 14,15, 17, 19, 22, 23, 24, 25, 29

58 1,3,6
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Auxiliary Table for Solving the Indeterminate Equation
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Auxiliary Table for Solving the Equation

POSTHUMOUS PAPERS. AUXILIARY TABLE FOR SOLVING THE
EQUATION

A= fzx + gyy.

Exclusion
number | A| f
P 7la fgRp
Allowed Excluded

19| 1| 1{102.3.4.7.12.15.16.17 1.18 |5.6.89.10.11.13.14
2(1011.2.4.6.9.10.13.15.17.18 0.3.5.7.8.11.12.14.16
3113(4.5.6.7.9.10.12.13.14.15 0.1.2.3.8.11.16.17.18
4| 5/0.4.5.6.8.11.13.14.15 2.17 (1.3.7.9.10.12.16.18
5/ 4/0.1.2.6.8.11.13.17.18 9.10 (34.5.7.12.14.15.16
6/16/0.1.3.4.9.10.15.16.18 5.14 (26.7.8.11.12.13.17
7/11/0.1.3.5.6.13.14.16.18 8.11 (2.4.7.9.10.12.13.15
8(1211.2.4.7.8.11.12.15.17.18 0.3.5.69.10.13 14.16
9(17/0.2.6.7.9.10.12.13 .17 3.16 (1.4.5.8.11.14.15.18
10| 2|11.2.3.5.9.10.14.16.17.18 0.4.6.7.8.11.12.13.15
11| 7/0.25.8.9.10.11.14 .17 7.12 (1.3.46.13.15.16.18
12| 8|1-5.7.8.9.10.11.12.14.18 0.2.3.4.6.13.15.16.17
13| 3/2.3.4.5.8.11.14.15.16.17 0.1.6.7.9.10.12.13.18
14115|13.4.6.8.9.10.11.13.15.16 0.1.25.7.12.14.17.18
15/1412.3.5.6.7.12.13.14.16.17 0.1.4.8.9.10.11.15.18
16| 6/0.3.7.8.9.10.11.12.16 4.15 [1.2.5.6.13.14.17.18
17| 9/0.1.4.5.6.13.14.15.18 6.13 (2.3.8.9.10.11.16.17
18|18|1.3.6.7.8.11.12.13.16.18 0.2.4.5.9.10.14.15.17

23| 1| 1{0.4.8.9.10.11.12.13.14.15.19(1.22 |2.3.5.6.7.16.17.18.20.21
211210.1.3.4.6 9.14.17.19.20.22|5.18 |2.7.8.10.11.12.13.15.16.21
3| 8/0.1.5.6.8.10.13.15.17.18.22|7.16 [2.3.4.9.11.12.14.19.20.21
41 6/0.1.3.5.7.8.15.16.18.20.22(2.21 (4.6.9.10.11.12.13.14.17.19
5114(1.2.4.5.7.9.14.16.18.19.21.22 0.3.6.8.10.11.12.13.15.17.20
6| 4/0.2.4.5.6.7.16.17.18.19.21(11.12(1.3.8.9.10.13.14.15.20.22
7/10(1.2.7.8.9.11 12.14.15.16.21.22 0.34.5.6.10.13.17.18.19.20
8 3/0.2.5.6.8.11.12.15 17.18.21(10.13 |1.3.4.7.9.14.16.19.20.22
9/18(0.1.4 7.10.11.12.13.16.19.22|3.20 [2.5.6.8.9.14.15.17.18.21
10| 7/1.2.3.5.10.11.12.13.18.20.21.22 0.4.6.7.8.9.14.15.16.17.19
11121|3.4.5.7.8.10 13.15.16.18.19.20 0.1.2.6.9.11.12.14.17.21.22
12| 2/0.2.3.7.10.11.12.13.16.20.21(9.14 |1.4.5.6.8.15.17.18.19.22
13/16/0.1.2.3.8.9.14.15.20.21.22(6.17 |4.5.7.10.11.12.13.16.18.19
14| 5/1.5.6.9.10 11.12.13 14.17.18.22 0.2.3.4.7.8.15.16.19.20.21
15|120|3.5.6.7.9.11.12.14.16.17.18.20 0.1.2.4.8.10.13 15.19.21.22
16/13|/0.2.6.7.9.10.13.14.16.17 21{4.19 |1.3.5.8.11.12.15.18.20.22
1711911.2.3.4.6.10.13.17.19.20.21.22 0.5.7.8.9.11.12.14.15.16.18
18 9/0.3.4.5.9.11.12.14.18.19.20(8.15 |1.2.6.7.10.13.16.17.21.22
19(17(1.4.6.7.8.11.12.15.16.17.19.22 0.2.3.5.9.10.13.14.18.20.21
20(15(2.4.5.8.9.10.13.14.15.18 19.21 0.1.3.6.7.11.12.16.17.20.22
21(11{3.6.7.8.9.10.13.14.15.16.17.20 0.1.2.4.5.11.12.18.19.21.22
22(22(2.3.4.6 8.11.12.15.17.19.20.21 0.1.5.7.9.10.13.14.16.18.22
AlT

D 7la Excluded Allowed

fgNp
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Section Eight.

SECTION EIGHT.

A FULLER CONSIDERATION OF CERTAIN INVESTIGATIONS
CONCERNING CIRCLE DIVISION.

367.

What we set out in the latter part of Section Seven, from Article 355
onward, certainly gives substantial examples of the great fertility of the theory
of circle division, and of the remarkable connection linking this subject with
various arithmetic investigations. There, however, the severe limits of space
and time allowed us only to touch lightly on this field, which rewards our
efforts with a richer harvest the further we advance into it. We therefore
intend to take up here again one or another of the questions begun there and
discuss them more fully: readers will certainly see with great wonder that the
solution of several arithmetic problems, which anyone would have expected
to be worlds apart from this subject, rests on this foundation.

368.

The investigation begun in Article 356 offers an especially fruitful subject.
There we divided the collection of roots of the equation 2™ —1 = 0 (excluding
unity) into two classes and showed how to determine the sum in each class.
These sums were = — + 21/n and —3 — 3\/n when n has the form 4n+1, or
= —%4—%\/—71 and —% — %\/—n when n has the form 4n+3. Yet there we had
not only restricted ourselves to the case where n is a prime number; we had
also, what was of much greater importance still, left the sign of the radical
quantity undetermined, or rather neglected to support this determination,
indicated in a few words, with a solid proof. We must therefore make good
these deficiencies before anything else.

.369.

Now let n be any positive integer, and R a root of the equation ™ —1. =0
none of whose powers preceding the power with exponent n equals unity (see
Article 359, II.). As in Section VII, let us denote by [\] the power R*, so
that [0] = 1, [1], [2], [3]....[n — 1] represent all the roots of the equation
" — 1 = 0. Further, let us denote the sum

O] + [+ 4] +[9]+.... +[(n—1)?] by 2[Q]
and more generally

(0] + [A] + [AN] + [9A] ... + [AM(n — 1)?] Dby B[Q)]
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Section Eight.

so that £ denotes, without further specification, the squares of the numbers
0,1,2,3....n—1. Thus, just as in general [A\] = [p] when A, u are any integers
(positive or negative) congruent modulo n, we also have X[Q)\] = X[Qu] when
A = p. With these preparations we have the following.

370.

PROBLEM. Determine the product of the two sums X[Q] and ¥[—9Q)].
Solution. Since nn =0, (n+1)2 =1, (n+2)? = 4, etc. (mod.n), it is easy to
see that X[Q] becomes

= [1] + [4] + [9] + [16] .. ... + [nn]
= [4] + [9] + [16] + [25] ... .. +[(n+1))?
= [9] + [16] + [25] + [36] ... .. +[(n+2)?

etc. or in general
= [kk] +[(k+ D2+ [(k+22 +[(k+3)Y.... +[(n+ k- 1)
Hence [—kk] x ¥[Q]
= [0] + [2k + 1] + [4k + 4] + [6k+ 9] ..... +[(n —1)? +2(n — 1)k]

Hence X[—1Q] x X[Q] expands into

—[0]+ 1] +[4]+1[9]..... + [(n —1)?]

+ [0] + [3] + [8] + [15] . . . .. + [nn — 1]

+[0] + [5] + [12] + [21]..... + [nn 4 2n — 3]

+ 0] + [7] + [16] + [27] ... ... + [nn 4 4n — 5]

+ etc

+ 0]+ 2n— 1] + [4n] + [6n+3]..... + [3nn — 6n + 3]

Summing these parts vertically gives

In this expression all parts except the first vanish whenever n is odd; for
then all of 1 — [2n], 1 — [4n], 1 — [6n], etc. become = 0, whereas none of the
denominators 1 —[2], 1 —[4], 1 —[6], 1 —[8], etc. up to 1 —[2n —2] does. When
n is even, however, one of the denominators is also = 0, namely 1 — [n], to

lf_[%} corresponds; the sum of the parts from which

which the term [}nn] x
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Section Eight.

this term arose becomes = n[inn] Here again we must distinguish two cases.

When n is divisible by four, $nn = 0 (mod.n) and therefore [$nn] = 1; but
when n is twice an odd number, %nn = %n (mod.n) and therefore necessarily
[%nn] = —1. We finally conclude that

1) for an odd value of n, the required product is = n

2) for a value divisible by four, the product is = 2n

3)

for a value that is twice an odd number, it is = 0. Q. E. L.

371.

It is now worth considering the nature of the sum X[Q] more closely.

1. Since we may replace the squares 0, 1, 4, 9, 16, etc. by their least residues
modulo n, it is evident that if M denotes, without further specification, the
quadratic residues of the number n from 0 to n — 1, and m the number of
roots of the congruence zx = M (mod.m), then X[Q] = ¥m[M]. We showed
how to determine the number m in Articles 104, 105.

II. If n is an (odd) prime, then for M = 0 we have m = 1, whereas for
every other value of M we have m = 2. If n is a power of an odd prime = p”,
then m = 2 for every value of M not divisible by p —

372.

If n is an (odd) prime, the residues m consist of zero, for which M = 1,
and 3(n — 1) other numbers, for which M = 2. Denoting these residues (ex-
cluding the residue 0), without further specification, by u, our progression is
= 142%r*. Further, if v denotes, without further specification, all remaining

1

numbers below n, whose number is likewise 5(n — 1) and which comprise all

quadratic nonresidues of n below n, then evidently

n
L+ 4+ =1+r+rr+r. . 4= 11_77;:0

Thus, setting the sum of our progression, that is 1 + 2Xr* = A, we have
14 23rY = —A, and also Xr# — Xr¥ = A.

By Article 356 we therefore have A = £y/n or £,/—n, according as n is
=1 or = 3 (mod.4). But this does not yet determine the sign of the root.

If, in our progression, which we shall denote by II, we replace r by another
similar root of the equation ™ — 1 = 0, say ' = r*, let II' be the result.
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Section Eight.

373.

If n is the square or a higher power of a prime, say = p™, some residues m
consist of numbers not divisible by p; others are divisible by pp but not by a
higher power of p; others can be divided by p* but not. by p°; and so on to
those divisible by p™ 2 but not by p™ !, or by p™~! but not by p™, according
as 7 is even or odd. Finally there is the residue 0, the only one divisible by p™
(compare Article 102). Now denote, without further specification, by u the
quadratic residues of the number p below p, excluding zero (whose number is
= 1(p—1)). Those different classes of residues are then represented as follows.
The first, which are not divisible by p, are represented by p+ kp, where for k
we must substitute all integers from 0 to p™~! — 1, so that the number of all

1

residues contained in this form is = £(p — 1)p™'; for each of these, M = 2.

The sum of all terms in II corresponding to these residues is

DY LR ) S y
Pt —1 B

=23k =0
rP —1

The second class of residues is represented by upp + kp?, where for k we must
substitute all integers from 0 to p"™ 2 — 1, so that the number of all residues
contained in this form is = %(p —1)p™3; for each of them, however, M = 2p.
The sum of the terms in II arising from these becomes

= 2p2r“pp+kp3 = 2pXrHPP Shp?

rP —1
rr® —1

= 2pXrtPP =0
provided that m > 3. Similarly, the third, fourth, etc. class is represented by
up* + kp®, up® + kp7, etc., where for k we must take all integers from 0 to
p™ % — 1, p"~7 — 1, etc.; for these, M = 2pp, M = 2p>, etc. The sum of the
terms in II arising from the third, fourth, etc. class vanishes provided that
m™ > 5, > T, etc.. respectively.

We conclude that when 7 is even, in II only the terms corresponding to
the residue 0 remain, and these are = 1; for these, however, M = p%“, so that
the sum of all terms in II is = p27.
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Gauss to Dirichlet.

GAUSS TO DIRICHLET.

To Monsieur
Monsieur LEJEUNE DIRICHLET in Paris.

I would have thanked you earlier for the memoir you so kindly sent me and for
the great pleasure it gave me, had I not wished first to hear something of the
outcome of my efforts in Berlin concerning your wishes and, I may add, my own.
I am extremely pleased now to see, from a letter received from the Secretary of
the Academy in Berlin, that we may hope that they will soon be willing to secure
a suitable permanent position for you in your homeland.

The rarer this inclination is, the more pleased I am to find you so strongly
drawn to the part of mathematics that has always been my favourite study. I
sincerely wish you circumstances in which you remain as far as possible master
of your time and of the choice of your work. Immediately after the appearance
of my Disquisitiones, other kinds of work, and later my circumstances, greatly
hindered me from following my inclination as much as I would have wished.
Instead of a second part of that work, which I formerly intended, I shall in
all probability have to confine myself to presenting a memoir on an individual
subject from time to time. The three memoirs of this kind that have so far
appeared in the 16th volume of the local Commentationes and in the first and
fourth volumes of the Commentationes recentiores, however, contain (apart from
a portion of the second) none of the subjects I already had in mind in 1801 for
the continuation, but new ones. My later work of this kind likewise concerns a
new subject, namely the theory of biquadratic residues, which I intend to present
in about three memoirs; the first of these will shortly be printed for the sixth
volume of the Comment. rec., and the main material for the remainder, as well
as for the similar theory of cubic residues, may be regarded as essentially settled,
although little of it has yet been properly put on paper.

Please give my regards to Herr von HUMBOLDT, if he is still in Paris, and
excuse my not writing to him directly now by my concern that the letter might
not reach him, since, as I hear, he intended to leave Paris.

With sincere esteem
Yours most devotedly

Gottingen, 13 September 1826. C. F. GAUss.
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Gauss to Dirichlet.

I offer you, my highly esteemed friend, my most sincere thanks for your
kind letter and for kindly sending your two memoirs. I am pleased to see
the growing interest now beginning to be taken in investigations of higher
arithmetic. I very much liked the successful way in which you derive the
second, concerning the biquadratic residuacity of the number 2, from the
first.

Presumably the 6th volume of our Commentationes has now reached Bres-
lau, so you will probably be familiar by now with my Commentatio prima on
biquadratic residues: if an opportunity arises, I would also gladly send you
a separate copy. I could have chosen among several methods of proving the
theorem in it; but you will see why I preferred the method used there, chiefly
because the classification of 2 for those moduli for which it is a quadratic non-
residue (under B or D) must be regarded as an essential part of the theorem,
to which most other methods of proof seem inapplicable.

I have had all the material for the entire investigation for 23 years, and the
proofs of its main theorems (among which the theorem in the first memoir
is not yet to be counted) for about 14 years — (although I wish and hope
to be able to simplify something further in the latter, the proofs) —. I have
planned the investigation for about 3 memoirs. I have already begun writing
the second, and hope to finish it before long, unless the surveying duties
recently assigned to me again cause some delay.

I had already also announced the concluding theorem b = %'rr (mod.p) in
the local gel. Anzeigen three years ago and drawn attention to the remarkable
knot still to be untied in connection with it; but I have not yet heard of anyone
attempting it. A few days ago I did succeed with one half, and this discovery
gave me all the more pleasure because it does not rest on induction at all
— for I confess that I would not have expected precisely this connection —
but a priori on combining other very intricate and interesting investigations,
already 28 years old but still entirely unpublished, of which a faint indication
is given in the closing note of the Disquis. Arithm. p. 668 [GAUss Werke vol.
L. p. 466].

This is a sufficient criterion for the case where p has the form 8n + 5.

Let the number of classes formed by the binary forms in each of the two
kinds for the determinant —p be = k. The beginning of a table I constructed
up to the determinant —3000 is in Disquis. Arithm. p. 520. [Art. 303.] It
should also be noted that for a p of the assumed form we always have k =
2m~+ 1 when m denotes the number of decompositions of p into three positive
squares (I say positive to exclude 0), as LEGENDRE found by induction and
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Gauss to Dirichlet.

as was first proved in the Disquis. Arithm. from the theory of ternary forms.
For example,

for p= 5, 13, 29, 37, 53, 61, 101, 109, 149, 157 etc.

k=1,1, 3, 1, 3, 3, 7, 3, 7, 3
m=0,0 1, 0, 1, 1, 3, 1, 3, 1
_ I o

4 19 1416 9 1 43 4

9 16 16 361636 36 4 6464 9

16 36 36 g4 81 49 64 144 81 49 144

With this assumption, the value of b that is = %7‘7‘ (mod.p) is always
=2k+a—1=4m+a+1 (mod.8)

which completely determines the sign of b. Here are 22 examples, doubling
the extent of the table given at the end of the memoir.

p |k a b p| k a b
5|1 +1| 42181 | 5] 49| 410
31| -3| =21 197| 5| 41| —14
29 13| 45| 42229 5| —-15| +2
3711 41| —61 269 |11 | +13 | +10
53 3| =7 | =2 277 3| 49| +14
61| 3| +5| —61{293| 9| +17| +2
101 | 7 +1| =10 | 317 | 5| =11 | +14
109 | 3| =3 | 4+10 | 349 | 7| 45| +18
149 | 7| =7 | =10 || 373 | 5| —7 | +18
157 | 3| —-11| —6 | 389 | 11 | +17 | —10
173 | 7| +13| +2 397 | 3| -19| —6

The rule can therefore also be expressed as follows; (always assuming p =
5 (mod.8))
We have b=a+ 1 (mod.8),  if m is even

b=a+5 if m is odd.
I do not yet venture a conjecture as to whether a still simpler criterion is
possible for distinguishing the case of even m from the odd case in advance,

that is, without knowing the value of m itself, since, as I remarked above,
this connection is still entirely new.
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Gauss to Dirichlet.

For the case p = 1 (mod.8) the above congruence b = 2k +a — 1 (mod.8)
remains correct, but it no longer determines the sign of b, since both the
positive and the negative values of b satisfy it. Here k is always even, = 2m
(with m understood just as above), or = 2m + 2 if m denotes the number of
decompositions of p into 3 positive unequal squares, and b = 0 (mod.4), or

= —b (mod.8). I conjecture that the case p =1 (mod.8) or b = 0 (mod.4)
calls for deeper investigation, and perhaps again

b=4 (mod.8) easier than b =0 (mod.8)
b= 8 (mod.16) easier than b =0 (mod.16)

etc.
With the highest esteem I remain
Yours most devotedly in friendship
Gottingen, 30 May 1828. C. F. GAUss.
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Remarks.

REMARKS.

In this second volume of GAUSss’s works I have included all his memoirs,
essays and tables on higher arithmetic, insofar as they are not already covered
by the seven sections of the Disqu. Arithm.: the five memoirs published in the
‘Commentationes societatis regiae scientiarum Gottingensis’ (in quarto), the
reviews of these works of his own and of some works by others published in
the ‘Gottingischen Gelehrten Anzeigen’ (in octavo) (unsigned by GAUSs, but
confirmed as his through the records of the Gottingen University Library),
and a selection from his manuscript remains.

In the second printing I have also added the tables ‘Circuli quadratura
nova’, ‘On Calculating Logarithms’, ‘Quadratorum myrias prima’, ‘Indices
of Primes in the Higher Number Domain’, ‘Auxiliary Table for Solving the
Indeterminate Equation A = fxzx 4+ gyy by the Method of Exclusion’, as well
as ‘Sectio octava’, as far as it was written down, and finally two letters from
GAUss to DIRICHLET, as essential parts of the history of higher arithmetic.

To make the subjects in so extensive a volume easier to survey, the the-
orems are distinguished typographically in the same way. To make both
the earlier editions and the present one easier to use, references to the Disq.
Arithm. give article numbers in place of page numbers, and references to
memoirs give their own titles in place of their places of publication. The
note originally attached to Article 2 of the memoir ‘ Theorematis arithmetici
demonstratio nova’, which contained a correction to Article 139 of the Disqu.
Arithm., has been inserted there at the relevant passage. The note on page
91 is taken from a handwritten note. Apart from this, the present edition
differs from the earlier ones only in the correction of some printing errors.
My additions are identified by square brackets [].

The Table of the Quadratic Character of Primes is printed in the manner
of Tabula IT of the Disqu. Arithm., described in Article 99 and especially used
(in Article 331) for factoring numbers. The handwriting of the manuscript en-
titled ‘ Quadratorum numeris primis divisorum residua lateralia’ most closely
resembles that of the second part of the table for converting common frac-
tions into decimal fractions. In place of the horizontal strokes indicating a
quadratic residue, it contains small circles; those in adjacent horizontal or
vertical rows are always connected by lines. While proofreading I noticed
several errors. I then found 190 discrepancies in the characters in a single
comparison with JACOBI’s Canon Arithmeticus, and by determining them di-
rectly found agreement with those printed tables. The edition here has been
corrected accordingly.

The first part of the Table for Converting Common Fractions into Decimal
Fractions is arranged here similarly to Tabula III of the Disqu. Arithm. For
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the primes and their powers p™ between 3 and 463 it contains the mantissas
(1), (2)..(0) of the decimal fractions of %, 1(;);1” . ;—9. Here r denotes unity,
so that (1) = (2) = ..(0), when 10 is a primitive root of p™; otherwise r
denotes the smallest of those primitive roots of p™ for which, as base, the
index of 10 takes its smallest value. To make the table easier to use, I have
added the values other than 1 of r on page 420. The manuscript, which also
does not yet give the distinguishing digits of the different periods, most closely
resembles the Analysis residuorum in appearance and seems to precede in
date the piece placed here as the second part of the whole table. This second
part contains, for the primes and their power p™ between 467 and 997, the
mantissas of the decimal fractions of %. The manuscript gives the divisors
in decreasing order and ends with the words: FEzplicitus October 11. 1795.
In print T have added, for the divisor 191 in period (1), the 71st digit, and
omitted, for the divisor 829, a number between the 151st and 152nd digits.

The first part of the Table of the Frequency of Primes, discussed by GAUSS
himself in a letter (page 444), giving the number of primes in each of the first
1000 thousand groups, exists in a manuscript by GAUSS. His manuscript
remains, however, do not contain the counts mentioned in the letter of the
hundred groups within the first million that contain a specified number of
primes. The other part of the table, for the second and third million, comes
from a manuscript by GOLDSCHMIDT alone. Herr MEISSEL, by counting and
by his formula, has found the following corrections to pages 436 and 437:

Thousand GAuss True Value Thousand GAuUssS True Value

20 102 104 546 68 69
159 87 7 601 75 76
199 96 86 625 68 78
206 85 83 668 73 74
245 78 88 675 69 73
289 85 7 784 74 75
290 84 85 800 81 71
334 80 81 879 68 78
352 80 81 985 74 70
501 78 79

The formula of ENCKE mentioned in the letter from GAUSS to ENCKE

seems to be the following
n 2logn

J 10

which ENCKE gives in a letter to GAUSS of 4 December 1849.

The Table of the Number of Classes of Binary Quadratic Forms gives the
number of genera and classes and the index of irregularity for negative deter-
minants in hundred groups 1 to 30, 43, 51, 61, 62, 63, 91 to 100, 117 to 120;

logn
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also, in a separate compilation, for those of the 1st, 3rd and 10th thousand
groups, for the first 800 of the forms —(15n + 7) and —(15n + 13), and for
some very large determinants; and for positive determinants in the 1st, 2nd,
3rd, 9th and 10th hundred groups and some others. The manuscript con-
sists of separate slips with tables arranged in various ways. For instance, the
older ones use the word Ordo in place of Genus, as in the individual hundred
groups except the 9th and 10th for positive determinants, and also in some
preliminary compilations in thousand groups. To make the arrangement eas-
ier to survey, the notation of the Disqu. Arithm. has been used throughout
here. For lack of space, the greatest and least quotients obtained by dividing
the number of classes by the determinant, and the numbers of determinants
for which the quotient falls within certain bounds, are not placed below the
individual hundred groups, but collected at the end of the table for negative
determinants. Some surviving notes seem to indicate that GAUSS first cal-
culated the classes for determinants belonging to the same hundred group
and the same remainder on division by 15. The determinants in these divi-
sions were then arranged by the number of genera and classes, and finally all
those in the same hundred group were ordered in the way reproduced here.
Several later corrections have been inserted into the tables of individual hun-
dred groups, but not into the compilations in thousand groups. Only the two
tables with determinants of the forms —(15n + 7) and —(15n + 13) contain
dates, respectively ‘Expl. In. Febr. 1801’ and ‘Expl. 27 Febr. 1807’

Among the errors I have noticed in these tables are the following. To make
them easier to check, I give the period numbers of the fundamental classes, for
example 4. 4. 2 for the determinant —11713, and the numbers represented
by forms of the respective fundamental classes, for example 31. 37. 2. As
in my memoir in volume 14 of the Memoirs of the Royal Society of Sciences
at Gottingen, fundamental classes here mean classes which, together with
the classes in their periods, produce by composition every properly primitive
class of the determinant once and only once.

The following entries have already been omitted:

Hundred 9 G.IV ... 3., —827[21: 3]
2% IV 14 —2587[24 = 11]
26 VIII 6 —2564[56 :: 3]
91 I 111 —9059[117 :: 5]
120 v 32 —11956*2*[36.2 :: 11.49]
1 I 2 +37[3:: 3]
I 2 +101[3 :: 4]
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and added:
Hundred 9 G.IV ... 3.. —828[6.2:31.23]
2% IV 14 —2586[28.2:7.2]
26 VIII 6 —2565[12.2.2::7.2.5]
91 I 117 —9059[117 :: 5]
120 v 32 —11966*2%[32.4 :: 5.83]
1 I 3 +37[3:: 3]
2 I 3 +101[3 :: 4]

In the table for Hundred 3 and the last one on page 476, which in the
manuscript occur together with a record of Hundreds 1 and 2 differing in
appearance from the one printed here, the twelve divisions are designated,
instead of I. Ordo unicus. 1; I. O. 2; I. O. 3; I. O. 4; II. Ordines duo. 1. 1; II.
0. 1. 2;II. O. 2. 2; II. O. 3. 3; III. Ordines quatuor. 1. 1. 1. 1; III. O. 1. 1.
2. 2; III. O. 2. 2. 2. 2; IV. Ordines octo 1. 1. 1. 1. 1. 1. 1. 1, in the manner
otherwise used here, as G. I. 1; G. . 3; G. 1. 5; G. 1. 7; G. II. 1; G. II. 2; G.
II. 3; G. II. 5; G. IV. 1; G. IV. 2; G. IV. 3; G. VIIL. 1. Calculation gives, for
example, 269. 1. 3 [3 :: 4]; 235. IV. 3 [6.2::3.5]; 401. 1. 5[5 :: 9]; 577. L
7 [7::3]; 727. 11. 5 [10 :: 3]. (Genera I in place of Genus I on page 469 is a
printing error).

Because of printing errors, omit:

Hundred 27. G. IV .... 16... —2624*3*
93 v 16 —9216
118 VIII 4 —-11713*3*
and add:
Hundred 27. G.IV .... 16... —2624*2*[16.4: 3.16]
93 I\ 16  —9216*2*[16 .4 :: 5. 9]
118 VIII 4 —11713*2*[4.4.2::31.37.2]

According to my calculation, also omit:

Hundred 10. G.II.... 9... —=972[6.3:7.13]
17 v 4 —1660[10 2::11.5]
20 v 12 —1982[24 :: 3]
21 IV 6 —2096[30 2 .3 .4]
23 IV 9 —2221[18 :: 10]
2 IV 12 —2376[12.2.2:5.8.8]
29 IV 9 —2887[25 :: §]
61 v 7 —6028[12.2:: 13 . 4]
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96 VIII 13 —9594[20.2.2::31.2.13]
118 v 25 —11780[16.4.2::3.8.19]
118 VIII 16 —11780[16.4.2::3.8.19]
119 VIII 16 —11840[24.2.2::5.9.7]
Thousand I  G.II... 3... —541[10:: 11]
I I 4 —415[10 :: 13]
I I 8 —527[18 :: 3]
I 11 8 —T722[18 :: 3]
I 1I 9 —194[20 :: 5]
I 11 9 —459[6.3:5.9]
I 11 9 —972[6.3::7.13]
I II 11 —842[26 :: 13]
I v 3 —T84[8.2::5.4]
I v 4 —532[4.2::13.7]
I IV 5 —425[12.2:3.17]
I v 5 —608[12.2::13.27]
I IV 5 —629[18.2:5.2]
IIT 11 15 —2578[16 :: 13]
X I 111 —9059[117 :: 5]
forms —(15n + 13) IV 4 —2788%2*[8.2::19.17]
and add:
Hundred 10. G.1II.... 9 —972*3*[6.3::7.13]
17 v 12 —1700[24 .2 :: 3. 17]
20 IV 12 —1937[24.2:7.2]
21 v 6 —2097[12.2::47.2]
23 IV 9 —2224[18.2: 5. 16]
24 IV 12 —2366[24.2:3.2]
29 v 9 —2885[18.2::3.5]
61 IV 6 —6028[12.2:: 13 . 4]
96 VIII 13 —9546[26.2.2::5.3.37]
118 v 25  —11750[50 .2 :: 3.47]
118 VIII 16 —11780*2*[16.4.2::3.8.19]
119 VIII 16 —11840*2*[16.4.2::3.16.5]
Thousand I. G.II.... 5... —415[10:: 13]
I I 5 —541[10 :: 11]
I 11 9 —459%3%[6.3 5. 9]
I I 9 —527[18 :: 3]
I 11 9 —722[18 :: 3]
I 11 9 —972*3*[6.3::7.13]
I 11 10 —194[20 :: 5]
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I 11 13 —842[26 :: ]

I v 2 —532[4.2 13 7]

I vV 4 —784[8.2:5.4]

I v 6 —425(12.2: 3 17]

I vV 6 —608[12.2:: 13.27]

I v 9 —629[18.2::5.2]

111 11 15 —2518[30 :: 19]

X I 117 —9059[117 :: 5]
forms —(15n + 13) IV 4 —2788[8.2::19.17]

The tables for Clircle Division give, for 2452 numbers of the forms aa + 1,
aa+4, aa+9, ....aa+81, all the odd prime divisors p beside the corresponding
a, in those cases where all the prime divisors are less than 200; only then are
aa + 1 and so on called factorable.

To make the tables easier to use, GAUSS has constructed, for each table
from which the complete factorizations of numbers of one of the particular
forms can be determined, an auxiliary table giving beside each prime p those
numbers a whose square, increased by 1 or 4..., has p as its greatest prime
divisor.

The chief purpose of the tables is to facilitate the accurate calculation
of arcs whose cotangents are given rational numbers. With their help, arcs
for small cotangents can first be combined from arcs for large cotangents,
reducing to a very small amount the calculations still needed for the series
expressing arcs in terms of their cotangents. The developments towards this
end in the manuscript remains are not extensive; the following is the one
carried furthest. In it

2] [5] [13] [17] [29] [37] [41] [53] [61]...[197]
(18 (239) () ..

denote the arcs with cotangents

3 ) 5 7 6 79
125456155...14 18 57 239 3

Using the tables to factor 18 + ¢, 57 + ¢, 239 + ¢ into their complex prime
factors gives

(18) =2[2] — 2[5] — [13]
(57) = —[2] + 3[5] — [13]
(239) = 3[2] — 4[13]

and from these
2]

[5]
[13]

12(18) + 8(57) — 5(239)
7(18) + 5(57) — 3(239)
9(18) + 6(57) — 4(239)
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further, using the tables,
(268) = —2[5] + 2[13] — [17]
(38) = —[5] + 2[17]

and from these, by eliminating [17] and substituting the values of [5], [13]
obtained above,

(38) + 2(268) = (18) — (57) — (239)

Eliminating (18) then gives the new determination

[2] = 12(38) 4 20(57) + 7(239) + 24(268)

[5] = 7(38) + 12(57) + 4(239) + 14(268)
[13] = 9(38) + 15(57) + 5(239) + 18(268)
[17] = 4(38) + 6(57) + 2(239) + 7(268)

After successively using the cotangents 117, 327, 882, 18543, 307, 278, 378,
829, 993, 2943, 447, 606, 931, 1143, 1772, 6118, 34208, 44179, 85353, 485298,
17772, 9466, 330182, 5257, 114669, 12943, [2][5]. .. [61] are finally expressed
in terms of (5257), (9466) ... (485298), and their coefficients are collected in
the following columns:

5257| 9466 | 12943 | 34208 | 44179 | 85353 | 114669 | 330182 | 485298
2| 42805 |—398 |+1950| 41850 | +2021 | 42097 | +1484| +1389| +808
5|+1656 | —235|+1151| 41092 | +1193 | +1238| +876| +820| +477
1342100 | —298 | +1460|+1385|+1513|4+1570| +1111| +1040| +605
17 +875|—124| 4608 +577| +630| +654| +463| +433| +252
29|4+1359|—193| +945| +896| +979|+1016| +719| +673| +391
37| +590| —84| +410| +389| +425| +441| +312| +292| 4170
41|42410| —342|+1675|+1589 | +1736| 41802 | +1275| +1193| +694
53| +994|—141| +691| +655| +716| +743| +526| +492| +286
61|4-2481| —352|+1725| 41637 | +1788 | +1855| +1313| +1229| 4715

The correctness of these equations, which can be used to determine
[2][5] ....[61], is seen directly from the factorizations supplied by the tables
above:

(5257) = [2] +2[5] —[13] +[17) —[41] —[61]
(9466) = 22] . . —[29] —3[37] —[61]
(12943) = [2] —4[5] +3[13] : . . —[61]
(34208) = 22] —[p] —2[13] +[17] +[29] —2[53)
(44179) = 3[2] . —3[13] —2[17] —[29] +[53]
(85353) = —[2] —[5] +[13] —[17] . —[37] +2[41] —[53]
(114669) = —3[2] . . +[17] . +[37] +2[53] 42[61]
(330182) = —4[2] +5[5] +[13] . +[29] —[37] —[41] . +61]
(485298) = —2[2] —[5] +4[13] —2[29] +[37] +[53]
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GAUSS collects in the following overview the methods used so far by calcu-
lators to determine 7 = (1)

MACHIN (1) = 4(5) — (239)

also CLAUSEN
EULER =(2)+(3)

(EULER to GOLDBACH 1746 May 28)
VEGA =5(7) +2(%)

(VEGA Thesaurus logar. p. 633)
VEGA =2(3)+(7)

also CLAUSEN (Astr. Nachr. vol. 25. p. 209)
RUTHERFORD = 4(5) — (70) + (99)
(Philos. Trans. 1841. p. 283)

DASE =(2)+(5) + (8)

(CRELLE Journal. vol. 27. p. 198)
GAuss. 1. = 12(18) 4 8(57) — 5(239)
GAUSS. 2. = 12(38) + 20(57) + 7(239) + 24(268)

The first calculations for the tables date from the preparation of the Dis-
quiss. Arr.; they were advanced especially in 1846 and 47. By 21 July 1847,
2283 factorizations had been entered in tables in the order reproduced here.
The remaining 169 were calculated later, and I have included them in this
printing, whose arrangement differs from the original only in using repeated
factors instead of powers to make typesetting easier.

The manuscripts containing these last calculations seem to give the results
in the form in which they were first found. The order in which the numbers
a appear suggests that the divisors of aa + 1 and so on were sought only for
the smaller numbers, and that the larger ones were obtained from these by
particular devices. Only the following rule is recorded, however: From three
numbers a, 2a — n, 2a + n a fourth is found

4a® — (nn — 3)a
nn+1

This is always an integer for n =0 and n = 1, otherwise only

for a=0 and =+/—1 mod(nn+1) when n is even
nn+1

and for a=0 and ==+/—1 mod when n is odd
Examples a =253, n=6, 1750507
a=294, n=11, 832902
a=119, n=1, 3370437
a=>57, n=3, 74043
a=123, n=9, 90657
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The fourth number has no prime divisors other than those of the first
three, and of these only the odd prime divisors belonging to the number n
are excluded.

The table ‘Quadratorum myrias prima’ gives the thousands and hundreds
in its heading row, the tens and units of the underlying number in its first
vertical column, and, in the last vertical column of each individual table the
three lowest digits of the square, and in the interior the four or five higher
digits of the square.

The table ‘Indices of Primes in the Higher Number Domain’ gives the
modulus in each case in the top horizontal row, the base used in the second
row, the residues in the first vertical column, and the indices in the interior.
The stars * denote zero residues.

The manuscript of the fragment ‘Fighth Section. A Fuller Consideration
of Certain Investigations Concerning Circle Division’ seems to date from
the reworking of the ‘Analysis residuorum’ into the ‘Disquisitiones arithmeti-
cae’. The letters from GAUSS to DIRICHLET confirm the view that in higher
arithmetic, too, GAUSS discovered considerably more than is found in his
manuscript remains.

SCHERING.
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