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An explicit logarithmic estimate must specify its field degree, height normalization, logarithm
branches and coefficient parameter. Vanishing requires equal care: a multiplicative relation can
become a nonzero logarithmic period. We begin with the arithmetic tools that distinguish these
cases and quantify the small relations.

We use the absolute logarithmic height and its power, product and conjugation identities from
Heights of algebraic numbers, Theorem 2.4 and Proposition 2.5; its Theorem 2.8 supplies the one-
place Liouville inequalities. For the arithmetic arguments below, the written internal providers are
Counting primes by elementary means: Chebyshev and Mertens, Solution 2, for Bertrand’s postulate;
Lattices, Minkowski’s theorem and the Minkowski embedding, Theorem 7.1, for the compact equality
form of Minkowski’s theorem; and Cyclotomic fields, Theorem 12.1, for the degree of a primitive
root of unity.

The two quantitative proofs use different methods: Matveev’s auxiliary functions and division of the
argument, and Waldschmidt’s interpolation determinants. The geometric, arithmetic and analytic
bridges are proved here before use. Philippon’s multiplicity mechanism and Damien Roy’s treatment
of it are credited where the zero estimate is developed. The worked examples, parameter checks and
figures make those methods explicit.

1. Powers that are conjugate

Lemma 8.1. Suppose α ≠ 0 is algebraic. If αr and αs are conjugate over Q for distinct positive
integers r, s, then α is a root of unity.

Proof. Take a finite Galois extension containing all conjugates of α, and choose an automorphism
φ with φ(αr) = αs. Induction gives

φj(αrj ) = αsj
.

For the induction step, raise the previous equality to the power r, apply φ, and use φ(αr) = αs. If
φ has order t, this yields αrt = αst . Their distinct exponents give a nonzero integer rt − st with
αrt−st = 1. □

Lemma 8.2 (Frobenius congruence). If p is prime and f ∈ Z[X1, . . . , Xk], then every coefficient
of

f(Xp
1 , . . . , X

p
k) − f(X1, . . . , Xk)p

is divisible by p.

Proof. In characteristic p, all intermediate binomial coefficients vanish, so taking the p-th power
preserves sums and products. Every residue a ∈ Fp satisfies ap = a: for a ≠ 0, multiplication by a
permutes the nonzero residues, and multiplying them gives ap−1 = 1. Apply these two facts to the
reduction of f . □
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2. An explicit gap above height zero

Theorem 8.3. Let d ≥ 1 be an integer. Every nonzero algebraic number α of degree at most d that
is not a root of unity satisfies

h(α) > 1
11d3 . (8.1)

The following proof gives an explicit elementary height gap, including the small-degree and nonintegral
cases.

Proof. It suffices to prove the assertion with the actual degree δ, since δ ≤ d. If α is not an algebraic
integer, its primitive minimal polynomial has leading coefficient at least two in absolute value, and
h(α) ≥ log 2/δ > 1/(11δ3). If δ = 1 and α is an integer, nonzero and not a root of unity, then
|α| ≥ 2, giving the same conclusion. Hence assume δ ≥ 2 and α integral.

List its conjugates α1, . . . , αδ. For ℓ ≥ 1 put

Sℓ =
δ∑

j=1
αℓ

j ∈ Z.

The height formula implies |αj | ≤ eδh(α). Lemma 8.2, applied to ∑Xℓ
j , shows that

Sℓp − Sp
ℓ = p gℓ(α1, . . . , αδ)

for an integer polynomial gℓ. Its value is both an algebraic integer and the rational number
(Sℓp − Sp

ℓ )/p; it is therefore an integer. Fermat’s congruence for Sℓ then gives

Sℓp ≡ Sℓ (mod p). (8.2)

Suppose, toward a contradiction, that

eδh(α) ≤ 1 + 1
4eδ2 . (8.3)

Bertrand’s postulate, applied to ⌊2eδ⌋, supplies a prime

2eδ < p < 4eδ.

Indeed an integer prime exceeding the floor exceeds the original real number, and 2⌊2eδ⌋ < 4eδ. For
1 ≤ ℓ ≤ δ, (8.3) gives

|Sℓ| ≤ δe, |Sℓp| < δ

(
1 + 1

4eδ2

)4eδ2

< δe.

Thus |Sℓp − Sℓ| < 2eδ < p. Combined with (8.2), this forces Sℓp = Sℓ for every ℓ = 1, . . . , δ.

The first δ power sums determine all elementary symmetric polynomials in characteristic zero.
Explicitly, with e0 = 1, Newton’s identities are

kek =
k∑

ℓ=1
(−1)ℓ−1ek−ℓSℓ (1 ≤ k ≤ δ).

They follow by comparing coefficients in −t (∏j(1 − αjt))′/
∏

j(1 − αjt) = ∑
ℓ≥1 Sℓt

ℓ. Induction in
these identities shows ∏

j

(X − αp
j ) =

∏
j

(X − αj).

In particular αp and α are conjugate. Lemma 8.1 contradicts the assumption that α is not torsion.
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Consequently (8.3) is false, and
h(α) > 1

δ
log

(
1 + 1

4eδ2

)
.

The function z 7→ z log(1 + 1/(4ez)) increases for z > 0: its derivative is log(1 + x) − x/(1 + x) > 0,
with x = 1/(4ez), since that last expression vanishes at zero and has positive derivative x/(1 + x)2.
Its minimum for z = δ2 ≥ 4 is therefore attained at four. The exact rational interval certificate
verifies

44 log(1 + 1/(16e)) > 1.

It follows that log(1 + 1/(4eδ2)) > 1/(11δ2), proving (8.1). □

3. Multiplicative dependence and logarithmic periods

A relation ∏j α
nj

j = 1 says that ∑j njℓj ∈ 2πiZ, for chosen logarithms ℓj . It does not force that
sum to vanish. For example,

α1 = 2, α2 = 4, ℓ1 = log 2, ℓ2 = 2 log 2 + 2πi.

The bases are multiplicatively dependent, yet the imaginary part of n1ℓ1 + n2ℓ2 = 0 forces n2 = 0,
and then n1 = 0. To state a bound for a vanishing logarithmic form, the hypothesis must concern
the chosen logarithms.

We first record a torsion bound. If a primitive M -th root of unity belongs to a degree-D field, then

M ≤ 2D2. (8.4)

Indeed its degree is φ(M) ≤ D. For M = ∏
pup ,

φ(M)√
M

=
∏
p|M

p(up−2)/2(p− 1) ≥ 1/
√

2.

The smallest factor at a fixed prime has up = 1. For p ≥ 3, that factor (p− 1)/√p is at least one;
for p = 2, it is 1/

√
2. This proves (8.4), including M = 1.

Theorem 8.4 (small logarithmic relations). Let m ≥ 2, let αj ̸= 0 be algebraic numbers in a
degree-D field, and choose logarithms ℓj . Suppose these logarithms are linearly dependent over Q.
Choose real numbers

aj = logAj ≥ max{h(αj), |ℓj |/D, 1/D}.

There is a nonzero vector (n1, . . . , nm) ∈ Zm with

∑
j

njℓj = 0,
∏
j

α
nj

j = 1, |nk| ≤ [11(m− 1)D3]m−1
∏

j aj

ak
(1 ≤ k ≤ m). (8.5)

Proof. Put Cm = 11(m− 1)D3. If some ℓj = 0, its coordinate vector is a suitable relation, because
Cmai ≥ 11(m− 1)D2 ≥ 1 for every other index. Otherwise choose an inclusion-minimal dependent
subset of r ≥ 2 logarithms. Any proper subset is independent, so the space of rational relations on
this subset is one-dimensional. Choose its primitive integer generator n; every coordinate is nonzero.
We prove a bound on this same generator coordinate by coordinate. Write C = 11(r − 1)D3 and fix
k in the subset. Put

cj = (Caj)−1 (j ̸= k), ck = Cr−1 ∏
j ̸=k

aj .

Their product is one. The compact symmetric parallelepiped

|xj − xknj/nk| ≤ cj (j ̸= k), |xk| ≤ ck
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has volume 2r, since the shear followed by the diagonal scaling has determinant ∏j cj = 1.
Minkowski’s compact equality theorem for Zr supplies a nonzero integer vector η in this body.

Set γ = ∏
j α

ηj

j . Since ∏j α
nj

j = 1, height arithmetic gives

|nk|h(γ) = h(γnk)
≤
∑
j ̸=k

|ηjnk − ηknj |h(αj).

Consequently
h(γ) ≤

∑
j ̸=k

cjh(αj) ≤ 1
11D3 .

Theorem 8.3 forces γ to be a root of unity. Its order M is at most 2D2, by (8.4). Let z = ∑
j ηjℓj .

Then Mz ∈ 2πiZ, and the exact relation for n gives

|Mz| = M

∣∣∣∣∣∣
∑
j ̸=k

(ηj − ηknj/nk)ℓj

∣∣∣∣∣∣ ≤ MD
∑
j ̸=k

cjaj ≤ 2
11 < 2π.

Thus z = 0. The one-dimensional relation space and the primitivity of n imply η = tn for a nonzero
integer t. To see integrality, choose integers uj with ∑ujnj = 1; then t = ∑

ujηj ∈ Z. Hence
|nk| ≤ |ηk| ≤ ck. Repeating for each k bounds the same primitive generator throughout.

Extend this vector by zeros outside the subset. For a coordinate k in the subset, the stated larger
bound differs from its circuit bound by the factor(

m− 1
r − 1

)r−1 ∏
j outside the subset

Cmaj ≥ 1.

The first factor is at least one, and every factor in the product is at least 11(m− 1)D2. This proves
(8.5) without imposing the larger cutoff aj ≥ 1. Exponentiating gives the multiplicative identity as
well. □

In particular, every inclusion-minimal dependent subset I, of size r ≥ 2, has a primitive integer
generator u satisfying

|uk| ≤ [11(r − 1)D3]r−1 ∏
j∈I
j ̸=k

aj (k ∈ I). (8.6)

This statement follows from the circuit part of the proof before padding by the other indices.
If k maximizes aj on I, then all coordinates obey the common bound [11(r − 1)D3ak]r−1. The
radius-dependent cutoffs aj ≥ (logE)/D, E ≥ e, therefore meet this relation theorem. This modest
improvement of the cutoff is justified by the full Minkowski–height–torsion proof above. The same
mechanism, with the larger cutoff aj ≥ 1, is [Waldschmidt 2000].

For positive real bases with real logarithms, multiplicative dependence does imply the hypothesis of
Theorem 8.4: a real logarithmic sum in 2πiZ is zero. For arbitrary branches, retain the period.

Corollary 8.5 (relations with a period). Suppose m ≥ 2 nonzero algebraic numbers are
multiplicatively dependent, with arbitrary chosen logarithms, field degree D, and aj as in Theorem
8.4. Put

a0 = max{1, π/D}, C = 11mD3.

There are integers n0, n1, . . . , nm, with at least one nj ̸= 0 for j ≥ 1, such that

n0iπ +
m∑

j=1
njℓj = 0,
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and
|n0| ≤ Cm

m∏
j=1

aj , |nk| ≤ Cma0

∏m
j=1 aj

ak
(1 ≤ k ≤ m). (8.7)

In particular ∏m
j=1 α

2nj

j = 1.

Proof. A multiplicative relation gives a logarithmic sum 2πit, so iπ, ℓ1, . . . , ℓm are rationally
dependent. Apply Theorem 8.4 to these m + 1 logarithms, with first base −1 and cutoff a0. A
relation supported only at iπ cannot vanish; thus some other coordinate is nonzero. The coefficient
bounds are (8.7). Exponentiating gives (−1)n0

∏
α

nj

j = 1; squaring gives the last identity. □

4. Matveev’s homogeneous estimate

There are two common height normalizations. In the arithmetic statement, the field degree is
included in each cutoff Hj ; in applications below we write Hj = Daj , with aj = logAj . Keeping
this conversion explicit prevents a missing power of D.

Theorem 8.6 (Matveev). Let K ⊂ C be a number field of degree D. Set κ = 1 if its specified
embedding lies in R, and κ = 2 otherwise. Let α1, . . . , αn ∈ K×, with fixed nonzero logarithms ℓj .
For integers bj , suppose

Λ =
n∑

j=1
bjℓj ̸= 0, Hj ≥ max{Dh(αj), |ℓj |, 0.16}.

Define
Ω =

n∏
j=1

Hj , BH = max
{

1, max
1≤j≤n

|bj |Hj

Hn

}
.

Then
log |Λ| > −C1(n, κ)D2Ω log(eD) log(eBH), (8.8)

where
C1(n, κ) = min

{1
κ

(
en

2

)κ

30n+3n7/2, 26n+20
}
. (8.9)

The same estimate holds with BH replaced by max{1, |b1|, . . . , |bn|}.

This is the normalization and constant of [Matveev 2000]. Rational independence of the logarithms
is not required in this estimate. The distinguished denominator Hn is part of the weighted coefficient
parameter, so one may choose the last term to make it useful.

Proof when the logarithms span one rational line. This includes the complete case n = 1.
Write ℓj = rjℓ1, rj ∈ Q, and choose a common denominator d > 0. Put kj = drj ∈ Z and
g = gcd(k1, . . . , kn) > 0. Bézout’s identity supplies integers uj with ∑ujkj = g. Consequently

ℓ = g

d
ℓ1 =

∑
j

ujℓj , α =
∏
j

α
uj

j ∈ K×, ℓj = kj

g
ℓ.

The integers kj/g are nonzero. Exponentiation gives αj = αkj/g; the power identity for heights
therefore implies

max{Dh(α), |ℓ|} ≤ min
j
Hj =: H.

Also Λ = qℓ for a nonzero integer q, so |Λ| ≥ |ℓ|. If |ℓ| ≥ 1, (8.8) is immediate. Otherwise α ≠ 1,
since a nonzero logarithm of one has modulus at least 2π. The selected-place height inequality and
|eℓ − 1| ≤ e|ℓ| give

log |Λ| ≥ log |ℓ| ≥ −1 −D log 2 −Dh(α) ≥ −1 −D log 2 −H. (8.10)
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Every Hj ≥ 0.16, so Ω ≥ H(0.16)n−1. Both alternatives defining C1 satisfy

C1(n, κ)(0.16)n−1 > 20.

Indeed the first, using e > 2 and κ = 1, 2, is at least

1
2 304(24/5)n−1 > 20,

and the second is
226(256/25)n−1 > 20.

Thus the magnitude of the claimed exponent is greater than 20D2H. Since H ≥ 0.16,

20D2H −H ≥ 19D2(0.16) > 1 +D log 2.

Together with (8.10), this proves the estimate for rational rank one, with arbitrary branches and all
integer coefficients. □

Primitive logarithmic lattices and square roots

The division step in the auxiliary-function argument needs more than multiplicative independence:
it needs all the square-root monomials to be independent over the coefficient field. Passing to
a primitive logarithmic lattice supplies exactly this property. We give the arithmetic argument,
including the lattice construction.

For each pair (γ, λ) with γ ∈ K× and eλ = γ, form the real vector

v(γ, λ) =
(
(log |σγ|)σ, (−vp(γ) logNp)p, Imλ

)
. (8.11)

The first list runs over all D embeddings, with conjugate embeddings both counted. The second has
finite support. The valuation vp gives the exponent in the fractional principal ideal, and Np is the
norm of the prime ideal. Addition of these vectors corresponds to multiplication of the bases and
addition of their chosen logarithms. The map is injective: its selected embedding coordinate and
final coordinate recover λ, hence γ.

Let V be the finite-dimensional real span of finitely many such vectors, and let

M = V ∩ {v(γ, λ) : γ ∈ K×, eλ = γ}.

Only the finitely many primes occurring in the spanning vectors can occur in V . On this space use
the norm

∥v∥ = max
{

1
2

∑
archimedean and finite coordinates

|vj |, | Reλ+ i Imλ|
}
.

The product formula and height formula identify it with max{Dh(γ), |λ|}. For a nonzero vector
with a nontorsion base, Theorem 8.3 makes this norm greater than 1/(11D2). For a torsion base of
order q, the bound q ≤ 2D2 proved above gives

|λ| ≥ 2π/q ≥ π/D2

unless both γ = 1 and λ = 0. Thus distinct points of M are separated by at least 1/(11D2). Every
bounded subset of the finite-dimensional space contains only finitely many of them: cover its compact
closure by finitely many balls of radius smaller than half this separation.

For completeness, a discrete subgroup spanning a real r-space has an integer basis of r vectors.
Choose a shortest nonzero vector e1. Its intersection with the line Re1 is Ze1, since subtracting an
integer multiple would otherwise give a shorter vector. Orthogonal projection of the subgroup to e⊥

1
is discrete: representatives of a bounded projected set can have their e1-coordinate reduced to a
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fixed bounded interval, and would then contradict finiteness in bounded sets if there were infinitely
many distinct projected points. Induction gives a basis of the projected subgroup. Lift that basis
and adjoin e1. Subtracting the lifted integer combination leaves an element of Ze1, proving both
generation and independence. Apply this argument to M , which spans V because it contains the
original spanning vectors.

Choose an integer basis ei = v(ϑi, λi) of M , 1 ≤ i ≤ r.

Lemma (quadratic independence). The 2r numbers
r∏

i=1
exp(λi/2)δi , δ ∈ {0, 1}r, (8.12)

are linearly independent over K. In particular,

[K(
√
ϑ1, . . . ,

√
ϑr) : K] = 2r. (8.13)

Proof. First, the square classes of the ϑi are independent in K×/(K×)2. If ∏ϑδi
i = η2 with η ∈ K×

and some δi = 1, put λ = 1
2
∑
δiλi. Its exponential is either η or −η, both in K. Every coordinate

in (8.11) for this pair is half the corresponding coordinate of ∑ δiei: signs do not affect absolute
values or prime valuations. Consequently

1
2
∑

i

δiei ∈ M.

Its coordinates in the integer basis of M include a half-integer, a contradiction.

We now prove the field assertion from this square-class independence. Inductively, the first k square
roots generate an extension Lk with basis

wδ =
k∏

i=1

√
ϑi

δi
, δ ∈ {0, 1}k,

and with all 2k independent sign changes as K-automorphisms. This is immediate for k = 0. If a
square root z of ϑk+1 already belonged to Lk, every sign-change automorphism would send z to z or
−z, since z2 ∈ K. Expand z = ∑

δ cδwδ. Distinct wδ have distinct sign-change characters: flipping a
coordinate at which two multi-indices differ distinguishes them. Comparing coefficients under all
sign changes therefore shows that at most one cδ is nonzero. Thus

ϑk+1 = z2 = c2
δ

k∏
i=1

ϑδi
i ,

contrary to square-class independence. Hence X2 − ϑk+1 is irreducible over Lk, and adjoining its
root doubles the degree and appends the stated basis. Every previous sign change extends by fixing
the new root, and its own sign can independently be changed. This completes the induction. The
chosen roots exp(λi/2) differ from any other choices only by signs, which preserve independence. □

The following finite-sum form explains how this lemma enters division. Let U ⊂ Zr be finite, let
Pµ ∈ K[z], and put

F (z) =
∑
µ∈U

Pµ(z) exp
(
z
∑

i

µiλi
)
.

If x = 2y + 1 is odd, decompose µ = 2τ + δ. Then

F (x/2) =
∑

δ∈{0,1}r

 ∑
µ∈U

µ≡δ (mod 2)

Pµ(x/2)
∏

i

ϑ τix+δiy
i

∏
i

exp(λi/2)δi . (8.14)
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Each parenthesized coefficient belongs to K. If F (x/2) = 0, quadratic independence forces every
coefficient to vanish separately.

For a chosen parity class define

F new
δ (z) =

∑
µ∈U

µ≡δ (mod 2)

Pµ(z/2) exp
(
z
∑

i

(µi/2)λi
)
.

It vanishes at every odd x for which the old function vanishes at x/2. Its exponent support lies in
Zr + δ/2, and is contained in half the old support. Choose a class containing a nonzero coefficient
polynomial; this makes the new function nonzero. Indeed distinct µ give distinct exponential
rates, since a zero integer combination of the λi would give a zero combination of the basis ei.
Polynomials times exponentials with distinct rates are independent: to isolate one rate, apply∏

ν ̸=µ(d/dz − λν)deg Pν+1; on its polynomial factor every operator has a nonzero constant term and
is invertible, whereas it annihilates each other term.

The splitting also preserves algebraically normalized mixed derivative conditions. A derivative of
order j on the polynomial factor introduces 2−jP

(j)
µ (x/2) ∈ K; a monomial differential operator in

exponential coordinates multiplies its term by a polynomial in µ/2 with coefficients in K. Apply
(8.14) to each such condition. Every parity coefficient again vanishes separately. This is the quadratic
division argument used in [Matveev 2000].

Figure 8.1. The exact support U = {0, . . . , 5}2 splits into four classes. Selecting δ = (1, 0) and dividing the
exponents by two gives nine points of Z2 + (1/2, 0). Equation (8.14) explains why every class inherits the
odd-point zeros. This is an exponent-support illustration; it does not assign numerical logarithms to the axes.
Source mechanism: [Matveev 2000]. Reproducible source: logarithmic_lattice_geometry.py.

Volume after imposing logarithmic constraints

Cutting a box by a few logarithmic constraints loses a power corresponding to the number of
constraints, rather than a power corresponding to its full dimension. The needed convex-volume fact
is as follows.

Lemma (Brunn–Minkowski for convex bodies). If A,B are compact convex bodies in Rd,
then for 0 ≤ t ≤ 1,

vold((1 − t)A+ tB)1/d ≥ (1 − t) vold(A)1/d + t vold(B)1/d. (8.15)

Proof. In dimension one this is the length identity for intervals. Induct on d, first assuming positive
volumes and normalizing them both to one. Slice A and B by their first coordinate; write their
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(d− 1)-dimensional slice volumes as a(x) and b(y). They are positive and continuous on the interiors
of their projection intervals: the induction hypothesis and convexity show that their 1/(d− 1)-th
powers are concave there, and a finite concave function is continuous in an open interval. Let
x(s), y(s), 0 < s < 1, be the inverse cumulative slice volumes. Then

x′(s) = 1/a(x(s)), y′(s) = 1/b(y(s)).

At first coordinate z(s) = (1 − t)x(s) + ty(s), the slice of (1 − t)A + tB contains the Minkowski
combination of the two slices. By induction its volume is at least(

(1 − t)a(x(s))1/(d−1) + tb(y(s))1/(d−1))d−1 ≥ a(x(s))1−tb(y(s))t.

The last inequality is the weighted arithmetic-geometric mean inequality. Also

z′(s) = 1 − t

a(x(s)) + t

b(y(s)) ≥ a(x(s))−(1−t)b(y(s))−t.

Integrating the product of these two lower bounds over 0 < s < 1 shows that the Minkowski
combination has volume at least one. All substitutions can first be performed on ε ≤ s ≤ 1 − ε,
where the functions are continuously differentiable, and then extended by monotone convergence.

For arbitrary positive volumes put a0 = vol(A)1/d, b0 = vol(B)1/d, c = (1 − t)a0 + tb0, and θ = tb0/c.
The combination in (8.15) is

c
(
(1 − θ)(A/a0) + θ(B/b0)

)
.

Both normalized bodies have volume one, so scaling proves (8.15). If a volume is zero, add a closed
ball of radius ε to each body, apply the positive-volume result, and let ε ↓ 0. These compact
neighborhoods decrease to the original bodies, so continuity of measure from above proves the
assertion. □

Lemma (volume of a clipped body). Let W = −W be a compact convex body in Rr, let
T : Rr → U be a real linear map of rank ρ, and give U any norm. If supw∈W ∥Tw∥ ≤ Z, then, for
Y > 0,

volr{w ∈ W : ∥Tw∥ ≤ Y } ≥ volr(W ) max{1, Z/Y }−ρ. (8.16)

Proof. Only c = Z/Y > 1 requires proof. Write Rr = X ⊕ kerT orthogonally, with dimX = ρ.
Let f(x) be the volume of the fiber W ∩ (x + kerT ). For positive fiber dimension d, convexity
and (8.15) show that f1/d is concave on its support. Symmetry makes it even. On each line
through zero it is therefore nonincreasing in the positive radial direction: if 0 ≤ s ≤ 1, write
sx = ((1 + s)/2)x+ ((1 − s)/2)(−x) and use concavity. Thus f(x/c) ≥ f(x). If the fiber dimension
is zero, use the indicator of W , for which the same inequality follows from convexity and 0 ∈ W .

For every x in the projection of W , ∥Tx∥ ≤ Z, so ∥T (x/c)∥ ≤ Y . Integrating over these contracted
projected points gives

volr(W ∩ {∥Tw∥ ≤ Y }) ≥ c−ρ
∫
f(x/c) dx ≥ c−ρ

∫
f(x) dx.

This is (8.16). □
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Figure 8.2. For W = [−1, 1]2, T (w) = w1 +w2, Z = 2 and Y = 1, the clipped area is 3. Lemma (8.16) proves
the lower bound 4(1/2)1 = 2. In this symmetric square example, contraction by 1/2 in the normal direction is
the matrix

( 3/4 −1/4
−1/4 3/4

)
; its image has area 2 and lies in the clipped hexagon. The general proof uses fiber

volumes, so it does not require every symmetric body to contain this particular contracted image. Source
mechanism: [Matveev 1999]. Reproducible source: logarithmic_lattice_geometry.py.

Counting small algebraic logarithmic vectors

We use the coordinate description (8.11), replacing the selected real coordinate and its imaginary
coordinate by their complex combination. For κ = 2, count the selected embedding and its conjugate,
with conjugate chosen logarithms. For κ = 1 in the following lattice estimates, use positive bases
and real logarithms in the specified real embedding. Let S be this set of κ coordinates.

Lemma (a determinant cardinality bound). Suppose x1, . . . , xJ , J ≥ 2, belong to one translate
of the logarithmic lattice, and their recovered algebraic bases are distinct. At unselected coordinates
suppose |xj,σ| ≤ Xσ, and at selected coordinates suppose |zj,σ| ≤ Yσ. If

1
2κ
∑
σ /∈S

Xσ ≤ X,
1
κ

∑
σ∈S

Yσ ≤ Y,

then
D

κ

log J
J − 1 + 1 + XJ

J − 1 − log 2(J − 1)
JY

≥ 0. (8.17)

Proof. Write xj = w + v(αj , λj), and put a = (J − 1)/2. Consider the nonzero algebraic number

∆ =

 J∏
j=1

α
−(J−1)
j

det(αk
j ) 2

0≤k<J, 1≤j≤J .

It is nonzero because it equals a nonzero monomial times the Vandermonde determinant in the
distinct αj . At a selected embedding define the entire function

∆σ(ζ) = ζ−J(J−1) det
(

exp((k − a)λj,σζ)
)2
.

The apparent singularity at zero is removable. Expanding rows in powers of ζ, a nonzero term uses
distinct nonnegative exponents, whose sum is at least 0 + 1 + · · · + (J − 1); squaring doubles that
order. At ζ = 1, its absolute value is |∆|σ.

Since ∑k(k − a) = 0, translating all coordinates by w introduces factors whose product in the
determinant is one. Also ∑k |k − a| ≤ J2/4. At each unselected place choose square roots in an
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algebraic closure to write ∆ as the square of the determinant with powers k − a; its absolute value
is independent of their signs. The row-norm form of Hadamard, at an archimedean place, and the
ultrametric determinant bound, at a finite place, therefore give

|∆|σ ≤ γσ exp(J2Xσ/2) (σ /∈ S),

and
|∆σ(ζ)| ≤ |ζ|−J(J−1)γσ exp(J2Yσ|ζ|/2) (σ ∈ S),

where γσ = JJ at an archimedean place and 1 at a finite place. Form the analytic function

F (ζ) =

∏
σ /∈S

|∆|σ

 ∏
σ∈S

∆σ(ζ).

The product formula gives |F (1)| = 1, and on the circle |ζ| = R,

log |F (ζ)| ≤ DJ log J + κXJ2 + 1
2κY RJ

2 − κJ(J − 1) logR.

If R = 2(J − 1)/(JY ) > 1, apply the maximum modulus principle at 1, substitute this radius and
divide by κJ(J − 1). This gives (8.17). If that radius is at most one, the final logarithm in (8.17) is
nonpositive, so the assertion is immediate. □

Here is the uniform numerical consequence used below. For every δ ≥ 1, J ≥ 7, and η ≥ 0, the
expression in (8.17), with

X = nη

2 + η
, Y = e−X

2(2 + η) , n ≤ J,

is negative if J ≥ δ log(4.64δ), where δ = D/κ. Indeed it becomes

δ
log J
J − 1 + 1 + nη

(J − 1)(2 + η) − log 4(2 + η)(J − 1)
J

.

Enlarge n to J . Differentiation shows that its maximum over η ≥ 0 occurs at η = 2/(J − 1), and
equals (

1 + 1
J − 1

)(
1 + δ

log J
J

)
− log 8. (8.18)

For fixed J , this increases with δ. Under the indicated hypothesis, δ is at most the solution δ0 of
J = δ0 log(4.64δ0). Put t = log(4.64δ0), so J = tet/4.64. Then (8.18) is(

1 + 1
tet/4.64 − 1

)(
2 + log(t/4.64)

t

)
− log 8 < 0. (8.19)

The last strict inequality has a reproducible rational interval certificate, logarithmic_lattice.py.
Since (127/50)e127/50/4.64 < 7, every J ≥ 7 has t > 127/50. The certificate covers 127/50 ≤ t ≤ 13
by 1,046 intervals of width 1/100; their largest certified upper bound is less than −0.0000916. For
t ≥ 13, the factor 1 + 1/(tet/4.64 − 1) decreases, and log(t/4.64)/t ≤ 1/(4.64e). The resulting tail
bound is less than −0.0001555. Every computation uses outward rational intervals and explicit
exponential and logarithmic series tails, so no rounded decimal is used to certify the assertion.

Proposition (product and index of logarithmic vectors). Let v1, . . . , vn be real-linearly
independent extended logarithmic vectors, let M be the saturated lattice in their span, and let
N = [M : ∑j Zvj ]. For θ > 0 put

Vj = max

|λj |, θ2κ
∑
σ /∈S

|vj,σ|

 , C = 2 + 1
2θ .
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Then

N ≤

 n∏
j=1

Vj

Cn(nen/(1+4θ))κ max{6, n− 1, (D/κ) log(4.64D/κ)}. (8.20)

Proof. In coordinates relative to the vj , the saturated lattice has covolume 1/N : the sublattice
with those vectors as basis has covolume one and index N . Put

W = {w ∈ Rn : |wj | ≤ 1/(2CVj)}, X = n

1 + 4θ , Y = e−X

2C .

Clip W by the selected logarithmic conditions |
∑

j wjλj,σ| ≤ Y . Their real rank is at most κ: one
real functional in the real case, or the real and imaginary parts of one complex functional in the
complex case. On the full box their norms are at most Z = n/(2C). Lemma (8.16) therefore gives

voln(Wclipped) ≥ (neX)−κ

Cn
∏
Vj
. (8.21)

Integrate the number of points of Wclipped in each lattice coset over a fundamental domain. Its
average is N vol(Wclipped); hence some coset contains an integer number J of points at least that
large. This is the counting form of Blichfeldt’s argument, with its full averaging calculation. Their
images in logarithmic space satisfy the unselected bound

1
2κ
∑
σ /∈S

max
w∈W

∣∣∣∣∣∣
∑

j

wjvj,σ

∣∣∣∣∣∣ ≤
∑

j

1
2CVj

Vj

θ
= n

2Cθ = X,

and the selected bound Y . Two of their recovered bases cannot be equal: their selected logarithms
would differ by a nonzero period of modulus at least 2π, whereas their difference has modulus at
most 2Y < 2π. Thus the determinant bound applies whenever J ≥ 2.

If J were larger than all three entries of the maximum in (8.20), then J ≥ 7, J ≥ n, and J >
δ log(4.64δ), contradicting (8.17) and (8.19). It follows that J is at most that maximum. Combine
this with its lower bound and (8.21) to prove (8.20). □

In particular, with θ = κ and cutoffs Aj ≥ max{Dh(αj), |λj |}, we have Vj ≤ Aj . For n ≥ 2, (8.20)
gives

A1 · · ·An
3.1nnκ

κ
D log(en+4D) > N. (8.22)

To check the simplification, note

Ceκ/(1+4κ) < 3.1 (κ = 1, 2),

which the same certificate verifies. Also each of 6, n − 1 and (D/κ) log(4.64D/κ) is at most
(D/κ) log(en+4D), since D/κ ≥ 1, n ≥ 2. The strict inequality in the exponential base gives the
strictness in (8.22).

This supplies the product-index estimate of [Matveev 1999] and [Matveev 2000], for every n ≥ 2,
together with its convex-volume and arithmetic determinant proofs.

The one-vector height estimate

The preceding product estimate treats at least two independent vectors. A sharper use of the
Vandermonde product treats one vector.

Lemma (extended height of one algebraic number). Let α ≠ 0 have degree d ≥ 2, and let
λ ̸= 0 be any logarithm of α. Then

max{dh(α), |λ|} > 8
9d log(2.2d) . (8.23)
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Consequently, for every degree-D field containing α, and every cutoff A ≥ max{Dh(α), |λ|},

1
A
< 1.5D log(eD). (8.24)

Proof. Work first in F = Q(α), and put L = log(2.2d). Suppose A = max{dh(α), |λ|} ≤ 8/(9dL).
For d ≥ 3, choose

m =
⌈

4
5dL

⌉
.

The numbers 1, α, . . . , αm−1 are distinct. This is immediate unless α is a root of unity of order q. In
that case a nonzero chosen logarithm has modulus at least 2π/q, while

m|λ| ≤ mA ≤ 32
45 + 8

9dL < 2π;

hence q > m.

Put a = (m− 1)/2, and consider the centered determinant

D = det(exp((j − a)(k − a)λ))0≤j,k<m.

Its fourth power is a nonzero element of F : expanding the determinant gives monomials with
exponents whose denominators divide four, and the centering differs from the ordinary Vandermonde
by a single such monomial. Thus the product formula applies to its local absolute values.

At the specified embedding the exact Vandermonde identity gives

D =
∏

0≤j<k<m

2 sinh((k − j)λ/2).

The integral representation of sinh gives

|2 sinh(tλ/2)| ≤ t|λ|et| Re λ|/2 (t ≥ 1).

It follows that

log |D| ≤ 1
2m(m− 1) log |λ| +

m−1∑
t=1

(m− t) log t+ 1
12m(m2 − 1)| Reλ|. (8.25)

At every other embedding, Hadamard gives

log |D|σ ≤ m
2 logm+ 1

8m
2(m− 1)| log |α|σ|.

At a finite place the same bound holds without the first term, by the ultrametric determinant
inequality. If the specified embedding is complex, its conjugate has the bound (8.25) as well. Write
κ = 1 or 2 for the number of these embeddings. The sum of the remaining absolute logarithms is
2dh(α) − κ| Reλ|. The terms multiplying κ| Reλ|, after combining the bounds, have coefficient

1
12m(m2 − 1) − 1

8m
2(m− 1) = − 1

24m(m− 1)(m− 2) ≤ 0.

Discard them. The product formula therefore yields

0 ≤ d− κ

κ

logm
m− 1 + dh(α)

κ

m

2 + log |λ| + 2
m(m− 1)

m−1∑
t=1

(m− t) log t. (8.26)

The function (m−x) log x is concave on [1,m], and is zero at both endpoints. Its integral is therefore
at least its trapezoidal sum:

m−1∑
t=1

(m− t) log t ≤ m2

2 logm− 3m2

4 +m− 1
4 .
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Use this in (8.26), enlarge dh(α) and |λ| to A, and take the larger value κ = 1 in the resulting
positive degree terms. We obtain

0 ≤ d
logm
m− 1 + 4m

9dL + log 8m
9dL − 3

2 + 1
2m. (8.27)

This right side is strictly negative for every d ≥ 3. For 3 ≤ d ≤ 99, logarithmic_lattice.py computes
L by outward rational intervals, certifies the single integer value of m, and bounds (8.27); its largest
upper bound is less than −0.04236. For d ≥ 100, L > 5 and

m

dL
≤ 4

5 + 1
dL

≤ 401
500 .

Also, using log(1 + u) ≤ u and log(x/a) ≤ x/(ae) for x > 0,

d
logm
m− 1 ≤ L+ log(4L/11) + 1/(80L)

(4/5)L− 1/100 ≤ 1 + 4/(11e) + 1/2000
399/500 <

143
100 .

Here m ≤ (4/5)dL+ 1, m− 1 ≥ (4/5)dL− 1, and e > 27/10 justify each bound. Since m ≥ 400, put
q = 802/1125 < 1 and use log q ≤ (q − 1) − (q − 1)2/2. The right side of (8.27) is at most

143
100 + 4

9
401
500 + (q − 1) − (q − 1)2

2 − 3
2 + 1

800 = − 1645639
40500000 < 0.

This contradiction proves (8.23) for d ≥ 3.

For d = 2, a nonintegral number, or an integral nonunit, has 2h(α) ≥ log 2. For a quadratic unit
with real conjugates and not a root of unity, write its minimal polynomial as X2 − tX + ε, t ∈ Z,
ε = ±1. If ε = −1, then |t| ≥ 1 unless the polynomial is reducible, so the larger root modulus is at
least (1 +

√
5)/2. If ε = 1, the real non-torsion case has |t| ≥ 3, giving a still larger root modulus.

Thus 2h(α) ≥ log((1 +
√

5)/2). A quadratic unit with nonreal conjugates has both moduli one,
hence height zero and is a root of unity by Theorem 8.3. In the torsion case its order is at most
2d2 = 8, so |λ| ≥ π/4. Every one of these bounds exceeds 8/(18 log 4.4), as follows directly from the
rational interval arithmetic in the same certificate.

To deduce (8.24), D ≥ d and 2.2 < e give

A >
8

9D log(2.2D) >
2

3D log(eD) (d ≥ 2).

If α is rational and different from 1,−1, then h(α) ≥ log 2 > 2/3. If it is 1 or −1, a nonzero logarithm
has modulus at least π > 2/3. These facts also prove (8.24) for degree-one bases. □

This establishes the one-vector estimate used in [Matveev 2000], by a complete Vandermonde
calculation and a reproducible uniform certificate.

Euclidean covolumes of logarithmic lattices

In the coordinate space (8.11) use

∥v∥2
2 =

∑
σ archimedean

x2
σ +

∑
p

x2
p + (Imλ)2.

The last term is absent for positive bases with real logarithms. Let k = 1 when it is present and
k = 0 otherwise. Extend the height norm to all real vectors of this coordinate space by

H(v) = max
{

1
2

∑
archimedean and finite coordinates

|vj |, |xselected + iy|
}
.
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All these real vectors satisfy the additive product formula. On algebraic logarithmic vectors this
norm is max{Dh(α), |λ|}.

Lemma (covolume bounds). Let M be an r-dimensional lattice of extended logarithmic vectors
in a degree-D field, D ≥ 2. Put

RD = 8
9D3/2 log(eD)

.

Then
covolr(M) ≥ πr/2

Γ(1 + r/2)R
r
D. (8.28)

Also, if Br is the supremum of the Euclidean volume of parallelepipeds spanned by arbitrary real
vectors v1, . . . , vr in this coordinate space satisfying H(vj) ≤ 1, then

Br ≤ (k + 2)r/2. (8.29)

For K = Q, let P1 ≤ P2 ≤ · · · be the increasing list of the prime logarithms together with π when
imaginary coordinates are allowed. Then

covolr(M) ≥ P1 · · ·Pr. (8.30)

In the positive rational case omit π.

Proof. We first show that no nonzero logarithmic vector has Euclidean length less than 2RD. Since
2RD < log 2, all its finite coordinates would have to vanish: a nonzero prime valuation has modulus
at least logNp ≥ log 2. Its base would therefore be a unit.

For D ≥ 4, Cauchy–Schwarz and the height formula give

Dh(α) = 1
2
∑

σ

|xσ| ≤
√

D
2 ∥v∥2 < RD

√
D, |λ| ≤ ∥v∥2 < 2RD ≤ RD

√
D.

But RD

√
D = 8/(9D log(eD)) is strictly smaller than the one-vector lower bound (8.23), with the

actual degree of the base or the rational exceptions treated in (8.24). This is a contradiction.

For D = 2, a nontorsion unit has some conjugate with logarithmic modulus at least log((1+
√

5)/2) >
2R2, by the quadratic argument above. ForD = 3, a unit of actual degree three has a monic irreducible
polynomial

X3 + aX2 + bX + c, a, b ∈ Z, c = ±1.

If all conjugate moduli lay strictly between 5/6 and 6/5, then |a| < 18/5. The product of the
roots has modulus one, so the pairwise products have moduli equal to the reciprocals of the root
moduli; hence |b| < 18/5 as well. Replacing the base by its negative if needed reduces to c = 1, with
−3 ≤ a, b ≤ 3. Irreducibility excludes a+ b = −2 and a = b, since these are precisely the cases of
roots 1 and −1.

There are 38 remaining pairs. The exact finite check in logarithmic_lattice.py evaluates
f(6/5), f(−6/5), f(5/6), f(−5/6) for each. Either f(6/5) ≤ 0, giving a real root at least 6/5; or
f(−6/5) ≥ 0, giving a real root at most −6/5; or the two inner values have opposite signs, giving a
real root in [−5/6, 5/6]. All comparisons are rational, and the certificate records the pair and its
excluding case. Thus no irreducible cubic unit has all its conjugate moduli in the indicated interval.
Since 2R3 < log(6/5), a vector of length less than 2R3 would contradict this check. A degree-one
unit is 1 or −1, and cannot supply a nonzero vector this small.

For torsion bases in these two field degrees, the order bound gives a nonzero logarithm of modulus
at least π/4 for D = 2, or π/9 for D = 3. Both exceed 2RD. The certificate also checks all the
numerical comparisons used in these small-degree cases.
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Intersect the open ball of radius 2RD with the real span of M . It contains no nonzero lattice point.
Minkowski’s theorem therefore gives

volr(ball of radius 2RD) ≤ 2r covolr(M),

which is (8.28). The formula for the unit-ball volume follows by integrating e−∥x∥2 : the product
of the one-dimensional Gaussian integrals is πr/2, while radial integration gives vol(Br)Γ(1 + r/2),
where Br denotes the Euclidean unit ball. This also defines the gamma function for the half-integer
values appearing here.

For (8.29), the additive product formula makes the sum of the positive real coordinates, including
both archimedean and finite coordinates, equal to the absolute sum of the negative ones. Both sums
are at most one on the continuous height-norm unit ball. Thus

∑
real coordinates j

x2
j ≤

∑
xj>0

xj

2

+

∑
xj<0

xj

2

≤ 2.

The possible imaginary coordinate has modulus at most one. Each Euclidean vector length is
therefore at most

√
k + 2; Hadamard proves (8.29).

Finally consider a lattice of rational bases. Its finite coordinates are integer multiples of log p, and its
imaginary coordinate, when present, is an integer multiple of π. Project away the real archimedean
coordinate. This projection is injective on logarithmic vectors: the prime exponents and the integer
period recover the signed rational base and its logarithm. For any integer basis of M , its projected
matrix is an integer matrix multiplied row by row by the corresponding numbers log p, or π. It
has rank r. Cauchy–Binet expresses the squared projected covolume as the sum of squares of its
r-row minors. Some integer minor is nonzero and has absolute value at least one, and its product of
row weights is at least P1 · · ·Pr. Projection cannot increase volume, again by Cauchy–Binet after
including the discarded row. This proves (8.30), without a cube-section theorem. □

The ratio needed for integer relations consequently has one formula for D ≥ 2 and for positive
rational bases:

Br

covolr(M) ≤ 2.2 Γ(1 + r/2)
( 3
π

)r/2 (9
8D

3/2 log(eD)
)r

. (8.31)

For D ≥ 2, (8.28)–(8.29) prove this even with the factor 2.2 replaced by one. For positive rational
bases, (8.30) and Br ≤ 2r/2 reduce the assertion to an explicit inequality involving the first r prime
logarithms. The exact interval certificate logarithmic_lattice.py checks r = 1, 2, 3. To cover every
larger dimension, let Fr be the ratio of 2r/2/

∏
j≤r log pj to the right side of (8.31) with D = 1. The

gamma recurrence gives

Fr+2
Fr

= 256π
243(r + 2) log pr+1 log pr+2

< 1 (r ≥ 2).

Indeed, both prime logarithms exceed one, and 256π < 972, as certified by the same rational interval
for π. Induction on each parity proves (8.31) in every dimension. The rational case here concerns
positive bases with real logarithms, which is the case used after the real-embedding reduction.

The discriminant of the coefficient field

The height of a generating set controls the discriminant without first choosing a primitive element of
large height.

Lemma (discriminant and generators). If K = Q(α1, . . . , αn), [K : Q] = D, then

log |∆K | ≤ D logD + 2D(D − 1) max
j
h(αj). (8.32)
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More precisely, write Kj = Q(α1, . . . , αj), K0 = Q, and dj = [Kj : Kj−1]. Then

log |∆K |
D

≤ logD + 2
∑

j

(dj − 1)h(αj). (8.33)

Proof. We first prove the relative bound for L = F (α), with e = [L : F ] ≥ 2. Let

q(X) = Xe + c1X
e−1 + · · · + ce ∈ F [X]

be the minimal polynomial. At a finite place v of F , use the absolute value extending the ordinary
p-adic absolute value, and put

Hv(q) = max{1, |c1|v, . . . , |ce|v}.

Choose a0 ∈ F×
v with |a0|v = Hv(q)−1. This is possible because the maximum is a value of a

coefficient in Fv. All coefficients ai = a0ci of f = a0q, with c0 = 1, then lie in the valuation ring.

For 1 ≤ k < e set
βk = a0α

k + a1α
k−1 + · · · + ak−1α.

These elements are integral at every place of L above v. For a conjugate α′ with |α′|v ≤ 1, this
follows from the displayed expression. For |α′|v > 1, the equation f(α′) = 0 gives instead

β′
k = −ak − ak+1(α′)−1 − · · · − ae(α′)k−e,

whose absolute value is again at most one. A root whose every local conjugate has absolute value at
most one is integral: the elementary symmetric functions of these conjugates are the coefficients of a
monic polynomial and belong to the valuation ring.

The vectors 1, β1, . . . , βe−1 form an Fv-basis of L ⊗F Fv; their change-of-basis matrix from
1, α, . . . , αe−1 is triangular with determinant ae−1

0 . They span a submodule of the local ring of
integers. The trace discriminant of this submodule therefore has valuation at least that of the
relative field discriminant dL/F . To see this directly, choose an integral basis locally over the discrete
valuation ring and write the displayed vectors in it. The coefficients form an integral matrix, and
the trace matrix changes as T tAT ; its determinant is multiplied by (detT )2. Consequently

|dL/F |v ≥ |a0|2e−2
v | disc q|v = Hv(q)−(2e−2)| disc q|v. (8.34)

Here, at a finite place v above p of ramification index ev, the absolute value of an ideal of valuation
t means p−t/ev . With weight nv = [Fv : Qp], the product of the inverse absolute values of an ideal is
its absolute norm. Thus (8.34) and the product formula for the nonzero number disc q give

logNF/QdL/F ≤
∑
v|∞

nv log | disc q|v + (2e− 2)
∑
v∤∞

nv logHv(q). (8.35)

At an archimedean place, let α′
1, . . . , α

′
e be the roots of q, and put Mv(q) = ∏

i max{1, |α′
i|v}. The

Vandermonde matrix with rows (1, α′
i, . . . , (α′

i)e−1) has row norm at most
√
e max{1, |α′

i|v}e−1.
Hadamard therefore gives

| disc q|v ≤ eeMv(q)2e−2. (8.36)

At a finite place,
Hv(q) =

∏
i

max{1, |α′
i|v}. (8.37)

For completeness, the coefficient maximum norm is multiplicative for polynomials over a valued
field: after scaling both polynomials to have maximum one, their nonzero reductions have a nonzero
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product in the residue-field polynomial ring. Factor q over a splitting field and apply this fact to its
linear factors. This proves (8.37), including roots with fractional valuations.

The local degree formula for the conjugates now identifies∑
v|∞

nv logMv(q) +
∑
v∤∞

nv logHv(q) = [L : Q]h(α).

Indeed, each archimedean embedding of F has e extensions, and at a finite place each place w of
L contributes [Lw : Fv] conjugates, with nv[Lw : Fv] = [Lw : Qp]. Combining this identity with
(8.35)–(8.36) gives

logNF/QdL/F ≤ [L : Q] log e+ 2(e− 1)[L : Q]h(α). (8.38)

The discriminant identity in a tower is

|∆L| = |∆F |eNF/QdL/F . (8.39)

It can be checked by the same trace-matrix calculation locally. Choose a local integral basis ωi for
F/Q and ηj for L/F . The matrix of the conjugates of the products ωiηj factors into the matrix of
the conjugates of the ωi, repeated e times, and the relative conjugate matrices of the ηj . Squaring
the determinant gives the first factor ∆e

F and the second factor equal to the norm of the relative
discriminant. The local bases span the full rings of integers, so there is no index factor. Equality
at every prime proves (8.39) for the absolute ideal norms, irrespective of whether a global relative
integral basis exists.

Divide (8.39) by [L : Q] on the logarithmic scale and use (8.38). Iterate along K0 ⊆ K1 ⊆ · · · ⊆ Kn,
omitting steps of degree one. Since ∏ dj = D, this proves (8.33). Finally∑

j

(dj − 1) ≤
∏
j

dj − 1 = D − 1,

by repeated use of (a− 1) + (b− 1) ≤ ab− 1 for integers a, b ≥ 1. Formula (8.32) follows. □

This proves the discriminant bridge of [Matveev 2000], including nonintegral generators; replacing a
nonintegral generator by an arbitrary denominator-clearing multiple would lose the stated constant.

Small solutions over the coefficient field

The auxiliary coefficients will satisfy linear equations over K. Their sizes must be controlled with
different weights at the embeddings, while allowing fractional-ideal conditions at the finite places.
We prove the required weighted Siegel lemma directly from Minkowski’s theorem and the ideal-lattice
covolume formula of Lattices, Minkowski’s theorem and the Minkowski embedding, Theorem 7.1 and
Proposition 7.2.

Use all D archimedean embeddings, counting a complex pair twice. For a finite place indexed by p,
use |a|p = (Np)−vp(a); with these conventions the product formula has no additional weights. Choose
positive qj,σ, equal at conjugate embeddings, and put

qj,p = (Np)lj,p , lj,p ∈ Z,

with only finitely many lj,p ̸= 0. For p, a ∈ KJ , define

Lσ(p) =

 J∑
j=1

|pj |2σ/q2
j,σ

1/2

, L∗
σ(a) =

 J∑
j=1

|aj |2σq2
j,σ

1/2

(σ | ∞),

Lp(p) = max
j

|pj |p/qj,p, L∗
p(a) = max

j
|aj |pqj,p.
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Let

L(p) =
(∏

σ

Lσ(p)
)1/D

, L∗(a) =
(∏

σ

L∗
σ(a)

)1/D

, q =

∏
j,σ

qj,σ

1/(DJ)

.

The products range over the archimedean and finite places just described.

Lemma (weighted Siegel). Let I < J , and let a1, . . . , aI ∈ KJ be the rows of a homogeneous
linear system. There is a nonzero p ∈ KJ with ai · p = 0 for every i, and

L(p) ≤
√
J |∆K |1/(2D)

(
q−J

I∏
i=1

max{q,L∗(ai)}
)1/(J−I)

. (8.40)

The solution may be chosen with Lp(p) ≤ 1 at every finite place. In particular, when all finite
weights are one, all its coordinates are algebraic integers.

Proof. First suppose that the I = r rows are K-linearly independent, and put s = J − r. Let

aj =
∏
p

p−lj,p , Γ = a1 ⊕ · · · ⊕ aJ .

Membership in Γ is precisely the collection of finite conditions Lp(p) ≤ 1. Embed KJ in its
archimedean real space. At a real embedding use coordinates pσ

j /qj,σ; at each complex embedding
use the real and imaginary coordinates multiplied by

√
2/qj,σ. This metric has squared length∑

σ|∞ Lσ(p)2, with both conjugate embeddings counted.

Proposition 7.2 gives the unweighted covolume
√

|∆K |Na for an ideal in this metric: its factor 2−r2

is canceled by the
√

2 in the two coordinates of each complex pair. Scaling by the archimedean
weights consequently gives

covol(Γ) = |∆K |J/2

∏
j,σ

qj,σ

−1

= |∆K |J/2q−DJ . (8.41)

Here Naj = ∏
p q

−1
j,p accounts for the finite weights.

Let A : KJ → Kr have rows ai, and give the target the unweighted archimedean metric, again with
the

√
2 convention. At a finite place write

L∗
p(ai) = (Np)ki,p , bi =

∏
p

p−ki,p .

The ultrametric inequality shows that

AΓ ⊆ b1 ⊕ · · · ⊕ br.

Since A has rank r, its image spans Kr. More explicitly, choose a K-linear right inverse of A and
clear its finitely many ideal denominators. For some nonzero integer c, this gives cOr

K ⊆ AΓ. The
image is a finitely generated subgroup of the displayed ideal lattice and contains a full lattice, so it
is itself a full lattice. The inclusion has positive integer index. Hence

covol(AΓ) ≥ |∆K |r/2
(∏

p

r∏
i=1

L∗
p(ai)

)−1

. (8.42)

Let Γ0 = Γ ∩ kerA. It is a lattice of real dimension Ds: choose a K-basis of kerA, clear its finitely
many ideal denominators, and multiply each basis vector by an integral basis of K. These Ds
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independent real vectors lie in Γ0, while the inclusion in Γ proves discreteness. Let J (A) be the
product of the nonzero singular values of the induced real linear map. The lattice volume identity is

covol(Γ0) = covol(Γ)J (A)
covol(AΓ) . (8.43)

To prove it, choose an integer basis of AΓ and lift its vectors to Γ. Adjoin a basis of Γ0. Every
lattice vector is an integer combination of these vectors, by subtracting the combination with the
same image, so they form a basis of Γ. Project the lifted vectors orthogonally onto (kerA)⊥. The
volume of the full basis is the kernel-basis volume times the projected volume, by a block-triangular
determinant. Applying A multiplies that projected volume by J (A), which proves (8.43).

At an archimedean embedding the matrix of A in the weighted domain coordinates has entries aσ
ijqj,σ.

Its row-volume is det(AσA
∗
σ)1/2. For a complex pair, the real Jacobian is the square of this number,

which is exactly what counting both conjugate embeddings gives. Hadamard therefore implies

J (A) ≤
∏
σ|∞

r∏
i=1

L∗
σ(ai).

Combining (8.41)–(8.43) yields

covol(Γ0) ≤ |∆K |s/2q−DJ
r∏

i=1
L∗(ai)D. (8.44)

In an m-dimensional Euclidean space, the ball of radius
√
mc1/m has volume at least 2mc: the unit

ball contains the cube [−1/
√
m, 1/

√
m]m. Apply the compact form of Minkowski’s theorem to Γ0,

with m = Ds and c = covol(Γ0). It gives a nonzero p ∈ Γ0 with∑
σ|∞

Lσ(p)2

1/2

≤
√
Ds covol(Γ0)1/(Ds).

The finite local lengths are at most one. The arithmetic-geometric mean inequality for the D positive
archimedean squared lengths now gives

L(p) ≤
√
s |∆K |1/(2D)

(
q−J

r∏
i=1

L∗(ai)
)1/s

. (8.45)

The argument also applies when r = 0, with an empty image, Jacobian and row product all equal to
one.

Finally suppose the original I rows have rank r ≤ I. Select r independent rows and put Ti =
max{q,L∗(ai)}. The product Z = ∏I

i=1(Ti/q) is at least one and at least the corresponding product
over the selected rows. Thus(

q−J
∏

selected i

L∗(ai)
)1/(J−r)

≤ q−1Z1/(J−r) ≤ q−1Z1/(J−I).

Also
√
J − r ≤

√
J . Every dependent equation is satisfied by a solution of the selected ones. This

proves (8.40), retaining the finite-place conditions. □

This is the form of [Matveev 2000], used to construct the initial auxiliary function. The proof
supplies the weights, rank-deficient cases, complex-embedding Jacobian and kernel/image covolume
identity explicitly.
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Figure 8.3. For A(x, y) = 2x+ y and Γ = Z2, the kernel basis is u = (−1, 2), and t = (0, 1) lifts the image
basis 1. The cell with edges u, t has area 1. The orthogonal projection of t onto the normal direction is
p = (2/5, 1/5), of length 1/

√
5. In the right panel the inclined cell and the rectangle with edges u, p both have

area 1; p is a projected vector, not a lattice basis vector. The map multiplies normal lengths by its Jacobian√
5, so (8.43) gives kernel covolume 1 ·

√
5/1 =

√
5. Reproducible source: kernel_image_volume.py.

For a number-field check with finite weights, take K = Q(
√

2), ∆K = 8, Γ = 2OK ⊕ OK ⊕ OK ,
and A = (1,

√
2, 1 +

√
2). Since 1 +

√
2 is a unit, AΓ = OK . The vector p = (0, 1,−2 +

√
2) lies

in the kernel. With archimedean weights (2, 1/2, 1) and (3, 5, 1) at the two embeddings, and finite
weight 1/4 in the first column at (

√
2), weighted_siegel.py verifies (8.43) by exact algebraic Gram

determinants and checks (8.45) for this vector by outward rational intervals. This example checks
the metric and fractional-ideal conventions used in the full proof.

Weighted integer relations

Several relations require control of a product of vector lengths. We first establish the geometric
theorem that turns a lattice volume into such a product. This theorem concerns independent lattice
vectors; forming an integer basis is a further step.

Theorem (successive minima). Let Λ be a lattice of rank s ≥ 1 in its Euclidean span, and let
K = −K be a compact convex body with nonempty interior in that span. Define λi = λi(K,Λ)
to be the least positive number for which λiK contains i independent lattice vectors. There are
independent ai ∈ λiK. If their integer span has index J in Λ, then

2s

s! J covol(Λ) ≤ vols(K)
s∏

i=1
λi ≤ 2s covol(Λ). (8.46)

In particular J ≤ s!. The usual lower bound follows by J ≥ 1.

Proof. Discreteness and boundedness make the minima positive and attained. Choose the vectors
in increasing order of their gauges, keeping a vector whenever it increases the span. This constructs
the ai and the flag

Fi = spanR(a1, . . . , ai), F0 = 0.

Every lattice vector in int(λiK) belongs to Fi−1. To check this even when minima coincide, let j
be the first index of the block with value λi. The first j − 1 vectors have smaller gauge and span
all the lattice vectors of gauge smaller than λi. A vector outside that span would make λj < λi, a
contradiction.

The convex hull of the 2s points ±ai/λi lies in K. Partition it according to the signs of its coordinates
in this basis. Each part is a simplex of volume | det(a1, . . . , as)|/(s!∏i λi). Their interiors are disjoint,
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so this crosspolytope has volume
2sJ covol(Λ)
s!∏i λi

.

This proves the lower bound.

Here is a volume proof of the upper bound. An invertible linear change of variables reduces to
Λ = Zs. We may also arrange Fi = span(e1, . . . , ei) by a unimodular change of coordinates. Indeed
Λ ∩ Fi is primitive: if kx ∈ Fi, then x ∈ Fi. At the first step a primitive generator extends to a basis
by the Euclidean algorithm. In the quotient by that generator the remaining flag is again primitive.
Induction supplies a basis adapted to the whole flag. These changes preserve volumes because their
determinant has absolute value one.

Put Qi = λiK/2, and, for N ≥ 1, put

PN = {−N, . . . , N}s, PN,i = PN ∩ Fi, Vi(N) = vols(PN +Qi).

The sum denotes a union of translates, not a sum with a convex hull. Distinct translates of Q1 have
disjoint interiors: an interior intersection would give a nonzero integer vector in int(λ1K). Thus

V1(N) = (2N + 1)s(λ1/2)s vols(K).

Boundaries have zero volume. For example (1 − ε)K ⊂ intK, so their volume is bounded by
vol(K) − vol((1 − ε)K), which tends to zero. This also applies to the finite unions here.

We claim, for 1 ≤ i < s,

Vi+1(N) ≥
(
λi+1
λi

)s−i

Vi(N). (8.47)

There is nothing to prove if the two minima are equal. Otherwise write t = λi+1/λi > 1. Two
translates of Qi+1 whose integer centers differ outside Fi have disjoint interiors. An intersection
would put their difference in int(λi+1K), whereas all lattice vectors there belong to Fi. Hence,
grouping translates by their last s− i coordinates,

Vj(N) = (2N + 1)s−i vols(PN,i +Qj) (j = i, i+ 1).

Let St multiply coordinates in Fi by t, leaving the other coordinates fixed. Its complementary stretch
multiplies the last s− i coordinates by t and leaves Fi fixed. Their product is multiplication by t, so

vols(PN,i +Qi+1) = ts−i vols(PN,i + StQi).

The remaining comparison is

vols(A+ StQ) ≥ vols(A+Q) for every finite A ⊂ Fi and convex body Q. (8.48)

Slice at a fixed coordinate y ∈ F⊥
i . Write the section of Q as y + C, with C ⊂ Fi convex. If it is

empty the comparison is immediate. Otherwise choose c ∈ C. Convexity gives C ⊂ tC + (1 − t)c,
since c+(x−c)/t ∈ C for every x ∈ C. Consequently A+C ⊂ A+ tC+(1− t)c. The last translation
preserves the section’s volume. This proves the inequality section by section; integration proves
(8.48), and hence (8.47).

Iterating (8.47) now gives

Vs(N) ≥ (2N + 1)s vols(K)
2s

λs
1

s−1∏
i=1

(
λi+1
λi

)s−i

= (2N + 1)s vols(K)
2s

∏
i

λi.

Choose R so that Qs ⊂ [−R,R]s. Then Vs(N) ≤ (2N + 2R)s. Divide by (2N + 1)s and let N tend
to infinity. This proves the upper bound for Zs; reversing the first linear change restores covol(Λ). □
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The volume mechanism is Minkowski’s; a freely readable treatment is [Henk 2002]. The proof above
includes the flag construction, the convex-section inclusion and the boundary and limiting arguments.

The lattice is Z2, and K = {(x, y) : |x− y/3| ≤ 1, |y| ≤ 1/2}. Its minima are λ1 = 1, λ2 = 2. For
P2 = {−2, . . . , 2}2, the three unions have areas 25/2, 15, 30. Stretching the first coordinate enlarges every
horizontal union of sections; stretching the second coordinate then doubles area. The resulting inequality is
30 ≥ 2(25/2), as in (8.47). The limiting bound is exact: λ1λ2 area(K) = 4. Reproducible source:
successive_minima.py.

Corollary (an integer basis). In the same setting, when K is the unit ball of a norm, Λ has an
integer basis b1, . . . , bs such that

∥bi∥ ≤ max{1, i/2}λi, vols(K)
∏

i

∥bi∥ ≤ 2s! covol(Λ). (8.49)

Proof. Use the flag in the preceding proof. Suppose b1, . . . , bi−1 form a basis of Λ ∩ Fi−1. The
quotient (Λ ∩ Fi)/(Λ ∩ Fi−1) is infinite cyclic. If ai generates it, choose bi = ai. Otherwise ai is m
times a generator, with m ≥ 2. Choose a representative bi of that generator. Its coefficient along ai

is 1/m. By subtracting integer multiples of the aj , j < i, make each of its other coefficients belong
to [−1/2, 1/2]. It still generates the same quotient and

∥bi∥ ≤ λi/m+ 1
2
∑
j<i

λj ≤ (i/2)λi.

Induction constructs the basis. Finally ∏s
i=1 max{1, i/2} = s!/2s−1; combine this with (8.46). For

s = 1 the constant is exactly two, the length of the unit interval. □

For later comparison it is useful to spell out what follows with Euclidean geometry alone.

Lemma (Euclidean product bound for weighted relations). Let v1, . . . , vn generate a rank-r
lattice M , where 1 ≤ r < n, in a normed real space. Choose Aj > 0 with ∥vj∥ ≤ Aj , and let Br have
the meaning in (8.31). There are s = n− r independent integer relations ∑j uijvj = 0 with

s∏
i=1

max
j
Aj |uij | ≤ 2sΓ(1 + s/2)

πs/2

(
n

r

)1/2
Br

covolr(M)

n∏
j=1

Aj . (8.50)

The relations are independent; they need not form a basis of all the integer relations.

Proof. In an integer basis of M , write the vectors as the columns of a surjective integer matrix
C : Zn → Zr. Give Rn the metric ∥x∥2

A,2 = ∑
j A

2
jx

2
j . The kernel-volume identity (8.43), in its

rational-field case, gives

covolA,2(kerC ∩ Zn) =

∏
j

Aj

√det(C diag(A−2
j )Ct).
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There is no image-index factor: CZn = Zr. By Cauchy–Binet the determinant under the square root
is ∑

|I|=r

det(CI)2∏
j∈I A

2
j

.

The parallelepiped spanned by the vj , j ∈ I, has volume | detCI | covolr(M). After normalizing each
edge, its volume is at most Br. Every summand is therefore at most (Br/ covolr(M))2. This bounds
the kernel covolume by the last three factors in (8.50).

The Euclidean unit ball in this s-dimensional kernel has volume πs/2/Γ(1 + s/2) in the same metric.
Apply the upper bound (8.46) and choose independent vectors at its successive minima. Since
maxj Aj |uj | ≤ ∥u∥A,2, their weighted maximum norms satisfy (8.50). □

The Euclidean ball accounts for the factor 2sΓ(1 + s/2)/πs/2. A sharper product estimate using
a section of the weighted cube requires a lower bound for that section’s volume. The round-ball
argument alone does not supply that sharper constant.

Sections of a cube and the sharp product estimate

We now supply the missing geometric input. The proof uses nearest points on faces and a comparison
of their Gram matrices.

Lemma (face distances and volume). Let P ⊂ Rs be a full-dimensional convex polyhedron
with 0 in its interior. Suppose that, for every nonempty face F of codimension i, dist(0, aff F ) ≥

√
i.

Then
vols(P ) ≥ 2s. (8.51)

Proof. If P is unbounded, its volume is infinite. Indeed, write its finitely many defining inequalities
as gj(x) ≤ dj . Normalize an unbounded sequence of points and take a convergent subsequence of
their directions. Its unit limit w has gj(w) ≤ 0 for every j. Thus P + [0,∞)w ⊂ P . Translating a
small ball about zero along this ray supplies a cylinder of infinite volume. We may therefore assume
that P is a polytope.

For every face F , choose its point aF closest to zero. Existence follows from compactness, and
uniqueness from strict convexity of squared Euclidean length. If y ∈ F , differentiation at zero along
aF + t(y − aF ) gives

aF · y ≥ |aF |2.

Choose a full flag P = F0 ⊃ F1 ⊃ · · · ⊃ Fs, where Fi has codimension i, and put ai = aFi . Here
a0 = 0. Since aj ∈ Fi when j ≥ i,

ai · aj ≥ |ai|2 ≥ i (1 ≤ i ≤ j ≤ s). (8.52)

The final inequality uses the distance to the affine span. It does not require the nearest point of that
affine span to belong to the face.

The simplices A = conv(a0, . . . , as) over all full flags cover P , with disjoint interiors for the nonde-
generate simplices. To see this, triangulate each face recursively by coning its already triangulated
facets to aF . Coning still works if aF lies on its boundary. For a relative interior point other than
aF , its ray from aF meets a far boundary facet. That facet is unique except on rays meeting the
lower-dimensional face intersections. Those exceptional cones have zero volume; facets containing
aF likewise contribute only degenerate cones. Induction on the face dimension gives exactly the flag
simplices and proves the asserted partition for volume calculations.

For a nondegenerate A, let f be the linear map taking ai to

ci = (1, . . . , 1︸ ︷︷ ︸
i

, 0, . . . , 0), c0 = 0.
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These target vectors form a basis, so f is invertible. For x = ∑s
i=1 tiai ∈ A, the barycentric

coefficients satisfy ti ≥ 0 and ∑i ti ≤ 1. Because ci · cj = min(i, j), (8.52) yields directly

|x|2 =
∑
i,j

titj(ai · aj) ≥
∑
i,j

titj min(i, j) = |f(x)|2.

This is a comparison on the simplex, where the coefficients are nonnegative; it does not claim that f
contracts every vector in the ambient space.

Write C = conv(c0, . . . , cs), and let Bs be the Euclidean unit ball. The last inequality gives
f(A ∩ Bs) ⊂ C ∩ Bs. An invertible linear map scales every volume by the same determinant, so

vol(A ∩ Bs)
vol(A) ≤ vol(C ∩ Bs)

vol(C) = vol(Bs)
2s

.

For the last equality, partition [−1, 1]s by coordinate signs and the orders of their absolute values.
Its 2ss! pieces are congruent to C = {1 ≥ x1 ≥ · · · ≥ xs ≥ 0}. The orthogonal sign and permutation
maps preserve Bs. Each piece therefore has the same fraction of the ball and the same volume,
proving the equality.

The face-distance hypothesis for facets makes Bs ⊂ P : every defining supporting halfspace contains
that ball. Sum the preceding inequality over the nondegenerate flag simplices. Their intersections
partition the ball up to zero-volume sets, giving

vol(Bs) ≤ vol(Bs)
2s

vol(P ).

Cancel the positive ball volume to prove (8.51). □

This is the nearest-face volume mechanism of Rogers, as presented in [Karasev 2026]. The Gram
comparison (8.52) supplies a direct map from each nondegenerate flag simplex to C.

Theorem (central sections of a cube). For every s-dimensional linear subspace E ⊂ Rn,

vols(E ∩ [−1, 1]n) ≥ 2s. (8.53)

The volume uses the induced Euclidean metric on E.

Proof. The section is a full-dimensional polytope in E and contains its unit ball. A codimension-i
face is obtained by active coordinate constraints xj = 1 or xj = −1, whose restrictions to E have
rank i. This rank assertion can be checked at a relative interior point of the face: the inactive
inequalities remain strict in a neighborhood, so its tangent space is exactly the simultaneous kernel
of the active coordinate forms. Select i independent active forms, with distinct indices. Every point
of the affine span of that face has those i coordinates of modulus one, and consequently has squared
Euclidean length at least i. Apply (8.51) in E. For s = 0, the corresponding zero-dimensional
statement is 1 ≥ 1. □

The result is Vaaler’s cube-section theorem. The proof above establishes it in all dimensions; it uses
neither a hyperplane-only estimate nor an assumption on rational directions.
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The polytope has vertices (1, 2), (11/10, 2), (3,−3), (−3,−3), (−3, 1). The highlighted flag simplex is
A = conv{0, (1, 2), (11/10, 2)}. Its nearest point on the top edge is the endpoint (1, 2). The comparison map
f(x, y) = (y/2, 10x− 5y) takes A to C = conv{0, (1, 0), (1, 1)}. The difference of the two vertex Gram
matrices is

(
4 41/10

41/10 321/100

)
, whose entries are positive. Thus |f(x)| ≤ |x| on A, by nonnegative barycentric

coefficients in (8.52). The same map expands the ambient vector (1/10, 0) to (0, 1); a contraction on the
simplex does not imply a contraction everywhere. Reproducible source: face_gram.py.

Corollary (sharp product bound for weighted relations). Under the hypotheses of (8.50),
there are s = n− r independent integer relations satisfying

s∏
i=1

max
j
Aj |uij | ≤

(
n

r

)1/2
Br

covolr(M)

n∏
j=1

Aj . (8.54)

Proof. Use the same relation lattice and weighted Euclidean covolume calculation as in (8.50). The
map x 7→ (A1x1, . . . , Anxn) is an isometry for that metric. It takes the weighted maximum-norm
unit ball in the real kernel to a central section of [−1, 1]n. Its s-volume is therefore at least 2s, by
(8.53). Minkowski’s upper product estimate (8.46) bounds the product of its successive minima by
the kernel covolume. Choose independent integer vectors at these minima and use the covolume
bound already proved in (8.50). This gives (8.54). □

This supplies the full weighted relation estimate of [Matveev 2000], with the binomial square root
and with no basis assertion. In dimension one, the maximal-minor argument below removes that
square root as well.

For a one-dimensional relation space the following stronger estimate removes the binomial square
root. It applies to real lattice vectors and does not require their coordinates to be rational.

Lemma (a relation of codimension one). Let v1, . . . , vn generate an (n− 1)-dimensional lattice
M in a normed real space. Suppose 0 < ∥vj∥ ≤ Aj . Let Bn−1 be the supremum of the Euclidean
volumes of parallelepipeds with n − 1 edges of norm at most one. There is a primitive nonzero
u ∈ Zn, unique up to sign, with ∑j ujvj = 0, and

|uj |Aj ≤ Bn−1
covoln−1(M)

n∏
k=1

Ak (1 ≤ j ≤ n). (8.55)

Proof. In an integer basis of M , the columns vj form an integer matrix C of size (n− 1) × n, whose
map Zn → Zn−1 is surjective. Its real kernel is a rational line. The integer points on that line are
Zu for one primitive integer vector u: divide any nonzero integer generator by the greatest common
divisor of its coordinates.
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A primitive integer vector extends to an integer basis of Zn. Here is the elementary argument. The
Euclidean algorithm on a pair of coordinates is effected by swaps, sign changes and adding an integer
multiple of one row to another. Apply it repeatedly to replace the coordinates of u by their greatest
common divisor and zeros. Primitivity makes the nonzero coordinate one. The resulting integer
matrix has determinant ±1; its inverse gives the asserted basis. Let U be its matrix with first column
u. Then CU = (0, C ′), and C ′ is a square surjective integer matrix. Surjectivity supplies an integer
right inverse, so detC ′ = ±1.

For every real row f , multiply the square matrix with first row f and remaining rows C by U .
Expanding on its first column gives

det
(
f
C

)
= ±f · u.

Expanding the original matrix on its first row shows that each signed maximal minor of C is the
corresponding coordinate of ±u. Therefore the parallelepiped spanned by all vk except vj has volume
exactly |uj | covoln−1(M). After dividing its edges by their Ak, the defining bound for Bn−1 gives

|uj | covoln−1(M) ≤ Bn−1
∏
k ̸=j

Ak.

Multiply by Aj to obtain (8.55). □

In the logarithmic coordinate space use H as the norm. Equations (8.28)–(8.31) then give explicit
numerical coefficients in (8.55). The continuous unit ball in the definition of Br matters: normalized
edges vj/Aj are real vectors and need not themselves be logarithms of algebraic numbers.

The coefficient parameter survives a reduction in the number of logarithms only if the integer relation
is bounded with the same weights. Here is the precise linear algebra needed for that reduction.

Lemma (weighted minors). Let Hj > 0, with H1 ≤ · · · ≤ Hn−1, and define

∥x∥H =
∑

j

Hj |xj |, |x|H = max
j
Hj |xj |.

Let x1, . . . , xν ∈ Zn be linearly independent, 1 ≤ ν ≤ n, and let b ∈ Zn, bn ̸= 0, belong to their
rational span. If ∥xi∥H ≤ Xi, there are integers m0, . . . ,mν , with m0 ̸= 0, such that

m0b =
ν∑

i=1
mixi, |m0| ≤ Q, |mi|Xi ≤ ν|b|HQ,

where
Q =

∏ν
i=1Xi

H1 · · ·Hν−1Hn
.

With the assumptions |xi|H ≤ Xi instead, the bounds are

|m0| ≤ νν/2Q, |mi|Xi ≤ νν/2|b|HQ.

Proof. Since bn ̸= 0, column n of the matrix with rows xi is nonzero. Extend this column to a set
J of ν independent columns. Its determinant ∆ is a nonzero integer. Cramer’s rule gives the unique
coefficients in the selected coordinates as ∆i/∆, where ∆i replaces row i by the selected coordinates
of b. They give the relation in every coordinate, because b lies in the full row span and the selected
minor detects its unique coordinates there. Take m0 = ∆, mi = ∆i.

Multiply selected column j by Hj , and divide row i by Xi. Each resulting row has sum of absolute
values at most one, so its determinant has modulus at most one: its Leibniz sum is bounded by
the product of these row sums. For the replaced row, divide instead by ν|b|H . The same argument
applies, and ∏

j∈J

Hj ≥ H1 · · ·Hν−1Hn.
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These observations prove the first pair of bounds. Under the max-norm hypotheses, normalized rows
have Euclidean norm at most

√
ν, and the normalized replacement row has the same bound after

division by |b|H . Hadamard’s inequality gives the factor νν/2 in both bounds. □

This proves the weighted reduction lemma used in [Matveev 2000], without requiring the selected
vectors to form a basis of their ambient integer lattice.

The two modern estimates use the same group-theoretic zero mechanism. We establish it now, before
applying it to the auxiliary function and later to the derivative determinant. The weighted relation
lemmas above supply its arithmetic constants.

Algebraic groups and transverse jets

The rank argument takes place in a product of additive and multiplicative groups. We first establish
the group and derivative facts that make its multiplicity factor explicit. Throughout this subsection,
k is an algebraically closed field of characteristic zero, and

G = kd0 × (k×)d1 , R = k[X1, . . . , Xd0 , Y
±1

1 , . . . , Y ±1
d1

].

Write the group law additively, even in the multiplicative coordinates: translation by g = (x, y)
substitutes X + x and yY . For w = (ξ, η) ∈ kd0+d1 , put

Dw =
∑

i

ξi∂Xi +
∑

j

ηjYj∂Yj . (8.56)

These derivations commute with one another and with translations. Indeed, the coordinate operators
in different variables commute, and the two assertions in a single variable follow directly from the
additive substitution Xi + xi and the multiplicative substitution yjYj .

Lemma (subgroups and their tangent directions). Every closed algebraic subgroup H of G
has the form

H = V × TΦ, TΦ = {y : Y u = 1 for every u ∈ Φ}, (8.57)

where V ⊆ kd0 is a vector subspace and Φ ⊆ Zd1 is a subgroup. Its ideal is generated by the linear
forms vanishing on V and the elements Y u − 1, u ∈ Φ. If the tangent space is defined by

T (H) = {w : DwI(H) ⊆ I(H)},

then
T (H) = V × Φ⊥, Φ⊥ = {η : u · η = 0 for every u ∈ Φ}. (8.58)

The identity component is obtained by replacing Φ by its saturation Φsat = QΦ ∩ Zd1 ; it has the
same tangent space.

Proof. Let V initially denote the Zariski closure of the additive projection of H. It is an additive
subgroup. To see this directly, polynomials vanishing on that projection also vanish after addition of
two points of its closure: first hold one projected point fixed and use density in the other variable,
then use density in the fixed variable. Inversion is handled in the same way. For v ∈ V , the points
mv, m ∈ Z, lie in V . Every polynomial defining V , evaluated on tv, is a polynomial in t with
infinitely many zeros. Characteristic zero makes those integer values distinct, so kv ⊆ V . Closure
under sums now shows that V is a vector subspace.

Define Φ = {u : Y u|H = 1}. Two monomial characters have the same restriction to H precisely when
their exponent difference lies in Φ. Modulo the indicated character relations, a Laurent polynomial
can therefore be written as a finite sum ∑

a

Y apa(X)
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with pairwise distinct characters Y a|H . We show that this sum vanishes on H only if every pa

vanishes on its additive projection.

Let h bound the degrees of the pa, and write Tg for translation on polynomial functions. On the
block Y ap(X), Tg is its character value ya times translation by x on polynomials of degree at most h.
Thus Tg −ya is nilpotent of order at most h+1 on this block: each finite difference lowers polynomial
degree. Fix a block a. For every other block b, choose gb ∈ H such that ya

b ̸= yb
b, and apply∏

b̸=a

(Tgb
− yb

b)h+1.

The factors commute. They annihilate every other block and are invertible on block a: there
each factor is a nonzero scalar plus a nilpotent operator, whose inverse is a finite geometric sum.
These operators and their inverses preserve the property of vanishing on H, since they are linear
combinations of translations by its elements. Hence Y apa(X), and therefore pa(X), vanishes on H.
It follows that pa vanishes on V .

After a linear coordinate change, I(V ) is generated by coordinate variables: a polynomial zero on
the remaining coordinate space has zero constant term in those variables. This proves the asserted
description of I(H). Taking its zero set gives (8.57). Moreover, a finite basis of Φ suffices for its
character relations, because

Y u+v − 1 = Y u(Y v − 1) + (Y u − 1), Y −u − 1 = −Y −u(Y u − 1).

For a linear form L vanishing on V , DwL = L(ξ). For u ∈ Φ,

Dw(Y u − 1) = (u · η)Y u ≡ u · η (mod I(H)).

The derivation preserves the ideal generated by these functions exactly under the conditions in
(8.58).

The lattice argument in Section 4 gives a finite integer basis of Φ, since it is a discrete subgroup of
Rd1 . For completeness, integer row and column operations put a basis matrix of Φ into diagonal
form. The reduction uses the Euclidean algorithm: move a nonzero entry to the first position and
reduce other entries in its row and column by division. If the resulting pivot does not divide some
remaining entry, add that entry’s row to the pivot row and divide again; the positive pivot strictly
decreases. Eventually it divides all remaining entries. Clear its row and column and repeat on the
remaining matrix. All operations are invertible over Z, and the process ends because each pivot
reduction strictly decreases a positive integer. The resulting torus coordinate change is a monomial
automorphism. In the new coordinates the relations are Y ci

i = 1, 1 ≤ i ≤ r, where r = rank Φ. Each
ci-th root is a distinct point in characteristic zero, and each choice leaves a torus of dimension d1 − r.
Together with V , these are disjoint irreducible components: their coordinate rings are polynomial
Laurent domains. The component through the identity sets these first r coordinates equal to one,
which is exactly the saturation of Φ. Its annihilator over k equals that of Φ, proving the last claim.
□

Let W ⊆ kd0+d1 be a vector subspace, and put ℓ = dim(W/(W ∩ T (H))). Choose w1, . . . , wℓ ∈ W
independent modulo T (H). The preceding generators of I(H), and their derivatives modulo that
ideal, give a bilinear pairing with left kernel T (H). Linear algebra therefore gives P1, . . . , Pℓ ∈ I(H)
such that

DwiPj ≡ δij (mod I(H)).
This assertion extends to a finite union Z = ⋃s

a=1(ga +H) of distinct cosets.

Indeed, whenever g /∈ H, one of the displayed generators gives a function zero on H and a nonzero
constant on g +H. Divide by that constant to get Ag, equal to one on g +H. Put

Ba =
∏
b̸=a

Aga−gb
◦ T−gb

, Qj =
s∑

a=1
B2

a(Pj ◦ T−ga).
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On ga +H, Ba = 1, while every other Bb = 0. Thus Qj ∈ J := I(Z), and differentiation gives

DwiQj ≡ δij (mod J).

The terms differentiating B2
a vanish on the same coset because Pj ◦ T−ga = 0 there, and on every

other coset because Ba = 0 there.

Lemma (transverse jet count). Give R its multidegree filtration FD: total additive degree is at
most D0, and the absolute exponent in each Yj is at most Dj . For an ideal A ⊆ R, write

HA(D) = dimk(FD/(A ∩ FD)).

Suppose every element of A vanishes on Z, with all derivatives along W of total order at most S.
Choose a multidegree bound C for the Qj above. Then, for every D,

HA(D + SC) ≥
(
S + ℓ

ℓ

)
HJ(D). (8.59)

No primarity assumption on A is needed for this filtered inequality.

Proof. For multi-indices α, β ∈ Zℓ
≥0 with |β| ≤ |α|, the Leibniz rule gives

Dβ1
w1 · · ·Dβℓ

wℓ

(
PQα1

1 · · ·Qαℓ
ℓ

)
≡
{
α!P, β = α,

0, β ̸= α
(mod J). (8.60)

When fewer than |α| derivatives are applied, at least one undifferentiated Qj remains in each Leibniz
term. When exactly |α| are applied, a term can survive modulo J only if each Q-factor receives
exactly one derivative and P receives none. The congruences DwiQj = δij modulo J then require
β = α and give the factor α!. This proves (8.60).

Choose E ⊆ FD complementary to FD ∩ J , with basis P1, . . . , PN ; here N = HJ(D). The products
PiQ

α, 1 ≤ i ≤ N , |α| ≤ S, have degree at most D+SC. They are independent modulo A. Otherwise
write a nonzero relation as ∑α PαQ

α ∈ A, Pα ∈ E, and choose a nonzero Pβ of minimum total index
degree. Apply Dβ . The derivative lies in J by hypothesis, whereas (8.60) makes it congruent to β!Pβ .
Characteristic zero and E ∩ J = 0 give a contradiction. There are

(S+ℓ
ℓ

)
indices, proving (8.59). □

This is the linear-algebraic multiplicity factor in Wüstholz’s lemma; compare [Waldschmidt 2000].
The proof here gives the filtered inequality directly. To obtain a bound on the leading degree of an
intersection one must also control its dimension and multigraded Hilbert function.

For a concrete example, let G = k × k×, H = {(0, 1)}, Q1 = X, Q2 = Y − 1, and let W have basis
∂X , Y ∂Y . The two first derivatives give the identity matrix modulo J = (X,Y − 1). For S = 2, the
six products

1, X, Y − 1, X2, X(Y − 1), (Y − 1)2

are independent modulo J3. In fact they form a basis of R/J3: terms of degree at least three vanish,
and Y −1 = (1 + (Y −1))−1 ≡ 1− (Y −1) + (Y −1)2. The ordinary derivative matrix has determinant
4; dividing row β by β! gives determinant one. Thus the multiplicity count

(4
2
)

= 6 is attained
exactly. auxiliary_jets.py verifies the matrix and the vanishing of all degree-three generators under
the six jets.

Hilbert functions and the multiplicity degree

We need the leading degree of the filtered functions just introduced. The Noether normalization
theorem proved in Krull dimension and Noether normalization, Corollary 3.2, applies to every
nonzero finite-type k-algebra, including a nonreduced algebra. It contains an embedded polynomial
algebra over which it is finite. Theorem 4.2 and the paragraph following its proof in Section 4 of
that lesson show that the number of parameters is its Krull dimension. We use this full form below.
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The following argument supplies the multigraded filtration needed here.

Lemma (multigraded polynomial and dimension). For a proper ideal A ⊂ R, HA(D) agrees
with a polynomial pA(D0, . . . , Dd1) when all coordinates are sufficiently large. Its total degree is
e = dim(R/A). Write pA,e for its homogeneous part of degree e, and define

H(A;D) = e! pA,e(D). (8.61)

This polynomial is strictly positive when every coordinate of D is positive. A fixed shift of the
filtration has the same leading part. If A ⊆ B are proper ideals of the same dimension, then
H(B;D) ≤ H(A;D) for every D ≥ 0.

Proof. Introduce a polynomial ring with one additive block (t0, X1, . . . , Xd0), and multiplicative
blocks (tj , Yj , Zj), 1 ≤ j ≤ d1. A polynomial homogeneous of degree Di in every block maps onto
FD by setting every ti = 1 and Zj = Y −1

j . Surjectivity follows by homogenizing each Laurent
monomial: use Y uj

j for uj ≥ 0, Z−uj

j otherwise, and pad with tDj−|uj |
j ; pad the additive monomial in

the same way. Let Ã be the direct sum, over all multidegrees, of the kernels of these maps followed
by reduction modulo A. Multiplication respects the evaluation maps, so Ã is a multihomogeneous
ideal. Its quotient has multidegree-D dimension exactly HA(D).

We give the polynomial count explicitly. Choose a monomial order and let M be the ideal generated
by the leading monomials of elements of Ã. This monomial ideal has finitely many minimal generators.
Here is the finite combinatorial fact needed for that assertion: every infinite sequence in Zq

≥0 has
an infinite subsequence nondecreasing in every coordinate. For one coordinate, either some value
occurs infinitely often or one can successively choose increasing values. Repeat for the finitely many
coordinates. Thus an infinite set of incomparable minimal exponent vectors is impossible. Every
exponent vector above a minimal one is a multiple of it, which proves finite generation of M .

Choose a multihomogeneous polynomial for each of those leading monomials. Polynomial division by
this finite list shows that the monomials outside M span the quotient, with multidegree preserved.
They are independent: a nonzero linear combination in Ã would have a leading monomial in M .
Hence they are a basis in each multidegree. If a block contains qi variables, the number of its
monomials of degree Di divisible by a fixed monomial of block degree ci is(

Di − ci + qi − 1
qi − 1

)

for Di ≥ ci. Inclusion–exclusion over the finitely many generators of M uses their least common
multiples, and multiplies these counts over the blocks. It gives a polynomial in all Di once those
coordinates exceed the finitely many bounds ci. This proves existence of pA, also for a nonradical
ideal.

To identify its degree, give R/A the ordinary generator filtration in the images of Xi, Yj , Y
−1

j , and
denote its dimension function by h(t). Noether normalization gives an embedded k[z1, . . . , ze] over
which R/A is finite. Each zi is a polynomial of bounded generator degree. Its independent monomials
of degree at most a fixed positive multiple of t lie in the generator filtration, giving h(t) ≫ te. For
the reverse bound, choose finitely many module generators over this polynomial algebra. Express
multiplication by each original algebra generator on those module generators using polynomial
coefficients. The degrees of this finite collection of coefficients are bounded. A product of t algebra
generators consequently has coefficient degree at most ct+ c′, by induction on its length. There are
O(te) such coefficients, so h(t) ≪ te. The constants may depend on A; both inequalities also hold
when e = 0.

For every positive integer vector D, the space FtD contains the ordinary filtration of order tminiDi

and is contained in that of order t∑iDi. Therefore HA(tD) has upper and lower bounds by positive
constant multiples of te. If pA had total degree greater than e, its top homogeneous part would vanish
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on every positive integer vector D, and hence identically. A polynomial vanishing on that entire grid
is zero, by induction on the number of variables. This contradicts its being the top part. Its degree
cannot be less than e by the lower growth bound. The same lower bound shows pA,e(D) > 0 for
positive D. The conclusion extends to positive rational D by homogeneity. Filtered monotonicity
makes the leading polynomial nondecreasing in each coordinate on positive rational vectors. For a
positive real D, choose a positive rational D′ ≤ D; continuity then gives pA,e(D) ≥ pA,e(D′) > 0.

A fixed coordinate shift changes only lower total-degree terms. Finally A ⊆ B gives a surjection on
every filtered quotient, so HB(tD) ≤ HA(tD). Divide by te and take the limit for positive integer D,
then extend by homogeneity and continuity to every D ≥ 0. □

Translation preserves FD, so all translates of an algebraic subgroup have the same H. For the whole
group, counting its monomials gives

H(I(G);D) = (d0 + d1)!
d0! Dd0

0

d1∏
j=1

(2Dj). (8.62)

An empty product is one. For Z = ⋃s
a=1(ga +H) and J = I(Z), we also have

H(J ;D) = sH(I(H);D). (8.63)

Indeed, restriction gives an injection from the filtered quotient by J into the sum of the s filtered
quotients by the coset ideals. In the other direction the functions Ba constructed above are one on
their own coset and zero on all the others. Multiplication by them injects the direct sum of the
filtered coset quotients of degree D into the quotient by J of degree D + C, where C bounds their
degrees. These bounds have the same leading term by the lemma, proving (8.63). The ring of this
disjoint union is the product of the coset rings: the same Ba give a surjective restriction map, with
kernel J . In particular its dimension is dimH.

Theorem (multiplicity degree). Suppose A ⊂ R has quotient dimension dimH, and every
element of A vanishes along W to all orders at most S on the finite union Z above. Then

H(A;D) ≥
(
S + ℓ

ℓ

)
sH(I(H);D) (D ≥ 0). (8.64)

For positive integer D, substitute tD in (8.59), divide by tdim H , and use the fixed-shift assertion
and (8.63). Homogeneity and continuity supply all nonnegative D. This proves the full multiplicity
lower bound of [Waldschmidt 2000], with its dimension hypothesis retained. The intersection upper
bound is a separate ingredient.

Intersections and the multiplicity estimate

For a module over a Noetherian ring, the union of its associated primes is its zero-divisor set, by
Theorem 1.2 of Associated primes and primary decomposition. The associated set of a finite module
is finite by Theorem 2.2. Its localization is described in Theorem 3.1.

For a nonzero finite module over a Noetherian local ring, quotienting by a regular element in the
maximal ideal lowers both its dimension and depth by one. This is Lemma 2.1 and Theorem 2.3
of Regular sequences, depth and Cohen–Macaulay modules. Consequently a regular quotient of a
Cohen–Macaulay module is again Cohen–Macaulay. Theorem 4.1 proves that its associated primes
are precisely its minimal support primes, and all corresponding quotient dimensions equal its support
dimension.

The passage from a module over a local ring to the quotient ring acting faithfully on it introduces
no additional assumption. Under a local surjection B → C, every sequence in the maximal ideal of
C lifts to one in that of B, with exactly the same successive actions on a C-module; hence their
depths agree. Its supports correspond under the closed embedding SpecC ↪→ SpecB, with the same
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chains of primes, so their dimensions agree as well. This proves the quotient-ring compatibility of
the Cohen–Macaulay condition directly.

The coordinate ring of H described in (8.57) is a finite product of polynomial Laurent rings. A
field is Cohen–Macaulay of dimension zero, and polynomial rings over it are Cohen–Macaulay by
Theorem 5.3. Laurent rings inherit the property by localization. A prime of a finite product belongs
to one factor: the orthogonal factor idempotents sum to one, so exactly one survives in the domain
quotient by that prime. Its local ring is the corresponding factor’s local ring. Thus the product is
Cohen–Macaulay. The subgroup description also shows that all these factors have dimension dimH.

Let B be an equidimensional finite-type Cohen–Macaulay k-algebra of dimension D, and let f be a
nonzerodivisor with B/fB ≠ 0. Every maximal localization Bm has dimension D: each component
through that closed point has dimension D, and Theorem 6.1 of Krull dimension and Noether
normalization applies with residue transcendence degree zero. At every maximal ideal containing f ,
its regular quotient is therefore Cohen–Macaulay of dimension D− 1. All prime localizations of that
quotient are Cohen–Macaulay by Theorem 5.1, proving that B/fB is Cohen–Macaulay.

For any minimal prime p of B/fB, choose a maximal ideal m containing it. The localized prime pm
is minimal, so the associated-component theorem gives

dim(B/p)m = D − 1.

Here p also denotes its inverse image in B. The algebra B/p is a finite-type domain, so Corollary 4.4
of Krull dimension and Noether normalization identifies this local dimension with dimB/p. Every
component of B/fB therefore has dimension D − 1, proving equidimensionality.

The associated primes of any Cohen–Macaulay ring are globally minimal as well. For p ∈ Ass(B),
choose m ⊇ p. Localization makes pm associated to the Cohen–Macaulay local ring Bm, hence
minimal by the associated-component theorem. A smaller prime of B would remain strictly smaller
after localization at m, a contradiction. These are the exact facts used in selecting the subsequent
regular equations.

Lemma (intersection upper bound). Let H ⊆ G be an algebraic subgroup, and let J ⊂ R
be a proper ideal generated by I(H) and a family F ⊂ FD, where all coordinates of the integer
multidegree D are positive. Then

H(J ;D) ≤ H(I(H);D). (8.65)

These positive multidegrees are the ones used in the logarithmic estimates below.

Proof. Put A0 = I(H), e0 = dimH, and c = e0−dim(R/J). We construct Aj = (I(H), f1, . . . , fj) ⊆
J for 0 ≤ j ≤ c, whose quotient is Cohen–Macaulay and equidimensional of dimension e0 − j. For
j = 0 this was just proved from the subgroup description. If j < c, none of the associated primes of
R/Aj contains the whole family F . Such a prime would contain J , and would give a quotient of
dimension e0 − j > dim(R/J), which is impossible. For each of the finitely many associated primes
choose one member of F outside it. A k-linear combination of these choices can be taken outside all
the primes at once. Explicitly, use coefficients 1, t, . . . , ta−1. Modulo each prime this is a nonzero
polynomial in t over a domain, so at most a− 1 values of t ∈ k make it zero. The field is infinite,
and a value outside the finite union suffices. The chosen fj+1 has multidegree at most D and is
a nonzerodivisor on R/Aj . The quotient remains proper because Aj+1 ⊆ J . The preceding local
argument gives the claimed dimension and Cohen–Macaulay properties at the next step.

We check the degree decrease at each step rather than appeal to a Bézout formula. Multiplication
by f = fj+1 injects the filtered quotient of degree T by Aj into that of degree T +D. Its image lies
in the kernel of the natural surjection to the filtered quotient by Aj+1. Consequently

HAj+1(T +D) ≤ HAj (T +D) − HAj (T ). (8.66)
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Take T = tD. If e = dim(R/Aj), the leading term on the right is e pAj ,e(D)te−1. The left side has
degree e − 1. Comparison of these terms gives H(Aj+1;D) ≤ H(Aj ;D). At the end Ac ⊆ J and
both quotients have the same dimension. The last assertion of the Hilbert-function lemma gives

H(J ;D) ≤ H(Ac;D) ≤ · · · ≤ H(A0;D),

which is (8.65). □

We can now prove the multiplicity estimate used for nonvanishing. For a subset Σ ⊆ G containing
the identity, write Σ[r] for all sums of r of its elements, and Σ[0] = {0}. Vanishing through order M
along W means vanishing of every composition of at most M derivations Dw, w ∈ W .

Theorem (multiplicity and a proper subgroup). Let H− ⊆ H+ ⊆ G be connected algebraic
subgroups, let d = dimH+ ≥ 1, and let W ⊆ T (H+). Suppose P ∈ FD, for a positive integer
multidegree D, is nonzero on H+ but vanishes through order dS along W on Σ[d] + H−, where
Σ ⊆ H+ contains the identity and S ≥ 0 is an integer. Then there is a proper connected subgroup
H− ⊆ H∗ ⊊ H+ such that, with ℓ = dim(W/(W ∩ T (H∗))),(

S + ℓ

ℓ

)
#((Σ +H∗)/H∗)H(I(H∗);D) ≤ H(I(H+);D). (8.67)

The quotient set is finite. Moreover H∗ is an irreducible component, inside H+, of the zero set of a
family of elements of FD.

Proof. First take H− = {0}. Let Ar be generated by I(H+) and

(Dw1 · · ·DwtP ) ◦ Tγ , γ ∈ Σ[r − 1], 0 ≤ t ≤ (r − 1)S, (8.68)

and let Xr be its zero set. The degrees of these generators do not exceed D: translations and
invariant derivatives preserve the block degree. The identity in Σ gives

H+ ⊋ X1 ⊇ · · · ⊇ Xd+1.

The last set contains the identity by the assumed multiplicities, while X1 is proper because P is
nonzero on H+. Its initial dimension is at most d − 1. Among the d subsequent inclusions there
is therefore a pair Xr, Xr+1, 1 ≤ r ≤ d, with the same dimension. Choose a common irreducible
component V of that dimension. Such a common component exists: a component of Xr+1 of maximal
dimension is contained in a component of Xr of the same dimension, so the two are equal.

Define
E = {g : g + V ⊆ Xr}, H = {g : g + V = V }.

Both sets are closed. For example E is the common zero set of the translates Q ◦ Tv, Q ∈ Ar,
v ∈ V . For H, apply the same description with Xr replaced by V ; an inclusion of an irreducible
translate of V in V , of the same dimension, is equality. This also proves that H is a subgroup.
Every g+ V contained in Xr must be one of its finitely many maximal-dimensional components. For
any such component that is a translate of V , the translating elements form one coset of H. Thus
E is a finite union of H-cosets. Since V ⊂ H+, the stabilizer H lies in H+; and v +H ⊂ V gives
dimH ≤ dimV < d.

Let B be the ideal generated by I(H+) and the functions

(Dw1 · · ·DwtP ) ◦ Tγ+v, γ ∈ Σ[r − 1], v ∈ V, 0 ≤ t ≤ (r − 1)S.

Its zero set is E, so it is proper, has quotient dimension dimH, and is generated relative to I(H+) by
elements of FD. Theorems 2.1–2.2 of The Nullstellensatz and Jacobson rings show that the radical of
B is the ideal of its zero set E. They apply because the coordinate algebra is of finite type over the
algebraically closed field k: adjoining variables for the inverses presents each Laurent coordinate by
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the relation YjZj − 1 = 0. Thus its maximal ideals are precisely its k-valued points, and the radical
is the intersection of their vanishing ideals. Replacing an ideal by its radical preserves the primes
containing it and all their chains, so R/B and R/

√
B have the same dimension. The intersection

upper bound gives
H(B;D) ≤ H(I(H+);D).

Every element of B vanishes through order S along W on Σ + H. For a displayed generator, its
extra derivatives have total order at most rS; its arguments lie in Σ[r] + V , because v +H ⊂ V . It
therefore vanishes by V ⊆ Xr+1. For the generators in I(H+), use W ⊆ T (H+). The Leibniz rule
extends this statement to the whole ideal B. In particular Σ + H ⊂ E, so it is a finite union of
cosets. The multiplicity lower bound (8.64) now gives (8.67) with H in place of H∗.

Replace H by its identity component H0. If a is the number of components of H, (8.63) gives
H(I(H);D) = aH(I(H0);D). The number of cosets of H0 met by Σ is at most a times the number
of H-cosets met. The tangent spaces are equal by (8.58). Thus the inequality remains valid for
H∗ = H0. Also H0 is a component of E, which is defined inside H+ by the displayed family of degree
at most D. This proves all assertions in the first case.

For general connected H−, apply that case to Σ′ = Σ + H−. Since d ≥ 1 and H− is a subgroup,
Σ′[d] = Σ[d] + H−. The resulting H∗ meets Σ′ in only finitely many cosets. The connected set
H− ⊆ Σ′ lies in their disjoint finite union, and contains the identity; therefore H− ⊆ H∗. Now
Σ′ +H∗ = Σ +H∗, giving exactly (8.67). □

This supplies Philippon’s multiplicity mechanism for the positive multidegrees used in the present
lesson, with its relative subgroup, tangent quotient, coset count and component conclusion. The
original theorem is credited in Damien Roy’s multiplicity chapter in [Waldschmidt 2000].

Finite sets and quotient fibres

Two elementary counting facts connect the algebraic groups with the exponent sets used for
interpolation. First, if ℓ1, . . . , ℓn are Q-linearly independent, the multiplicative group generated by
αj = eℓj has rank at least n− 1. In fact, on the integer kernel

L = {u ∈ Zn : αu1
1 · · ·αun

n = 1}

the map u 7→ (∑j ujℓj)/(2πi) takes integer values and is injective. Its image is a subgroup of Z, so
L has rank at most one. The same argument for the kernel modulo roots of unity takes values in Q,
and any two such integer vectors are rationally proportional. Thus the free rank cannot drop by
more than one.

More generally, suppose the multiplicative group generated by α1, . . . , αn has free rank at least n− 1.
The integer kernel L then has rank at most one, by tensoring the homomorphism from Zn to that
finitely generated group with Q. If T ≥ 1 is an integer and A ⊆ Zn is finite with |sj | < T/2 for all
s ∈ A, it follows that

#{αs : s ∈ A} ≥ #A
T
. (8.69)

If L = 0, the map is injective. Otherwise a fibre lies in a translate of the rank-one lattice L. Choose
a coordinate in which its generator is nonzero. In that coordinate the distinct fibre points are
separated by at least one, and belong to an interval of length strictly less than T . There are at most
T of them. Summing these fibre cardinalities proves (8.69).

Second, for a finite nonempty A ⊆ kn and a vector subspace V , put AV = (A − A) ∩ V , and let
πV : kn → kn/V . In each nonempty fibre choose one point a0. The map a 7→ a − a0 injects that
fibre into AV . Consequently

#A ≤ #πV (A) #AV . (8.70)
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If V ′ ⊆ V , the same choice shows that the number of V ′-cosets in each V -fibre is at most #πV ′(AV ):
subtracting a0 preserves distinctness of the finer cosets. Hence

#πV ′(A) ≤ #πV (A) #πV ′(AV ). (8.71)

These statements require no symmetry or convexity of A. They are the precise finite-set facts used
in the subspace reduction; compare [Waldschmidt 2000].

Keeping the separate coordinate degrees in the zero estimate

For the final zero estimate use the positive polynomial filtration on G = Ga × Gn
m:

F+
D = span{Xa0Y a1

1 · · ·Y an
n : 0 ≤ ai ≤ Di}.

Its image modulo a Laurent ideal A has dimension h+
A(D). The coordinate degrees of the final

auxiliary polynomial are bounds in this filtration. Translation and the invariant derivations preserve
it.

The following refinement of (8.65) keeps the coordinate degree vector L fixed while varying the
counting vector D. Write N0 = n+ 1, and let p+

A,e(D) denote the leading homogeneous part of its
Hilbert polynomial, where e = dim(R/A). If J ⊂ R = k[X,Y ±1

1 , . . . , Y ±1
n ] is a proper ideal generated

by polynomials of coordinate degrees at most L ∈ ZN0
≥0, and r = N0 − dim(R/J), then

p+
J,N0−r(D) ≤coeff r!

∑
B⊆{0,...,n}

|B|=r

∏
j∈B

Lj

∏
i/∈B

Di

 . (8.72)

The notation means that every coefficient of the difference on the right is nonnegative. Zero
coordinate degrees are allowed.

Proof. We supply the positivity needed to iterate the intersection argument. Homogenize the
positive filtration with two variables in each coordinate block, the coordinate and its homogenizer.
For a Laurent ideal A, take the multihomogeneous kernel of evaluation into R/A. Its degree-D
quotient has dimension h+

A(D), just as in (8.61).

This dimension function has a polynomial of total degree dim(R/A). To check the dimension
point, its exhaustive affine algebra is k[X,Y ]/(A ∩ k[X,Y ]). The contracted ideal is saturated by
Y1 · · ·Yn, so multiplication by that product is injective in this algebra. No minimal prime contains it:
minimal primes are associated primes, by the cited commutative-algebra result. Every irreducible
component therefore meets the torus open set. Its fraction field, and hence its dimension by Noether
normalization, is unchanged on that open set. The positive-generator filtration and the box filtration
bound one another as in (8.61), proving the degree assertion.

We need a stronger positivity fact, valid also for finitely generated multigraded modules over this
homogenizing ring: their nonzero leading Hilbert polynomials have nonnegative coefficients. Here is
a finite monomial proof. Choose a homogeneous presentation by a finite free module and replace
its relation submodule by its leading monomials. Polynomial division gives the same homogeneous
dimensions. For each free-module component its forbidden monomials form a finitely generated
monomial ideal, by the coordinatewise subsequence argument in (8.61). Choose a threshold larger
than every exponent in its finitely many generators. Partition each exponent coordinate into the
finitely many individual values below the threshold and the ray above it. Every resulting rectangular
cell is entirely allowed or entirely forbidden. Thus the allowed monomials are a disjoint finite union
of sets

xak[xj : j ∈ B],

as vector-space bases, with the appropriate free-module degree shift included in a. If a coordinate
block has qi free variables, its degree count is

(Di−ci+qi−1
qi−1

)
. When qi = 0, that cell contributes zero
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once Di is large. Otherwise qi ∈ {1, 2}, so the leading term is one or Di. Every surviving cell has a
positive, squarefree leading monomial. There is no cancellation between these counts, proving the
asserted positivity and existence of the module Hilbert polynomials.

As in (8.65), choose a regular sequence f1, . . . , fr inside J , each a scalar combination of its degree-L
generators. Its successive Laurent quotients are proper, Cohen–Macaulay and equidimensional, with
dimensions N0 − 1, . . . , N0 − r. The same associated-prime avoidance proof applies, even if some
Li = 0. Put Aj = (f1, . . . , fj).

Homogenize f = fj+1 to degree L. Multiplication by it injects the graded module for R/Aj , shifted
by L, into that module: evaluation reduces this to the nonzerodivisor assertion in the Laurent
quotient. The quotient module maps onto the graded module for R/Aj+1. Its Hilbert polynomial is

p+
Aj

(D) − p+
Aj

(D − L).

If e = dim(R/Aj), its degree-(e− 1) part is ∂Lp
+
Aj ,e(D), where ∂L = ∑

i Li∂/∂Di. The kernel of the
graded surjection is a finitely generated multigraded module. The positivity just proved shows that

p+
Aj+1,e−1(D) ≤coeff ∂Lp

+
Aj ,e(D).

If the derivative vanished, this would contradict the positive degree-(e − 1) polynomial of the
proper regular quotient. Thus zero entries of L introduce no exception. The operator ∂L preserves
coefficientwise inequalities because Li ≥ 0. Starting with p+

0,N0
(D) = ∏

iDi and iterating gives

p+
Ar,N0−r ≤coeff ∂

r
L

∏
i

Di.

The graded surjection from R/Ar to R/J , of the same dimension, has another finitely generated
kernel with positive leading coefficients. Hence it gives the same coefficientwise comparison for J .
Each distinct set of r derivatives appears r! times in ∂r

L

∏
iDi. This is exactly (8.72). □

The multiplicity lower bound (8.64) applies to the positive filtration as well. Indeed, the finite
Laurent jet polynomials and coset-separating functions in its proof can all have their denominators
cleared by a fixed monomial. This changes their degrees by a fixed vector. That monomial is a unit
on every coset in G, so the diagonal jet maps remain injective; the off-diagonal terms are triangular
by the Leibniz rule. The same filtered dimension inequality therefore holds with a fixed shift. Taking
leading parts removes the shift. In the normalization without the factorial e!, it gives

p+
J,e(D) ≥

(
S + σ

σ

)
E p+

I(H),e(D). (8.73)

Here H is a connected component subgroup of dimension e, the ideal vanishes through order S along
W on E distinct H-cosets, and σ = dim(W/(W ∩ T (H))). This proves the positive-filtration version
directly from the jet construction above, with the same multiplicity factor.

The subgroup polynomial and its integer minors

Let H = Ha ×Hm be connected. Write

M = {u ∈ Zn : Y u = 1 on Hm}, ν = rank M, d = n− ν,

and put ϵa = 1 when Ha = Ga, and zero when Ha = {0}. The lattice M is primitive by the subgroup
classification. Its basis matrix U , whose columns are a basis, has n rows and ν columns. For |J | = ν,
put dM(J) = | detUJ |; the empty minor is one. The exact positive-filtration polynomial is

p+
I(H),d+ϵa

(D) = Dϵa
0

∑
J⊆{1,...,n}

|J |=ν

dM(J)
∏
i/∈J

Di. (8.74)
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Proof. Extend U to a unimodular integer matrix V = (U,B), using the primitive-basis extension
proved above. The bottom d rows W of V −1 give a surjection Zn → Zd with kernel M. Write wj

for its columns. Distinct monomials on Hm are distinct characters of Zn/M, so they are linearly
independent by the group-algebra description. The torus Hilbert function is therefore

#

∑
j

ajwj : aj ∈ Z, 0 ≤ aj ≤ Dj

 .
For a fixed positive integer vector D, consider the zonotope Z(D) = ∑

j [0, Dj ]wj ⊂ Rd. The
preceding set for tD lies in tZ(D) ∩ Zd. There is also a uniform reverse inclusion away from the
boundary in coefficient coordinates. Choose C larger than half the sum of the absolute entries in
each row of U . If an integer vector y has a real representation y = Wa with C ≤ aj ≤ tDj − C,
choose an integer preimage a0 under W . Write a − a0 = Uz, round each coordinate of z to its
nearest integer, and put a′ = a0 + U⌊z⌉. Then Wa′ = y, a′ is integral, and |a′

j − aj | < C. Thus
0 ≤ a′

j ≤ tDj . Consequently the counted set contains all integer points of

C
∑

j

wj +
∑

j

[0, tDj − 2C]wj

for sufficiently large t.

For a fixed full-dimensional polytope K, counting integer points in its large dilates differs from volume
by O(td−1). To verify the estimate, attach a unit cube to each integer point. Cubes entirely inside
or outside agree with the volume count; the discrepant cubes meet a bounded width neighbourhood
of the boundary. A polytope has finitely many faces, and each such neighbourhood has volume
O(td−1), by taking a bounded thickness over its face. The same estimate applies to the displayed
shrunken zonotope: its generators differ by fixed vectors, so the full and shrunken bodies differ only
within a bounded width of their boundaries. It follows that the Hilbert function divided by td tends
to vold Z(D).

We also verify the zonotope volume formula:

vold Z(D) =
∑

|I|=d

| detWI |
∏
i∈I

Di. (8.75)

For a convex polytope K and a vector v ≠ 0, slice in the direction v. Each nonempty fibre is an
interval, and adding [0, v] increases its length by |v|. Integration gives vold(K + [0, v]) = voldK +
|v| vold−1(πv⊥K). This identity remains valid for lower-dimensional polytopes; zero-dimensional
volume is one for a point. Induct on the number of segments and on dimension. The projection is a
zonotope, and |v| times a projected (d − 1)-determinant is the absolute d-determinant with final
column v. This yields (8.75), including zero or dependent columns. For d = 0 both sides are one.

Finally the complementary minors satisfy | detWI | = | detUIc |. Here is an elementary verification.
Contract the exterior product of all columns of V = (U,B) successively with the bottom d row
functionals of V −1. Each functional kills the columns of U and takes values δij on those of B; the
result is, up to sign, the exterior product of the columns of U . Expanding the same contractions in
the standard coordinate basis gives detV times the complementary minors of W . The contraction
rule follows by multilinearity and alternation, and | detV | = 1, proving the identity. Taking the
leading Hilbert part now proves the torus formula. For Ha = Ga, the independent powers of X
multiply the Hilbert function by D0 + 1; for Ha = {0}, evaluation at X = 0 leaves it unchanged.
This proves (8.74) on positive integer vectors D, hence as a polynomial identity. □

In codimension r = ν + 1 − ϵa, write δ(H; J) for the coefficient of ∏i/∈J Di. Formula (8.74) says
exactly

δ(H; J) = dM(J) (ϵa = 1), δ(H; {0} ∪ J) = dM(J) (ϵa = 0). (8.76)
All coefficients are nonnegative integers, and at least one is positive. This is the minor calculation
used in [Matveev 2000], supplied here with equality for the positive filtration.
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A weighted zero estimate with uniform allocations

The final auxiliary function uses equal allocations of zeros and multiplicities. We prove that version
directly from our multiplicity construction. This establishes the exact weighted consequence needed
below; it makes no claim to the more general unequal-allocation version of [Matveev 2000].

Let n ≥ 2, b ∈ Zn, bn ≠ 0, and let λj = log ϑj be chosen logarithms of nonzero algebraic numbers,
linearly independent over Q. Put g = (1, ϑ1, . . . , ϑn) in Ga × Gn

m, and

Wb = span
{
∂X , bnYj∂Yj − bjYn∂Yn : 1 ≤ j < n

}
.

Take integers X,M ≥ 0, degrees L0, . . . , Ln ≥ 0, and define a = ⌊X/(n + 1)⌋, S = ⌊M/(n + 1)⌋.
Assume, for every 1 ≤ r ≤ n+ 1,

(a+ 1)
(
S + r − δr,n+1
r − δr,n+1

)
> r! max

J⊆{0,...,n}
|J |=r

∏
j∈J

Lj , (8.77)

and assume also∣∣∣∣∣∣
∑

j

bjλj

∣∣∣∣∣∣ < 2π
X + 1 , S + 1 > Lj (1 ≤ j ≤ n), n(n+ 1)L0 > S + n. (8.78)

Suppose a nonzero polynomial P of coordinate degrees at most L vanishes through every Wb-
derivative of order at most M at gx, 0 ≤ x ≤ X. For any positive weights Aj , there are 1 ≤ ν < n
and independent integer vectors Z1, . . . , Zν , whose rational span contains b. Writing A′

i = ∑
j Aj |Zi,j |,

at least one of
(a+ 1)

(
S + ν − 1
ν − 1

)∏
i

A′
i ≤ Cν max

|J |=ν

∏
j∈J

AjLj , (8.79)

(a+ 1)
(
S + ν

ν

)∏
i

A′
i ≤ (ν + 1)CνL0 max

|J |=ν

∏
j∈J

AjLj (8.80)

holds, where

Cν = 2ν(2n/π)ν/2Γ(1 + ν/2) ν!
(
n

ν

)1/2

. (8.81)

Only independent vectors, rather than an integer basis, are asserted or needed.

Proof. Apply the stabilizer construction in (8.67) with the whole group, the point subgroup, and
Σ = {gx : 0 ≤ x ≤ a}. Its (n+ 1)-fold sum lies among the given zeros, and the required (n+ 1)S
derivatives are available. Although some degrees may be zero, the construction of its ideals and
stabilizer uses only degree preservation and nonvanishing of P ; these steps are unchanged. Its ideal
B is proper, is generated by polynomials of coordinate degrees at most L, and has dimension that of
a proper stabilizer subgroup. Let H be the identity component of that subgroup. The ideal vanishes
through order S on Σ +H. Use (8.72) for B and (8.73) for these distinct connected H-cosets. Thus,
for every codimension-r coordinate set J ,

E

(
S + σ

σ

)
δ(H; J) ≤ r!

∏
j∈J

Lj , E = #((Σ +H)/H), σ = dim(Wb/(Wb ∩ T (H))). (8.82)

To justify extraction of each coefficient, the difference between the upper polynomial and the subgroup
polynomial is nonnegative on every positive vector D. Both leading polynomials are squarefree of
degree dimH. Send the coordinates in the chosen degree-dimH monomial to a common infinity and
keep all the others equal to one. After division by that power only the desired coefficient remains. In
dimension zero there is just the constant coefficient. This proves (8.82) even without a coefficientwise
formulation of the multiplicity lower bound.
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Because Wb has codimension one in T (G), σ = r − 1 if T (H) ⊆ Wb, and σ = r otherwise. The
former condition is equivalent to b ∈ MQ: the torus tangent of H is the annihilator of its relation
lattice M.

First exclude a period gq ∈ H, 1 ≤ q ≤ a. Its additive coordinate forces Ha = Ga. Every u ∈ M
satisfies u · λ = 2πik(u)/q, with k(u) ∈ Z. Independence of the logarithms makes this map injective,
so M has rank at most one. Properness of H forces rank one, with a primitive generator u and
k(u) ̸= 0. If T (H) ⊆ Wb, then b = mu for a nonzero integer m. Integrality of m follows from
the primitivity of u. Hence |b · λ| ≥ 2π/q, contradicting (8.78). Otherwise r = σ = 1, and some
torus minor δ(H; {j}) = |uj | is at least one. Inequality (8.82) gives 1 ≤ Lj/[E(S + 1)] < 1, again a
contradiction. Therefore no period occurs and E = a+ 1.

If T (H) ̸⊆ Wb, some integer coefficient δ(H; J) is at least one, and (8.82) contradicts (8.77). Here
r ≤ n: when r = n+ 1, the tangent is zero and lies in Wb. It follows that T (H) ⊆ Wb and b ∈ MQ.
In particular ν = rank M ≥ 1.

We must still exclude ν = n. If Ha = {0}, then r = n+ 1, σ = n, and its only coefficient is one. The
r = n+ 1 case of (8.77) contradicts (8.82). If Ha = Ga, then r = n, σ = n− 1, and the coefficient on
all n torus coordinates is one. The same case of (8.77), together with(S+n

n

)(S+n−1
n−1

) = S + n

n
, n(n+ 1)L0 > S + n,

gives (a+ 1)
(S+n−1

n−1
)
> n!∏n

j=1 Lj . This contradicts (8.82) for that coefficient. Thus 1 ≤ ν < n, with
both additive possibilities accounted for.

Endow MR with the Euclidean metric ∑j A
2
jx

2
j . The Gram determinant identity and (8.76), (8.82)

yield

covolA(M) ≤
(
n

ν

)1/2
r!L 1−ϵa

0
(a+ 1)

(S+r−1
r−1

) max
|J |=ν

∏
j∈J

AjLj . (8.83)

When 1 − ϵa = 0, the factor L0
0 means one, including when L0 = 0. Indeed the squared covolume is∑

|J |=ν dM(J)2∏
j∈J A

2
j . For ϵa = 1, r = ν; for ϵa = 0, r = ν + 1, explaining both the binomial and

factorial.

The unit ball for ∑j Aj |xj |, intersected with this span, contains the Euclidean ball of radius 1/
√
n

by Cauchy–Schwarz. Its ν-dimensional volume is at least

(π/n)ν/2

Γ(1 + ν/2) ≥ (π/(2n))ν/2

Γ(1 + ν/2) .

The ball volume follows, for example, by integrating e−|x|2 both as a product of one-dimensional
Gaussian integrals and in radial coordinates; the one-dimensional Gaussian integral is obtained by
squaring it and using polar coordinates in the plane. Apply the upper successive-minima inequality
(8.46) in this span. It supplies independent vectors with ∏

iA
′
i ≤ 2ν covolA(M)/ volν(unit ball).

They span MQ, hence contain b. Substituting (8.83) gives (8.79) or (8.80) with exactly (8.81). □

This proof independently supplies the uniform-allocation form of [Matveev 2000], including its
constant and integer-vector conclusion. It also spells out the rank-n exclusion separately for each
additive subgroup, where the tangent quotient has different dimensions.

Example of the separate degrees. The curve Hm = {(t2, t3) : t ∈ Gm} has primitive relation
(3,−2). For H = Ga × Hm, (8.74) gives p+

H(D) = D0(2D1 + 3D2). The defining polynomial
Y 3

1 −Y 2
2 has coordinate bounds (0, 3, 2), and the right side of (8.72) is exactly this polynomial. With

D1 = 4, D2 = 8, its restricted monomials have exponents 2a+ 3b, 0 ≤ a ≤ 4, 0 ≤ b ≤ 8: these are
all the integers from 0 to 32 except 1 and 31, hence 31 independent characters. The leading count
2D1 + 3D2 = 32 omits the lower-order correction, as a Hilbert leading part should.
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For a multiplicity example, let H = {0} × Gn
m and P (X) = ∏4

j=0(X − j)4. Its five additive cosets
have all derivatives through order three equal to zero. The leading Hilbert coefficient is 20∏n

i=1Di,
exactly the factor 5

(3+1
1
)

in (8.73); its coordinate degree is 20, so the sharp intersection bound is an
equality as well. The reproducible check matveev_weighted_zero.py also verifies complementary
minors, character counts and weighted Gram determinants for six subgroup examples, and the
numerical zero and induction bounds in dimensions 2 through 50. The finite examples supplement
the full proofs above.

Polynomial derivative bounds

Define the rising binomial polynomial

∆(z, h) = z(z + 1) · · · (z + h− 1)
h! , ∆(z, 0) = 1.

For an integer H ≥ 1 and ℓ = Hq + h, 0 ≤ h < H, define

∆(z, ℓ,H) = ∆(z,H)q∆(z, h).

Its degree is ℓ. The use of fixed-size blocks controls the denominators of derivatives while retaining a
summable analytic bound.

Lemma (summable derivative majorants). For z, c ∈ C, c ̸= 0, put

G = e

(
1 + |c|(|z| + 1)

H

)
.

There are nonnegative numbers δℓ,m,τ such that∣∣∣∣∣ c−m

m!τ !
dm+τ

dzm+τ
∆(cz, ℓ,H)

∣∣∣∣∣ = δℓ,m,τG
ℓ

and ∑
ℓ≥0

∑
m+τ≤ℓ

δℓ,m,τ ≤ e

e− 1e
H/e. (8.84)

Proof. Apart from its denominator dℓ = (H!)qh!, the polynomial is a product of ℓ factors cz+ j with
0 ≤ j < H. Differentiating m+ τ times removes that many factors. Thus its normalized absolute
value is at most

ℓ!
dℓm!τ !(ℓ−m− τ)! |c|

τ (|c||z| +H − 1)ℓ−m−τ .

Sum over m, τ . The multinomial theorem bounds the sum by

(H + |c|(|z| + 1))ℓ

dℓ
.

Divide each actual normalized derivative by Gℓ to define δℓ,m,τ . Their sum at fixed ℓ is at most
(H/e)ℓ/dℓ. The integral inequality logH! ≥

∫H
1 log t dt = H logH −H + 1 gives (H/e)H/H! ≤ 1/e.

Therefore ∑
ℓ≥0

(H/e)ℓ

dℓ
=
∑
q≥0

(
(H/e)H

H!

)q H−1∑
h=0

(H/e)h

h!

≤ 1
1 − 1/e exp(H/e).

This is (8.84). □
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Lemma (a multi-index factorial bound). Let x, y ∈ CJ , m ∈ ZJ
≥0, and let M ≥ |m| = ∑

mj be
an integer. Suppose µ ≥ max{1,M} and γ ≥ |m| +∑

|xj | +∑
|yj | > 0. For

D =
∑

t∈ZJ
≥0

|t|=M−|m|

∏
j |xj |tj∏

j tj !
∏
j

|∆(yj ,mj)|,

one has
D ≤ γM

M ! ,
(
γ

µ

)µ−M

D ≤ 1.1√
2πµ

(
eγ

µ

)µ

. (8.85)

Proof. We have
|∆(yj ,mj)| ≤ (|yj | +mj)mj

mj ! .

The displayed sum for D, with this bound inserted, is part of the full multinomial expansion of
(∑ |xj | +∑(|yj | +mj))M/M !. All its terms are nonnegative, which proves the first bound.

After substitution of the first bound, the second assertion is equivalent to
√

2πµµM

M !eµ
≤ 1.1.

The logarithm of the left side has derivative (M + 1/2)/µ − 1. For M = 0 it decreases on µ ≥ 1,
and its largest value is

√
2π/e < 1.1. For M ≥ 1 the maximum occurs at µ = M + 1/2. Using the

Stirling lower bound proved in Two logarithms II, Section 9, its logarithm is at most

f1(M) =
(
M + 1

2

)
log

(
1 + 1

2M

)
− 1

2 .

This function decreases, since

f ′
1(M) = log

(
1 + 1

2M

)
− 1

2M < 0.

For M ≥ 2, the interval certificate checks f1(2) < log 1.1. For M = 1, use the exact factorial
instead: the maximum is (3/2)

√
3π e−3/2 < 1.1. The same certificate verifies the two small numerical

comparisons. □

These are the complete analytic arguments of [Matveev 2000]. The proof of the factorial bound
distinguishes the exceptional small indices and uses the correct decreasing direction of f1.

Common denominators of polynomial derivatives

For H ≥ 1, let dH = lcm(1, . . . ,H). The rising-block polynomials just defined have the following
uniform arithmetic property:

dm
H

m! ∆(m)(x, ℓ,H) ∈ Z (x ∈ Z, ℓ,m ≥ 0). (8.86)

Here the derivative is with respect to the first argument.

Proof. Write ℓ = qH + h, 0 ≤ h < H. The numerator of ∆(x+ z, ℓ,H) is a product of q blocks of
H consecutive integers plus z, and one block of h such factors. Its denominator is Dℓ = (H!)qh!.
Fix a prime p. In every interval of b consecutive integers at least ⌊b/pj⌋ entries are divisible by pj .
Hence the number of factors divisible by pj is at least

Aj = q⌊H/pj⌋ + ⌊h/pj⌋.

Legendre’s formula gives vp(Dℓ) = ∑
j Aj : count each integer’s contribution once for every prime

power dividing it. The coefficient of zm in the numerator is a sum of products obtained by deleting
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m factors. Each nonzero such product has valuation at least ∑pj≤H max{Aj − m, 0}. Products
containing a zero factor cause no difficulty. Consequently each summand divided by Dℓ has valuation
at least

−
∑

pj≤H

min{Aj ,m} ≥ −m⌊logH/ log p⌋ = −mvp(dH).

Multiplication by dm
H makes every summand integral at every prime. The coefficient of zm is

∆(m)(x, ℓ,H)/m!, proving (8.86). For m > ℓ it is zero. □

We next supply the exponential estimate used for these denominators:

dH < 3H (H ≥ 1). (8.87)

Proof. Apply the exponential least-common-multiple lemma in the earlier lesson Two logarithms II:
explicit lower bounds. Its factorial, entropy and exact finite-range argument proves the bound for
every integer H ≥ 1. □

Combining (8.86)–(8.87), dM
H is a common denominator of all normalized derivatives of orders

0 ≤ m ≤ M , at every integer and for every block-polynomial degree, and

dM
H ≤ eHM log 3.

No numerical approximation is needed for divisibility. The exact coefficient check in auxiliary_jets.py
also verifies 117,810 instances, including negative evaluation points, repeated blocks and zero factors.
This supplements the prime-by-prime proof.

An analytic companion, valid for every z ∈ C and integer C ≥ 0, is
C∑

m=0

(
C

m

)
|∆(m)(z, ℓ,H)| ≤ C!eℓ+H

(
1 + |z|

H

)ℓ

. (8.88)

To prove it, bound each factor by R = |z| +H − 1. Differentiation gives

|∆(m)(z, ℓ,H)| ≤
m!
( ℓ

m

)
Rℓ−m

Dℓ
.

Since
(C

m

)
m! ≤ C!, the sum is at most C!(R+ 1)ℓ/Dℓ. The factorial integral bound used in (8.84)

implies
D−1

ℓ ≤ H−ℓeℓ(H/h)h ≤ H−ℓeℓ+H ,

with the factor for h = 0 interpreted as one. The inequality h log(H/h) ≤ H/e ≤ H proves the
second step. This gives (8.88).

Finally, the change from derivatives to these polynomial columns preserves rank. If δ0, . . . , δS are a
basis of polynomials of degree at most S, let Q be its invertible transition matrix:

(1, u, . . . , uS)Q = (δ0(u), . . . , δS(u)).

For f(z) = P (z)etz, conjugating the derivative by etz gives

δj(∂z)f(z) = etz
∑
κ≥0

δ
(κ)
j (t)
κ! P (κ)(z). (8.89)

Indeed, e−tz∂ze
tz = ∂z + t; the polynomial Taylor identity for δj(t+ ∂z) proves the formula, since

these operators commute. Consequently

(f, f ′, . . . , f (S))Q = (δ0(∂z)f, . . . , δS(∂z)f).

At every evaluation point this is multiplication of the derivative columns by the same constant
invertible matrix Q. It preserves rank and is compatible with the constant column combinations
in the vanishing lemma (8.169). Taking the rising-block polynomials as the δj gives the complete
arithmetic and basis-change steps of [Waldschmidt 2000], with the bound 3HM proved here.
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Choosing the arithmetic block length

The polynomial block length must satisfy two requirements: its derivative denominators must fit the
arithmetic budget, and its analytic growth must fit the coefficient weights. The bound dH < 3H is
enough if we choose that length accordingly.

Lemma (compatible arithmetic and analytic budgets). Let n ≥ 2, κ ∈ {1, 2}, and B,N,D ≥ 1.
Put

η = e1+(n+0.53)/κ,

ξ = 8
n! (n+ 2.1)(2(n+ 1))n+1(nη/2)κ,

ε0 = 3n3/ξ, c1 = 2(n+ 1)(1 + ε0),
Q = 3

2BND log(eD), t = logQ, W0 = t+ 1,
C0 = 4.4n+ 7 + 5.5 logn+ logN + 2 logD + log log(eD).

Assume t ≥ 35/2, and choose

H = ⌊9t/10⌋, S =
⌈
log2{1

2e
−3n2ξND log(eD)}

⌉
.

Then H ≥ 15, and, for every m ≥ 0, the common derivative denominator proved in (8.86) satisfies

dm
H ≤ Qm. (8.90)

Let L ≥ 1, G = c1LW0, and Ts = ⌊2−sL⌋. For 0 ≤ s ≤ S, 0 ≤ ν ≤ n, suppose a nonnegative number
Zs,ν satisfies

Zs,ν ≤ 2ν(4DG+ 3Ts + 3), Rs,ν = 2sηZs,ν/L.

Writing K = 2S−s, one has
e

(
1 + K(Rs,ν + 1)

H

)
≤ eC0 . (8.91)

Thus the same C0 controls the full summable derivative majorant (8.84), including its scaling factor
K.

Proof. We first give dimension-uniform bounds for the constants. For κ = 1, direct substitution at
n = 2 gives ξ(2)/23 = 442.8e3.53 > 15000. Moreover

ξ(n+ 1)/(n+ 1)3

ξ(n)/n3 = 2e n+ 3.1
n+ 2.1

(
n

n+ 1

)2 (n+ 2
n+ 1

)n+2
>

8e
9 > 1.

For κ = 2, its ξ is en/2 times the κ = 1 value. Hence in both cases

ξ > 15000n3, ε0 < 1/5000. (8.92)

The displayed small numerical bounds are certified by matveev_block_parameters.py; the recurrence
proves the infinite tail.

Since log 3 < 11/10, the denominator bound (8.87) gives log dH < H log 3 < (99/100)t < t. This
proves (8.90), including m = 0. It also bounds a denominator of order m ≤ µ−M by Qµ−M , which
is the form used with (8.85).

For growth, H ≥ (9/10)t− 1, so

W0
H

≤ t+ 1
(9/10)t− 1 ≤ 74

59 <
251
200 .

The ratio decreases with t, and its endpoint is t = 35/2. Also H ≥ 15 and Ts ≤ L. Therefore

KRs,ν

H
≤ 2Sη2n

(4c1DW0
H

+ 3Ts + 3
LH

)
≤ 2Sη2nD

51
5 (n+ 1) =: U.
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Indeed
8(1 + 1/5000)(251/200) + 2/15 < 51/5,

where (3Ts + 3)/(LH) ≤ 6/H ≤ 2/5 ≤ (2/15)(n+ 1).

The definition of S gives
10000 < 2S < e−3n2ξND log(eD).

The lower inequality follows from (8.92), n ≥ 2, and e3 < 21. Since η > e2 > 7,

U > 10000, K

H
≤ 2S

15 <
U

10000 .

Thus 1 +K/H < U/1000, and the left side of (8.91) is smaller than

1001
1000eU <

1001
1000

51
5 e

−2n2(n+ 1)ξη2nND2 log(eD).

It remains to bound ξη2n. Its κ = 2 value divided by its κ = 1 value is (n/2)e0.735−n/2 < 1. This
ratio decreases for n ≥ 2, and is already below one at two. For κ = 1, Stirling’s lower bound gives

ξη2n ≤ 27(41/20)e3.06
√

2π
(4e3)nn5/2.

Here n+ 2.1 ≤ (41/20)n, and (1 + 1/n)n+1 ≤ 27/8. The last function decreases for n > 0, as is seen
by differentiating its logarithm. Finally n+ 1 ≤ 3n/2, log 4 < 1.4, and the exact interval certificate
verifies

1001
1000

51
5

3
2

27(41/20)e1.06
√

2π
< e7. (8.93)

Combining these inequalities bounds the growth expression by

e4.4n+7n5.5ND2 log(eD) = eC0 ,

as required. □

In particular, for x ∈ K−1Z,
dm

H

m!Km

dm

dzm
∆(Kz, ℓ,H)

∣∣∣∣
z=x

∈ Z.

The chain rule reduces this to (8.86) at the integer Kx. Combining (8.91) with (8.84), all normalized
mixed derivatives have a majorant eC0ℓ whose remaining coefficients sum to at most eH/ee/(e− 1).
This parameter choice uses the proved least-common-multiple bound while retaining the C0 of
[Matveev 2000]. The proof includes the term K/H needed when the additional derivative order is
nonzero.

Dyadic multiplicities and interpolation sets

The reproduction and division steps require a positive multiplicity budget even after Ts becomes
zero. The following exact counting statements keep that case visible.

Lemma (dyadic counting). Let n ≥ 1, ε ≥ 0, L ≥ 1, c = 2(n+ 1)(1 + ε), A = cL, and define

M0 = ⌊A⌋, Ts = ⌊2−sL⌋, Ms+1 = Ms − (n+ 1)Ts, Ms,ν = Ms − νTs.

For every s ≥ 0,
Ms,n ≥ εA

1 + ε
. (8.94)
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Let D,G > 0, and put Xs = ⌈2DG/(Ts + 1)⌉. Use the finite real sets

X0,0 = {−X0, . . . , X0},
Xs,0 = {±1,±3, . . . ,±(2Xs − 1)} (s > 0),
Xs,ν = {−2νXs, . . . , 2νXs} (1 ≤ ν ≤ n).

Then
2ν+2DG ≤ |Xs,ν |(Ts + 1) ≤ 2ν(4DG+ 3Ts + 3). (8.95)

Proof. The recurrence gives

Ms,n = M0 − (n+ 1)
s∑

j=0
Tj + Ts.

Let k ≤ s be the last index for which Tk ≥ 1; it exists because L ≥ 1. All later terms vanish, and
s∑

j=0
Tj ≤ L

k∑
j=0

2−j = L(2 − 2−k), 2−kL ≥ 1.

Since M0 ≥ A− 1, it follows that

Ms,n ≥ A− 1 − 2(n+ 1)L+ (n+ 1)2−kL+ Ts ≥ εA

1 + ε
.

This explicitly uses the finite geometric remainder to absorb the rounding loss.

Write u = 2DG/(Ts + 1), so u ≤ Xs < u+ 1. The three set sizes are respectively 2X0 + 1, 2Xs, and
2ν+1Xs + 1. Multiplication by Ts + 1 gives the lower inequality immediately. Their rounding terms
are at most 3(Ts + 1) for ν = 0, and at most (2ν+1 + 1)(Ts + 1) ≤ 3 · 2ν(Ts + 1) for ν ≥ 1. This gives
the upper inequality. □

When Ts = 0, Xs = ⌈2DG⌉ stays fixed at all later division steps. The interpolation degree
|Xs,ν |(Ts + 1) remains controlled by (8.95); one must not continue doubling Xs at those steps. These
are the full multiplicity and counting arguments underlying [Matveev 2000].

The initial auxiliary function

We now construct the first member of the auxiliary family. The finite conditions in this construction
will also identify exactly which numerical inequalities the later parameter choice must satisfy.

Suppose the logarithms λ1, . . . , λn are rationally independent, and bn ̸= 0. Let M be the coordinate
lattice of the saturated logarithmic lattice in their span. The discreteness and basis argument
preceding (8.12) shows that

Zn ⊆ M ⊆ N−1Zn, covol(M) = N−1,

where N = [M : Zn]. Indeed, the finite group M/Zn, of order N , is killed by N . Each u ∈ M
corresponds to an algebraic number β(u) ∈ K× whose chosen logarithm is ∑ujλj . Addition of
vectors gives multiplication of these numbers. Thus β is a character of M.

Let Aj ≥ max{Dh(αj), |λj |} > 0, put Ω = ∏
Aj , and choose L > 0, η ≥ 2/n. In the real case let

κ = 1 and use real logarithms; in the complex case let κ = 2. Define

W =
{
u : |uj | ≤ L

2Aj

}
, W0 =

{
u ∈ W :

∣∣∣∑ujλj

∣∣∣ ≤ L/η
}
, ρ =

(
nη

2

)−κ NLn

Ω .

There is a finite set U in one coset of M, contained in W0, with

|U| = ⌈ρ⌉ ≥ ρ. (8.96)
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To prove this, the logarithmic map on W has real rank at most κ, and norm at most nL/2. The
clipped-volume lemma (8.16) gives vol(W0) ≥ (nη/2)−κLn/Ω. Integrating the coset point count over
a fundamental domain, as in (8.21), gives a coset containing at least ρ points. Its count is an integer,
so it contains at least ⌈ρ⌉. Retain that many. The use of the ceiling here requires only the proved
averaging argument, including when ρ is an integer.

Choose v ∈ U , integers L0,M0 ≥ 0, a positive integer H, and c = 2S . For coefficients pℓ,u ∈ K put

P (z, u) =
L0∑
ℓ=0

pℓ,u∆(cz, ℓ,H),

F (z, t) =
∑
u∈U

P (z, u)eu·t, t ∈ Cn,

χj(u) = bnuj − bjun (1 ≤ j < n).

(8.97)

The function F is entire in these additive coordinates. The torus operators become Dj = bn∂tj −bj∂tn ;
they commute with ∂z, and act on eu·t by multiplication by χj(u).

Choose w congruent to v modulo N−1Zn, with |wj | ≤ 1/(2N). Every Nχj(u−w) is an integer. For
an integer x and m′ = (m0,m1, . . . ,mn−1) define a row with columns (ℓ, u) by

aℓ,u(x,m′) = dm0
H

m0!cm0

dm0

dzm0
∆(cz, ℓ,H)

∣∣∣∣
z=x

∏
j<n

∆
(
Nχj(u− w),mj

)
β(u− v)x. (8.98)

Here ∆(y,m) is the rising binomial polynomial defined before (8.84). The polynomial and differential
factors in (8.98) are integers. For the first factor this is (8.86) and the chain rule at cx ∈ Z; for the
second it is integer-valuedness of the rising binomial polynomial at every integer. The remaining
factor belongs to K×. Consequently all rows belong to KJ , where J = (L0 + 1)|U|.

The equations ∑
ℓ,u

aℓ,u(x,m′)pℓ,u = 0, |m′| ≤ M0, (8.99)

are equivalent to
∂m0

z Dm1
1 · · · Dmn−1

n−1 F (x, xλ) = 0, |m′| ≤ M0.

Indeed, factoring out the nonzero exv·λ leaves β(u− v)x. For each j, the polynomials ∆(N(χj(u) −
χj(w)),mj) have degree mj and nonzero leading coefficient Nmj/mj !. Their products therefore give
an invertible triangular change of basis on the polynomials in χ1, . . . , χn−1 of total degree at most
M0 −m0. Finally dm0

H /(m0!cm0) ̸= 0. These operations preserve the common zero equations in both
directions. No algebraic value for ev·λ is needed.

We give an explicit coefficient estimate. Let X ≥ 1 be an integer, use x = −X, . . . ,X, and set

I = (2X + 1)
(
M0 + n

n

)
.

This is the number of equations, with repetitions allowed: the stars-and-bars count of nonnegative
n-tuples of total at most M0 is

(M0+n
n

)
. Let µ ≥ max{1,M0}, Q ≥ 1, and C0 > 0, and assume

dH ≤ Q,

M0 +
∑
j<n

|Nχj(u− w)| ≤ µQ (u ∈ U),

e

(
1 + c(|x| + 1)

H

)
≤ eC0 (|x| ≤ X).

(8.100)

Write
CH = e

e− 1e
H/e, Fµ = 1.1√

2πµ(eQ)µ,

A0 = C0L0 + logCH + 1
2 log |U| + log Fµ, A = A0 + nL

D

X(X + 1)
2X + 1 .
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If I < J , there is a nonzero vector of algebraic-integer coefficients satisfying all the initial equations,
with

L(p) ≤
√
J |∆K |1/(2D) exp

{
IA− JC0L0/2

J − I

}
. (8.101)

The weights defining L are qℓ,u,σ = eC0(L0−ℓ) at every archimedean embedding, and one at every
finite place. In particular, the finite inequality

IA ≤ JC0L0/2 (8.102)

gives L(p) ≤
√
J |∆K |1/(2D).

Proof of the estimate. Put M = ∑
j<nmj . The multi-index bound (8.85), with its vector x set

to zero, and (8.100) imply

dm0
H

∏
j<n

|∆(Nχj(u− w),mj)| ≤ Qµ−M
∏
j<n

|∆(Nχj(u− w),mj)| ≤ Fµ.

The first inequality uses m0 ≤ M0 −M ≤ µ−M . The summable polynomial bound (8.84), after
multiplication by the column weights, gives an archimedean row norm at most√

|U|CHe
C0L0Fµ max

u∈U
|β(u− v)x|σ.

For example, bound the Euclidean sum over ℓ by the corresponding sum of absolute values; (8.84)
bounds that sum by CH . At a finite place the two integral factors have absolute value at most one,
so only the last displayed maximum is required.

We now estimate the product of these exponential maxima. Let vj,σ be the local logarithmic
coordinate of αj . Since |uj | ≤ L/(2Aj),

log max
u∈U

|β(u− v)x|σ ≤
∑

j

|x|L
2Aj

|vj,σ| − x
∑

j

vjvj,σ.

The last summand vanishes after summing over all places by the product formula. Also ∑σ |vj,σ| =
2Dh(αj) ≤ 2Aj . Taking a D-th root therefore proves L∗(a(x,m′)) ≤ eA0+nL|x|/D.

The geometric mean of all column weights is q = eC0L0/2. Moreover Fµ > 1: the logarithm of
(eQ)µ/

√
µ increases for µ ≥ 1, Q ≥ 1, and 1.1e/

√
2π > 1. Thus A0 ≥ log q, so the row majorant

bounds both q and the row length in (8.40). Finally ∑X
x=−X |x| = X(X + 1); each x has the same

number of derivative indices. The product in (8.40) is at most eIA. Substitution gives (8.101), and
its finite-place conclusion gives algebraic-integer coefficients. This proves (8.102) as well. □

A nonzero coefficient vector gives a nonzero auxiliary function. For each u, the polynomials ∆(cz, ℓ,H)
have distinct degrees and nonzero leading coefficients, so a nonzero coefficient in that block gives
P (z, u) ̸= 0. The rates u · λ are distinct: differences of support points belong to N−1Zn, and
rational independence excludes a zero rate difference. Polynomial exponentials with distinct rates
are independent by the differential-operator argument following (8.14). Hence F (z, zλ) ̸= 0.

Equations (8.96)–(8.102) provide the complete initial linear-system construction used in [Matveev
2000]. The later proof must verify (8.100), (8.102) and I < J for its chosen parameters, then
propagate these zeros; those are distinct numerical and analytic steps.

Exact example of the equations. Take K = Q, (α1, α2) = (2, 3), b = (1, 1), N = 1, A = (1, 2),
L = 6, and η = 2. The clipped box contains the nineteen integer points

{−3, . . . , 3} × {−1, 0, 1} \ {(−3,−1), (3, 1)},

as certified directly with rational intervals for log 2, log 3. The volume lower bound is ρ = 9. Use all
nineteen points in this example, v = w = 0, H = c = 2, L0 = M0 = 2, and x = −1, 0, 1. The eighteen

48



ordinary and normalized jet equations on 57 coefficients each have rank eighteen; their combined
row space has the same rank. The exact check in matveev_initial_function.py supplies a primitive
integral witness with ten nonzero coefficients, of largest absolute value 5871, and verifies every
equation. It also checks 1,620 chain-rule and integrality identities. This finite example illustrates
the construction and basis change; the main-theorem parameter choice is verified in the following
lemmas.

The Liouville alternative and the block threshold

The hypothesis logQ ≥ 35/2 in (8.90) is available in the case where the auxiliary construction is
needed. We give the reduction, with a uniform numerical endpoint.

For n ≥ 2 define the main-theorem constant

C(n, κ) = 16
n!κe

n(2n+ 1 + 2κ)(n+ 2)
(
4(n+ 1)

)n+1(en/2)κ.

Suppose the logarithms are rationally independent, bn ̸= 0, and Aj ≥ max{Dh(αj), |λj |}. Put

B = max{1,max
j

|bj |Aj/An}, Ω =
∏
j

Aj ,

C∗ = 4.4n+ 7 + 5.5 logn+ 2 logD + log log(eD), W∗ = log(1.5eBD log(eD)),
T = C(n, κ)C∗W∗D

2Ω.

Assume |Λ| < 10−3. Then either log |Λ| > −T already follows from Liouville, or, for every N ≥ 1,

log{1.5BND log(eD)} > 35/2. (8.103)

Proof. For every independent subset of r ≥ 1 of the logarithmic vectors, (8.22) and (8.24) imply
∏
j∈J

Aj >
1

ζrD log(er+4D) , ζr = 3.1rrκ

κ
.

For r ≥ 2 use its saturated-lattice index, which is at least one, in (8.22). For r = 1, (8.24) suffices
because ζ1 ≥ 1.55 and ζ1 log(e5D) > 1.5 log(eD). Also C∗ > 2(n+ 4 + logD).

The elementary factorial bound n! ≤ nn gives

C(n, κ)
ζn

≥ 64
( 4e

3.1

)n

(e/2)κ(2n+ 1 + 2κ)(n+ 2)(n+ 1)n+1

nn
> 64 · 3n(2n+ 3)(n+ 2)n > 10000.

Consequently T > 20000DW∗ > 100D log 2.

Let γ = eΛ = ∏
α

bj

j . It is different from one: a nonzero period has modulus at least 2π, and rational
independence makes Λ ̸= 0. The product formula at the specified embedding gives

|γ − 1| ≥ 21−De−Dh(γ) ≥ 21−De−nBAn .

For clarity, at every other archimedean embedding bound |γ− 1| by 2 max{1, |γ|}, and at every finite
place by max{1, |γ|}; multiply and use the height formula. Removing the selected height factor can
only weaken the lower bound. Finally |eΛ − 1| ≤ |Λ|e|Λ| < 2|Λ|. Thus

log |Λ| ≥ −D log 2 − nBAn.

If D log 2 + nBAn < T , the required bound follows. In the other case the already proved D log 2 <
T /100 yields

B >
0.99
n
C(n, κ)D2(A1 · · ·An−1)C∗W∗ >

1.98C(n, κ)
nζn−1

DW∗.
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In the last step use the subset product bound and C∗ > 2(n+ 3 + logD).

Write t∗ = log(1.5BD log(eD)) > 0, so W∗ = 1 + t∗. We obtain

et∗

1 + t∗
>

2.97C(n, κ)
nζn−1

.

The right side is smallest at n = 2, κ = 1. Indeed, at fixed n its κ = 2 to κ = 1 ratio is

2n+ 5
2n+ 3

en

2(n− 1) > 1.

For κ = 1, direct division gives

C(n+ 1, 1)
C(n, 1) = 4e n+ 3

n

(
1 + 1

n+ 1

)n+1 2n+ 5
2n+ 3 .

Hence the ratio of C(n, 1)/(nζn−1) at consecutive dimensions is greater than 2e/3.1 > 1. At the
endpoint C(2, 1) = 387072e3, and the rational interval certificate verifies

2.97 387072e3

2 · 3.1 >
e35/2

37/2 .

The function et/(1 + t) increases for t > 0. It follows that t∗ > 35/2. Since multiplying the argument
by N ≥ 1 increases its logarithm, this proves (8.103). □

Thus the alternative block length in (8.90) satisfies its threshold throughout the hard case. Further
parameter inequalities, including the initial coefficient budget (8.102), still have to be checked
separately.

Differential budgets for the chosen parameters

The differential condition in (8.100) follows uniformly from the same hard-case reduction. This also
controls the exponential derivatives needed in continuation.

Use C∗,W∗, B,Ω from the preceding lemma, and suppose the hard case holds. For the saturated-
lattice index N put

C0 = C∗ + logN, W0 = W∗ + logN,

γ = NC∗W∗
C0W0

, ω = γDΩ
N

,

µ = C0ξω, L = µ/c1, M0 = ⌊µ⌋,

where ξ, c1 are as in (8.90). Then 1 ≤ γ ≤ N , L > 1, and

NL

Aj
> 120 (1 ≤ j ≤ n).

For s ≥ 0, let u ∈ 2−sW, and choose |ws,j | ≤ 1/(2s+1N). Write

xj = χj(u)λj

bn
, yj = 2sNχj(u− ws) (1 ≤ j < n), Q = 1.5BND log(eD).

One has the complete factorial budget

M0 +
∑
j<n

|xj | +
∑
j<n

|yj | < µQ. (8.104)

When ws is chosen from the support coset as in (8.98), the yj are integers.
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Proof. By (8.103), W∗ > 18.5, and directly C∗ > 2. For r ≥ 0,

d

dr
log{(C∗ + r)(W∗ + r)} = 1

C∗ + r
+ 1
W∗ + r

< 1.

Integrating to r = logN gives γ ≥ 1; the reverse bound γ ≤ N is immediate.

We spell out sufficient bounds for the large degree parameters. With ζr = 3.1rrκ/κ, the factorial
bound n! ≤ nn and e > 2 give

ξ

ζn
> 16n(n+ 2.1), ξ

ζn−1
> 16 · 3.1n(n+ 2.1).

For example, the first ratio, after cancellation, is at least

16κn(n+ 2.1)
( 2e

3.1

)n

(e/2)κe0.53,

and the second includes the additional factor 3.1(n/(n− 1))κ. Since c1 < 2.001(n+ 1), these imply

2ξ
c1ζn

> 1, ξ

c1ζn−1
> 60.

For the latter use 16 · 3.1/2.001 > 24 and n(n+ 2.1)/(n+ 1) ≥ 8.2/3; the rational function increases
for n ≥ 2.

Apply (8.22) to all n vectors, retaining its index N , and use C0 ≥ C∗ > 2(n+ 4 + logD). It follows
that µ > 2ξ/ζn, hence L > 1. Apply the subset product bound in the proof of (8.103) after omitting
j. This gives

NL

Aj
= C0ξγD

c1

∏
i̸=j

Ai >
2ξ

c1ζn−1
> 120.

Put a = maxiAi/(NL) < 1/120. The definition of B gives |bn| ≤ B and |bj | ≤ BAn/Aj . Thus

|yj | ≤ BNL/Aj + 1
2B(1 +An/Aj)

≤ (BNL/Aj)(1 + a),

|xj | ≤ 2−sL

2 (1 +B/|bn|) ≤ BL.

By (8.24), 1/Aj < 1.5D log(eD). Consequently∑
|yj | < (n− 1)QL(121/120),∑
|xj | ≤ (n− 1)QL(2/3).

Here ND log(eD) ≥ 1, and bn is a nonzero integer. Since M0 ≤ µ = c1L, division by µQ gives

M0 +∑
|xj | +∑

|yj |
µQ

<
1
Q

+ 201
240

n− 1
n+ 1 < 1.

The last inequality uses Q > e35/2 > 10, from (8.103). This proves (8.104). □

Together, (8.90), (8.91), (8.95) and (8.104) establish the arithmetic, differential and polynomial-
growth assumptions of the initial construction for these parameters. For the initial grid, its radius
X0 is smaller than R0,0 = η|X0,0|(T0 + 1)/L, because T0 + 1 > L and η > 1. The coefficient condition
(8.102) and the later continuation inequalities give the quantitative estimates we now verify.
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Completing the initial coefficient estimate

The finite coefficient condition (8.102) can now be verified. We retain its rounding terms throughout.
In this subsection assume K = Q(α1, . . . , αn, ζ1, . . . , ζt), where the additional generators are roots of
unity (the empty list is allowed). Applying (8.32) to this full generating list gives the same bound
in terms of maxj h(αj), since every additional height is zero. No additional logarithm or auxiliary
variable is introduced. Keep the hard-case parameters just defined, and put

ε1 = ζn

2ξ , G = µW0, L0 = ⌊G/C0⌋, T0 = ⌊L⌋, X =
⌈ 2DG
T0 + 1

⌉
.

Then the initial construction has a nonzero integral coefficient vector with

L(p) < 1. (8.105)

In particular it satisfies the coefficient bound L(p) ≤ enε1G used in the continuation argument.

Proof. We first establish two useful lower bounds for W0. Stirling’s upper bound gives n! <
3
√
n(n/e)n for n ≥ 2: indeed

√
2πe1/(12n) < 3. Substitute this in the expression for C(n, 1). With

a = 4e2/3.1, it gives
C(n, κ)
nζn−1

≥ C(n, 1)
n(3.1n−1(n− 1)) > 170ann3/2.

For the last inequality the uncanceled factor is at least

32e · 3.1
3

(2n+ 3)(n+ 2)
√
n

n− 1 >
64e · 3.1

3 n3/2 > 170n3/2.

The hard-case inequality in the proof of (8.103) therefore implies, on writing t∗ = log(1.5BD log(eD)),

W∗ = 1 + t∗ > 2.25n+ 1.5 logn+ 7.2 + 2 logD + log log(eD).

Here 2.97 · 170 > 500, log 500 > 6.2, log a > 2.25, and logW∗ > 0. It follows that

W0 > 2(n+ 4 + logD), W0 > C0/2. (8.106)

The first comparison reduces to n/4 + 1.5 logn− 0.8 > 0, which is increasing and positive at two.
For the second, the difference at N = 1 is greater than n/20 − (5/4) logn+ 3.7. Its minimum for
n > 0 occurs at n = 25, where it is 4.95 − (5/4) log 25 > 0, since log 25 < 3.3. Adding logN preserves
both comparisons. All numerical endpoints in this proof have outward rational interval checks in
matveev_initial_function.py.

The product-index lower bound, with its actual index N , now shows

µε1 > 1, ε1G > C0, ε1G > W0.

Indeed, writing u = n+ 4 + logD, it gives ω > γ/(ζnu) and µε1 > C0γ/(2u) > 1. Multiplication by
W0 > 2u gives the second inequality; the third follows from the first.

We will also use the dimension-uniform bounds

(n+ 1)2ε0 < 1/500, n3ε1 < 1/1000, log ξ < 0.7C0. (8.107)

For the first two, κ = 1 gives the larger values: the κ = 2 value of ξ is en/2 times that for κ = 1,
and its ε1 is smaller by a factor e. Direct substitution at n = 2, κ = 1 proves the endpoints. For the
infinite tails,

ξ(n+ 1, κ)
ξ(n, κ) > 2e2

(
n+ 1
n

)κ

.

For κ = 1 this follows from the exact recurrence in (8.92) and (1 + 1/(n + 1))n+2 > e; for κ = 2,
multiply that recurrence by (n+ 1)/n. The inequality for the power follows by integrating 1/(1 + x)
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between zero and 1/(n+ 1), which gives log(1 + 1/(n+ 1)) > 1/(n+ 2). The ratio of (n+ 1)2ε0 at
consecutive dimensions is at most

((n+ 2)/(n+ 1))2((n+ 1)/n)2

2e2 < 1,

and that of n3ε1 is at most 3.1((n+ 1)/n)3/(2e2) < 1. Their worst elementary endpoints are n = 2.

For the last assertion of (8.107), ξ(n, 2) > ξ(n, 1); Stirling’s lower bound and (1 + 1/n)n+1 ≤ 27/8
yield

ξ(n, 2) ≤ 4(41/20)(27/8)e2.53
√

2π
(2e2)nn3.5.

The fixed factor is less than e5.1 and log 2 + 2 < 2.7. Thus log ξ < 2.7n + 3.5 logn + 5.1 < 0.7C0.
The final difference is at least 0.38n+ 0.35 logn− 0.2 > 0.

Next bound the factors in the row estimate (8.101). Since log x ≤ x/e for x > 0,

logµ = log ξ + log(C0ω) < 0.7C0 + C0ω/e ≤ ε1G.

For the last term use ε1G = ζnC0ωW0/2, ζn ≥ 1, and W0 > 18.5. If P = |U| = ⌈ρ⌉, then

ρ = γDC0ξ

cn
1

(
nη

2

)−κ

µn−1.

Dropping the two denominator factors, and using log(γD) ≤ logN + logD ≤ C0, gives

logP ≤ log 2 + max{0, log ρ} < (n+ 1.2)ε1G.

Here logC0 ≤ C0/e, log ξ < 0.7C0, and log 2 < 0.05C0; the resulting coefficient is 1+1/e+0.7+0.05 <
2.2. Also logCH = H/e+log(e/(e−1)) < 0.4W0 +1 < 0.5ε1G. Since Q = eW0−1, log Fµ < µW0 = G.
Consequently the A0, A of (8.101) satisfy

A0 < (2 + 1.1nε1)G, A < (n+ 2 + 1.1nε1 + nβ)G, β = 3
8(n+ 1)W0

.

To see the latter, use
X(X + 1)

2X + 1 < X/2 + 1/4, X < 2Dc1W0 + 1,

so the exponential contribution is at most nG+ 3nL/(4D) ≤ (n+ nβ)G.

We now compare the number of equations and columns. Using M0 ≤ µ and T0 + 1 > L,

I ≤ (4Dc1W0 + 3)(µ+ n)n

n! , J > (G/C0)ρ = W0γDξ

(
nη

2

)−κ µn

cn
1
.

Cancellation with the definition of ξ gives

I

J
<

(1 + β)(1 + ε0)n+1(1 + nε1)n

2(n+ 2.1) .

The two power factors have product less than

exp
{ 3

1000n

}
< 1 + 1

300n.

Indeed, take logarithms, use log(1 + x) ≤ x and (8.107); for the second inequality use ex ≤ 1/(1 − x)
for 0 ≤ x < 1. This also shows I < J .

Write δ = 1.1nε1 ≤ 11/(10000n2). The small grid correction satisfies

(1 + β)(n+ 2 + δ + nβ) − (n+ 2) = 3
4W0

+ nβ2 + δ(1 + β) < 0.041.
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Here W0 > 18.5, β < 1/148, nβ < 3/148. Multiplication by 1 + 1/(300n) increases the right side to
less than n+ 2 + 0.048. Meanwhile n3ε1 < 1/1000 gives

(n+ 2.1)(1 − 2ε1) > n+ 2 + 0.098.

Since C0L0 ≥ G− C0 > (1 − 2ε1)G, we obtain the strict coefficient margin

JC0L0/2 − IA >
JG

40(n+ 2.1) . (8.108)

Thus (8.102) holds with an explicit surplus.

Finally we check the prefactor in (8.101). The preceding estimates give

log J < (n+ 2.7)ε1G.

Indeed log(L0 + 1) < log 2 + logµ + logW0 < 1.5ε1G, and add the bound for logP . For the
discriminant, (8.32) gives log |∆K |/(2D) ≤ 1

2 logD + maxj Aj . The subset product bound and the
definition of γ imply

Aj

ε1G
<

2ζn−1(n+ 3 + logD)
ζnC∗W∗

<
1

3.1W∗
< 0.02.

Also 1
2 logD ≤ C0/4. It follows that

log{
√
J |∆K |1/(2D)} < (n+ 2)ε1G <

G

40(n+ 2.1) .

For the last inequality use (8.107) and 40(n + 2)(n + 2.1) < 1000n3, valid for every n ≥ 2; for
instance n+ 2 ≤ 2n and n+ 2.1 ≤ 2.05n. The negative exponential in (8.101), bounded by (8.108),
is therefore larger in magnitude than this positive prefactor. This proves (8.105). □

This finishes the construction and coefficient estimate of the initial auxiliary function for the hard-case
parameters. The arithmetic and polynomial bounds use the block length H = ⌊0.9 logQ⌋ already
proved above. The following sections propagate these zeros and apply the weighted zero estimate to
finish the independent-logarithm argument.

Interpolation at a symmetric arithmetic progression

Lemma (Hermite interpolation with sharp grid bounds). Let

X = {δ(j − (m− 1)/2) : 0 ≤ j < m}, δ > 0, m ≥ 1,

let z ∈ R \X, and put

z0 = max{|z|, δm/2}, r = 1
2 min{δ,min

x∈X
|z − x|}.

For an integer T ≥ 0, define Q(w) = ∏
x∈X(w − x)T +1. Then∣∣∣∣Q(z)

Q(ζ)

∣∣∣∣ ≤
(
z0
|ζ|

)m(T +1)
if |ζ| > z0, (8.109)

and, for every x ∈ X, ∣∣∣∣Q(z)
Q(ζ)

∣∣∣∣ ≤
(2ez0
δm

)m(T +1)
if |ζ − x| = r. (8.110)

If f is analytic on a neighborhood of the closed disc |w| ≤ R, where R > z0, then

f(z) = 1
2πi

∫
|ζ|=R

Q(z)
Q(ζ)

f(ζ)
ζ − z

dζ

+
∑
x∈X

T∑
j=0

f (j)(x)
2πi j!

∫ clockwise

|ζ−x|=r

Q(z)
Q(ζ)

(ζ − x)j

ζ − z
dζ.

(8.111)
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In particular, if the derivatives through order T vanish at all points of X,

|f(z)| ≤ R

R− |z|

(
z0
R

)m(T +1)
max
|ζ|=R

|f(ζ)|. (8.112)

Proof. First set q(w) = ∏
x∈X(w− x); taking powers T + 1 will give the two bounds for Q. For real

|u| ≤ δm/2, we claim
|q(u)| ≤ q(δm/2). (8.113)

By symmetry assume u ≥ 0, and write a = (m− 1)/2. Whenever the quotient is defined,∣∣∣∣q(u+ δ)
q(u)

∣∣∣∣ =
∣∣∣∣u+ (a+ 1)δ

u− aδ

∣∣∣∣ ≥ 1.

Shift u repeatedly by δ into [(a− 1
2)δ, (a+ 1

2)δ], stopping when it is already in that interval. Such
shifts stay nonnegative; if a point is a root, (8.113) is immediate. In the final interval, the factor
belonging to the largest root has modulus at most δ/2, and each other factor has modulus at most
its positive value at (a+ 1

2)δ = δm/2. This proves (8.113). For |u| ≥ δm/2, all factors of q(|u|) are
positive and increasing. Hence in every case

|q(z)| ≤ q(z0).

Pair the roots x,−x, keeping a factor w when m is odd. For |ζ| > z0,

|ζ2 − x2| ≥ |ζ|2 − x2,
z2

0 − x2

|ζ|2 − x2 ≤ z2
0

|ζ|2
.

Multiplying these inequalities proves (8.109).

For the local bound, scale δ to one. Let ζ lie at distance r ≤ 1/2 from the i-th root. Pair neighboring
roots at distances j on opposite sides of that root. A pair contributes at least j2 −r2 to |q(ζ)|, and an
unpaired root at distance j contributes at least j−r. With a = min{i,m−1−i}, b = max{i,m−1−i},
this gives

|q(ζ)| ≥ r
a∏

j=1
(j2 − r2)

b∏
j=a+1

(j − r).

Replace r by 1/2 in every factor except the first. The resulting product is 2r times its value
at r = 1/2. Moving one unpaired factor toward the shorter side multiplies that latter value by
(a+ 3

2)/(b− 1
2) ≤ 1 when b ≥ a+ 2. Its minimum therefore occurs at a central root and equals

D2k =

k−1∏
j=0

(j + 1
2)

2

, D2k+1 =

k−1∏
j=0

(j + 1
2)

 k∏
j=0

(j + 1
2)

 . (8.114)

Empty products are one. In particular D1 = 1/2, D2 = 1/4, D3 = 3/8, and

|q(ζ)| ≥ 2rDm. (8.115)

Concavity of log t gives
k−1∑
j=0

log(j + 1
2) ≥

∫ k

0
log t dt = k log k − k.

For odd m, apply this with k and k + 1 and use convexity of t log t. Thus in both cases

Dm ≥ (m/(2e))m. (8.116)
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Suppose first that |z| ≤ m/2, and let t ≤ 1/2 be its distance to a nearest root. Then 2r = t. Delete
the corresponding factor of q(z). The remaining absolute product, for fixed signed offset t, has the
form

a∏
j=1

(j + t)
b∏

j=1
(j − t), a+ b = m− 1.

The ratio on increasing a by one is (a+ 1 + t)/(m− 1 − a− t), which increases with a. Its maximum
over a therefore occurs at an endpoint. Reflection treats a negative offset, so the product is at most∏m−1

j=1 (j + 1
2). By (8.115), ∣∣∣∣q(z)q(ζ)

∣∣∣∣ ≤ Rm :=
∏m−1

j=1 (j + 1
2)

Dm
< em.

The last inequality includes all small cases. We have R1 = 2 < e and R2 = 6 < e2; the successive
ratios are

R2k+1
R2k

=
2k + 1

2
k + 1

2
< 2, R2k+2

R2k+1
=

2k + 3
2

k + 1
2

≤ 7
3 < e (k ≥ 1).

Since 2z0/m ≥ 1, this proves (8.110) in the first case.

For |z| ≥ m/2, reflect if necessary and put d = z − (m − 1)/2 ≥ 1/2, so q(z) = ∏m−1
j=0 (d + j). If

d ≥ 1, then r = 1/2. The arithmetic-geometric mean inequality gives q(z) ≤ zm
0 ; use (8.115)–(8.116).

If 1/2 ≤ d ≤ 1, then 2r = d, and (8.115) gives a ratio at most∏m−1
j=1 (d+ j)
Dm

≤ m!
Dm

.

For m ≥ 3 the last expression is less than em: it is 16 < e3 at m = 3, and its successive ratios are 2
and (2k+ 2)/(k+ 1

2) ≤ 8/3 < e for k ≥ 1. For m = 1 the ratio is 2. For m = 2 it is at most 4(d+ 1),
whereas

4(d+ 1) < e2(d+ 1
2)2.

This follows at d = 1/2 from 6 < e2, and persists by differentiating the two sides. The right side is
exactly (2ez0/m)m. This completes (8.110) after restoring δ.

Finally apply the residue theorem to Q(z)f(ζ)/(Q(ζ)(ζ − z)). There is a simple pole at ζ = z with
residue f(z). At x ∈ X, replace f(ζ) by its Taylor polynomial through degree T ; the remainder
cancels the pole because Q has order T + 1 there. Subtract the small counterclockwise integrals
from the large one, or equivalently add the clockwise integrals. This proves (8.111). The small
circles contain neither z nor another grid point. If all interpolation derivatives vanish, only the
outer integral remains; its length and its denominator |ζ − z| ≥ R− |z|, together with (8.109), prove
(8.112). □

This supplies the complete analytic interpolation step of [Matveev 2000]. The proof of the local
bound pairs opposite neighbors before estimating their product; estimating those two distances
separately loses the sharp constant.

Arithmetic–analytic continuation of the zeros

We prove the two steps of the double induction. Suppose, for contradiction, that

0 < |Λ| ≤ e−T ,

with the hard-case parameters above. Let Ls = 2−sL, cs = 2S−s. At stage s, retain a subset of
the original coefficients and replace its support by its 2−s-scaled support. Denote this support by
Us ⊂ 2−sW0. It lies in M + vs, where vs is a retained point. For u ∈ Us write

yj(u) = 2sNχj(u− ws), xj(u) = χj(u)λj/bn.

56



Choose ws in the support coset modulo (2sN)−1Zn, as before. Then the yj(u) are integers.

For m′ = (m0, . . . ,mn−1) define the unshifted entire functions

Fm′(z) =
∑
ℓ,u

pℓ,u
dm0

H c−m0
s

m0!
dm0

dzm0
∆(csz, ℓ,H)∆(y(u), m̃)eu·λz,

Gm′(z) =
∑
ℓ,u

pℓ,u
dm0

H c−m0
s

m0!
dm0

dzm0
∆(csz, ℓ,H)∆(y(u), m̃)er(u)z,

r(u) =
∑
j<n

χj(u)λj/bn = u · λ− unΛ/bn.

(8.117)

Here ∆(y, m̃) = ∏
j<n ∆(yj ,mj). For integral z, the algebraic row value is

A(z,m′) = e−vs·λzFm′(z) ∈ K.

For a half-integer z, it belongs to K̃ = K(
√
ϑ1, . . . ,

√
ϑn), where the ϑi come from the saturated-

lattice basis. Its degree is 2nD, by (8.13). At a division step s < S, csz is an integer, so the
polynomial factor remains integral at every finite place.

Put C = (2 + 1.1nε1)G and
v(a) = |Λ|Lsa

2An|bn|
(a ≥ 0).

The following estimates include the derivatives of the exponential factor. If |m′| + τ ≤ M0, the
normalized τ -th derivative of Gm′ is a sum over τ0 + t1 + · · · + tn−1 = τ . Its term has the extra
factors

c−m0
s dm0

H

m0!τ0!
dm0+τ0

dzm0+τ0
∆(csz, ℓ,H), ∆(y(u), m̃)

∏
j<n

xj(u)tj

tj ! .

For a fixed τ0, (8.85) bounds the sum over t, including dm0
H , by Fµ. Indeed, its total factorial degree

is |m̃| +∑ tj , and (8.104) supplies µQ; also m0 is no larger than the unused degree budget. The sum
over ℓ, τ0 is bounded by (8.84). After inserting the column weights, the row majorant is therefore
CH

√
|U|eC0L0Fµ ≤ eC . This holds uniformly on |z| ≤ Rs,ν , by (8.91). It holds for every derivative

order separately; summing local contour factors rτ later costs at most two.

Replacing er(u)x by eu·λx in this normalized derivative gives a linear combination of the true mixed
jets of total order at most |m′| + τ . The differential factors are polynomials in the χj(u) of the
required degrees, so the triangular equivalence (8.99) applies. If the old mixed jets vanish, the
replaced derivative is zero. The error factor satisfies∣∣∣e−unΛx/bn − 1

∣∣∣ ≤ v(|x|)ev(|x|).

The same comparison bounds Fm′(z) − Gm′(z) at a target point.

We make the product-formula normalization precise. Let D′ = qD, with q = 1 at an ordinary
extrapolation step and q = 2n at a division step. The specified real or complex embedding still
contributes κ absolute values. In the real case the chosen square roots are real: their logarithmic
basis vectors have zero imaginary coordinate. For a nonzero target value A = A(z,m′), define

az = e− Re(vs·λ)z ∏
σ unselected

|A|1/κ
σ .

The product formula says
az|Fm′(z)| = 1.

At unselected places use the local row norm, with its exponential maximum. The common support
shift contributes −zvs · vσ. Summing these shifts over the unselected places and including the first
factor in az cancels them by the product formula. The symmetric box gives

1
κ

∑
σ unselected

max
u

z u · vσ ≤ qnLs|z|
κ

.
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To check the degree factor, in K̃ the total absolute local coordinates of αj are q times those in K.
Their sum is at most 2qAj . At finite places the integral polynomial and differential factors cost
one. The coefficient local norms, including the selected ones, have product at most one by (8.105);
retaining fewer coefficients preserves this property. Thus, writing

Bz = D′C + qnLs|z|
κ

,

we have the complete bounds

az max
|ζ|=R

|Gm′(ζ)| ≤ eBz+LsR/η+v(R),

az|Fm′(z) − Gm′(z)| ≤ eBz+Ls|z|/η+v(|z|)v(|z|),

az|G(τ)
m′ (x)|/τ ! ≤ eBz+Ls|x|/η+v(|x|)v(|x|)

(8.118)

in the last line whenever the old jets through order |m′| + τ vanish. These inequalities compare
absolute values; they do not identify a product of local absolute values with a complex analytic
function.

Consider first the step from (s, ν) to (s, ν + 1), where ν < n. The old grid is X = Xs,ν , with
cardinality m, spacing δ ∈ {1, 2}, and multiplicity T + 1 = Ts + 1. Put

Z = m(T + 1), R = ηZ/Ls.

For a new integer z, its modulus is at most m. If it is already an old point, the conclusion follows
at once. Otherwise the local contour radius is r = 1/2, and the grid bound has z0 ≤ m. For the
division step use the old grid Xs,n, and the targets z = x/2, x ∈ Xs+1,0. Here q = 2n, δ = 1,
r = 1/4, and z0 = m/2. Indeed Ts+1 = ⌊Ts/2⌋, whence Xs+1 ≤ 2Xs, including Ts = 0. Thus
|z| < Xs+1 ≤ 2Xs < m/2.

For both steps,

Bz < (n+ 0.51)Z/κ, v(R) < Z/(1000κ), G > 148000.

The first follows from (8.95), C/G < 2.04, and the bounds on z. At the division step use q|z| ≤
2n+1Xs < m. The last follows from µε1 > 1, n3ε1 < 1/1000, and W0 > 18.5. For the middle
inequality, (8.24) gives

v(R)
Z

= |Λ|η
2An|bn|

< 3
4D log(eD)ηe−T .

The proof of (8.103) gives T > 100(n+ 1)D > n+ 2D + 12; also D log(eD) ≤ e2D and η ≤ en+1.53.
Hence this last expression is below 1/2000, which suffices for κ = 1, 2.

Apply the sharp symmetric-grid Hermite formula to Gm′ , scaled by az. The outer-contour term is at
most

R

R− z0
exp{Bz + LsR/η + v(R)}(z0/R)Z .

Since R > 7z0, its first factor is below two. Also LsR/η = Z, log(z0/R) ≤ − log η, and log η =
1 + (n+ 0.53)/κ. Its logarithm is therefore less than

log 2 − 0.019Z/κ,

so the outer term is less than 1/8. Here Z ≥ 4DG > 592000.

We bound the local-contour term with the last line of (8.118). Let U = maxx∈X |x| = δ(m− 1)/2.
Summing rτ costs at most two. The grid ratio is at most (2e)Z at ordinary steps, and eZ at the
division step. Thus the local contribution is at most

2meBz+LsU/η+v(U)v(U)
{

(2e)Z , q = 1,
eZ , q = 2n.

58



We check that T absorbs these exponents. From (8.95),

Z < 1.01 2ν+2DG.

Indeed (3Ts + 3)/(4DG) ≤ 1/148 + 3/592000 < 0.01. The exact constant quotient is

C(n, κ)
ξ

= 2n+2

κ
e−0.53(2n+ 1 + 2κ) n+ 2

n+ 2.1 , T = C(n, κ)
ξ

DG.

The rational interval endpoint verifies e−0.53(40/41)/1.01 > 0.567. Consequently at the division step

T >
0.567
κ

(2n+ 1 + 2κ)Z >

(
n+ 0.51

κ
+ 1 + 1

14 + 0.2
)
Z. (8.119)

The second comparison is linear in n, with positive slope for each κ, and is checked at n =
2. At an ordinary step ν ≤ n − 1, the first lower bound has twice this coefficient. It exceeds
((n+ 0.51)/κ+ 1.7 + 1/7 + 0.2)Z. Again the difference has positive slope and a positive endpoint.
These bounds cover Bz, the grid exponent, and LsU/η, since η > 7.

The remaining logarithmic factor is small. The degree parameters satisfy

logm < 4ε1G, logLs ≤ logµ < ε1G, log(1/An) < C0 < ε1G.

For the first, use Xs < 2s+1Dc1W0 + 1, so m < 2n+s5Dc1W0. The bound on 2S in (8.90) gives
log 2S < 1.7C0. Also log c1 < log(4.5n). The definition of C0 absorbs n log 2 + log 5 + logD + log c1
into C0; finally logW0 < W0/e < 0.4ε1G. Adding these estimates proves the stated bound, including
the grid growth through the division stages. Since U ≤ m, these inequalities imply

log{2mLsU/(2An|bn|)} < 11ε1G < 0.001Z.

Also v(U) ≤ v(R) < 0.001Z. Combining this with (8.119) shows that the logarithm of the local term
is less than −0.198Z, so that term is below 1/4. The same calculation, with the grid term removed
and |z| ≤ m, bounds the target comparison error in the second line of (8.118) by 1/4. If z = 0, that
error is zero.

We have therefore bounded
az|Fm′(z)| < 1/8 + 1/4 + 1/4 < 1.

For a nonzero algebraic value this contradicts the product formula. Thus A(z,m′) = 0, as required.
The derivative orders used here satisfy |m′| + Ts ≤ Ms,ν at an ordinary step, and |m′| + Ts ≤ Ms,n

at a division step. The argument consequently establishes every claimed new jet.

At a division step, (8.14) separates these half-argument zero equations into their parity classes over
K. Retain the class containing a previously chosen nonzero coefficient. Dividing its support by two
gives Us+1 ⊂ Us/2, and replacing P (z, u) by P (z/2, u) replaces cs by cs+1. The torus eigenvalues
also divide by two; their nonzero scaling factors preserve the zero jets. Rechoosing ws+1 is another
triangular polynomial basis change, so the normalized equations remain equivalent. The retained
function is nonzero by the rate-independence argument after (8.102), and its weighted coefficient
lengths do not increase.

Starting with (8.105), induction on the pairs (s, ν) now constructs a nonzero final auxiliary function
with all the zeros and multiplicities

A(S;x,m′) = 0, x ∈ XS,n, |m′| ≤ MS,n.

The positive multiplicity and grid counts hold even after Ts = 0, by (8.94)–(8.95). This completes
the arithmetic–analytic and division parts of [Matveev 2000]. The zero-estimate application and
lower-dimensional reductions follow.
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Applying the zero estimate to the final function

We verify every hypothesis of the weighted zero estimate for the nonzero function produced by the
double induction. Keep the hard-case notation, and put

h = C0ω, µ = ξh, L = µ/c1, G = µW0, L0 = ⌊G/C0⌋.

In this subsection S continues to denote the number of division stages. Use a∗ and s∗ for the
allocations called a, S in (8.77)–(8.83).

First, if h < e−3n2c1/3, the function is an ordinary polynomial after removal of a common exponential.
Indeed differences of its support points lie in N−1Zn, and their coordinate ranges satisfy

N
(
max uj − min uj

)
≤ 2−SNL/Aj <

3e3h

n2c1
< 1.

We used 2S ≥ 1
2e

−3n2ξND log(eD) and A−1
j < 1.5D log(eD), proved above. An integer coordinate

range below one is zero, so all support points coincide. The final mixed jets give an ordinary
polynomial of degree at most L0 at least

|XS,n|(TS + 1) ≥ 2n+2DG > L0

zeros counted with multiplicity; MS,n ≥ TS follows from the dyadic recurrence. To check the last
assertion directly, MS,n = M0 − (n + 1)∑S−1

j=0 Tj − nTS ≥ TS + ε0µ/(1 + ε0): use the same finite
geometric remainder as in (8.94), now before dropping its final TS . Multiplication by a nonzero
exponential preserves the ordinary zero orders. The contradiction proves this case.

Henceforth
h ≥ e−3n2c1/3. (8.120)

Choose one final support point v, remove its common exponential, and write the others as u− v.
These differences are in N−1Zn. With Yj = etj/N , their exponents N(uj − vj) are integers. Multiply
by a monomial to make all exponents nonnegative. The result is a nonzero polynomial P (X,Y ) with
degrees

L′
0 = L0, L′

j ≤
⌊
2−SNL/Aj

⌋
. (8.121)

Both removed factors are nowhere zero. Their derivatives give triangular changes of the filtered jets,
so the vanishing orders remain exactly the claimed ones. Under tj/N = log Yj , each torus derivation
has the same additional nonzero factor 1/N , which also preserves the zero equations.

Take log ϑj = λj/N . The ϑj are algebraic, and their chosen logarithms remain independent. Translate
the last grid [−2nXS , 2nXS ] to 0, . . . , X ′, where X ′ = 2n+1XS . Translation in the group preserves
the coordinate degrees and invariant jets. Set

M ′ = MS,n, a∗ = ⌊X ′/(n+ 1)⌋, s∗ = ⌊M ′/(n+ 1)⌋.

The following lower and upper bounds retain the rounding:

a∗ + 1 > E0 := 2n+1e−3n2ξDW0,

s∗ + 1 > m := 6n3h/c1,

L′
j ≤ l := 3e3h/(n2c1) (j ≥ 1),

AjL
′
j ≤ p := 2e3h/(n2c1),

M ′ < µ/100, µ/3 < L′
0 ≤ ξhW0/C0.

(8.122)

Proof of these bounds. If TS ≥ 1, then TS + 1 ≤ 21−SL, so XS ≥ 2SDc1W0 ≥ 1
2e

−3n2ξDc1W0.
If TS = 0, then XS ≥ 2DG; (8.120) gives the same bound, with the larger coefficient 2/3. Thus
X ′/(n+ 1) ≥ 2ne−3n2ξDc1W0/(n+ 1) > E0. Since ⌊x⌋ + 1 > x, this proves the first line. By (8.94),

M ′ ≥ ε0µ

1 + ε0
= 6n3(n+ 1)h

c1
,
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proving the second line in the same way. The lower bound on 2S gives 2−SNL ≤
2e3h/(n2c1D log(eD)). Multiply by A−1

j < 1.5D log(eD), or simply use D log(eD) ≥ 1, to
obtain the two degree bounds.

We give an upper multiplicity estimate as well. Only at most 1 + log2 L terms of the sequence Tj

are positive. The rounding loss from these positive terms is at most this number. The subsequent
real geometric tail has sum less than two, even if there are arbitrarily many zero terms. Since
TS ≥ 2−SL− 1, the recurrence yields

M ′ ≤ ε0µ

1 + ε0
+ (n+ 2)2−SL+ (n+ 1)(3 + log2 L) + n.

Here ε0 < 1/5000, 2S > 10000, and µε1 > 1, n3ε1 < 1/1000, so µ > 1000n3. The function
(1 + log2 x)/x decreases for x ≥ e. Using log 1000 < 7, log 2 > 1/2, and logn ≤ n/2 for n ≥ 2, we
find

(n+ 1)(3 + log2 L) + n

µ
<

3n2 + 21n+ 17
1000n3 ≤ 71

8000 .

The final rational function decreases for positive n. Also (n + 2)2−SL/µ < 1/10000, because
(n + 2)/c1 < 1. Thus M ′/µ < 1/5000 + 1/10000 + 71/8000 < 1/100. Finally W0 > C0/2 gives
L′

0 > µ/2 − 1 > µ/3. This proves (8.122). □

In particular L′
0 ≥ l, because l/µ = 3e3/(n2c1ξ) < 1/100; the latter follows already from e3 < 21,

ξ > 15000n3, c1 > 2(n+ 1). Also m/l = 2n5/e3 > 1. Thus s∗ + 1 > L′
j , and n(n+ 1)L′

0 > s∗ + n.
For the second assertion, s∗ ≤ M ′ < µ/100, n < µ/100 from µ > 1000n3, and L′

0 > µ/3 suffice.

We now check all the inequalities (8.77). For 1 ≤ r ≤ n, the largest product of r degrees is at most
L′

0l
r−1. Also

(s∗+r
r

)
> (mr/r!). The sufficient ratio is

Rr = E0m
r

(r!)2L′
0l

r−1 ≥ 6 · 2n+1n5DC0
e3c1

(2n5/e3)r−1

(r!)2 > 1. (8.123)

Indeed, c1 < 3(n+ 1), e3 < 21, DC0 > 1 show that R1 > 2n+2n5/(21(n+ 1)) > 8. For n ≥ 3, the
successive lower-bound ratios 2n5/(e3(r + 1)2), r + 1 ≤ n, exceed one. For n = 2, r = 2, the only
ratio exceeds 16/21; the resulting product is still larger than one. This covers every subset of degrees,
including zeros.

For r = n+ 1, use ∏n
j=1 L

′
j ≤ pn/Ω. The sufficient ratio now satisfies

Rn+1 = E0m
nΩ

n!(n+ 1)!L′
0p

n

≥ N

γ

2n+1n2

e3n!(n+ 1)!

(
3n5

e3

)n

> 1.
(8.124)

At n = 2, replacing e3 by 21 gives Rn+1 > 24576/9261 > 1. For n ≥ 3, the factorial bounds n! ≤ nn,
(n+ 1)! ≤ (3n/2)n+1 give

Rn+1 > (4/3)n+1 n

21

(
n3

7

)n

> 1.

The last expression increases for n ≥ 3 and already exceeds one at three. We used N/γ ≥ 1. This
proves the remaining zero-count inequality.

The small-form condition in (8.78) also holds. The final grid size obeys log(X ′ + 1) < 4ε1G, by
the grid estimate in the continuation proof. Inequality (8.119) gives T > 0.2|XS,n|(TS + 1) ≥
0.2 · 2n+2DG > 4ε1G. Consequently

(X ′ + 1)|b · log ϑ| ≤ (X ′ + 1)e−T /N < 1 < 2π.

Every hypothesis of the uniform zero estimate is now verified with the actual final polynomial.
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It yields independent integer Zi, 1 ≤ ν < n, whose span contains b. Either weighted conclusion can
be replaced by (8.80): the ratio of its two binomials is (s∗ + ν)/ν ≤ s∗ + 1 < L′

0, by (8.122). Using
(8.122) once more gives

ν∏
i=1

A′
i ≤ γ

N
Ω qn,ν , qn,ν = e3(ν + 1)ν!Cν

2n+1n2

(
e3

3n5

)ν

. (8.125)

This is a product estimate with the original weights Aj ; the algebraic N -th roots were used only for
the zero estimate, whose field degree plays no role.

The remaining numerical comparison is

qn,ν <
1
2(4e2)n−ν , n ≥ 2, 1 ≤ ν < n. (8.126)

For ν = 1, (8.81) gives C1 =
√

2n, hence

qn,1 =
√

2 e6

3 · 2nn6 < 1 < 1
2(4e2)n−1.

The first inequality follows at n = 2 from
√

2 < 3/2, e6 < 441, and persists by the increasing
denominator.

For ν ≥ 2, use
ν! ≤ e

√
ν(ν/e)ν , Γ(1 + ν/2) ≤ e

√
ν/2(ν/(2e))ν/2.

These bounds need no asymptotic remainder. For f(x) = Γ(x+ 1)ex/xx+1/2, the recurrence of Γ
gives f(x+ 1)/f(x) = e(x/(x+ 1))x+1/2 < 1. Indeed log(1 + y) > 2y/(2 + y) for y > 0, as follows by
differentiating their difference. The integer sequence starts with f(1) = e; the relevant half-integer
sequence starts with f(3/2) =

√
πe3/2/3 < e, since πe < 9. The half-integer x = 1/2 is not used in

this argument; ν = 1 was checked separately. Together with
(n

ν

)
≤ nν/ν!, these bounds give

qn,ν ≤ gn,ν := e11/2(ν + 1)ν5/4

2n+3/2n2

(
4e2ν4

9πn8

)ν/2

. (8.127)

For n ≥ 3, 2 ≤ ν ≤ n, this is less than 1/2. To see this directly, use 4e2/(9π) < 6/5, ν ≤ n, and
(ν + 1)ν5/4/n2 ≤ (3/2)n1/4. Since

√
6/5/n2 < 1, raising it to ν ≥ 2 is at most 6/(5n4). With

e11/2 < 245 and 23/2 > 14/5, we obtain

gn,ν <
441

2n(14/5)n7/2 ≤ 441
1008 = 7

16 <
1
2 .

The denominator increases with n; at n = 3 use
√

3 > 5/3. This proves (8.126) for the whole required
range.

Source endpoint check. [Matveev 2000], (20.3), prints the comparison of its displayed g(ν) also
for ν = n. At n = ν = 2 that expression is larger than two, so that additional endpoint does not
satisfy the printed comparison. The proof only uses 1 ≤ ν < n; (8.125)–(8.127) establish this full
required range directly, with ν = 1 treated exactly. The theorem’s statement and constant are
unaffected.

We have proved the precise outcome of the final zero estimate:

b ∈ spanQ(Z1, . . . , Zν),
∏

i

∑
j

Aj |Zi,j | < γ

2N (4e2)n−νΩ, 1 ≤ ν < n. (8.128)

The next step is the lower-dimensional induction: one must convert this lattice information into the
claimed lower bound without losing the weighted coefficient parameter. The final zero estimate itself
is now fully proved and its hypotheses checked.
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Completing the lower-dimensional induction

We prove the reduction needed to close the argument, keeping the weighted coefficient parameter.
Put a0 = 4e2. Suppose 1 ≤ r < n, and independent Z1, . . . , Zr ∈ Zn have rational span containing b,
with

Ω′ =
r∏

i=1
A′

i ≤ 1
2a

n−r
0 Ω, A′

i =
∑

j

Aj |Zi,j |. (8.129)

Assume the logarithm theorem with constant C(r, κ) has been proved in dimensions below n. Then
it holds for the present form as well.

Proof. It is enough to work under the contrary 0 < |Λ| ≤ e−T . The Liouville alternative gives

Ω
An

≤ nB

0.99C(n, κ)C∗W∗D2 .

Since bn ̸= 0, the n-th column of the row matrix of Zi is nonzero. Extend this column to r
independent columns and call their index set I. Let m0 ̸= 0 be the determinant on these columns,
and let mi be the determinant with its i-th row replaced by bI . Cramer’s rule, and the assumed
membership of b in the row span, give

m0b =
∑

i

miZi.

All these coefficients are integers. Weighted determinant expansion gives

|m0| ≤ Ω′∏
j∈I Aj

, |mi|A′
i ≤ rBAnΩ′∏

j∈I Aj
.

For the first inequality use Hadamard and bound each weighted Euclidean row length by A′
i. For the

second, expand along the replaced row: each of its entries has absolute weighted value at most BAn;
its r cofactors are bounded by the product of the other row lengths. Because m0bn = ∑

imiZi,n ̸= 0,
at least one index has both mi ̸= 0 and Zi,n ̸= 0. Call that index r; then A′

r ≥ An.

For r > 1 use the proved subset product lower bound for the r − 1 columns other than n. For r = 1,
their product is one. Both cases satisfy∏

j∈I\{n}
Aj ≥ 1

ζr−1D(n+ 4 + logD) , ζ0 = 1, ζk = 3.1kkκ/κ (k ≥ 1).

Since C∗ > 2(n+ 4 + logD), the foregoing bounds imply

|m0| ≤ QrB, B′ := max
i

|mi|A′
i/A

′
r ≤ rQrB

2, Qr = nan−r
0 ζr−1

3.96C(n, κ)W∗D
.

We verify Qr < 1/(1000n2) uniformly. Stirling’s upper bound n! < 3
√
n(n/e)n, used already in

(8.106), gives
C(n, 1) > 64e

3 an
0n

7/2.

Indeed substitute it in the displayed definition of C(n, 1), then use (n+1)n+1/nn > n, (2n+3)(n+2) >
2n2. For n ≥ 2, C(n, 2) > C(n, 1), because their ratio is (en/4)(2n + 5)/(2n + 3) > 1. For r > 1,
ζr−1 ≤ 3.1r−1(r − 1)2, and (a0/3.1)r−1/(r − 1)2 > 1; the latter follows from a0/3.1 > 9 and 9k > k2

for integers k ≥ 1. For r = 1 use ζ0 = 1. Consequently

C(n, κ)
an−r

0 ζr−1
>

64e
3 a0n

7/2 > 1000n3.

As W∗ > 1, D ≥ 1, the asserted bound on Qr follows. In particular |m0| < B and B′ < B2. Here
B′ ≥ 1, because mr is a nonzero integer.
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Define algebraic θi ∈ K× and chosen logarithms by log θi = Zi ·λ. Their logarithms are independent,
and

max{Dh(θi), | log θi|} ≤ A′
i, m0Λ =

∑
i

mi log θi.

In the real case apply the induction theorem to the generated field of the θi. In the complex case
do the same if that field is nonreal. If it is real, adjoin i: its degree then doubles, but is still
at most D, because the original nonreal K has degree at least two over this real subfield. The
coefficient construction permits such a zero-height additional generator, as noted before (8.105).
Thus the smaller form has the same κ. Increase its degree parameter to D. This is legitimate because
D2C∗(r,D) log(1.5eB′D log(eD)) increases with D ≥ 1. This also covers the case in which the smaller
logarithms are real but the original coefficient field is nonreal. Since C∗(r,D) ≤ C∗(n,D) = C∗ and
log(1.5eB′D log(eD)) ≤ 2W∗, we obtain

− log |Λ| < logB + C(r, κ)an−r
0 C∗W∗D

2Ω.

The available margin in C(n, κ) absorbs logB. For each integer k ≥ 2, its explicit formula gives

C(k, κ)
C(k − 1, κ) > a0

k + 1
k

.

For κ = 1, the ratio is

4e k + 2
k − 1

(
1 + 1

k

)k 2k + 3
2k + 1 .

The inequality (1 + 1/k)k+1 > e reduces the desired comparison to

k2(k + 2)(2k + 3) > (k − 1)(k + 1)2(2k + 1);

their difference is 4k3 + 7k2 + 3k+ 1. For κ = 2, the ratio has the further factor k
k−1

(2k+5)(2k+1)
(2k+3)2 > 1.

Multiplication over k = r + 1, . . . , n shows that

C(r, κ)an−r
0

C(n, κ) <
r + 1
n+ 1 ≤ n

n+ 1 .

Finally, the subset product bound on all n original logarithms and C∗ > 2(n + 4 + logD) show
T > 2(C(n, κ)/ζn)DW∗. The explicit lower bound in the proof of (8.103) gives T > 100(n+1)DW∗ >
(n+ 1) logB. Therefore the preceding upper bound for − log |Λ| is strictly below T , contradicting
the contrary assumption. □

We can now state the independent-logarithm estimate proved in the following two cases. Let K be a
number field of degree D, choose independent logarithms λj = logαj of αj ∈ K×, and let b ∈ Zn

with bn ̸= 0. Take Aj ≥ max{Dh(αj), |λj |} > 0, and

B = max{1,max
j

|bj |Aj/An}.

In the real case, with K ⊂ R and real logarithms, use κ = 1; when K ̸⊂ R, use κ = 2 and allow
arbitrary logarithm branches. With C(n, κ), C∗,W∗ as above,

log

∣∣∣∣∣∣
∑

j

bjλj

∣∣∣∣∣∣ > −C(n, κ)C∗W∗D
2∏

j

Aj . (8.130)

This is the complex-field case and the real-logarithm case of [Matveev 2000], with its weighted B
and original main constant. The extension with κ = 1 to arbitrary branches in a real field still needs
its branch reduction.

Proof. The base n = 1 follows directly from Liouville. If |λ1| ≥ 1, then |b1λ1| ≥ 1 and the conclusion
is immediate. Otherwise α1 ̸= 1, and the product formula as in (8.103) gives log |λ1| ≥ −D log 2−A1.
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The one-vector bound (8.24) gives A1 > 1/(1.5D log(eD)). Here C∗(1, D) > 2 log(eD) and C(1, κ) >
1000, so T > D log 2 +A1: half of T exceeds each summand separately. Since |b1| ≥ 1, this proves
the base, with strict inequality.

Now suppose the result holds in all smaller dimensions. For real logarithms in a real field, first
use the generated real field. For the complex-field case, use the generated field if it is nonreal,
and otherwise adjoin i; as in the preceding reduction the degree is at most D. The discriminant
argument allows the added height-zero generator. Increasing this degree to the given D at the end
only weakens the bound. If a set of integer vectors satisfies (8.129), the reduction already proves
the theorem. Otherwise assume 0 < |Λ| ≤ e−T . The Liouville alternative establishes the hard-case
threshold, and (8.96)–(8.108) construct the nonzero initial function with its integral coefficients. The
complete double induction (8.117)–(8.119) produces the nonzero final function and all of its zero jets.
The small-h case is impossible by the polynomial zero count. In the remaining case (8.120)–(8.128)
produce independent integer vectors with 1 ≤ ν < n and weighted product at most 1

2(4e2)n−νΩ,
since γ/N ≤ 1. This is precisely the excluded condition (8.129). The contradiction completes the
induction. □

This completes the independent-logarithm argument for the two cases stated in (8.130). We next
retain zero coefficients and dependent logarithms, then handle arbitrary branches in a real field and
compare the two constants in Theorem 8.6.

Eliminating dependent logarithms with all cutoffs retained

We now prove the full corollary (8.8)–(8.9). Its uniform cutoff Aj ≥ c, where c = 4/25 = 0.16, gives
a shorter reduction than the more general cutoff conventions in [Matveev 2000]. We keep every
variable, branch, zero coefficient and weighted denominator allowed in Theorem 8.6.

First establish an intermediate estimate. Write

F (n) = max{1, n/6}, cn = 4.4n+ 7 + 5.5 logn,
C∗ = cn + 2 logD + log log(eD), W∗ = log(1.5eBD log(eD)).

Suppose Aj ≥ max{Dh(αj), |λj |, c}. In a nonreal field allow arbitrary branches; in a real field for
the moment use real logarithms of positive bases. Zero logarithms are allowed in this intermediate
statement. If Λ = ∑

j bjλj ̸= 0, then

− log |Λ| < C(n, κ)F (n)C∗W∗D
2Ω =: Un, B = max{1,max

j
|bj |Aj/An}. (8.131)

Proof. Induct on n. The rational-rank-one argument preceding (8.10) applies also when some
logarithms are zero: use a primitive generator of the nonzero logarithms. Its height and modulus
are at most the minimum H of their cutoffs, and Ω ≥ Hcn−1. The recurrence for C(n, κ) proved
after (8.129) implies C(n, κ)cn−1 > 1000. Thus Un > 1000D2H > 1 +D log 2 +H, proving (8.131)
in rank one and the base. Rank zero is incompatible with Λ ̸= 0.

A term with bjλj = 0 can be deleted. If j ̸= n, the same distinguished denominator gives a new
B ≤ Bold, and the product loses only Aj ≥ c. The estimate in dimension n − 1 therefore implies
(8.131), because C(n, κ) > c−1C(n− 1, κ), F (n) ≥ F (n− 1), and C∗(n,D) ≥ C∗(n− 1, D). If j = n,
choose a surviving nonzero term as the new last term, with cutoff Aq ≥ c. Then

Bnew ≤ max{1, BAn/Aq} ≤ BAn/c, Wnew ≤ W∗ + log(An/c).

For x ≥ c, W∗ > 1, the function (W∗ + log(x/c))/x decreases: its derivative has numerator
1 −W∗ − log(x/c) < 0. It is therefore at most W∗/c. The lost factor An is again absorbed by the
same recurrence. All deletions are justified with the original weighted parameter. We may hence
assume every coefficient and every logarithm is nonzero.

65



If the logarithms are independent, (8.130) proves (8.131). Otherwise their rational rank is 2 ≤ r < n.
Work under the contrary |Λ| ≤ e−Un . Since Un > 1000, |Λ| < 10−3, and the Liouville calculation
after (8.103) gives

0.99Un ≤ nBAn,
Ω
An

≤ nB

0.99C(n, κ)F (n)C∗W∗D2 . (8.132)

Here D log 2 < Un/100: indeed Ω ≥ cn and the formula for C gives the much stronger bound below.
In particular

B ≥ B0 := cnC(n, κ)C∗D/n. (8.133)

To see this, use Ω/An ≥ cn−1 in (8.132), then 0.99F (n)W∗/c > 1.

We make the coefficient reduction explicit. The logarithmic coordinate vectors vj used above have
exactly the same integer relations as the chosen λj . A zero selected logarithmic relation exponentiates
to the algebraic number one, so all its other absolute logarithmic coordinates vanish as well; the
converse follows from the selected coordinate. Their generated subgroup is discrete by the proved
logarithmic-lattice lemma. Its real and rational ranks therefore both equal r. Equations (8.54) and
(8.31) supply s = n− r independent relation rows ui, with

s∏
i=1

max
j
Aj |uij | ≤ QrΩ, Qr ≤ 4

√
n (nR)r/2, R = D3 log2(eD). (8.134)

We verify the last simplification. For r ≥ 2,
(n

r

)1/2 ≤ nr/2/
√
r!. The factorial lower bound and the

half-integer upper bound proved before (8.127) give

Γ(1 + r/2)√
r!

≤ e r1/4
√

2(2π)1/4 2−r/2.

Inserting this in (8.31), the remaining exponential base is (9/8)
√

3/(2π) < 1, and the fixed factor
2.2e/(

√
2(2π)1/4) < 4. Use r1/4 ≤

√
n. For r = 1, the value Γ(3/2) =

√
π/2 proves the simplification

directly. The rational-field case of (8.31) applies here to positive rational bases; the nonreal-field
case always has D ≥ 2.

There are two possibilities for the last logarithm.

If vn belongs to the span of the others, choose a basis index set I of size r excluding n. Let J = Ic.
The relation matrix on columns J is invertible: its kernel would be a relation supported only on the
independent columns I. Let δ ̸= 0 be its determinant. Cramer’s rule supplies integers zi and

b′ = δb−
∑

i

ziui, b′
J = 0, δΛ =

∑
j∈I

b′
jλj .

Weighted Hadamard bounds on this determinant, and on the augmented determinant with the
additional row b and column j ∈ I, give

|δ| ≤ ss/2∏
i |ui|A∏

j∈J Aj
, |b′

j |Aj ≤ (s+ 1)(s+1)/2BAn
∏

i |ui|A∏
j∈J Aj

.

Here |u|A = maxj Aj |uj |. Each row of an s-column matrix has Euclidean norm at most
√
s times its

weighted maximum, which proves the first bound; the augmented matrix has s+ 1 columns, proving
the second. Select a nonzero coefficient in I as the new last one, and denote its weighted coefficient
parameter by B′. Since its cutoff is at least c, we obtain

B′ ≤ UA := n(s+1)/2BQrΩ/cs, |δ| ≤ UAc/(
√
nBAn). (8.135)

If vn is independent of the other vectors, choose I containing n. Relations of the first n− 1 vectors
have rank s, with product bound at most QrΩ/An: apply (8.134) to their rank r−1 and then enlarge
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its numerical bound. Their n-th coordinates are zero. The same construction eliminates the columns
J ⊂ {1, . . . , n− 1}, and b′

n = δbn ̸= 0. Keep n as the last term. The corresponding bounds are

B′ ≤ UB := n(s+1)/2BQrΩ/(Anc
s), |δ| ≤ UB/

√
n. (8.136)

For the determinant bound, ss/2 ≤ ns/2; the displayed UB is larger by at least
√
nB.

Put q = 1.5eD log(eD), p = 3n/4. In case A take x = An, and in case B take x = 1. We prove

qUA ≤ (qBAn)p, qUB ≤ (qB)p. (8.137)

Use (8.132), r ≤ n− 1, s ≤ n− 2, and F (n),W∗ ≥ 1. In either case the sufficient ratio is at most

6e
0.99

n(n+4)/2c2−n

C(n, κ)F (n)C∗W∗

B2−px1−pD(3n−5)/2−p logn−p(eD)
(1.5e)p

.

Since p > 2, use B ≥ B0 and x ≥ c. Also C∗ > 2 log(eD). Writing Mn = cnC(n, κ), cancellation
bounds this ratio by

6e
0.99

n5n/4c3−p(2Mn)1−p

(1.5e)p
.

The remaining field factors are D−1/2 log1−n/2(eD) ≤ 1. From the explicit constant and Stirling’s
upper bound, as in (8.129),

Mn > 50 · 4nn7/2 (n ≥ 2).

Indeed C(n, κ) > (64e/3)(4e2)nn7/2 and c 4e2 > 4. Now 6e/0.99 < 17, 1.5e > 4, and c3−p < 8p.
Hence the ratio is below

34n5n/4M1−p
n <

34n7/2−11n/8

(50 · 4n)p−1 < 1.

For n ≥ 3, the numerator’s power of n is at most zero and the denominator exceeds 3200. This
proves (8.137) without an unspecified asymptotic or a field-degree endpoint argument. It follows
that

W ′ := log(qB′) ≤ p log(qBx). (8.138)

The integer multiplier is negligible. In case A, (8.135) and (8.137) give log |δ| ≤ (p− 1) log(qBAn).
In case B, (8.136) and (8.137) give log |δ| ≤ pW∗. Thus in both cases

log |δ| ≤ p(W∗ + max{0, logAn}) < Un/1000. (8.139)

For the final inequality note that Un ≥ MnW∗ and Un ≥ (Mn/c)An. Also Mn > 10000n for n ≥ 3,
and max{0, logAn} ≤ An. The ratio is therefore below p(1 + c)/Mn < 1/1000.

Apply the completed independent estimate (8.130) to δΛ on the columns I, retaining the same
κ; the field-degree reduction and the possible adjoining of i are justified after (8.129). In case A,∏

j∈I Aj ≤ Ω/(Anc
s−1). Since W∗ > 1 and An ≥ c,

W∗ + logAn

An
≤ W∗/c.

This follows directly for c ≤ An ≤ 1; for An ≥ 1, the decreasing function (W∗ + log x)/x is at most
W∗. In case B, ∏j∈I Aj ≤ Ω/cs and x = 1. Consequently (8.138) bounds the smaller theorem’s
exponent, in either case, by

pC(r, κ)c−sC∗W∗D
2Ω.

The recurrence gives C(r, κ)/C(n, κ) < (4e2)−s. Moreover p/F (n) ≤ 9/2. As e2 > 22/3, this
exponent is at most

p

F (n)(c 4e2)s
Un <

675
704Un.
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Together with (8.139), it yields

− log |Λ| <
(675

704 + 1
1000

)
Un < Un.

This contradicts the contrary assumption and completes the induction. □

The lemma proves the all-cutoff version of the main general-rank estimate used in [Matveev 2000]. It
does not assert the broader hypothesis allowing arbitrarily small cutoffs on a specified independent
subset. The uniform cutoff on every term is precisely the hypothesis of Theorem 8.6.

The two numerical constants and arbitrary branches

We prove the remaining uniform comparison explicitly. For n ≥ 2, κ ∈ {1, 2}, and D ≥ 1,

2C(n, κ)F (n)C∗ ≤ C1(n, κ) log(eD). (8.140)

In particular the factor is F (n) = max{1, n/6}.

Proof. Put t = logD ≥ 0. Since cn > 3, log(1 + t) ≤ t gives

C∗ = cn + 2t+ log(1 + t) ≤ cn(1 + t) = cn log(eD).

It remains to compare 2C(n, κ)F (n)cn with both alternatives in (8.9). For 2 ≤ n ≤ 9, the exact
outward-interval checks in matveev_general_corollary.py verify both comparisons and both κ’s.
Here are analytic estimates for every larger dimension.

Write a0 = 4e2, ρ = a0/30 < 99/100, and let

Jn = κ−1(en/2)κ30n+3n7/2

be the first alternative. Stirling’s lower bound yields, for n ≥ 10,

C(n, κ)
Jn

≤ 64
27000

√
2π

(2n+ 1 + 2κ)(n+ 2)
n4

(n+ 1)n+1

nn
ρn

≤ 192e11/10

27000
√

2π
ρn

n
<

9
1000

ρn

n
.

For the second line use 2n+ 1 + 2κ ≤ (5/2)n, n+ 2 ≤ (6/5)n, and (1 + 1/n)n+1 ≤ e1+1/n ≤ e11/10.
The last fixed-constant inequality is certified by rational intervals. The function cn/n decreases for
n ≥ 2: its derivative is (5.5 − 7 − 5.5 logn)/n2 < 0. At ten it is below 32/5. Since F (n) = n/6, this
gives

2C(n, κ)F (n)cn

Jn
<

12
625 nρ

n <
12
625

100
e

<
444
625 < 1.

We used (99/100)n ≤ e−n/100 and the maximum of xe−x/100, attained at x = 100.

For the second alternative, C(n, 2) > C(n, 1) for n ≥ 2, so only the former is needed. The preceding
estimate, e2 < 15/2, and 2F (n)cn < (32/15)n2, give

2C(n, 2)F (n)cn < 486 an
0n

13/2.

After division by 26n+20, this is at most
486
220 n

13/2(15/32)n < 1 (n ≥ 10).

The ratio of its values at consecutive integers is (1 + 1/n)13/2(15/32) ≤ e13/20(15/32) < 1. At ten,
the rational bound

√
10 < 19/6 gives

486
220 106 19

6 (15/32)10 < 1.
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Both these endpoints and every earlier comparison are checked by the cited certificate. This proves
(8.140) against each alternative, hence their minimum. □

Now consider the exact data of Theorem 8.6. In a nonreal field retain the chosen logarithms. In a
real field every branch has ℓj = log |αj | + iπkj , kj ∈ Z. If ∑j bjkj ̸= 0, then |Λ| ≥ π > 1, and (8.8)
is immediate. Otherwise

Λ =
∑

j

bj log |αj |. (8.141)

Use the positive real bases |αj |. Their heights are unchanged, and | log |αj || ≤ |ℓj |. Some of these
new logarithms may be zero or dependent; the full intermediate lemma (8.131) expressly permits
both, and retains all the original cutoffs and the original distinguished denominator. Thus it applies
with κ = 1 and the same B and Ω. This supplies the arbitrary-branch real-field reduction for the
full corollary without assuming independence of the real parts.

If W∗ ≤ 2 log(eB), combine (8.131) and (8.140):

− log |Λ| < C1(n, κ)D2Ω log(eD) log(eB).

For n = 1, use the rational-rank-one proof already given, which covers arbitrary branches. We handle
the other values of W∗ directly, rather than adding a hypothesis on B.

If W∗ > 2 log(eB), then
B <

1.5
e
D log(eD). (8.142)

If |Λ| ≥ 10−3, the desired exponent exceeds seven and the conclusion is immediate. Indeed
both alternatives in (8.9) satisfy C1(n, κ)cn−1 > 100n; the first follows from the lower bound
1
2304(24/5)n−1, and the second from 226(256/25)n−1. Each geometric sequence exceeds 100n at one
and has consecutive ratio greater than (n+ 1)/n. Consequently the desired exponent is larger than
100nD2An log(eD) ≥ 16n > 7.

Otherwise the Liouville calculation for eΛ = ∏
j α

bj

j ̸= 1 gives

− log |Λ| ≤ D log 2 + nBAn.

Here a nonzero period cannot have modulus below 10−3; thus exponentiation has not lost the
nonvanishing assumption. The same lower bound on the corollary constant, Ω ≥ Anc

n−1, and (8.142)
show that the desired exponent is strictly greater than

100nD2An log(eD) > D log 2 + nBAn.

For the final comparison, 1.5/e < 1, An ≥ 4/25, D ≥ 1, and log(eD) ≥ 1 give

100nD2An log(eD) − nBAn > 99nDAn log(eD) > D log 2.

This completes the small-B case.

We have now proved (8.8) with precisely (8.9), for every allowed rank, branch, coefficient and field in
Theorem 8.6. Replace Aj by its notation Hj there. Finally, to obtain the unweighted version, reorder
the terms so that the last cutoff is largest. The same theorem then has BH ≤ max{1, |b1|, . . . , |bn|};
the product and constant are unaffected, and the logarithmic bound increases with BH . This proves
the last assertion of Theorem 8.6. □

This proves Matveev’s corollary as stated in Theorem 8.6. The independent estimate (8.130) is
used only in its proved complex-field and real-logarithm cases. The real-field argument applies the
general-rank estimate after projection to the real parts, including the dependent and zero logarithms
that projection can introduce.
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Exact coefficient example. For (α1, α2, α3) = (2, 3, 6), choose real logarithms, cutoffs (1, 2, 3),
and b = (3,−2, 4). The relation row is u = (1, 1,−1). Eliminating its third column gives δ = −1,
z = 4, and

b′ = δb− zu = (−7,−2, 0), −Λ = −7 log 2 − 2 log 3.

The original weighted parameter is B = 4. Keeping cutoff 2 last in the reduced form gives B′ = 7/2.
This exact example checks the signs and normalization of (8.135). The same certificate also checks
the case in which the last logarithm is independent of the other columns, and the zero-coefficient
deletion.

The Baker–Wüstholz dependence on the number of logarithms

The classical Cnn2n dependence can be deduced, with an explicit absolute constant, from the stronger
dependence in Theorem 8.6. This also illustrates how the floor in the coefficient parameter affects
small coefficients.

Corollary (Baker–Wüstholz dependence). Let αj ∈ K×, where K has degree D, let ℓj be
chosen logarithms, and let bj ∈ Z with Λ = ∑

bjℓj ̸= 0. Take

aj = logAj ≥ max{h(αj), e|ℓj |/D, 1/D}, B = max{|b1|, . . . , |bn|, e1/D}.

Then, with the absolute constant C = 222,

log |Λ| > −Cnn2nDn+2

∏
j

aj

 logB log(eD). (8.143)

This is the Cnn2n formulation of the Baker–Wüstholz estimate in [Waldschmidt 2000], with a
deliberately unoptimized but specified C. We prove this formulation by deduction from Matveev,
rather than invoking the original proof as an external prerequisite.

Proof from Theorem 8.6. Put Hj = Daj ≥ 1 and Ω = ∏
Hj . First observe

C1(r, κ) < 221rr2r (r ≥ 1, κ = 1, 2). (8.144)

For r ≥ 3, the κ = 2 first alternative in (8.9) bounds both choices and, since e < 3,

C1(r, κ) ≤ e2

8 30r+3r11/2 < 215+5rr2r ≤ 210rr2r.

We used 30 < 25, 9 · 303/8 < 215, 11/2 ≤ 2r, and 15 ≤ 5r. For r = 1, the larger first alternative is
at most 3 · 304/2 < 221. For r = 2, bounding 211/2 < 26 gives a first alternative below 232 < 24224.
This proves (8.144).

If B > D, then logB ≥ 1. Indeed for D = 1, B ≥ e; for D ≥ 2, e1/D < 2 ≤ D, so B > D must be
an integer at least three. Hence log(eB) ≤ 2 logB. Remove any zero logarithms or zero coefficient
terms, leaving r ≤ n terms. Their cutoff product is at most Ω, because every deleted Hj is at least
one. Apply (8.8) with its unweighted parameter and (8.144):

− log |Λ| < 221r+1r2rD2Ω log(eD) logB ≤ 222nn2nD2Ω log(eD) logB.

It remains to consider B ≤ D. If |Λ| ≥ 1, there is nothing to prove. Otherwise |Λ| < 1 and Λ ̸= 0
imply P = eΛ ̸= 1; a nonzero period has modulus at least 2π. The selected-place product-formula
bound from Heights of algebraic numbers gives

|P − 1| ≥ 21−D exp

−D
∑

j

|bj |h(αj)

 .
70



Also |eΛ − 1| ≤ e|Λ|, by integrating the exponential along the line segment. Therefore

− log |Λ| ≤ 1 + (D − 1) log 2 +B
∑

j

Hj ≤ 1 +D log 2 + nDΩ < (n+ 2)DΩ.

Here ∑Hj ≤ nΩ, since all Hj ≥ 1. On the other hand, logB ≥ 1/D, so the magnitude of the right
side of (8.143) is at least

222nn2nDΩ log(eD) > (n+ 2)DΩ.

This completes the deduction. □

5. From a logarithmic form to a multiplicative expression

Corollary 8.7 (the explicit multiplicative estimate). Let n ≥ 1, let nonzero algebraic numbers
αj belong to a degree-D field, and choose any logarithms ℓj . Let

aj = logAj ≥ max{h(αj), |ℓj |/D, 0.16/D}.

For integers bj , put

P =
n∏

j=1
α

bj

j ̸= 1, B = max
j

|bj | ≥ 1, B′′ = max
{

1,max
j

|bj |aj

an

}
.

For arbitrary complex inputs,

log |P − 1| > −3 30n+4(n+ 1)11/2Dn+2

∏
j

aj

 log(eD) log(enB). (8.145)

The parameter B in the right side may instead be

B̃ = max
{
B′′,

nBπ

Dan

}
. (8.146)

If every αj is real, then the stronger estimate is

log |P − 1| > −2 30n+3n9/2Dn+2

∏
j

aj

 log(eD) log(eB), (8.147)

and B may be replaced by B′′.

For n ≥ 2, the fully proved Matveev estimate gives (8.145) and (8.147). The elementary conversion
also gives (8.147) for n = 1.

Proof from Theorem 8.6. We first assume that every displayed term has bj ≠ 0 and αj ̸= 1; the
removal of inactive terms is justified at the end. Set δ = |P − 1|.

If δ ≥ 1/2, the estimates follow from their large numerical constants. For example, the magnitude of
the proposed complex exponent is at least

3 30n+4(n+ 1)11/2(0.16)n ≥ 3 · 304(4.8)n > log 2.

The real exponent has the analogous lower bound 2 · 303(4.8)n > log 2. Here Dn+2∏ aj ≥ D2(0.16)n,
and all remaining logarithmic factors are at least one.

Suppose δ < 1/2. Use principal logarithms of the bases, denoted Lj , and the power series

z = logP = log(1 + (P − 1)) =
∞∑

k=1

(−1)k+1(P − 1)k

k
.
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It has |z| ≤ δ/(1 − δ) < 2δ < 1. Since exp(∑ bjLj − z) = 1, there is an even integer b0 with

z = b0iπ +
n∑

j=1
bjLj .

The imaginary parts of principal logarithms lie in [−π, π], so

|b0|π ≤ π
∑

j

|bj | + |z| < π
∑

j

|bj | + 1.

Integrality therefore gives
|b0| ≤

∑
j

|bj | ≤ nB. (8.148)

Also z ≠ 0, because P ≠ 1. Among determinations of a logarithm, a principal value has the smallest
modulus, so |Lj | ≤ |ℓj |.

Apply Theorem 8.6 with n + 1 terms, first base −1, first logarithm iπ, and first cutoff H0 = π.
The other cutoffs are Hj = Daj . We can use the κ = 2 constant even if K is real, since the κ = 1
constant is smaller. Keeping the first alternative in (8.9) gives

log |z| > −πe2

8 30n+4(n+ 1)11/2Dn+2

∏
j

aj

 log(eD) log(enB).

For the weighted estimate the new coefficient parameter is at most

max
{
B′′,

|b0|π
Dan

}
≤ B̃.

Thus one obtains the same conclusion with log(eB̃), and in particular with the larger log(enB̃) in
the stated version.

Since δ > |z|/2, conversion costs at most log 2 in the lower bound. The numerical coefficient
πe2/8 < 2.902. The factor multiplying that coefficient is at least 304(4.8)n > 8; hence its unused
margin to 3 exceeds log 2. This proves (8.145) and its weighted version.

For real bases, P < 0 implies δ > 1, so the only remaining case has P > 0. Replace each base by
its positive absolute value and take real logarithms. They have the same heights and no larger
logarithm moduli. The real number

z = logP =
∑

j

bj log |αj |

satisfies 0 < |z| < 2δ. With κ = 1, Theorem 8.6 gives the numerical coefficient
e

2 30n+3n9/2 < 1.36 30n+3n9/2.

The remaining margin to 2 30n+3n9/2 absorbs log 2, by the real exponent lower bound above. This
proves (8.147) when the positive logarithms are nonzero.

We finish by checking that deleting zero terms preserves the stated formulas, including their weighted
versions. If all the positive absolute values are one in the real case, then P ≠ 1 forces P = −1,
already treated. Otherwise let r ≥ 1 be the number of retained terms, choose their largest cutoff
ak as the denominator, and write m = n− r. The same argument applies to the complex estimate
after deleting bases one and zero coefficients. If the original denominator survives, choose it for the
reduced form; the product of deleted cutoffs contributes at least (0.16/D)m, while each increase in
dimension multiplies either explicit constant by more than 30. The lost product factors are therefore
harmless.
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If the original denominator is deleted, put t = Dan ≥ 0.16 and s = Dak ≥ 0.16. The reduced
weighted parameter is at most max{1,Wt/s}, where W = B′′ for the real estimate and W = B̃ for
the complex estimate. This follows directly from their definitions; the period coefficient also obeys
rBreduced ≤ nB. Consequently the reduced logarithmic factor is at most(

1 + log(t/0.16)
)

log(eW )

in the real case, and at most (
1 + log(t/0.16)

)
log(enW )

in the complex case. We used s ≥ 0.16, r ≤ n, and the fact that these outer logarithms are at least
one. The product and degree factors lost in the deletion give a ratio at least

0.16m−1t ≥ 0.16m(1 + log(t/0.16)
)
,

since x ≥ 1 + log x for x ≥ 1. The explicit constant ratio exceeds 30m, so the resulting factor
4.8m > 1 pays for the logarithmic change as well. Unweighted parameters decrease when terms are
deleted. This proves all cases. □

The quantities B′′ and B′ used in the two-logarithm and radius-dependent estimates are different.
In (8.146), the extra term controls an integer logarithmic period. It is needed even if the original
coefficient with the largest height is small.

6. A complete numerical substitution

Proposition 8.8. For every pair of positive integers m,n,

|2m − 3n| > 2m(em)−8.4·108
. (8.149)

Proof from Corollary 8.7. Unique factorization gives 2m ̸= 3n. Set P = 3n2−m. If |P − 1| ≥ 1/2,
then (8.149) is immediate because (em)−8.4·108

< 1/2. If |P − 1| < 1/2, then 3n < (3/2)2m, which
forces n ≤ m: for n ≥ m+ 1, the ratio is at least 3(3/2)m > 3/2. Take

K = Q, D = 1, α1 = 3, α2 = 2, a1 = log 3, a2 = log 2, b1 = n, b2 = −m.

These choices meet every cutoff, and B = m. Formula (8.147) gives

log |P − 1| > −305 211/2(log 2)(log 3) log(em).

The rational interval calculation verifies

305 211/2(log 2)(log 3) < 8.4 · 108.

Exponentiating and multiplying by 2m proves (8.149). □

This estimate holds uniformly for all exponents. Its first purpose is to produce a finite search bound,
followed by continued fractions or lattice reduction. For example, if the gap is at most 20, then

m log 2 < log 20 + 8.4 · 108(1 + logm). (8.150)

The right-minus-left side decreases for m ≥ 4 · 1010, and the interval calculation is already negative
at that endpoint. Hence

m < 4 · 1010.

For n ≥ 4, a gap at most 20 implies 2m < 3n + 20 < 2 · 3n and 3n < 2m + 20 < 2m+1; the latter,
together with this bound on m, gives n < 3 · 1010. The following lesson will replace this enormous
rectangle by a certified continued-fraction computation.
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7. Gaps between integral S-units

For a finite nonempty set S of primes, a positive integral S-unit has the form ∏
p∈S p

up , with up

nonnegative integers. The sequence begins with 1. We prove the gap estimate for any two distinct
members, so adjacency is not a needed hypothesis.

Theorem 8.9 (Tijdeman’s gap estimate, with explicit constants). Write S = {p1, . . . , ps},
and put

KS = 2 30s+3s9/2
s∏

i=1
log pi, CS = 4KS .

For positive integral S-units u < v,

v − u ≥ u
(
log(eu)

)−CS . (8.151)

For u ≥ 2, one also has
v − u ≥ u

(
log(2u)

)−6KS . (8.152)

Thus the gaps between consecutive positive integral S-units tend to infinity.

Proof from Corollary 8.7. If s = 1, the numbers are powers of one prime p, and v−u ≥ (p−1)u ≥ u.
Both conclusions follow, since their logarithms are at least one in their stated ranges. The same
elementary argument covers v ≥ 2u for arbitrary S, and u = 1 in (8.151), because v − u ≥ 1.

Assume now s ≥ 2, u ≥ 2, and u < v < 2u. Write

u =
∏

pui
i , v =

∏
pvi

i , bi = vi − ui, P = v/u.

Distinctness implies P ≠ 1. The field is Q, its degree is one, and ai = log pi meets all three cutoffs.
Every exponent satisfies

|bi| ≤ max{ui, vi} ≤ log v
log 2 <

log(2u)
log 2 .

Set B = maxi |bi| ≥ 1. Then (8.147) gives

log(P − 1) > −KS log(eB). (8.153)

Let t = 1 + log u. Since log(2u) ≤ t,

log(eB) < 1 − log log 2 + log t < 4 log t.

For the last inequality, t ≥ 1 + log 2, and the certificate verifies 1 − log log 2 < 3 log(1 + log 2).
Exponentiating (8.153) and multiplying by u proves (8.151). Similarly, put w = log(2u) ≥ log 4.
The certificate verifies 1 − log log 2 < 5 log log 4, so

log(eB) < 1 − log log 2 + logw < 6 logw.

This proves (8.152).

Finally u/(log(eu))CS → ∞. For example, its logarithm is log u− CS log(1 + log u), which tends to
infinity because log t/t → 0. Hence the asserted divergence follows as the sequence tends to infinity.
□

The restriction u ≥ 2 in (8.152) matters. For S = {2, 3}, the first terms are 1, 2, 3. The bound
xj+1 − xj ≥ xj(log(2xj))−C for every j ≥ 1 cannot hold for any real C: if C > 0, its first right side
exceeds one; if C ≤ 0, its second right side is at least two. Formula (8.151) includes the first term
and preserves the asymptotic strength.

Corollary (normalization by the larger S-unit). With the same KS , CS , every pair of positive
integral S-units u < v satisfies

v − u ≥ v
(
log(ev)

)−CS .
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In particular, the normalization used in [Evertse 2019] has the explicit constants

c1 =
(

1 + 1
log 2

)CS

, c2 = CS ,

v − u ≥ v

c1(log v)c2
.

Adjacency is unnecessary, and u = 1 is allowed.

Proof. Suppose first that s ≥ 2. Write the prime exponent vectors of u, v as (ui), (vi), and put
bi = ui − vi. Then P = u/v ̸= 1, and

1 ≤ B := max
i

|bi| ≤ log v
log 2 .

Apply the real multiplicative estimate (8.147), with D = 1, ai = log pi and precisely the constant
KS :

log(1 − u/v) > −KS log(eB).
Since v ≥ 2, the same endpoint comparison used in the proof of (8.151), now with t = 1 + log v, gives

log(eB) ≤ 1 − log log 2
+ log log v

< 4 log(1 + log v).

Exponentiation and multiplication by v prove the first estimate.

If s = 1, write u = pa, v = pb with 0 ≤ a < b. Then v − u ≥ v/2. Here KS = 2 304 log p > 1, and

4 log(1 + log 2) > log 2.

For an elementary verification, 1/2 < log 2 < 1, while log(3/2) > 1/3, by integrating 1/x on the
relevant intervals. Thus (log(ev))CS ≥ (1 + log 2)4KS > 2, which gives the first estimate in this case
as well.

Finally v ≥ 2 implies
1 + log v ≤

(
1 + 1

log 2

)
log v.

Raise this positive inequality to CS and substitute it in the first estimate. This proves the second
estimate. □

The exact exponent and orientation checks, including single-prime sets, u = 1 and nonadjacent pairs,
are supplied in s_unit_gap_normalization.py. These finite checks supplement the general proof
above.

For example, the first pair u = 1, v = 2 has gap one. In the first estimate its right side is below one,
since the preceding estimate gives (log(2e))CS > 2. The harmless prefactor in the second estimate
also handles this endpoint. Using the larger term changes which exponent bound enters the proof; it
does not require a hypothesis that the two terms are close.

8. The radius parameter in Waldschmidt’s estimate

Matveev’s estimate has an especially useful dependence on the number of logarithms. Waldschmidt’s
estimate also treats algebraic coefficients and includes a radius E that can be large when the bases
are close to one. Its height cutoffs and coefficient parameters must be specified together.

Theorem 8.10 (Waldschmidt’s radius-dependent estimate). Let n ≥ 1, let αj ̸= 0 be
algebraic, and let their chosen logarithms ℓj be linearly independent over Q. Let β0, . . . , βn be
algebraic and not all zero, and put

D = [Q(α1, . . . , αn, β0, . . . , βn) : Q], Γ = β0 +
∑

j

βjℓj .
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Take real parameters satisfying

E ≥ e, E∗ ≥ max{e,E1/D, D/ logE}, aj = logAj ≥ max{h(αj), E|ℓj |/D, (logE)/D}.

If
B∗ ≥ max

{
E∗,max

j

Daj

logE

}
, logB∗ ≥ max

0≤j≤n
h(βj),

then

log |Γ| ≥ −2n+25n3n+9Dn+2

∏
j

aj

 logB∗ logE∗

(logE)n+1 . (8.154)

In the homogeneous rational case β0 = 0, βj = bj ∈ Z, bn ̸= 0, choose instead

B′ ≥ E∗, B′ ≥ max
1≤j<n

{
|bn|
aj

+ |bj |
an

}
.

Then

log

∣∣∣∣∣∣
∑

j

bjℓj

∣∣∣∣∣∣ ≥ −2n+26n3n+9Dn+2

∏
j

aj

 logB′ logE∗

(logE)n+1 . (8.155)

The maximum over an empty set, when n = 1, is zero.

In either statement, rational independence can be replaced by the conditions Γ ̸= 0 and

D3(logB0)aj(logE∗) ≥ (logD)(logE)2 (1 ≤ j ≤ n), (8.156)

where B0 = B∗ in (8.154) and B0 = B′ in (8.155).

The constants and normalization come from the freely available author text [Waldschmidt 2000]; the
complete argument is supplied above. Notice that B′ here includes the floor E∗; it is neither the B′′

of (8.147) nor the normalized two-logarithm parameter of the preceding lesson.

A minimal subspace gives a nonzero determinant

We now apply the multiplicity theorem to the actual derivative matrix. Work over an algebraically
closed field k of characteristic zero. Let m,T0, T1, S0 be positive integers, let α1, . . . , αm ∈ k×

generate a multiplicative group of free rank at least m− 1, and put

β = (β1, . . . , βm−1,−1) ∈ km, β0 ∈ k.

Let A ⊆ Zm be a finite nonempty set such that

|sj | < T0/4 (s ∈ A, 1 ≤ j ≤ m), S0 + 1 ≥ 2T0. (8.157)

Write Ã = A−A. We assume either β0 ̸= 0, or

Ã[2] ∩ kβ = {0}. (8.158)

Here the brackets mean sums of the indicated number of elements, as in the multiplicity theorem.

Let V ⊆ km have dimension d, contain β, and satisfy 1 ≤ d ≤ m. After permuting the first m− 1
coordinates, we may arrange that the images of e1, . . . , em−d form a basis of km/V . Indeed, the
relation β ∈ V , whose last coefficient is −1, makes the images of the first m− 1 coordinate vectors
span this quotient. Choose a basis among them. Put

AV = Ã ∩ V, y(s) =
(
smβ0, sm−d+1 + smβm−d+1, . . . , sm−1 + smβm−1

)
∈ kd. (8.159)

The first entry of y is the coordinate X0. When d = 1, it is the only entry.
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Choose any basis (pτ ) of the polynomials of total degree at most T0 in these d additive coordinates,
and any basis (qσ)0≤σ≤(m+1)S0 of the polynomials in one variable of degree at most (m+1)S0. Define
a matrix with

Ld =
(
T0 + d

d

)
(2T1 + 1)

rows, indexed by (τ, t), |t| ≤ T1, and columns indexed by (σ, s), s ∈ AV [m+ 1], by

M(τ,t),(σ,s) = αts
∑
κ≥0

q
(κ)
σ (t)
κ!

(
∂κ

X0pτ
)
(y(s)). (8.160)

The sum stops at the X0-degree of pτ , and αts = ∏
j α

tsj

j . Thus all entries belong to k; no analytic
logarithm is needed for this rank statement.

Lemma (rank failure reduces the subspace). If

(S0 + 1)#AV > 2(d+ 1)T d
0 T1 (8.161)

and M has rank less than Ld, there is a subspace β ∈ V ′ ⊊ V , of dimension 1 ≤ d′ ≤ d− 1, with

#πV ′(AV ) ≤ d+ 1
d′ + 1 T

d−d′

0 . (8.162)

Proof. We first verify that y is injective on AV . On V , projection onto its last d coordinates is an
isomorphism: its kernel is the span of the first m− d coordinate vectors intersected with V , which is
zero by their quotient independence. The map

ψ : V −→ kd−1, s 7−→ (sm−d+1 + smβm−d+1, . . . , sm−1 + smβm−1)

is therefore surjective and has kernel kβ. If y(s) = 0 and β0 ̸= 0, its first entry gives sm = 0,
and the isomorphism just proved gives s = 0. If β0 = 0, its kernel on V is kβ. The difference of
two elements of AV belongs to Ã[2], since Ã is symmetric. Condition (8.158) then gives the same
injectivity. Consequently, with E = y(AV ), we have #E = #AV . Also, (8.69) applies to AV , since
every coordinate of an element of AV ⊆ A−A has absolute value less than T0/2; hence

#{αs : s ∈ AV } ≥ #AV /T0. (8.163)

A row relation in M supplies a nonzero Laurent polynomial

P (X,Y ) =
∑
τ,t

cτ,tpτ (X)Y t

of additive total degree at most T0 and Laurent degree at most T1. It is nonzero because the pτ (X)Y t

are a basis. For the invariant derivative

D = ∂X0 + Y ∂Y

the elementary operator identity (8.89) gives

qσ(D)
(
pτ (X)Y t) = Y t

∑
κ≥0

q
(κ)
σ (t)
κ! ∂κ

X0pτ (X).

Since the qσ span all polynomials up to the stated degree, the row relation is equivalent to
DaP (y(s), αs) = 0 for every 0 ≤ a ≤ (m+ 1)S0 and s ∈ AV [m+ 1].

Apply (8.67) in

G = Gd
a × Gm, W = k(1, 0, . . . , 0, 1), Σ = {(y(s), αs) : s ∈ AV }.
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The final 1 in this tangent vector records Y ∂Y . The map s 7→ (y(s), αs) is a group homomorphism.
Since 0 ∈ AV , the required set Σ[d + 1] is contained in the set corresponding to AV [m + 1]. The
available derivatives include all orders through (d+ 1)S0. Thus every hypothesis of the multiplicity
theorem holds.

Its connected proper subgroup is H∗ = U × H1, with U ⊆ kd a vector subspace and H1 = {1} or
Gm. Write u = dimU , and let N∗ count the cosets of H∗ met by Σ. For D = (T0;T1), restriction
to a linear subspace of dimension u gives the full polynomial filtration in u variables. The Hilbert
degrees in (8.62) are consequently

H(I(G);D) = 2(d+ 1)T d
0 T1, H(I(H∗);D) =

{
T u

0 , H1 = {1},
2(u+ 1)T u

0 T1, H1 = Gm.

The transverse dimension ℓ is either zero or one.

If u = 0, then ℓ = 1, N∗ ≥ #E = #AV , and the degree of H∗ is at least one. The multiplicity
inequality contradicts (8.161). Hence u ≥ 1. If H1 = {1}, then ℓ = 1 and (8.163) gives N∗ ≥ #AV /T0.
Its left side is therefore at least

(S0 + 1)(#AV /T0)T u
0 > 2(d+ 1)T d+u−1

0 T1 ≥ 2(d+ 1)T d
0 T1,

again a contradiction. Thus H1 = Gm and 1 ≤ u ≤ d − 1. Let e0 = (1, 0, . . . , 0) ∈ kd. The
multiplicity inequality now reads

(S0 + 1)ℓ #πU (E) ≤ d+ 1
u+ 1 T

d−u
0 , ℓ =

{
0, e0 ∈ U,

1, e0 /∈ U.
(8.164)

Let ρ : kd → kd−1 delete the first coordinate, put U ′ = ρ(U), and define V ′ = ψ−1(U ′). It contains
β, and has dimension d′ = dimU ′ + 1. The induced surjection kd/U → kd−1/U ′, together with
V/V ′ ≃ kd−1/U ′, gives

#πV ′(AV ) ≤ #πU (E).

If e0 ∈ U , then U = k × U ′, d′ = u, and the last cardinalities agree. Equation (8.164) proves (8.162),
with 1 ≤ d′ ≤ d− 1. If e0 /∈ U , then d′ = u+ 1, and (8.157) gives

#πV ′(AV ) ≤ #πU (E) ≤ d+ 1
2d′ T d−d′

0 .

Here 2 ≤ d′ ≤ d. The case d′ = d would make the nonempty set πU (E) have cardinality at most
(d + 1)/(2d) < 1, which is impossible. Thus d′ ≤ d − 1, and 2d′ ≥ d′ + 1 proves (8.162). This
establishes the lemma. □

Proposition (maximal rank in a minimal subspace). In addition to (8.157)–(8.158), suppose

(S0 + 1)#A > 2(m+ 1)Tm
0 T1.

Choose V containing β for which

#πV (A) ≤ m+ 1
d+ 1 Tm−d

0 , d = dimV,

and for which no proper subspace containing β satisfies the corresponding inequality. Such a choice
exists: V = km satisfies the inequality, and one may choose a space of least dimension among all
those that do. Then the matrix (8.160) has rank Ld, and therefore has a nonzero Ld × Ld minor.

Proof. By (8.70),
(S0 + 1)#AV ≥ (S0 + 1)#A

#πV (A) > 2(d+ 1)T d
0 T1.
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A rank failure would give the subspace V ′ in (8.162). Using (8.71) then gives

#πV ′(A) ≤ #πV (A) #πV ′(AV ) ≤ m+ 1
d′ + 1 T

m−d′

0 .

This contradicts the choice of V , proving maximal rank. □

This proves the full nonvanishing argument of [Waldschmidt 2000]. It permits arbitrary polynomial
bases on both sides of the matrix, which is essential when we use the denominator bounds of §4.

Example (a confluent derivative minor). For m = d = 1, T0 = 5, T1 = 1, β0 = 1, and α1 = 2,
consider the eighteen rows XaY t, 0 ≤ a ≤ 5, t = −1, 0, 1. At (X,Y ) = (0, 1), the columns Dσ,
0 ≤ σ ≤ 17, have entries {

0, σ < a,(σ
a

)
a! tσ−a, σ ≥ a.

In the displayed row and column order their determinant is −2836619246897071128576000. Replacing
the derivative columns by the rising-block basis with H = 2 multiplies it by ∏17

σ=0 2−⌊σ/2⌋ = 2−72; the
resulting determinant is −2460375/4096. The exact calculation is reproduced in derivative_rank.py.
The multiplicative tangent component matters: retaining only ∂X makes the rank of this same minor
six.

Determinants with derivative columns

For an integer d ≥ 1, define

Θd(L) = min
κ1,...,κL∈Zd

≥0
all distinct

L∑
λ=1

|κλ|, |κ| =
d∑

j=1
κj .

The number of monomials of total degree at most t, for an integer t ≥ 0, is
(t+d

d

)
: introducing a slack

coordinate identifies them with (d+ 1)-tuples of nonnegative integers summing to t. Thus Θd(L) is
obtained by taking all the lowest-degree monomials until L have been chosen.

Lemma (vanishing order with derivatives). Let f1, . . . , fL be entire functions of d variables, let
ζµ ∈ Cd, and let Dµ be a homogeneous constant-coefficient differential operator of order σµ. Then

Ψ(z) = det
[
(Dµfλ)(zζµ)

]L
λ,µ=1

is entire and

ord0 Ψ ≥ max

0,Θd(L) −
L∑

µ=1
σµ

 . (8.165)

Moreover,
Θd(L) ≥ d

d+ 1(d!)1/dL1+1/d − dL. (8.166)

Proof. Expand each fλ into monomials. In the determinant expansion, any selection with two
equal monomial multi-indices has two proportional rows and contributes zero. A surviving selection
therefore uses L distinct multi-indices. Applying Dµ lowers the degree in column µ by exactly σµ,
unless that entry is zero. Its contribution has z-degree ∑λ |κλ| −

∑
µ σµ, at least the proposed bound.

For entire functions this reasoning applies to each Taylor coefficient: only finitely many monomial
selections can contribute to a fixed total degree after the fixed differentiations. Uniform convergence
on compact sets also shows that Ψ is entire.

For the quantitative bound, the number of chosen degrees at most a real t ≥ 0 is at most(
⌊t⌋ + d

d

)
≤ (t+ d)d

d! .
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The sum of the chosen degrees equals the integral, over t ≥ 0, of the number of them exceeding t.
Put T = (d!L)1/d. If T ≥ d, integration over 0 ≤ t ≤ T − d gives

Θd(L) ≥
∫ T −d

0

(
L− (t+ d)d

d!

)
dt

= d

d+ 1TL− dL+ dd+1

(d+ 1)d! ,

which implies (8.166). If T < d, its right side is negative and Θd(L) ≥ 0 suffices. □

If the order in (8.165) is at least ν, Schwarz’s lemma on a disk of radius ρ > 1 yields

|Ψ(1)| ≤ ρ−ν max
|z|=ρ

|Ψ(z)|.

This follows by applying the maximum principle to Ψ(z)/zν . If every entry of row λ on that circle
has modulus at most Mλ, Hadamard’s inequality gives

|Ψ(1)| ≤ ρ−νLL/2
L∏

λ=1
Mλ. (8.167)

Equations (8.165)–(8.167) give the full analytic vanishing argument, including derivative columns,
used in [Waldschmidt 2000]. A nonzero algebraic determinant also needs an arithmetic lower bound
and a rank argument; analytic vanishing alone cannot supply either.

Polynomial transverse directions and small perturbations

The radius estimate needs an additional analytic feature. The exponential factor depends on one
linear coordinate, whereas polynomial factors have bounded degree in the transverse coordinates.
Counting monomials in these directions gives a stronger bound than counting all monomials in the
ambient space.

Let n ≥ 1, T ≥ 0, and put

N =
(
T + n− 1
n− 1

)
.

There are exactly N multi-indices b ∈ Zn−1
≥0 with |b| ≤ T : append the slack coordinate T − |b| and

use the stars-and-bars count. For k distinct pairs (a, b) ∈ Z≥0 ×Zn−1
≥0 with |b| ≤ T , write k = Nq+u,

0 ≤ u < N . Then

∑
(a+ |b|) ≥

∑
a ≥ N

q(q − 1)
2 + uq = k(k −N)

2N + u(N − u)
2N ≥ k2

2N − k

2 . (8.168)

Indeed, for each fixed b, the distinct a’s cost at least 0 + 1 + · · · + (cb − 1), where cb is their number.
If cb ≥ cb′ + 2, moving its largest index to the next available index in the b′-group strictly reduces
this cost. Thus the minimum has u groups of size q + 1 and N − u of size q, proving the display.
This is a universal count; no asymptotic estimate is involved.

Lemma (vanishing with bounded transverse degree). Let

fλ(x) = Pλ(x)φλ(θ · x), x ∈ Cn,

where degPλ ≤ T , the φλ are entire in one variable, and θ ∈ Cn is fixed. Let Dµ be constant-
coefficient differential operators of order at most S, and let ξµ ∈ Cn. In an L× L matrix use the
entries

(Dµfλ)(zξµ)
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in k of its rows, and arbitrary constant entries in the remaining rows. Its determinant has vanishing
order at least

max
{

0, k
2

2N − k

2 − LS

}
. (8.169)

The same assertion holds after multiplying an evaluation matrix with any number of columns by a
constant matrix to obtain L columns.

Proof. When θ ̸= 0, make an invertible linear coordinate change with first coordinate θ · x. The
polynomial degrees and differential orders are unchanged. When θ = 0, use any first coordinate; the
entire factors are constant. The Taylor monomials in each analytic row have exponents (a, b) with
|b| ≤ T , because only the first coordinate can acquire arbitrary powers from φλ.

Expand the determinant multilinearly in these Taylor monomials. If two selected analytic rows
use the same monomial, their evaluation and derivative rows are identical, so that term vanishes.
Every surviving term therefore uses k distinct pairs. Their initial total degree is at least (8.168).
Differentiation lowers a term’s degree by at most S in each column, and hence by at most LS in
the determinant. Substitution x = zξµ then gives (8.169). The argument can be read coefficient by
coefficient in convergent Taylor series, so it also covers infinite expansions. Finally, Cauchy–Binet
expresses a determinant after constant column combinations as a finite sum of minors with precisely
the same vanishing-order bound. □

Lemma (a determinant with a small perturbation). Suppose L ≥ 3N , E > 1, and

V = L

2N logE.

Let A(z) be one of the square analytic evaluation matrices in the preceding lemma, possibly after
constant column combinations, and let B be a constant L×L matrix. Suppose every entry of row λ
of A(z), on |z| = E, and of B has modulus at most eMλ . If |ε| ≤ e−V , then

log | det(A(1) + εB)| ≤ −1
2LV + LS logE + L log(2L) +

L∑
λ=1

Mλ. (8.170)

The inequality is understood trivially when the determinant is zero.

Proof. For I ⊆ {1, . . . , L}, let DI(z) be the determinant using rows of A(z) in I and rows of B
elsewhere. Write k = |I|. The Leibniz formula on |z| = E gives

|DI(z)| ≤ L! exp
(∑

λ

Mλ

)
.

The vanishing order is an integer, so divide by zν , where ν = ⌈max{0, k2/(2N) − k/2 − LS}⌉, and
apply the maximum modulus principle. Even if the lower bound in (8.169) before taking its maximum
with zero is negative, the following weaker bound remains valid:

log |DI(1)| ≤ − logE
2N k2 + logE

2 k + LS logE + log(L!) +
∑

λ

Mλ. (8.171)

Multilinearity gives
det(A(1) + εB) =

∑
I

εL−|I|DI(1).

There are 2L terms. Set χ = (logE)/(2N) and c = V + (logE)/2. Their absolute sum is bounded
by the common exponential factor with additional exponent

−LV + L log 2 + max
0≤k≤L

(−χk2 + ck).
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Since L ≥ 3N , we have c ≤ 4V/3. Completing the square gives

max
k∈R

(−χk2 + ck) ≤ (4V/3)2

4χ = 4
9LV <

1
2LV.

Combine this with (8.171) and log(L!) ≤ L logL. This proves (8.170). □

In Waldschmidt’s application, L =
(T +d

d

)
(2T1 + 1), N =

(T +d−1
d−1

)
, d ≥ 1 and T1 ≥ 1. Thus

L/N = ((T + d)/d)(2T1 + 1) ≥ 3, and

V = (T + d)(2T1 + 1)
2d logE.

Consequently (8.170) supplies the analytic inequality of [Waldschmidt 2000], including derivative
columns, the polynomial change of basis and the perturbation term. The counting bound (8.168) is
slightly stronger than the one needed there. The preceding minimal-subspace proposition supplies a
nonzero minor. We next put its arithmetic and analytic estimates on the same scale.

Heights and growth of the selected determinant

Let K ⊆ C be a number field of degree D, containing the αj and β0, . . . , βm−1. Choose logarithms
λj of αj , and write

Λ = β0 +
∑
j<m

βjλj − λm.

Use the hypotheses and matrix of the minimal-subspace proposition. Take positive integers
S1, . . . , Sm, H, with |sj | ≤ Sj < T0/4 for s ∈ A, and positive real U such that∣∣∣∣∣∣

∑
j

(sj − s′
j)λj

∣∣∣∣∣∣ ≤ 2U
E(T1 + 1) (s, s′ ∈ A), E ≥ e. (8.172)

Choose the monomial basis pτ (X) = Xτ , |τ | ≤ T0, and the polynomial basis qσ(z) = ∆(z, σ,H) from
§4. The simpler condition

∣∣∣∑j sjλj

∣∣∣ ≤ U/(E(T1 + 1)) for every s ∈ A implies (8.172). The diameter
formulation is useful because the rank construction uses differences of points of A. Put

M0 = (m+ 1)S0, S∗ = 2(m+ 1)
∑

j

Sj , bi = logBi (i = 1, 2).

Assume

B1 ≥ T0S
∗3H , b1 ≥ h(1 : β0 : · · · : βm−1),

B2 ≥ e2(1 + T1/H), aj ≥ h(αj).
(8.173)

Let ∆ ̸= 0 be an Ld-row square minor provided by the rank proposition. Its selected columns will be
denoted (σµ, sµ).

Lemma (arithmetic lower bound). With L = Ld, we have

log |∆| ≥ −LUar, (8.174)

where

Uar = (2D − 1)T0b1 + (D − 1)(M0b2 +H + logL) + 2(m+ 1)D(T1 + 1)
∑

j

Sjaj . (8.175)

Proof. Every selected sµ belongs to (A−A)[m+ 1], so |sµj | ≤ 2(m+ 1)Sj . Apart from the factor
αtsµ , each entry is a polynomial in the βi of total degree at most T0. Its coefficient length, the sum
of the absolute values of its rational coefficients, is at most

T0! (S∗)T0eM0+H(1 + T1/H)M0 .
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Indeed, for Xτ formula (8.160) has coefficients
(τ0

κ

)
q

(κ)
σµ (t); the factors smβ0 and si + smβi have

coefficient length at most S∗. The derivative bound (8.88) applies with C = τ0; increasing its other
exponents to T0,M0 gives the display.

Let ν = lcm(1, . . . ,H). The denominator lemma shows that ντ0 clears all coefficients in row (τ, t).
Indeed every derivative occurring there has order at most τ0, and its normalized rational coefficient
is integral after this multiplication. Since ν < 3H , T0! ≤ T T0

0 , and (8.173) holds, each cleared entry
has coefficient length at most

eHBT0
1 BM0

2 .

Introduce a slack coordinate T0 − |τ |. The d+ 1 coordinates of the resulting tuples summing to T0
are symmetric. Consequently, over all the rows,

∑
τ,t

τ0 = LT0
d+ 1 ,

∑
τ,t

|τ | = dLT0
d+ 1 .

The sums, and hence the first displayed exponent, are integers. It follows that Q∆, where Q =
νLT0/(d+1), is the value of an integer Laurent polynomial P (α, β) of total β-degree at most dLT0/(d+1),
with

log length(P ) ≤ L(H + T0b1 +M0b2 + logL).

Here expansion gives L! products, and log(L!) ≤ L logL.

The range of the Laurent exponents is smaller than the sum of their separate worst bounds over
columns. In each determinant term, each row occurs exactly once. Hence its exponent of αj has
absolute value at most

2(m+ 1)Sj

∑
τ,t

|t| = 2(m+ 1)Sj

(
T0 + d

d

)
T1(T1 + 1) ≤ (m+ 1)(T1 + 1)LSj . (8.176)

The exact sum over positive and negative t is used here.

For completeness, the product-formula bound for this polynomial is as follows. At an archimedean
embedding its modulus is at most its coefficient length times max(1, |β0|, . . . , |βm−1|)dLT0/(d+1) and∏

j max(|αj |, |αj |−1)Nj , where Nj is the right side of (8.176). At a finite place the same bound holds
with coefficient length replaced by one, because the coefficients are integers. For the nonzero value
P (α, β), multiply these inequalities over all places except the chosen embedding and use the product
formula. The sum of the logarithms of the coefficient-length factors is at most (D − 1) log length(P ).
The other factors contribute at most

+DdLT0
d+ 1 h(1 : β0 : · · · : βm−1) + 2D

∑
j

Njh(αj).

The factor two uses h(α−1
j ) = h(αj). For a complex chosen embedding, division by its local multiplicity

only strengthens this conservative bound. These are exactly the projective-height and product-
formula identities proved in the preceding height lessons. Finally subtract logQ ≤ LT0b1/(d+ 1)
from the lower bound for log |Q∆|. The projective height and clearing denominator together cost at
most

Dd+ 1
d+ 1 LT0b1 ≤ DLT0b1.

Their sum with the coefficient-length contribution (D−1)LT0b1 gives (2D−1)LT0b1, proving (8.174).
□

The analytic estimate uses a linear plane which we now describe explicitly. For s ∈ V , the vector

r = s+ smβ = (s1 + smβ1, . . . , sm−1 + smβm−1, 0)
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belongs to V . By the quotient-coordinate isomorphism used in the rank proof, its first m − d
coordinates are fixed linear functions of the last d− 1 nonzero coordinates. It follows that a linear
form θ on kd, whose X0-coefficient is one, satisfies

θ · y(s) = smβ0 +
∑
j<m

(sj + smβj)λj =
∑

j

sjλj + smΛ. (8.177)

The coefficients of θ are complex after the chosen embedding. When β0 = 0, extend the resulting
form from the hyperplane X0 = 0 by assigning this same coefficient one to X0. Thus the construction
covers both cases of (8.158).

Set
fτ,t(x) = xτetθ·x (x ∈ Cd).

Because θ0 = 1, differentiation in X0 yields exactly the operator ∂X0 + t on the polynomial factor.
Consequently the entire matrix

Aτt,µ(z) = qσµ(∂X0)fτ,t(zy(sµ))

means differentiation in x followed by x = zy(sµ), and satisfies

Aτt,µ(1) = Mτt,µ e
tsµmΛ. (8.178)

The factor is positive in the exponent with this definition of Λ; hence the algebraic entry equals the
analytic entry times e−tsµmΛ.

Lemma (analytic upper bound). Put v = logE and

Vd = (T0 + d)(2T1 + 1)
2d v, W0 = 2(m+ 1)T1Sm,

and define
Rd = log(1 +W0) + EW0e

−Vd .

If 0 < |Λ| ≤ e−Vd , then
log |∆| < −1

2LVd + LUan, (8.179)

where
Uan = T0((D + 1)b1 + v) +M0(b2 + v) +H + log(2L) + (m+ 1)U. (8.180)

Proof. For |z| = E, the polynomial derivative part of Aτt,µ(z) is bounded by

C∗ = eH−M0B
(D+1)T0
1 BM0

2 ET0 .

To see this, apply (8.88) again. The projective height assumption gives max(1, |β0|, . . . , |βm−1|) ≤ BD
1 .

The remaining coefficient length is bounded using T0! (S∗)T0 ≤ BT0
1 and e(1 + T1/H) ≤ e−1B2.

Differentiation lowers the polynomial degree, so replacing every power of |z| by ET0 is valid.

For sµ ∈ (A−A)[m+ 1], (8.172) and the triangle inequality give∣∣∣∣∣∣
∑

j

sµjλj

∣∣∣∣∣∣ ≤ 2(m+ 1)U
E(T1 + 1) .

Write Wt = 2(m+ 1)|t|Sm. Equations (8.177)–(8.178) therefore imply

|Aτt,µ(z)| ≤ C∗ exp
{2(m+ 1)U |t|

T1 + 1 + EWte
−Vd

}
.

For the perturbation, set
Bτt,µ = Mτt,µ − Aτt,µ(1)

Λ .
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The integral identity ew − 1 = w
∫ 1

0 e
uw du shows that

|Bτt,µ| ≤ Wte
Wte−Vd |Mτt,µ|.

The same coefficient estimate at z = 1, now using αtsµ = exp(t∑j sµjλj), bounds the last factor by
C∗ exp{2(m+ 1)U |t|/(T1 + 1)}. Both matrices consequently have their row-(τ, t) entries bounded by
eMτ,t , where

Mτ,t = logC∗ + 2(m+ 1)U |t|
T1 + 1 + log(1 +Wt) + EWte

−Vd .

This also covers t = 0, when the perturbation entry is zero.

Use the perturbation lemma (8.170), with N =
(T0+d−1

d−1
)
, derivative order M0, and perturbation

parameter Λ. All analytic rows have polynomial degree at most T0 in d variables and an exponential
depending on the one form θ. Moreover L/(2N)v = Vd, and L ≥ 3N . In the average of the row
bounds, the exact sum

1
L

∑
τ,t

|t| = T1(T1 + 1)
2T1 + 1 <

T1 + 1
2

makes their exponential-growth contribution strictly smaller than (m+1)U . The remaining perturba-
tion contribution is at most Rd. We verify Rd ≤ M0, so that it is absorbed by the factor e−M0 retained
in C∗. First T0 ≤ S0, by S0 + 1 ≥ 2T0, and hence W0 ≤ M0T1/2. Also #A ≤

∏
j(2Sj + 1) < Tm

0 .
The cardinality hypothesis of the rank proposition consequently implies 2(m+ 1)T1 < S0 + 1, and in
particular T1 < M0. Thus W0 ≤ M2

0 /2. Since Vd ≥ (T1 + 1/2) logE and logE ≥ 1, we get

EW0e
−Vd ≤ M0

2 T1e
1/2−T1 <

M0
3 .

Here T1e
−T1 ≤ e−1 for T1 ≥ 1, and

√
e > 3/2, as follows already from e > 1 + 1 + 1/2. For x ≥ 2,

log(1 + x2/2) ≤ 2x/3 :

at x = 2, the inequality follows from e4/3 > 1 + 4/3 + (4/3)2/2 > 3; its difference has derivative

2
3 − x

1 + x2/2 = (x− 1)(x− 2)
3(1 + x2/2) ≥ 0.

Since M0 ≥ 2, this gives log(1 +W0) ≤ 2M0/3. We have proved the required absorption. Formula
(8.170) now gives (8.179)–(8.180). □

Thus the nonzero algebraic minor and its analytic comparison are fully explicit. Any parameter
choice satisfying

Uar + Uan ≤ Vd/2 (8.181)

forces |Λ| > e−Vd . Indeed, otherwise (8.174) and (8.179) contradict one another. The separate
small-relation case has the following direct estimate.

Lemma (a small rational coefficient line). Suppose β0 = 0, Λ ̸= 0, and a nonzero integer vector
r satisfies

r = c(β1, . . . , βm−1,−1), |rj | ≤ 4Sj .

Then
log |Λ| ≥ −4D

∑
j

Sjaj −D log 2 − 1 − log(4Sm). (8.182)

Proof. Its last coordinate shows that c = −rm is a nonzero integer, and |c| ≤ 4Sm. Put z = cΛ =∑
j rjλj and ζ = ∏

j α
rj

j = ez. The height identities give

h(ζ) ≤
∑

j

|rj |h(αj) ≤ 4
∑

j

Sjaj .
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If ζ ≠ 1, the Liouville bound for the nonzero algebraic number ζ − 1, with h(ζ − 1) ≤ h(ζ) + log 2,
gives

|ζ − 1| ≥ exp

−4D
∑

j

Sjaj −D log 2

 .
When |z| ≤ 1, the exponential integral identity gives |ez − 1| ≤ e|z|, which proves (8.182) after
division by |c|. When |z| > 1, the stronger bound |Λ| > 1/|c| suffices. Finally, if ζ = 1, then z ∈ 2πiZ.
It is nonzero, since cΛ ̸= 0, so |Λ| ≥ 2π/|c|, which again implies (8.182). □

In particular this handles the alternative excluded by (8.158): a vector in (A − A)[2] ∩ kβ has
precisely these coordinate bounds.

Proposition (a finite parameter estimate). Let αj , β0, . . . , βm−1 ∈ K, with αj ̸= 0, and suppose
the multiplicative group generated by the αj has free rank at least m− 1. Let the chosen logarithmic
form Λ above be nonzero. Take positive integers T0, T1, S0, S1, . . . , Sm, H and real E,B1, B2 ≥ e,
U > 0. Suppose a finite nonempty A ⊆ Zm satisfies

|sj | ≤ Sj < T0/4 (s ∈ A), S0 + 1 ≥ 2T0,

(S0 + 1)#A > 2(m+ 1)Tm
0 T1,

and (8.172) holds. Assume (8.173), with aj ≥ max{h(αj), 1/D}, and assume also BD
1 , B

D
2 ≥ E. Put

Lm =
(
T0 +m

m

)
(2T1 + 1), V0 = (T0 + 1)(2T1 + 1)

2m logE.

If

V0
2 ≥ 4DT0 logB1 + 2(m+ 1)DS0 logB2 +DH +D log(2Lm)

+ (m+ 1)U + 2(m+ 1)D(T1 + 1)
∑

j

Sjaj ,
(8.183)

then
|Λ| > e−mV0 . (8.184)

Proof. If β0 = 0 and (A−A)[2] ∩ kβ ̸= {0}, use (8.182). The number Q whose negative occurs on
its right side is strictly less than the right side of (8.183):

D log 2 < DH, 1 + log(4Sm) < 2DT0 logB1,

and 4D∑j Sjaj is at most half the last term of that right side. Here T0 > 4Sm, H ≥ 1, logB1 ≥ 1,
and m,T1 ≥ 1. Thus Q < V0/2, and log |Λ| ≥ −Q > −mV0.

In the other case, select the minimal space V in the rank proposition and its nonzero minor. We
have Ld ≤ Lm and

V0 ≤ Vd ≤ mV0.

Since logE ≤ D logBi, summing (8.175) and (8.180) gives a number at most the right side of (8.183).
The coefficient terms cost at most 4DT0 logB1 + 2DM0 logB2; the remaining height, logarithm and
growth terms are exactly the remaining terms displayed there. Consequently Uar + Uan ≤ Vd/2.
Equation (8.181) implies |Λ| > e−Vd ≥ e−mV0 , as required. □

This establishes the general-coefficient finite parameter argument of [Waldschmidt 2000], for the
radius choice used here. It includes the small-relation alternative, the maximal-rank construction,
the clearing denominator and the exponential perturbation.
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Keeping the degree of every transverse group

The preceding analytic bound treats every transverse monomial as if it could occur in every row. The
actual rows have total polynomial degree at most T0. Keeping this restriction gives a useful stronger
estimate. We prove it for the same matrix, so its arithmetic lower bound and rank construction
remain available.

Write q = T0, k = 2T1 + 1, and L =
(q+d

d

)
k. Since θ0 = 1, use coordinates

Z = θ · x, Y = (x1, . . . , xd−1).

This is an invertible linear change and ∂x0 = ∂Z . For ρ ∈ Zd−1
≥0 , |ρ| ≤ q, put

cρ = k(q − |ρ| + 1).

In these coordinates the row functions are a constant invertible combination of

Y ρZaetZ , 0 ≤ a ≤ q − |ρ|, −T1 ≤ t ≤ T1.

There are cρ functions in the ρ-group. When d = 1, there is just the empty multi-index ρ.

Make a list of L integers, counting multiplicities, by taking

|ρ|, |ρ| + 1, . . . , |ρ| + cρ − 1 for every ρ. (8.185)

Let w1 ≤ · · · ≤ wL be this list in increasing order, and set Wℓ = ∑ℓ
i=1wi, with W0 = 0.

Lemma (degree capacities in a derivative determinant). Let A(z) be the analytic matrix
above, and let B be any constant square matrix. Suppose the differential polynomial in each column
has degree at most M0. A determinant formed with ℓ columns of A(z) and the remaining columns
of B has order at least

max{0,Wℓ − ℓM0}. (8.186)

If row i of both matrices is bounded in modulus by eMi on the circle |z| = E > 1, and |ε| ≤ E−z∗ ,
z∗ > 0, then

log | det(A(1) + εB)| ≤ −
(

L∑
i=1

min(wi, z∗) − LM0

)
logE

+ L log(2L) +
∑

i

Mi.

(8.187)

As usual the logarithmic inequality is automatic for a zero determinant.

Proof. Consider the Taylor coefficient vectors Cρ,n of the full row family at Y ρZn. For a fixed ρ,
these vectors lie in a vector space of dimension at most cρ. Indeed, in the displayed row basis they
are supported on its cρ rows. Changing back to the original row basis preserves this dimension. The
vectors are independent of the chosen column.

Applying the differential polynomial in a column replaces its scalar monomial factor by a sum of
terms

(constant) z|ρ|+n−κ, 0 ≤ κ ≤ min(n,M0).

It still multiplies the same vector Cρ,n. Expand the determinant multilinearly in its analytic columns.
A surviving term uses distinct n’s in each ρ-group, since repeated vectors give a zero determinant.
It uses at most cρ vectors from that group, by the dimension bound. If their number is rρ, their
initial degrees cost at least

rρ|ρ| + 0 + 1 + · · · + (rρ − 1).

Here 0 ≤ rρ ≤ cρ and ∑ρ rρ = ℓ. The smallest possible sum of these costs is Wℓ: the successive costs
in each group are exactly the list (8.185), and choosing its globally smallest ℓ entries automatically
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chooses an initial segment within each group. Differentiation removes at most ℓM0, proving (8.186).
For any fixed Taylor degree this expansion has only finitely many relevant n’s, since all derivative
orders are bounded by M0; the argument therefore also proves the assertion for entire functions.

The Leibniz formula bounds each mixed determinant on |z| = E by L! exp(∑i Mi). Schwarz’s lemma
bounds its value at 1 by the same expression times E−Wℓ+ℓM0 ; this weaker inequality is still true
if its exponent gives a bound larger than one. The perturbation factor contributes E−(L−ℓ)z∗ . For
every 0 ≤ ℓ ≤ L,

Wℓ + (L− ℓ)z∗ ≥
L∑

i=1
min(wi, z∗).

Also ℓM0 ≤ LM0. There are 2L column selections. Summing their bounds and using L! ≤ LL proves
(8.187). □

For the particular threshold
z∗ = k(q + 1)

2 ,

the list satisfies the uniform strict estimate

1
L

L∑
i=1

min(wi, z∗) > kq

d+ 2 (q ≥ 1, k ≥ 3). (8.188)

We include the calculation to make its dependence on the dimension explicit. Ignoring the nonnegative
|ρ| only lowers the left side. For x ≥ 0,

min(x, z∗) ≥ x− x2

4z∗
;

when x ≤ z∗ this is immediate, and otherwise it is (x−2z∗)2 ≥ 0. Put rρ = q−|ρ|+1 and N =
(q+d

d

)
.

Counting the two slack coordinates, or taking coefficients in their generating functions, gives

∑
ρ

rρ = N,

∑
ρ r

2
ρ

N
= 1 + 2q

d+ 1 ,
∑

ρ r
3
ρ

N
= 1 + 6q(q + d+ 1)

(d+ 1)(d+ 2) .

For example, the generating functions for r, r2, r3, starting at r = 1, are respectively (1 − x)−2,
(1 + x)(1 − x)−3, and (1 + 4x+ x2)(1 − x)−4. Multiply by (1 − x)−(d−1) and take the coefficient of
xq. This proves the three identities also for d = 1.

Since cρ = krρ and L = kN , the sum of the unshifted indices j = 0, . . . , cρ − 1, divided by L, is

kq

d+ 1 + k − 1
2 .

Their sum of squares is strictly smaller than ∑ρ c
3
ρ/3. Consequently the trimmed mean is strictly

larger than
kq

d+ 1 + k − 1
2 − k

6(q + 1) − kq(q + d+ 1)
(q + 1)(d+ 1)(d+ 2) .

After subtracting kq/(d+ 2), the remaining expression is

k − 1
2 − k

6(q + 1) − kqd

(q + 1)(d+ 1)(d+ 2) ≥ k

6 − 1
2 ≥ 0.

Here d/((d+ 1)(d+ 2)) ≤ 1/6, because (d− 1)(d− 2) ≥ 0 for integral d ≥ 1. This proves the strict
inequality (8.188).
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Figure 8.4. For d = 2, T0 = 3, 2T1 + 1 = 5, the four transverse groups have 20, 15, 10, 5 rows. Their lists
(8.185) contain fifty degrees with total 400. Capping each at z∗ = 5(3 + 1)/2 = 10 gives exactly 339, so the
capped mean is 339/50 > 15/4, as (8.188) requires. The shaded step diagram represents this exact discrete
sum; it is not an integral approximation. The degree count is independently supplied above as a refinement of
the derivative-determinant mechanism in [Waldschmidt 2000]. Source: figures/degree_capacities.py; exact
arithmetic: verification/degree_capacity_parameters.py.

Corollary (a stronger finite parameter criterion). In the finite parameter proposition, replace
(8.183) by

T0(2T1 + 1)
m+ 2 logE ≥ 4DT0b1 + 2(m+ 1)DS0b2 +DH +D log(2Lm)

+ (m+ 1)U + 2(m+ 1)D(T1 + 1)
∑

j

Sjaj .
(8.189)

Then the same conclusion (8.184) holds.

Proof. Write Z = mV0 = (T0 + 1)(2T1 + 1) logE/2. In the small rational-line case, (8.182) is
strictly stronger: its cost is smaller than the right side of (8.189), and T0(2T1 + 1) logE/(m+ 2) < Z.
Otherwise use the same nonzero minor. Assuming 0 < |Λ| ≤ e−Z gives the same row bounds as in
the analytic proof, since Z ≥ Vd. The proof of Rd ≤ M0 is unchanged. Apply (8.187)–(8.188), with
ε = Λ. After the same absorption and the derivative loss M0 logE, they give

log |∆| < −LT0(2T1 + 1)
d+ 2 logE + LUan.

Because d ≤ m, condition (8.189) and the arithmetic lower bound contradict this inequality. Hence
|Λ| > e−Z . □

Selecting points by their logarithmic diameter

The hypotheses of Theorem 8.10 bound each logarithm separately. The following finite-set construc-
tion converts these hypotheses into (8.172) without replacing them by a stronger sum assumption.

Lemma (a concentrated part of a symmetric box). Suppose

E|λj | ≤ Daj , xj = U

D(T1 + 1)aj
≥ 1, Sj = ⌊xj⌋.

There is a nonempty subset A ⊆
∏

j{−Sj , . . . , Sj} satisfying (8.172), with

#A ≥ 1
30m

∏
j

(2Sj + 1) > 1
30m

(3
2

)m Um

Dm(T1 + 1)m
∏

j aj
. (8.190)
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Proof. Choose the coordinates sj independently and uniformly in their symmetric integer intervals.
Their means are zero. For X = ∑

j sjλj , independence gives

E|X|2 =
∑

j

E(s2
j )|λj |2 ≤ mU2

E2(T1 + 1)2 .

This argument uses complex conjugates in |X|2, so it applies to complex logarithms with arbitrary
arguments. Markov’s inequality, proved by summing the nonnegative values of |X|2, shows that at
least half the box lies in

|X| ≤
√

2mU

E(T1 + 1) .

In units U/(E(T1 + 1)), this disk is inside a square of side 2
√

2m. Divide each side into Q =
⌈2

√
2m⌉ < 4

√
m equal intervals. Assign boundary points consistently to one of the Q2 cells. Each

cell has side at most one and diameter at most
√

2 < 2. Since Q ≤ 2
√

2m + 1, we also have
Q2 ≤ (9 + 4

√
2)m < 15m. One cell contains at least the fraction 1/(2Q2) > 1/(30m) of the full box.

Its points form the desired A. There is no translation of their integer coordinates.

Finally 2⌊x⌋ + 1 > 3x/2 for every x ≥ 1. Indeed, for r = ⌊x⌋ ≥ 1, x < r+ 1 and 2r + 1 ≥ 3(r + 1)/2.
Multiplying these strict inequalities proves (8.190). □

Parameters for the general algebraic coefficients

We can now prove (8.154) with its individual logarithmic cutoffs. The degree-capacity estimate
supplies enough room for the finite-set selection. We keep the coefficient and radius parameters
separate.

Write m = n, v = logE, LB = logB∗, LE = logE∗, and aj = logAj . Define

rj = Daj

v
, P =

∏
j

rj , y = D

v
.

The hypotheses give

rj ≥ 1, rj ≤ B∗, LB ≥ LE ≥ 1, LE ≥ 1/y, y ≤ eLE . (8.191)

In this subsection the symbol LB is a coefficient logarithm; it is unrelated to the number of
determinant rows.

Choose the following constants:

N C0
m = 1 48 4 · 492/3
m ≥ 2 4(m+ 1)3 60m(m+ 1)(N + 1)m+1/3m.

(8.192)

Put
b1 = 37m3/2LB, b2 = 10

√
mLE ,

U = C0D
m+2b1b2

∏
j

aj v
−m−1, X = U

Db1
= C0b2yP,

T0 = ⌊X/2⌋, T1 = ⌊Nyb1⌋,

S0 =
⌊
U

Db2

⌋
, H =

⌊
b1
6m

⌋
,

Sj =
⌊

U

D(T1 + 1)aj

⌋
, Bi = ebi (i = 1, 2).

(8.193)

Here B1, B2 are auxiliary parameters, not the original B∗.
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We verify every finite-parameter hypothesis. First C0 ≥ 100(m+ 1), b1 ≥ b2, and

X ≥ 10
√
mC0 ≥ 1000(m+ 1), yb1 ≥ 37m3/2,

b1
7m ≤ H ≤ b1

6m. (8.194)

The last lower bound follows because b1/(6m) > 6; for every real x ≥ 6, ⌊x⌋ ≥ 6x/7. The other
bounds use yLE ≥ 1, P ≥ 1, and LB ≥ LE . All integer parameters are positive. Moreover

T1 + 1 ≤ (N + 1)yb1,
U

D(T1 + 1)aj
≥ C0b2y

N + 1
∏
i̸=j

ri ≥ 1.

Since T1 + 1 > Nyb1, the same quotient is smaller than X/(Nrj) ≤ X/N . Thus Sj < T0/4: indeed
T0 > X/3 by (8.194), and N > 12. Also S0 + 1 > U/(Db2) ≥ X ≥ 2T0. The height cutoffs and
BD

i ≥ E follow from the theorem’s hypotheses and bi ≥ LE ≥ v/D.

For m ≥ 2, take A from (8.190). For m = 1, take the whole symmetric interval:

A = {−S1, . . . , S1}.

It already satisfies (8.172), since E|λ1| ≤ Da1. In this case its size exceeds 3U/(2D(T1 + 1)a1). For
either choice, the cardinality condition is equivalent to a strict inequality supplied by (8.192). Here
are the factors explicitly. For m ≥ 2, (8.190) and S0 + 1 > U/(Db2) give

(S0 + 1)#A
2(m+ 1)Tm

0 T1
>

U 3mbm
1

60m(m+ 1)Db2(T1 + 1)mT1
∏

j aj
.

Use T1 < (N + 1)yb1 and T1 + 1 ≤ (N + 1)yb1; substitution of U makes the resulting bound one.
For m = 1 the same computation omits the factor 30m, and uses C0 = 2(m + 1)(N + 1)m+1/3m.
This proves the strict rank inequality in both cases.

Next we check the two polynomial-growth requirements (8.173). For the projective height we will use

h(1 : β′
0 : · · · : β′

m−1) ≤ (m+ 1)LB < b1, (8.195)

where the normalized coefficients β′
j are defined below. For the size requirement, the previous bounds

on Sj show

T0S
∗ ≤ m(m+ 1)

N
X2.

Since log y ≤ LE ≤ LB, log rj ≤ LB, and logLE ≤ LE − 1, we get

log(T0S
∗) ≤ 2 logC0 + log 100m3(m+ 1)

N
− 2 + 2(m+ 2)LB.

Consequently T0S
∗3H ≤ eb1 follows from

37m3/2
(

1 − log 3
6m

)
> 2 logC0 + log 100m3(m+ 1)

N
− 2 + 2(m+ 2). (8.196)

This is a uniform inequality. For m = 1, its left side exceeds 30, whereas the right side is smaller
than 22. For m ≥ 2, the elementary bounds

log(m+ 1) ≤
√
m, log(N + 1) < 1.4 + 3

√
m, log 60 < 4.1, log 3 > 1.09

give logC0 < 3m3/2 + 5
√
m+ 0.31m+ 5.5. Thus the right side of (8.196) is smaller than 6m3/2 +

11
√
m+ 2.62m+ 16.3; its left side exceeds 37m3/2 − 7

√
m. The difference is positive: use

√
m ≤ m,

16.3 ≤ 8.15m, and 31
√
m > 31 · 1.4 > 28.77. To justify log(m+ 1) ≤

√
m, put x =

√
m ≥ 1. The

ratio ex/(1 +x2) is increasing, since its logarithmic derivative is (x− 1)2/(1 +x2); at x = 1 it exceeds
one. All decimal margins used here are outward rational bounds.
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For the other auxiliary parameter,

T1/H ≤ 7mNy, log{e2(1 + T1/H)} ≤ 2 + log(1 + 7mN) + LE .

For m = 1, 2 + log 337 < 9. For m ≥ 2,

2 + log(1 + 7mN) ≤ 2 + log 29 + logm+ 3 log(m+ 1) < 5.4 + 4
√
m < 10

√
m− 1.

Since LE ≥ 1, these inequalities imply B2 ≥ e2(1 + T1/H). We have verified (8.173).

It remains to check the determinant budget (8.189). Its first, second, fifth and sixth terms together
are at most

{2 + 3(m+ 1) + 2m(m+ 1)}U = (2m2 + 5m+ 5)U.

The other two terms are smaller than U . Here is a bound which also checks their dependence on
large field degree. Since T0 ≥ m and 2(2T1 + 1) ≤ (4N + 2)yb1 ≤ b1X, we have

2Lm ≤ Xmb1X, D log(2Lm) ≤ D{(m+ 1)X + b1}.

We used C0b2 ≥ 4N + 2, which follows at once from (8.192). Dividing by U = Db1X bounds this
term by (m+ 1)/b1 + 1/X ≤ 2/37 + 1/X. Also DH/U ≤ 1/(6mX). Their sum is less than one by
(8.194). The entire right side of (8.189) is therefore smaller than (2m2 + 5m+ 6)U .

On the left, T0 ≥ 49X/100 and 2T1 + 1 ≥ (2N − 1)yb1, so

T0(2T1 + 1)v
m+ 2 ≥ 49(2N − 1)

100(m+ 2)U > (2m2 + 5m+ 6)U.

For m = 1, the coefficient on the left is 4655/300 > 13. For m ≥ 2, clearing denominators reduces
the last inequality to

192m3 + 276m2 − 424m− 857 > 0.

Its value at m = 2 is 935; after putting m = 2 + x, its remaining coefficients are 2984, 1428, 192, all
positive. This proves the required budget without an asymptotic argument.

We can now finish the coefficient normalization. If all coefficients of the logarithms are zero, the
nonzero constant Γ = β0 has log |Γ| ≥ −DLB by Liouville. Otherwise permute the logarithms so
that βm ̸= 0, and put

β′
j = −βj/βm (0 ≤ j < m), Λ = β′

0 +
∑
j<m

β′
jλj − λm.

Then Γ = −βmΛ. The projective-height identities give (8.195), and log |βm| ≥ −DLB. Baker’s
full theorem in the preceding third lesson, including the constant term, gives Γ ̸= 0. Rational
independence of the chosen logarithms also implies that the multiplicative group of the αj has
free rank at least m− 1. Indeed, two independent integer relations modulo torsion would give two
rational multiples of 2πi as logarithmic sums; eliminating them gives a nonzero rational relation
among the λj . Thus every hypothesis of the stronger finite proposition is satisfied.

Its conclusion and the rounding bounds in (8.193) give

log |Γ| > −
{

370m2(2N + 1)(C0 + 2)
4 + 1

}
Dm+2∏

j

aj
LBLE

vm+1 . (8.197)

For the added coefficient cost, use

Dm+2∏
j

aj LBLE v
−m−1 = DyPLBLE ≥ DLB.

For the determinant cost use T0 + 1 ≤ X/2 + 1, 2T1 + 1 ≤ (2N + 1)yb1, and X ≥ C0.
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Finally the constant in braces is strictly smaller than 2m+25m3m+9. For m = 1, 2, 3 this follows
by direct integer arithmetic in (8.192); the ratios are respectively less than 0.429, 0.947, 0.478. For
m ≥ 4, first observe

370m2(2N + 1)(C0 + 2)
4 + 1 < 186m2(N + 1)C0.

The difference already exceeds one for m ≥ 2, since C0 > 106. Use N + 1 < (81/20)(m+ 1)3, and
divide by the target constant. The result is at most

11160(81/20)2

225 m(1 + 1/m)3m+7(27/40)m < 0.00546 · 21(5/4)7m(27/40)m < 0.46.

Here (1 + 1/m)3m < e3 < 21. The sequence m(27/40)m decreases for m ≥ 4, because its successive
ratio is at most 27/32 < 1; its first value is 4(27/40)4. This proves the comparison for every dimension.
Equation (8.197) establishes (8.154) in the full algebraic-coefficient, rationally independent case.
The proof uses the same rank, height and derivative construction as [Waldschmidt 2000]; the
degree-capacity count and symmetric-box selection above give the explicit parameter transfer used
here.

Integer coefficients and binomial polynomials

The homogeneous bound has a smaller coefficient parameter than a general projective height. We
retain it by choosing a polynomial basis which takes integer values at the interpolation points.

For z ∈ C, set (
z

r

)
= z(z − 1) · · · (z − r + 1)

r! ,

(
z

0

)
= 1.

For every integer z, these values are integers. For z ≥ 0 this follows by counting subsets (with zero
if r > z); for z < 0, the identity

(z
r

)
= (−1)r

(r−z−1
r

)
proves it.

We also need their growth. If Zi ≥ 0, |zi| ≤ Zi, ri ≥ 0, and r = ∑
i ri ≤ T , T ≥ 1, then

∏
i

∣∣∣∣∣
(
zi

ri

)∣∣∣∣∣ ≤
{
e

(
1 +

∑
i Zi

T

)}T

. (8.198)

For ri > 0, each numerator factor has modulus at most Zi + ri. Also ri! ≥ (ri/e)ri , by integrating
log x over 1 ≤ x ≤ ri. Thus the product is at most∏

ri>0
{e(1 + Zi/ri)}ri ≤ {e(1 +

∑
i

Zi/r)}r.

The last inequality is the weighted arithmetic–geometric mean, applied with weights ri/r. The
function r log{e(1 + Z/r)} is increasing for r > 0: its derivative is 1 + log(1 + Z/r) − Z/(r + Z) > 0.
Increase r to T to obtain (8.198); the case r = 0 is immediate.

Let bj ∈ Z, bm ̸= 0, and normalize

β0 = 0, βj = −bj/bm (j < m), Λ = − 1
bm

∑
j

bjλj .

In the minimal subspace of dimension d, replace the monomials by

pτ (X) = Xτ0
0
τ0!

m−1∏
i=m−d+1

(
bmXi

τi

)
, |τ | ≤ T0. (8.199)

These form a basis of all polynomials of degree at most T0: their leading monomials have nonzero
coefficients, and ordering by total degree makes the change-of-basis matrix triangular. The rank
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proposition therefore supplies a nonzero minor for this basis too. Its number of rows and its
logarithmic Laurent support are unchanged.

For s ∈ (A−A)[m+ 1], define the integers

zi(s) = bmsi − bism, Zi = 2(m+ 1)(|bm|Si + |bi|Sm).

The first coordinate y0(s) is zero. Evaluation after differentiation gives the algebraic entry

Mτt,σs = αts q
(τ0)
σ (t)
τ0!

m−1∏
i=m−d+1

(
zi(s)
τi

)
. (8.200)

To check the factor, differentiate Xτ0
0 e

tX0/τ0! at zero. In qσ(∂X0), the resulting coefficient is exactly
q

(τ0)
σ (t)/τ0!. All binomial factors in (8.200) are integers. The normalized denominator lemma

therefore clears its row by ντ0 , ν = lcm(1, . . . , H).

For example, let bm = 3, bi = 2, si = 2, sm = −1. Then bmsi − bism = 8, so the transverse factor
with τi = 3 is

(8
3
)

= 56. Take τ0 = 2, t = 0, and q(z) = z(z + 1)(z + 2)/6. Its normalized derivative
q′′(0)/2! is 1/2, so this scalar entry is 28. Applying (∂3 + 3∂2 + 2∂)/6 directly to X2

0/2! at zero
gives the same 1/2. This illustrates why differentiation occurs before evaluation at the zero first
coordinate.

In place of the projective height and size conditions for B1, it suffices that

B1 ≥ 3H , B1 ≥ e+ 2em(m+ 1)
T0

max
j<m

(|bm|Sj + |bj |Sm). (8.201)

Use zero for the maximum when m = 1. Indeed, ∑i Zi ≤ 2m(m + 1) maxj<m(|bm|Sj + |bj |Sm).
Equations (8.198) and (8.201) bound the binomial product by BT0

1 , and by (EB1)T0 at radial argu-
ments z y(s) with |z| = E. There is no projective-height factor: the integer coefficient combinations
are evaluated before applying the product formula.

Here are the resulting determinant bounds explicitly. The polynomial derivative estimate bounds
q

(τ0)
σ (t)/τ0! by eH−M0BM0

2 . After denominator clearing, every algebraic scalar entry has modulus at
most

eH−M0B2T0
1 BM0

2 .

Expanding the determinant gives an integer Laurent polynomial in the αj . Its coefficient length is
at most L! times the L-th power of this bound. The product formula costs at most D − 1 times its
logarithmic coefficient length. Subtracting the clearing denominator costs at most

LT0
d+ 1 log ν ≤ LT0

d+ 1b1.

Thus its coefficient contribution is at most (2D − 2 + 1/(d + 1))LT0b1, which is no larger than
(2D − 1)LT0b1. The height contribution of the αj is exactly bounded as in (8.176). Dropping the
favorable −M0 proves the same arithmetic lower bound (8.174)–(8.175).

On the analytic circle the scalar part is bounded by

eH−M0BT0
1 BM0

2 ET0 .

The exponential factor, perturbation identity and Rd ≤ M0 are the same as before. The degree-
capacity argument applies to any basis of the polynomial space, including (8.199). It gives the
same stronger analytic estimate, with the smaller coefficient cost T0(b1 + v). In particular the more
conservative Uan in (8.180) still bounds it. Consequently the stronger finite criterion (8.189) and the
small-rational-line alternative remain valid under (8.201); no coefficient-height assumption is needed.
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To prove (8.155), set
LB = 2 logB′, LE = logE∗,

and use all constants and integer parameters (8.192)–(8.194). These now satisfy LB ≥ LE ≥ 1,
but no assumption rj ≤ eLB is imposed or used. The positive cutoffs, coordinate bounds, rank
cardinality, B2 growth, determinant budget and final constant comparison in the preceding proof use
only rj ≥ 1 and P ≥ 1; they therefore still apply. Only the B1 check is replaced. Its first condition
follows from H ≤ b1/(6m). For the second, the definition of B′ gives

max
j<m

(|bm|Sj + |bj |Sm) ≤ UB′

D(T1 + 1) .

Since T0 ≥ 49X/100 and T1 + 1 > Nyb1, the right side required in (8.201) is at most

e+ 200em(m+ 1)
49N

B′

y
.

For m ≥ 2, N = 4(m + 1)3, so 200em(m + 1)/(49N) < 1: use e < 3 and m/(m + 1)2 ≤ 2/9.
For m = 1, the maximum is empty. Moreover 1/y = v/D ≤ logB′ ≤ B′, since B′ ≥ E∗ ≥ E1/D.
Thus for m ≥ 2 the required bound is smaller than e+ (B′)2 ≤ (B′)3, as B′ ≥ e > 2. Our choice
B1 = (B′)74m3/2 is larger still. This proves (8.201).

Finally |
∑

j bjλj | = |bmΛ| ≥ |Λ|, since bm is a nonzero integer. There is no additional coefficient
cost. The constant comparison already proved for (8.197), with LB = 2 logB′, yields exactly (8.155).
This completes the homogeneous estimate under rational independence. The integer-valued basis
mechanism is credited to [Waldschmidt 2000]; all growth, denominator and parameter arguments
used here have been supplied above.

Relation coefficients adapted to the radius

The coefficient cost in a dependent family must be bounded together with the chosen logarithms.
We give an estimate that uses their small modulus. Put

v = logE, u = logE∗, y = D/v, tj = yaj ≥ 1.

Thus u ≥ 1, yu ≥ 1, and y ≤ eu. These inequalities hold in both versions of Theorem 8.10.

First let eλ = γ ∈ K×, λ ̸= 0, and let M ≥ 1 be an integer for which γ, . . . , γM ̸= 1. Then

− log |λ| ≤ D(M + 2)
3 h(γ) + D

M
log(M + 1) + logM + M + 2

3 |λ|. (8.202)

Proof. Define

QM (Z) =
M∏

j=1
(Zj − 1)M+1−j , s0 = M(M + 1)

2 , s1 = M(M + 1)(M + 2)
6 .

On the unit circle the modulus of QM equals that of the Vandermonde determinant on 1, Z, . . . , ZM .
Each row has norm

√
M + 1, so Hadamard’s inequality bounds it by (M + 1)(M+1)/2. The maximum

principle gives the same bound inside the unit disk. The identity |QM (Z)| = |Z|s1 |QM (Z−1)| then
gives

|QM (Z)| ≤ (M + 1)(M+1)/2 max{1, |Z|}s1 .

At finite places the bound holds without the fixed factor, because this polynomial has integer
coefficients. Since QM (γ) ̸= 0, the product formula gives

log |QM (γ)| ≥ −Ds1h(γ) − D(M + 1)
2 log(M + 1).
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Using D for the other archimedean embeddings only weakens the inequality. The bound |ejλ − 1| ≤
j|λ|ej|λ|, summed with weights M + 1 − j, gives

log |QM (γ)| ≤ s0 log |λ| + s0 logM + s1|λ|.

Compare and divide by s0. This proves (8.202). □

This is the elementary Vandermonde and product-formula mechanism of (8.23), arranged to retain a
very small chosen logarithm.

Lemma (a radius-dependent empty body). Let C be the absolute convex hull of v(αj , λj)/aj in
(8.11), for any family meeting the height and chosen-logarithm cutoffs. Let L be a discrete subgroup
of logarithmic vectors in their span, all coming from bases in K. There is no nonzero point of L in
ηC, where

η =

(11D3)−1, logD ≤ 16u,

min{1, (64yM)−1}, logD > 16u, M = ⌈64yu⌉.
(8.203)

Proof. A point v(γ, λ) ∈ δC satisfies

h(γ) ≤ δ, |λ| ≤ Dδe−v. (8.204)

The height formula and the triangle inequality in the logarithmic coordinates prove the first inequality.
The selected real and imaginary coordinates prove the second. Both hold on the whole absolute
convex hull.

If logD ≤ 16u, a nontorsion base has height greater than 1/(11D3) by (8.1). For a torsion base of
order q, the bound q ≤ 2D2 proved above implies |λ| ≥ π/D2 for a nonzero chosen logarithm. This
exceeds the bound in (8.204). A nonzero period of the base one is included.

Otherwise write L = logD > 16u, x = L− u > 15u. The radius hypotheses give

v ≥ eL−u = ex > 4L+ 28u+ 4.

Indeed 4L+ 28u+ 4 = 4x+ 32u+ 4 < 7x+ 4; ex − 7x− 4 is positive and increasing for x ≥ 15. At
fifteen, use e15 > 215 > 109.

Suppose a nonzero point lies in ηC. Its chosen logarithm is nonzero by (8.11). It cannot have a
torsion base, since

|λ| ≤ De−v < D−3 < π/D2.

Thus (8.202) applies. We have

64yu ≤ M ≤ 65yu, M ≥ 64, log(M + 1) ≤ log(66yu) < 5 + 2u ≤ 7u.

Here log y ≤ u, log u ≤ u, and yu ≥ 1. The first two terms in (8.202) are at most

v

192(1 + 2/M), 7v
64 ,

whose sum is less than v/8. Also logM ≤ 7u, and log(MD) ≤ L + 7u < v/2, so (M + 2)|λ|/3 ≤
MDe−v < 1. Therefore (8.202) gives − log |λ| < v/8 + 7u + 1. But (8.204), with η ≤ 1, gives
− log |λ| ≥ v − L. These are incompatible with v > 4(L+ 7u+ 1). This proves the lemma. □

Lemma (a primitive circuit with logarithmic cost). Choose a minimally dependent subset
J of nonzero chosen logarithms, of size q ≥ 2, and choose k ∈ J with ak = maxj∈J aj . There is a
primitive relation ∑j∈J cjλj = 0, with every cj ̸= 0. Set cj = 0 outside J and N = maxj |cj | ≥ 1.
For an ambient family of n ≥ q terms,

logN ≤ 64n2u tk, tk = Dak/v. (8.205)
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Proof. Use C from (8.203) for J , and let L be generated by its logarithmic vectors. It is discrete by
(8.11), and has real rank r = q − 1: a discrete spanning group has an integer basis, so its real rank
equals its rational rank. Minkowski’s first theorem and (8.203) give

ηr volr C ≤ 2r det L.

For each j ∈ J , the cross-polytope on the other r vectors divided by their cutoffs lies in C. Its volume
is 2r/r! times their absolute determinant. In an integer basis of L, the primitive relation coefficients
are the signed maximal minors. Their greatest common divisor is one because the columns generate
L, by the Smith reduction proved above. It follows that

|cj | ≤ r!η−r
∏

i∈J\{j}
ai, N ≤ r!(ak/η)r.

If L = logD ≤ 16u, then

log(ak/η) = log 11 + 3L+ log tk − log y < 52u+ log tk,

since − log y ≤ log u ≤ u and u ≥ 1. Using r! ≤ rr, log tk ≤ tk, and tk ≥ 1, we obtain logN <
r(log r + 53)utk ≤ 64n2utk. For the last comparison use r < n, log r ≤ r, n ≥ 2.

If L > 16u, then η−1 = max{1, 64yM}. When 64yM ≥ 1, ak/η ≤ 4160yu tk, whence log(ak/η) <
11u+ log tk. When 64yM < 1, instead ak/η = tk/y ≤ utk, giving a smaller logarithmic bound. Thus
logN < r(log r + 12)utk, which also proves (8.205). □

The estimate controls the actual primitive relation together with the radius, rather than a degree-only
upper bound.

Completing the dependent algebraic-coefficient estimate

Write
Cn = 2n+25n3n+9, P =

∏
j

tj , w = logB∗, Φn = CnDywuP.

This is exactly the magnitude of the exponent in (8.154). For n ≥ 2,

Cn/Cn−1 > 2(64n2 + 4), Cn > 128n2. (8.206)

For n = 2, 3 these are exact integer comparisons. For n ≥ 4,

Cn/Cn−1 = 2n3(n/(n− 1))3n+6 > 2e3n3 > 40n3 > 2(64n2 + 4).

The bound log(1+s) ≥ s/(1+s), s > 0, proves the first strict estimate. The polynomial 20n3−64n2−4
is positive at four and increasing thereafter. The second assertion follows directly from the formula.

We prove (8.154) by induction on the number of terms, assuming only Γ ̸= 0. For independent
logarithms the full estimate is (8.197). A zero logarithm can be deleted with unchanged coefficients,
B∗, E,E∗; its lost factor tj ≥ 1 and the increasing constant make the smaller estimate stronger.
Use the original D as a degree upper bound for the smaller generated field. In (8.174)–(8.176),
replacing its actual degree by D only increases the nonnegative arithmetic costs. The rank and
analytic estimates do not require equality of the degrees; the choices (8.191)–(8.196) use this same
upper bound throughout. Thus the completed independent proof applies with these parameters.
If every logarithmic contribution is zero, Liouville gives log |Γ| ≥ −Dw > −Φn, since yu ≥ 1 and
P ≥ 1. This also covers a single zero logarithm in the base case.

For nonzero dependent logarithms use the circuit (8.205), delete its largest-cutoff index k, and set

β′
0 = ckβ0, β′

j = ckβj − cjβk (j ̸= k).
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The new form is exactly ckΓ ̸= 0. The height inequalities give h(β′
j) ≤ 2w + log(2N) and h(β′

0) ≤
w + logN . Choose

w′ = max{u,max
j ̸=k

log tj , 2w + log(2N)}, B∗
new = ew′

.

It meets all smaller-dimensional hypotheses. Since w ≥ u ≥ 1, (8.205) gives w′ ≤ (64n2 + 3)wtk.
Induction and (8.206) give a smaller exponent

Φ′
n−1 = Cn−1Dyw

′uP/tk < Φn/2.

Moreover
log |ck| ≤ logN ≤ 64n2utk ≤ (64n2/Cn)Φn < Φn/2,

using Dyw ≥ 1 and P ≥ tk. Thus

log |Γ| = log |ckΓ| − log |ck| ≥ −Φ′
n−1 − log |ck| > −Φn. (8.207)

This completes the algebraic-coefficient reduction.

Completing the homogeneous coefficient estimate

Put w = logB′, and double Cn in Φn. The constant ratios are unchanged. We retain the exact
normalized parameter in (8.155).

Deleting a nondistinguished zero logarithm does not increase B′. If the distinguished logarithm is
zero, select a surviving nonzero contribution as the new last term. Every other original coefficient
satisfies |bj | ≤ B′an, and every reciprocal cutoff is at most y. The new parameter, including its floor
E∗, is therefore at most 2B′tn, with logarithm at most 3wtn. The constant ratio absorbs this cost.
The nonzero one-term case is the independent theorem.

For a dependent family use the same primitive circuit, delete the largest cutoff in its support, and
put

b′
j = ckbj − cjbk (j ̸= k), ckΛ =

∑
j ̸=k

b′
jλj .

There is a surviving nonzero coefficient. With an appropriate distinguished term,

B′
new ≤ 4NB′tk. (8.208)

If k = n, choose any surviving nonzero coefficient as the new last one. For two surviving indices i, q,
the original bounds |bj | ≤ B′an and |bn|/aj ≤ B′ give

|b′
q|/ai + |b′

i|/aq ≤ 2NB′(1 + tn) ≤ 4NB′tn.

If only one term survives, the normalized maximum is empty.

If k ̸= n and b′
n ̸= 0, keep n distinguished. For i ̸= k, n,

|b′
n|/ai + |b′

i|/an ≤ NB′(3 + tk).

Indeed the three ordinary terms are bounded by B′. The extra term involving cnbk/ai is absent if
cn = 0. Otherwise n belongs to the circuit, an ≤ ak, and |bk|/ai ≤ B′any ≤ B′tk.

If b′
n = 0, then cnbk = ckbn ̸= 0, so again an ≤ ak. Every remaining original nondistinguished

coefficient has |b′
j | ≤ 2NB′an. Choose a nonzero one as the new distinguished term. Both reciprocal

cutoffs are at most y, giving normalized sum at most 4NB′any ≤ 4NB′tk. The original distinguished
coefficient is zero and obeys the same bound. Finally E∗ ≤ B′ ≤ 4NB′tk. This proves (8.208) in all
cases.
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Consequently
w′ ≤ w + log 4 + logN + log tk ≤ (64n2 + 4)wtk.

Induction gives an exponent less than half the original one. The multiplier costs less than the other
half, exactly as in (8.207), now with the doubled constant. This proves (8.155) for every dependent
family with Λ ̸= 0. □

Both conclusions required under (8.156) now have their original constants and coefficient parameters.
The radius-adapted relation argument actually proves them from nonvanishing alone, without using
(8.156). This strengthening belongs to the proof here; the cited statement of [Waldschmidt 2000],
retains its published additional hypothesis. The verification script waldschmidt_dependent.py checks
finite identities and constant endpoints.

Figure 8.5.

On the left, D = 109, v = D, u = y = 1, and E = ev. The normalized square expresses the
proved exclusion (8.202)–(8.204); it does not plot conjugates of a particular number field. The zero
logarithmic vector is allowed at the origin. On the right, finite samples illustrate the exact ratios
bounded in (8.206)–(8.208). The multiplier fraction is largest at n = 2, where it equals 2−34: (8.206)
makes n2/Cn decrease. Both proofs cover every dimension. The Vandermonde/product-formula
mechanism is credited as in (8.23); the radius-dependent construction and figure are supplied here.
Reproducible figure source.

Example (both coefficient parameters). Take K = Q, (α1, α2, α3) = (2, 3, 6), their real
logarithms, E = E∗ = e, and (a1, a2, a3) = (2, 3, 5). These satisfy all three cutoffs: e log 2 < 2,
e log 3 < 3, and e log 6 < 5. For

Γ = 1 + 2 log 2 − 3 log 3 + 4 log 6 = 1 + 6 log 2 + log 3,

the algebraic-coefficient parameter B∗ = 5 is valid. The primitive circuit is (1, 1,−1). Deleting its
largest cutoff gives β′

0 = −1, (β′
1, β

′
2) = (−6,−1), and the transformed form equals −Γ. One may

use the exact smaller parameter B∗
new = 6.

For the homogeneous form with coefficients (2,−3, 4), the original normalized maximum is 12/5 < e,
so B′ = e. The same elimination has normalized maximum 1/2 + 6/3 = 5/2 < e; thus B′

new = e also
works. The general bound (8.208) allows growth of the parameter, but this exact example shows
that growth is not necessary. Both forms are nonzero by their displayed positive expressions.

9. Why a large radius helps

Take rational bases
αj = 1 + 1

xj
, xj ∈ Z, xj ≥ 3.
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Their reduced fractions have height h(αj) = log(xj + 1). Set

X = min
j
xj , E = E∗ = X, aj = log(xj + 1).

These choices satisfy every radius and height requirement: X ≥ 3 > e,

E log(1 + 1/xj) < E/xj ≤ 1 < aj , logE ≤ aj .

The field degree is one, so condition (8.156) is automatic for any nonzero form. For bn ̸= 0, put
B = maxj |bj | ≥ 1. If B ≥ X, the choice B′ = 2B is permitted, because aj > 1 and

|bn|
aj

+ |bj |
an

< 2B.

Thus (8.155) becomes

log

∣∣∣∣∣∣
∑

j

bj log(1 + 1/xj)

∣∣∣∣∣∣ ≥ −2n+26n3n+9
∏

j log(xj + 1)
(logX)n

log(2B). (8.209)

For example, if X ≤ xj ≤ XM , M ≥ 1, then

log(xj + 1)
logX ≤ M + log(4/3)

log 3 < 1.263M.

The height quotient in (8.209) is therefore at most (1.263M)n. The degree-one radius has removed
the large factor (logX)n that the product of unmodified height cutoffs would contribute.

The restriction B ≥ X in this simplified formula is essential; the original theorem always retains
B′ ≥ E∗. To see the reason, take two consecutive denominators, x1 = N , x2 = N+1, and coefficients
1,−1. The bases are multiplicatively independent. A prime dividing N + 1, which is coprime to
both N and N + 2, would force equal coefficients in a multiplicative relation; their product would
then be ((N + 2)/N)b = 1, forcing b = 0. Their form is

log N + 1
N

− log N + 2
N + 1 = log

(
1 + 1

N(N + 2)

)
.

For t > 0, integration of 1/(1 + t) gives

t

1 + t
≤ log(1 + t) ≤ t.

The form consequently lies between 1/(N+1)2 and 1/(N(N+2)), and its logarithm is −2 logN+o(1).
Here B = 1, so the admissible coefficient parameter is B′ = N , not a fixed constant. Its logarithm
correctly retains the dependence on N .

10. The conjectural height dependence

The product of height cutoffs is a proved feature of (8.145), (8.147) and (8.155). Replacing it by an
additive height expression would have much stronger consequences. We state the precise integer-base
formulation discussed in the freely accessible author text [Waldschmidt 2000].

Conjecture (Lang–Waldschmidt). For each ε > 0, there is a number c(ε) > 0 such that, for
every n ≥ 1 and nonzero integers a1, . . . , an, b1, . . . , bn with P = ∏

a
bj

j ̸= 1,

|P − 1| ≥ c(ε)n

Bn−1+εAn+ε
, A = max{2, |a1|, . . . , |an|}, B = max{2, |b1|, . . . , |bn|}. (8.210)

No effectivity of c(ε) is asserted.
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Taking negative logarithms would give

− log |P − 1| ≤ (n− 1 + ε) logB + (n+ ε) logA− n log c(ε).

The height contribution would be linear in logA for fixed n, whereas the proved general estimate
includes a product of n logarithmic heights. An estimate using a sum of individual logarithmic
heights would have the same qualitative advantage, but its precise quantifiers and constants must
also be supplied; it should not be conflated with a proved theorem.

Proposition 8.11 (conditional gaps). If (8.210) holds, then for a finite prime set S of cardinality
s, and every ε > 0, there is cS,ε > 0 such that distinct positive integral S-units 2 ≤ u < v satisfy

v − u ≥ cS,ε
u

(log(2u))s−1+ε
. (8.211)

The constant is not asserted to be effective.

Proof. If v ≥ 2u, the gap is at least u, so (8.211) holds with cS,ε ≤ 1, since log(2u) > 1. Otherwise
express v/u = ∏

p∈S p
vp−up , and discard zero exponents. If k remain, then 1 ≤ k ≤ s; the exponent

parameter in (8.210) is at most

B0 = max
{

2, log(2u)
log 2

}
≤ 2 log(2u)

log 2 .

Let A0 = maxS and c0 = min{1, c(ε)}. The conjecture gives

v

u
− 1 ≥ cs

0
As+ε

0 Bs−1+ε
0

.

Multiplication by u proves (8.211), with for example

cS,ε = min
{

1, cs
0

As+ε
0

( log 2
2

)s−1+ε
}
. □

The proved exponent CS in (8.151) is very large. The conjecture predicts the much smaller exponent
s− 1 + ε. This comparison is between two precisely formulated bounds and their deductions; it does
not prove the conjecture.

Three logarithms already exhibit the central difficulties: an additional height enters the product, the
constant grows, and a logarithmic period can add another term for complex inputs. The weighted
parameter can reduce the cost when the last coefficient is small compared with its height. A
multiplicative relation permits a reduction in dimension, using Theorem 8.4 in the real-logarithm
case or Corollary 8.5 with an explicit period. Without such a relation, a two-logarithm theorem
does not apply to a three-logarithm form.

11. Exercises

1. Three prime bases. Let B ≥ 1, and let a, b, c ∈ Z be not all zero, with max{|a|, |b|, |c|} ≤ B.
Give an explicit lower bound for |2a3b5c − 1|, and compare the weighted coefficient parameter
with B.

2. Conjugate powers. Prove that conjugacy of αh and αℓ, for distinct positive integers h, ℓ,
forces α ̸= 0 to be a root of unity. Explain where finiteness of a Galois group enters.

3. S-unit gaps. Derive both (8.151) and (8.152) directly from (8.147), without assuming
coprimality or consecutiveness. Check separately the first sequence term.

4. Height gap. Reconstruct the proof of h(α) > 1/(11d3) from the Frobenius congruence,
Bertrand’s postulate and Newton’s identities. Include nonintegral numbers and degree one.

5. Conjectural gaps. State (8.210) with all its quantifiers, and derive (8.211). Explain why this
reasoning does not produce an effective constant under the stated conjecture.
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6. Logarithmic periods. For bases 2, 4 and logarithms log 2, 2 log 2 + 2πi, determine the
rational relation space, first without iπ and then with it. Relate the answer to Theorem 8.4
and Corollary 8.5.

7. Degree capacities (medium). Reconstruct the fifty-entry list in Figure 8.4 and compute its
capped sum at 10. For every 0 ≤ ℓ ≤ 50, explain why Wℓ + (50 − ℓ)10 ≥ 339, and determine
when equality occurs. Explain how the bound changes if every analytic column has derivative
order at most M0.

8. Minima and a basis (medium). In R3, give Λ = Z3 + Z(1/2, 1/2, 1/2) the sum norm.
Compute its three successive minima, its covolume, and the index of the lattice generated by
e1, e2, e3. Prove that no basis consists entirely of vectors of norm one. Find a basis satisfying
the individual bounds in (8.49), and check the lower inequality in (8.46) with the actual index.

12. Solutions

1. Unique factorization ensures 2a3b5c ̸= 1. Use D = 1, a1 = log 2, a2 = log 3, a3 = log 5 and real
logarithms in (8.147). It gives

|2a3b5c − 1| > exp{−K3(1 + logB)}, K3 = 2 306 39/2(log 2)(log 3)(log 5) < 2.507 · 1011.

The last numerical inequality is certified in the same rational interval calculation as the earlier
constants. Choosing 5 as the last base yields

B′′ = max
{

1, |a| log 2
log 5 ,

|b| log 3
log 5 , |c|

}
≤ B.

Thus the estimate with B′′ can be stronger, especially when c is small.

2. Extend the embedding carrying αh to αℓ to an automorphism φ of a finite splitting field. The
induction φj(αhj ) = αℓj is proved by raising to h, applying φ, and using φ(αh) = αℓ. Its finite order
t gives αht−ℓt = 1. The exponent is nonzero since h ≠ ℓ. Finiteness is what guarantees the existence
of t.

3. If S has one prime or v ≥ 2u, the gap is at least u. If u = 1, its integer gap is at least
one, exactly the required right side of (8.151). In the remaining case u ≥ 2, u < v < 2u, write
bp = vp(v) − vp(u). Each |bp| is at most log(2u)/ log 2, without a coprimality assumption. Formula
(8.147) gives log(v/u− 1) > −KS log(eB). The two inequalities

log(eB) < 4 log(1 + log u), log(eB) < 6 log log(2u)

were proved in Theorem 8.9 from their positive endpoint margins. Exponentiation and multiplication
by u give both gap statements. For u = 1, the version with log(2u) cannot be demanded, as the
explicit sequence 1, 2, 3 shows.

4. For a nonintegral algebraic number of actual degree δ, the leading coefficient of its primitive
minimal polynomial gives h(α) ≥ log 2/δ. For a nonzero integer not a root of unity, |α| ≥ 2.
In both cases the desired inequality follows. For an algebraic integer of degree δ ≥ 2, suppose
eδh(α) ≤ 1 + 1/(4eδ2). Bertrand gives 2eδ < p < 4eδ. The integer power sums of its conjugates
satisfy Sℓp ≡ Sℓ (mod p), by Lemma 8.2 and rational integrality. Both have modulus less than or
equal to δe for 1 ≤ ℓ ≤ δ, with strictness for Sℓp; their difference has modulus below p, hence is zero.
Newton’s identities show that the conjugates of α and their p-th powers have the same polynomial.
Exercise 2 then forces torsion, a contradiction. Thus

h(α) > δ−1 log(1 + 1/(4eδ2)) > 1
11δ3 ≥ 1

11d3 ,

where the second inequality follows from the increasing function and certified degree-two endpoint
in Theorem 8.3.
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5. The conjecture quantifies first over ε > 0, then chooses one positive c(ε) valid for every n and
every permitted integer tuple. Given S and u < v < 2u, retain the k ≤ s nonzero exponents of v/u.
Their maximum, padded by two, is at most 2 log(2u)/ log 2; their bases are at most maxS. Apply
(8.210), replace c(ε) by its minimum with one, and enlarge the denominator exponent to s− 1 + ε.
This gives the explicit expression for cS,ε in Proposition 8.11. For v ≥ 2u, reduce that constant to
at most one. The conjecture does not give an algorithm to find c(ε), so this deduction gives no
algorithm to find cS,ε.

6. A relation without iπ has imaginary part 2πn2 = 0, so n2 = 0, and its real part forces n1 = 0.
The relation space is zero. With iπ, a relation

n0iπ + n1 log 2 + n2(2 log 2 + 2πi) = 0

has n0 = −2n2 and n1 = −2n2. Its primitive integer generator is (−2,−2, 1). Exponentiating
gives (−1)−22−24 = 1. Theorem 8.4 applies to the enlarged rationally dependent set of logarithms;
Corollary 8.5 explains why the period coordinate must be retained for the original bases.

7. The four lists are 0, . . . , 19, 1, . . . , 15, 2, . . . , 11, and 3, . . . , 7. Their capped sums at 10 are
respectively 45 + 100 = 145, 45 + 60 = 105, 44 + 20 = 64, and 25; their sum is 339. The first list has
ten entries below 10, the second nine, the third eight, and the fourth five, giving 32 entries below 10.
There are three entries equal to 10. The cost Wℓ + (50 − ℓ)10 decreases when the next list entry
is below 10, stays constant at an entry equal to 10, and increases at an entry above 10. Thus its
minimum is 339, with equality precisely for 32 ≤ ℓ ≤ 35. For derivative order at most M0, (8.186)
gives the vanishing loss ℓM0. Uniformly over all perturbation terms, its loss is at most 50M0, so
(8.187) uses the exponent 339 − 50M0. A negative exponent merely gives a weaker valid analytic
bound; it does not assert negative vanishing order.

8. A vector of Λ either has all coordinates integral or has all coordinates in Z + 1/2. A nonzero
vector of the first kind has sum norm at least one; one of the second kind has sum norm at least 3/2.
The three independent ei therefore give λ1 = λ2 = λ3 = 1. The quotient Λ/Z3 has two elements, so
covol(Λ) = 1/2 and J = 2. The only norm-one vectors are ±ei. They generate Z3, and hence cannot
form a basis of Λ. An actual basis is

e1, e2, h = (1/2, 1/2, 1/2) : e3 = 2h− e1 − e2.

Its norms are 1, 1, 3/2, exactly the respective bounds max{1, i/2}λi. The sum-norm unit ball is an
octahedron of volume 23/3! = 4/3. Thus its volume times the minimum product is 4/3, equal to
(23/3!)J covol(Λ). The index term in (8.46) is attained even though the minimum vectors are not a
lattice basis.
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