2. On the Formation of the form System of the Ternary
Biquadratic form

Journal for the reine and angewandte Mathematik 134 (1908), pp. 23-90 and two tables

Introduction.

Work by Gordan, Maisano, and Pascal™® deals with the form system of the ternary biquadratic form.
Gordan sets up the complete form system, consisting of 54 formations, of the special automorphic form

f=adey + ades + ady

on the basis of principles similar to those that he had given for form systems in the binary domain.

In Maisano’s work, for the general biquadratic form, the forms up to and including the fifth order?
are set up, together with some invariants, covariants, and contravariants of higher order, according to the
method used by Gordan in volume I of the Mathematische Annalen for the ternary cubic form. Pascal, using
Maisano’s results, is chiefly concerned with the question of the decomposition of the biquadratic form into
factors'C.

The aim of the following investigations is to set up the form system for the general ternary biquadratic
form; in this work, namely, only the principal foundations are given, and a so-called “relatively complete
system ™ is established.

The work is closely connected with Gordan’s work; however, the principles that were stated there only
quite generally first had to be worked out in detail. With the aid of a theorem on the connection among the
foldings and by introducing the “form sequence” (g 1), the reduction theorems are sharply formulated and
completed (g 3), while the recursive establishment of special series expansions (g 2) gives the computational
means for actually carrying out the reductions.

The basic idea for forming systems of ternary forms is the same as in the binary domain. Starting from a
first relatively complete system — the system of forms taken over from the binary case — one passes, according
to a definite law, to systems with ever higher modulus, until either the system of a modulus — the modulus
taken as ground form — becomes finite and known, or until a modulus can be reduced to forms having
invariants as factors. By transvection of the relatively complete system with the system of the modulus,
in the first case the absolutely complete system arises, while in the second case the relatively complete
and absolutely complete systems coincide. By Hilbert’s general proof the finiteness of form systems, this
procedure must necessarily come to an end.

In our case the modulus (abe) of the first relatively complete system (g 4) is reduced to the moduli

A = (abe)?a’bc?

2c2 and v = (abu)?

(& 5), and then the relatively complete system modulo v is found (g 6). These results are already given
in Gordan’s work for the general biquadratic form; our manner of deriving them, however, is more easily
transferred to forms of higher degree.

7A short extract from the Introduction and Chapter I appeared in the Sitzungsberichte of the physikalisch-medizinischen Sozietit Erlangen 1907,
pp. 176-179.

8P. Gordan, on the complete form system of the ternary biquadratic form
f= mi’xz + xgzg + mgxl.

(Math. Annalen, vol. XVII (1880), pp. 217-233.) G. Maisano, 1) Sistemi completi dei primi cinque gradi della forma ternaria biquadratica e degl’
invarianti, covarianti e contravarianti di sesto grado. (Giorn. di Battaglini XIX.) 2) Sui covarianti indipendenti di 6° grado nei coefficienti della
forma biquadratica ternaria. (Rend. Circ. Mat. di Palermo I, 1887.) E. Pascal, Contributo alla teoria della forma ternaria biquadratica e delle sue
varie decomposiziont in fattori. (Memoria premiata dalla R. Accademia delle scienze fisiche e matematiche di Napoli. 1905.)

9By “order” the dimension in the coefficients is to be understood, and by “degree” the dimension in the variables.

10In his second short note, Maisano attempts to prove a linear dependence of the three covariants of order 6 and degree 6. In contrast to this not
quite complete proof, Pascal believes he has proved the linear independence of the three covariants of order 6, and likewise that of the three invariants
of order 9. That, however, a linear relation does in fact exist between the three covariants on the one hand and the three invariants on the other
is shown by formulas (13), g 11, and (22), g 17 note, of the present work, where these relations are given explicitly. According to a communication
from Pascal, the contradiction is explained by a numerical error in the expression for his contravariant p (called g here), p. 46 of his paper.

11For the terminology see g 3a.



As the sequence of moduli we now choose the forms (g 7)
v, v(v) = (vz)t = si, v(s) = (ss'u)t, .. ..

In forming the relatively complete system modulo s, two quadratic forms occurring in the system, “Z and
t2 are adjoined as moduli (g8 9 and 10), and accordingly the relatively complete system modulo (s, g,t) is
formed. It is then shown (g 17) that the modulus (ss’u)? is reducible to the moduli ¢ and t. The next higher
system thereby passes over into a relatively complete system modulo (p,t). Since, however, the simultaneous
system of two quadratic forms is finite and known, and in the general case consists of 20 formations'?, the
termination described above is reached with the establishment of the relatively complete system modulo
(0,t). The transvection of this system with the system of (p,¢) in order to form the absolutely complete
system is reserved.

As the relatively complete system modulo (g, %) one finds 331 formations, which in the appended table
are ordered according to their degree in the variables z and u.

Finally we give an overview of the symbols introduced:

f=ag,
0 = 0iu? = (abu)?ab?,
K = K% = (abu)uia36?,

j = uf = (abu)'d,

A = AS = 624202 = (abe)?a2b2c2,
N = Nju, = (aAu)a3 A2,

v =ul = (abu)?,

H = ngé = (Vyla:)2ul2,u,2jl,
L=L3u = (an)ngiu%,

9= g8 = (vna) 2
o=ul = H2u?u}

(e v v en)
s = st = (vviz)?,
Z = Z;lug = (s5'u)?s2s'2,
0 = uj = b u3,
t=12=ayHZ,
1= a?/?
J =5,

Chapter I. General Theorems on Ternary Forms.

v

g 1. The folding process. form sequences.

The fundamental process for producing forms is the folding process, which in the ternary domain can be
defined as follows. Let there be given a symbolic product

sottiubu.
If one replaces the pairs of factors
Syte UsUr SpUg OT Syplr trUr OF TpUy
respectively by
(stu) (oTx) Sy OT Sy t; or ty,

folding
I T 11 1V,

12Cf. Clebsch-Lindemann, Vorlesungen tiber Geometrie. (Vol. I, p. 288 ff.) System of two cogredient forms. Gordan, “Uber Biischel of
Kegelschnitten.” (Math. Ann. vol. XIX, p. 530.) System of two contragredient forms.



then the resulting forms have arisen from the original one by folding!®.
Here the expression s}'t?utu? can be regarded either as an actual product of two forms S -7, or as a

single form with several rows of symbols:
myn, ft, V __ m+n, put+v
spitiubul = ATl

In the first case we speak of the folding of the form S with 7', in the second case of the “folding of the form
A in itself” For brevity we always assume in what follows, as indeed is the case for all forms later to be
considered, that

sh =0, =0 (a)

for any A and z distinct from 0, and in conjunction with any other foldings. This says that the form s;'tjubuy
is a so-called “normal form,” that is, it vanishes under application of the Q2-process, both with respect to the
variables z and u and with respect to the variables y and v.

Thus condition (a) represents no restriction, but can always be achieved!4.

For the connection among the individual foldings the following theorem holds:

Theorem 1. Foldings I and II are fundamental foldings from which, independently of the order of compo-
sition, foldings III and IV can be composed. In other words: in order to form all forms arising by folding
from a given expression, one has to apply only foldings I and II.

Proof: By the identity theorem, respectively the product theorem for matrices, taking (a) into account,
one obtains

(stox) = —t,, (oTsu) = —s;,
(strz) = s, (o7tu) = ts,
(stu)(oTx) = $r + to — Uy Srto.

Thus by composing foldings I and II one obtains foldings III and IV, and this holds both when applying
folding II to folding I, i.e. to the factors (stu)u,u,, and when applying folding I to folding II, to the factors
(o72)85t5.

By a form sequence ® we mean an initial form together with all forms that have arisen from it by folding
in itself, and we denote the form sequence by the initial form. A “higher form” is to mean here any form
with more folding in itself, while among the equally entitled foldings s, and ¢, one has to be normalized as
higher. According to the law of formation of the form sequence it follows that:

1) Each form of the form sequence is linear in the symbols of the initial form.

2) The form sequence is uniquely determined for initial forms with two rows each of contragredient symbols;
for initial forms with more rows of symbols it is to be uniquely normalized by distinguishing special foldings
among those connected by the identity theorem.

By Theorem I, a form sequence s't?ufu? (m > n; p > v) can be arranged according to the following

rectangular scheme:

15

sty (stu) (stu)? B
(oTx) toy, Sr to(stu), s.(stu)
(o71)? to(oTx), s;(oT) 12, tos,, 82

(orx)" | to(ora)’~Y, s;(ora)’~t | t2(072)" 2, tos,(oTw)" 2, s2(oTx)V 2
to(oT)” t2(orx)" 7L, tos, (oTw)V 1
t2(oTx)”
and the correspondingly continued lower part
(stu)™ e
3 to(stu)" =1, s, (stu)"? sr(stu)™

12 (stu)" 72, tys,(stu)" 2, s2(stu)""? | tys.(stu) L, s2(stu)" "1 | s2(stu)".

13Gordan, Math. Annalen vol. XVII, p. 219.
14Cf. Gordan, Math. Annalen vol. V, p. 104.

15Cf. Clebsch, “Uber eine Fundamentalaufgabe of the Invariantentheorie” (Abh. of the Gétt. Ges. d. Wiss. vol. XVII): g 17 and end of g 18.
The “form sequence” differs from the “properly reduced equivalent system” introduced there by the principle of ordering according to higher forms.



Here one obtains, when one moves

1) one column to the right, all forms arising by folding I from the adjacent forms,

2) one row downward, all forms arising by folding II from the forms above,

and hence all forms arising by folding.

An arbitrary form of the total form sequence, t5s)(stu)" or t§s)(orz)?, forms the beginning of a new
form sequence, consisting of all those forms of the rectangular scheme with s (stu)* or t%s)(orx)" as left
upper corner, which have the factor t£s?.

Supplementary remark. Theorem I has an exception in the case where the numbers n and p (respectively
m and v) become equal to zero, so that foldings I, I, and IV no longer exist, while folding III (respectively

IV) still does. In this case we designate as the form sequence the diagonal member of the scheme:

K
ez

m, vV n, Kw
spus toull
S to
2 2
57 ts
v w
S tr.

In accordance with the absence of foldings I and II, the series expansion according to polars of the form
sequence in this case always reduces to the initial member; however, the theorems on reducers remain valid.

v

g 2. Series expansions according to polars of the form sequence.

For forms with n variables two kinds of series expansions have been set up explicitly!®:

1) for forms with one row each of contragredient variables, s'u¥, a series progressing by powers of ug,

whose coefficients are “normal forms”;

2) for forms with two rows of cogredient variables, s7't"

™, an expansion according to polars of the elementary

covariants (polars of the form sequence s7t?), which in the ternary case reads as follows!7:
A
man—Ag\ (n;) (Q) 777\ Q gM—04n—0
Sl‘ tfl? ty = Z (m+n—g+1) [(Stxy) SIE tl‘ ]yz\*g' (I)
e Y

We combine the two expansions by setting up, for forms with two rows each of contragredient variables,

Man—AgA, W, V—K, K
Spty “tyugur UL,

expansions according to powers of u;, whose coefficients are composite polars of the form sequence s}

taken with respect to the variables x and wu.

It is enough to set up the series for two contragredient rows of symbols (respectively variables), since,
by combining each two rows of symbols (variables) into a single new row, forms with more rows of symbols
(variables) can be reduced to this case.

In order to ensure that all forms of the form sequence contain only two rows of symbols, respectively
variables, we specialize:

v

Ly
tyutbu’,

a) 0= ;%7 a’) y = uv,
(%

b)S:ﬁ', b’) = 7y,

and carry out the expansion for the specialization a), a’).

By direct transfer of expansion I one obtains composite polars for forms (stu)*sTt?=*t)

y )
t;}, instead of composite polars, terms of such a kind arise whose evaluation makes

whereas for

forms (stu)ful=Fufsmin—

“JHere, and similarly in what follows, the lower part marked with an asterisk is to be set at the correspondingly marked place at the upper right
of the scheme.

16Cf. Gordan, “Uber Kombinanten,” gg 2 and 5 (Math. Ann. vol. V).

17Cf. Study, Methoden to the Theorie of the terndren Formen (Teubner 1889) II. g 7. In distinction to the derivation there, ours gives the method
for the rapid computational determination of the numerical coefficients Cpr,. The Clebsch—Study expansion, upon specialization a), a’), would read

(stu)Hu? =R s~ (fuv) = E Cpro [sf(stu)wﬂf‘-’] Py —

~
)
uv vrTe, ul, (vw=zw)

p,me

and therefore does not permit the simplification that occurs already in the course of our calculation, once one knows that all terms with the factor
U, are to be omitted.



necessary the introduction of ever new auxiliary variables that are to be set equal only at the end, thereby
complicating the calculation unnecessarily.
We therefore take an indirect route, by representing the composite polars of all forms of the form sequence,
that is, expressions
[s2(stw)*= 7],

by the initial members of these polars, and by inversion of the resulting recursive system of equations
obtaining the desired expansion according to polars.

By the transfer principle, for the A-th polar of a form s7'¢? : [s mt”]yx
holds (the case A > n is reduced to the first by the expansion of [sy't}] m+n-x

my (A
2] = S R Gt

r T

(A < n) the following expansion
)18:

and correspondingly for the x-th polar of ufuY : [ulu],«

] = (-1 2

2 (2"

By multiplication it follows, with introduction of the specialization a) and a’),

—e

(oTuv)ul ™ ul ™ ol

[sTtZ(stu)“uZ]gx = ch (stan)" (stwn)2s™ A (tuw) T (stu)H Ul T R,
7"79

and from this, by expansion according to powers of u, with the first member distinguished (3. r,o neans that
the member = 0, p = 0 is to be omitted) and taking account of (a) on p. 26,

ST (tuw) A (stu)“u” Pk

= st a]
/
— D g S2(stu) T Uy TS A (fuw) A )
T’Q
A (1)
+ Uy Z Z Cro sg(stu)ﬂ_g‘i‘r—l(Stv)u:—nvﬁ_gsgl_rtg_/\(tuv>A_r+gU;_l
o r=1

— (=DM Z Cag 82(stu) 0 (stv) Ml TR U T s AI T (fy) @

T

where
Cro = (—1) : (mjn) ’ (HZV) k<.

and correspondingly for the remaining combinations of the numbers A,n;x,v. Thus the expression
s (tuw) N (stu) ul """ is reduced to a composite polar, and, by applying the identity

(stv)u, = (stu)vy — s, (tuw),

to a sum of analogously formed expressions corresponding to higher forms of the form sequence.
By iteration one arrives at the expansion

ST (tuw) N (stu) Ful "o Zu Cpro - | (stu)“_ﬁr}@krw (III)

p,re

— r—p-*
vk Q+P7vx

The numerical coefficients Cpr, are computed uniquely and recursively from the coefficients ¢, ¢ o of the
system of equations arising by iteration of (II) (cf. the example on p. 42). Analogous expansions arise for
the other specializations.

18Gordan, The Resultante bindrer Formen (Chap. I, g 5). Rend. Circ. Mat. di Palermo XXII. 1906.
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g 3. Reduction theorems.

The known theorems on the reduction of forms and form systems shall now be brought into connection
with gg 1 and 2, for which some definitions taken over from the theory of binary forms are necessary.

a) We call a system of forms a relatively complete system modulo a prescribed sequence of forms if it has
the property that all formations arising by folding an arbitrary product of these forms can be expressed as
integral rational functions of the forms of the system, up to an additive term consisting of expressions that
have arisen by folding the system forms with the system of the modulus!?.

b) We call a form reducible when it can be expressed by forms having invariants as factors or by “higher
forms,” that is, by higher forms of the total form sequence to which the form belongs, or by forms containing
the symbols of the modulus in higher order.

The theorems on reducers?’ can now be stated in their most general form as follows:

Definition: A reducer is a reducible form sequence.

Theorem II. If the initial form of a form sequence is reducible because one of its members has arisen by
folding with a reducer (has a reducer as factor), and if the final form of the form sequence has arisen from
exactly this member by folding, then the total form sequence is reducible?.

Proof: The form sequence arises from the initial member by folding in itself, hence by higher folding with
the reducer on the one hand, and by folding the reducer in itself on the other hand. In both cases, by g 2,
all forms of the form sequence can be represented as polars (transvections) over the form sequence of the
reducer.

The inference from the initial form to the total form sequence no longer holds for the remaining reduction
methods. These are:

1) so-called “double reduction.”

By this we mean the reduction, in two different ways, of an expression that has two mutually independent
reducers as factors, whereby relations arise between the higher forms to which one has reduced.

By systematic application of “double reduction” one must, on the one hand, obtain all relations®?; on the
other hand, if “double reduction” applied to different expressions supplies no new relations, one has both a
criterion for the independence of the higher forms and a check on the calculation.

2) Folding with decomposable forms.

By “decomposable forms” are to be understood — with a slight generalization of the usual concept — forms
that can be expressed by products of forms of lower degree and by “higher” forms. Products of forms pass into
products under one folding; likewise products of nonlinear forms under twofold folding in the specializations
a’) and b’) (g 2), according to the product theorem:

2

Loo ligo 1. 1o
:§aybx+§byax—§(abym).

aybyazb,

First polars (transvections) and certain second polars of decomposable forms are therefore again decompos-
able forms. It follows that:

A member of a onefold (respectively twofold) transvection over a decomposable form, arising by onefold
(respectively twofold) folding with a decomposable form, itself becomes a decomposable form:

a) if the next-higher forms in the form sequence of the decomposable form decompose or become reducible,
or also if, under onefold folding, the specializations y = uv or v = Ty occur;

b) if the remaining onefold foldings lead to higher forms (cf. g 12, B. Hy, and Hy(knz)).

Such a member of a transvection can also decompose:

¢) if the remaining onefold foldings lead to lower forms that decompose independently of the folding with
the decomposable form, that is, that can be expressed by products and by the form to be reduced, although

19Gordan—Kerschensteiner, Vorlesungen iiber Invariantentheorie. Vol. II. p. 227.
20Gordan, Math. Annalen vol. XVII, p. 222.

21The simplification that results from Theorem II can be seen in the following example. For the special form f = z3z2 + z3z3 + xgml, aiai_u
a reducer. It follows by Theorem II that the form sequence

2 .
yIS

0, (V)03 uyu? = a2 (abu) — a, by, (aba),

is reduced, since 02 = a2b2(abu)? has arisen from the member a2 (abu) by folding. In Gordan, loc. cit., p. 231, by contrast, the reduction of the
forms

0, (Yvzx), 0,(Wvx)?, 62, 0%2(Ivzx), 02(Ivz)?

is carried out individually.

22Thus, for example, the following were foand by “double reduction”: the reduction of the form a‘,‘, (g 10), the only form included superfluously in
Maisano’s system; and also the relations mentioned in the note to the Introduction between the three covariants and the three invariants.



in each case one must first verify by calculation that the numerical coefficient of the member concerned
does not vanish identically. This is nothing other than “double reduction” of the lower form (cf. g 23, C.
H,(0Hu)(0su)).

Decomposable forms arise by all onefold foldings with functional determinants?®, and moreover by certain
higher foldings. One has

— Lo b o 1, 0o
(styz)s, = 3 ts, — 5 st, + i(styx) ,

. 1 1 _ 1,
(stya:)2s§ =3 tsz ~3 stz + 8y (styz)? — g(stya:)g’.

Analogous formulas hold for the dualistic forms
(otu)v, and (oTou)v?.

From the theorems of this section the following rule follows for setting up all irreducible forms that arise
from the folding of S with 7"

Beginning with the lowest foldings, proceed along any previously fixed path (for example row by row, or
symmetrically with respect to the diagonal member) in the formation of the form sequence ST until one
reaches a form that has a reducer as factor. The form sequence defined by this form is to be omitted as
soon as the final form satisfies the condition stated in Theorem II. After all reducible form sequences have
been eliminated, all remaining reducible forms, and likewise all decomposable forms, are to be removed
by applying double reduction. Places in the total form sequence that are covered twice by independently
reducible form sequences give rise to the reduction of higher forms (cf. g 11, D).

23¢f. Gordan, loc. cit. g 3.



Theorem III. The forms taken over from the binary domain, that is, those forms which arise from the
system forms of the corresponding binary form by bordering according to Clebsch’s transfer principle, form
a relatively complete system modulo (abc).

Proof. To a binary relation asserting that the forms Q},. .., @/, form a complete system of a binary ground
form,

Q -F(Q)=0= Z{ (ab)eg + (be)ag + (ca)bs } oy,
there corresponds, by bordering, the ternary relation

Q — F(Qi) = ug - (abc)py
A

This is precisely the defining equation for a relatively complete system modulo (abc). For the biquadratic
form, the system of the forms taken over consists of the following forms:

f=al, 0 = 0tu? = (abu)?ab? K = K% = (abu)ula36?

x x? x’x)
j= u? = (a@u) u3, v= uﬁ = (abu) ,

among which the first four form a relatively complete system modulo ((abc), v).
g 5. Reduction of the modulus (abc) to the moduli A and v.

The modulus (abc), given only by a bracket factor, is to be reduced, in agreement with the definition (g
3, a), to forms of the system. In other words, the form sequence (abc) is to be normalized uniquely (cf. g 1)

1
a2azu, = gagux = §S g (2)
(aAu)? = a, — §ui,
6 (3)

(aAu)® = 0.
2 1 L2
0(s) = (ss,x)* = 2a; + 75 -6 — fTu

0(t) = (tt,x)* = ﬂs ar + 3T as + 1852 6 — 1—8uz S-T.
Sequence of moduli: (abc); A; s; t (the system of the modulus ¢ consists of the single form t).24
It will be shown that the forms

b22

A= (abc) Ay 0zCys V= (abu)4

suffice as moduli, that is, that the forms

A = (abc)?a2bc? a, = (abc)(beu)a3,

.I‘CCJ?’

a2 = (abe)?(beu)*u?, i =a} = (abc)

3

define the form sequence (abc). In the form sequence a,, the form a;, is missing according to the identity

1 1
a3 = (abe)3ag(beu) = Fla (abe)* = §Z T

For reducing a modulus to a higher one, according to the definition, we have to reduce the most general
foldings, or all special foldings coming into consideration, with the modulus to foldings with the higher
modulus.

In the present case the most general foldings arise from the expressions

(abc)aib3c

yCas (abc)a 2022 a,bycy

30y C

(taken over from the cubic forms),
(abc)agbyc.aZbic?

24Gordan—Kerschensteiner, loc. cit., p. 134.

10



(taken over from the quadratic forms), and from the polarisation of these expressions.
For the calculation of these expressions by the polars of A and of the form sequence a,, respectively of
their initial terms, we take the indirect route, as in g§ 2. We expand the polar terms

(abc)Qaibzci, ay (vay)(vyz)(vze)agaya, = (abe)(bezu)(beyz)(bezx)azaya, — ete.

as linear aggregates of expressions with the symbolic factor (abc) and obtain, by inverting the system of
equations, the desired relations, as well as a relation between the polars taken according to different com-
binations of the variables. The identity theorem and the product theorem for determinants are used in the
evaluation.

The system of equations is, for (abc)a‘;’bgci:

1) Z ay(vyz)3ad = G(abc)aibgcg —6 Z(abc)aibibzcic;,
3 3

1
2) 3(abc)2a§b§c§ (zyz) — 3 Zai(vyz)%@(myz) = 2Z(abc)ai’b§bzc§cy
3 3
—4 Z(abc)awayazbzbzcicz,
3

3) au(vey)(vyz)(vze)agaya, = 2Z(abc)azayazb§bzc§cm,
3

. 3 1.
4) Z a, (vyz)?ud — 3 Z aZ(vyz)?v2(zyz) + i (ryz)® =6 Z(abc)axayazbzbzcicm.
3 3 3

It follows for

3133
(abc)azbycs,
and by analogous calculation for
(abc)aibzcgaszcm, (abe)agbyc,abic? :

(abc)aibgcg = g(abc)Qaibzcz(a:yz) + %ay(vxy)(l/yz)(uzx)axayaz
1

- . 3
2
212 2 2 272 2
(IV.)  (abc)azbyciazbrce = g(abc) azbycser - (1yz)
1 1
F S (ay)(vy2) vee)ad — Loy (van)al - (ay2),

1
(abe)agbyc,abict = g(abc)Qaibch (zy2).

We have therefore obtained a relatively complete system modulo (A,v), consisting of the four forms
f,0,K,j. It follows from this that all transvections of f over # not taken over from the binary domain, as

well as the transvection (afu)? reducible in the binary case to (ab)?, can be expressed by the symbols A and
25
v.

We obtain the reduction formulas fundamental for what follows by specializing expansion IV, or more
shortly by direct calculation (interchanging the symbols), for ay(afu)?, a%((abu)?, (afu)?, according to the
following ansatz:

ag(abu)? = (abc)(beu)(abu)® — %(abc)(bcu){(bcu)aw — ug(abe)}?,
a’(abu)? = (abc)?*(abu)? — é(abcﬁ{(bcu)ar — ug(abe)}?,

for ((afu)?)*:
3 1
(abu)aibi = §ug(19yx)0§ + 1(1/3/:6)3,

((abu)(acu))b? = %qu(ﬂ?jum)wauf + %(V&um)‘g.

2523 refers to the sum of three terms obtained from the initial term by cyclic interchange of the variables. The equations also hold individually
for each term of the sum.

11



2 2 ?
(abu)? = rid f- Fla " Ay + gui ca — Eui,
1
ay = guz A,
ay(abu) = 0,
al = A,
(abu)® = 0,
2 5 7 2 '3 o
ay(abu)” = 5w + gl Gy ~ gz
a3 (abu) = 0,
(afu)* = j,
ag(abu)® = 0,
2 i
a?(abu)? = ga?, - §ui
We add the formula, likewise obtained from the reduction of the modulus (abc):
3 L.
@, gty = 3 Us. (2)

From formulas (1.) and (2.) and from the formulas formed analogously for the ground form v, all later
reduction formulas are derived by polarisation, except for the relations for the decomposed forms. From
formulas (1.) we see:

The form sequence leads:

ag(abu)? to symbols v alone,
ay to symbols A and v,
(au)? to symbols j,A and v,
(afu)? under folding I to symbols j and v,
(afu)? under folding II to symbols A and v.

We can therefore replace:
1. modulo (A, v): foldings with j are replaced by corresponding foldings with (afu)? or (afu)?;

2. modulo (v): foldings with A are replaced by corresponding foldings with ay or ay(afu), or also by
special foldings with (afu)? (which lead only to a single folding I).

In particular:

1, . 1.
(630 = S(Gyr)?  (mod v), (au 0, = — (Gye)”  (mod v),
(a@u)QVS = %(Auy)2 (mod v), (abu)(abv)ugry = —é(Auy)2 (mod v),
(abu)*u?9? = %(Auqu,, (mod v).

g 6. Reduction of the modulus (A,r) to the modulus (v).

The reduction formulas of the preceding paragraph give us the means to set up the relatively complete
system modulo v directly; we shall see that to the system of the transferred forms one has only to add the
forms A and (aAu) = N (analogously as for the cubic form, and indeed valid in general).

For the reduction of the modulus A we consider all special foldings coming into consideration, that is, the
foldings of the relatively complete system modulo (A, r) with the system of A, and begin with the forms
lowest in the coefficients, the foldings of f with A.

For the reduction of the forms (aAu)?, (aAu)?, (aAu)?, we replace the symbols A by lower forms of the
form sequence according to g 5; that is, we develop the expressions

agbg(bOu)?,  ag(abu)by(bbu)®,  ay(abu)by(bbu)?

12



1) by polars of the form sequence ay (symbols A and v),
2) by polars of the form sequence by(bfu)? (symbols v/),
and obtain the reduction formulas (calculation below):

a) (aAu)? = %(ﬁya:)Q — %f a2 — guz -0, (Vvz)?
+u§{éi.f— 4105},
3
b) (aAu)? = —1—00,,(191/:5), (3)

21 3 6 1
=20 - T - w03+ —ul 6.

¢) (adu) =50, — 51— ¢ 10"

(The same results are also reached by the double reduction of the expressions a?(bfu)?, a?(b6u)3,
a((abu)?(bu)? and a?((abu)(bdu))? after elimination of a3.)

From formulas (3.) it follows that (aAu)? is a reducer with respect to the modulus v. Hence:

1) The reduction of the system of A: the form sequence (AA'u)? = a?((aAu)? has the reducer (aAu)? as
a factor.

2) The reduction of the system arising by folding with the modulus A:

The form sequence (§Au)? has the reducer (aAu)? as a factor.

For the forms (#Au) and Ay one obtains:

(aAu)?(abu) = (AAU) — uy - Ag(AAu),

(aAu)(aAb) = —%Aﬁ + %ux A3

From the reducer (6 Au), however, follows the reduction of the system arising by folding with the modulus
A.

The relatively complete system modulo v therefore consists of the six forms:
f’ 07 K? j? A’ N'

As an example of the sequence expansion in § 2 we give the derivation of formula (3.)a in full; in later
calculations the final formula III will be set down directly. (Polars of vanishing forms have already been
omitted during the calculation; the first line gives the values inserted according to Expansion II, and the
second line gives the final values found recursively, beginning with the last equation of the system.) It follows,
according to Expansion II:

1) m=3, n=4, A=2, pu=0, v=x=1,
by (b0U)? = [aglyb + g{aﬁbﬁ(aﬂu)(bﬁu) ~ wpapby(afb)(b0u))

- %{cm(aGu)zblg — 2ugag(abu)(abdb)by + uzas(abdb)’by}

= g(aAu)2 + 1[cm(a&u)ﬂb + if[al%(aﬂuf] - guI [ay(abu)?]b?
3 ) 30 5
~ Sualad(abu)lb + sullag(abu) b + ol lah (abu) )

2) m=2, n=3 A=1, pu=1, v=x=1,

ay(abu)by(bOu) = %{aﬂ(GGU)Qbﬁ — uzay(abu)(abb)by} + %a%(béu)Q

— %{a%(b@u)(a@u) — uga’(afb)(bbu)}

= %(aAu)2 + %[aqg(aﬂuy]b + %[a%(a@uy]f
- gum[alg(at9u)2]bz — iux [a?(abu)?]b + iu2 (a3 (abu)?]b?;

) 10 30 *
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3) m=2, n=3, A=1, pu=1, v=1, x=2,
2
ay(abb)by(bbu) = 5{ag(a0b)(a9u)b,9 — ugay(adb)’by}

1 2 2172,
Soux[aﬁ(aeu) 16%;

_2 o2 | Lo 2, 2 2113
= 5[a19(a9u) 167 + 20 [ag(abu)]b 5ux[a19(a0u) 1b
4) m=1, n=2, A=0, pu=2, v=x=1,
ay(abu)’by = [ag(abu)?]b + gal%((wu)(b@u)
= [ay(abu)?]b + é[a?g(aeu)ﬂf — %ugg [a3(abu)?)b;

5 m=1, n=2, A=0, pu=2, v=1, x=2,
1
ay(abu)(abb)by = [ag(abu)?]b* + g&%(@@b)(bﬁu)

= [ag(abu)?]b? + %[afg(aeu)g]b - %um (a2 (afu)?]b?;

6) mzl, n:2, )\:0, M:2’ y:l7 X:37
ag(adb)?by = [ay(abu)?]b>;
7)) m=2 n=4, A=2, p=v=x=0, (according to Expansion I),

ag(b9u)® = [af]ue + %{[aﬁ(a9U)2]f — 2ugla(afu)?]b + ulag(abu)?]b*};

8 m=1, n=3, A=1, pu=1, v=x=0, (Expansion]I),
1 1
(a8 (000) = S (@u))f — Lu a3 ()2

9) m=1, n=3, A=1, pu=x=1, v=0, (Expansion I),
1 1
a’(afb) (blu) = Z[a%(a@u)Z]b — gl [a% (abu)?]b?.

From 1) and 4) it follows:

iuw (a2 (abu)?]b

(aAu)? = g[aﬁ(aﬁu)z]b + %f[a?g(aﬁuﬂ + gum [ag(abu)?|b? — 50

3 1
— Eui[ag(a0u)2]b3 - Q—Ou?ﬂ[a%(aﬁu)Z]bQ,
3 4 3 1 )
(aAu)? = —a,b, + gfa?, + gugca,%bu — %uia%b?j = Euizf.
(For conversion into the symbols 6 cf. § 8 and § 9.) Formula (3.)a can be computed still more briefly
by direct transfer of Expansion I, introducing the auxiliary variable w = xzub whereas already for formulas
(3.)b and (3.)c the path taken here becomes the simpler one; for (3.)b one knows in advance, by § 9, that all

terms with factor u, are to be omitted. For the calculation of (3.)b and (3.)c one obtains:

(3)b) 1) ag(abu)by(bbu)? = %(aAu)?’ + %[aﬂ(aéu)2]ubb + %[ai(a@u)z]ubz,

) ao(a0u)bo(b0u)? = [00(a0u)P]uab -+ 55103 (@00)?]

1 6 53
(3)c) 1) ag(abu)by(bbu)® = §(QAU)4 + g[aﬁ(a9u)2]ubzb + m[a%(a@u)Q]ubg
6 3 19
T gl [ag(abu)?] b — 5 Ue (a3 (aBu)?] 20 + ﬁui [a3 (afu)?]psb°,

2)  ay(abu)by(bou)? = g[a%}(cwu)z]ubz.

Supplementary remark: the transvectants of f over j that are reducible according to § 5 are computed
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analogously. One obtains

9 1 1
gy = —0, + uy, <29§ — 2H> - 3u§9§ + 51&0,

21 3 1
2 2 3 2
=—0,— —H —2u,0, + —u0 4
gl/ 10 14 10 U 1% 2u1‘ ) ( )
7 1 3
3 3 2 4
=0+ -u20 = 20.
gy 10 1 2ux ’ gl/ 5
7 1 3
3 3 2 4
=——0,+ —uzf = 0. 4
gl/ 10 v 2u$ ? gl/ 5 ( )

From (3.) and (4.) it follows, by transfer from the binary domain, that
1
(00'u)* = g] - f (mod v).26

The remaining forms of the form sequence (#0'u)? and the form @, are reducible to symbols v. We can
therefore replace:

mod v : foldings with f - j by the corresponding foldings with (66'u).

Furthermore,

4
(09'z)? = 3f A, 0g (V') = —N.

Chapter III. The relatively complete system modulo (s, o,1).
§ 7. Overview of the formation of the system.

In order to pass from the relatively complete system modulo v to the relatively complete system with the
next higher modulus, one has, by Definition § 3, to form the system of v with respect to this higher modulus
and to fold it with the forms of the relatively complete system modulo v. But v = u}, as a contravariant of
the fourth degree, is dual to the form f. If therefore we regard v as the ground form, we obtain a relatively
complete system of six forms modulo v(v) = (vv1x)* = s2.

Thus, for the formation of the relatively complete system modulo s (System III), we have to transvect

System I.  f, 0, K, j, A, N over

System II: v, H = (vv1z)?ulu?, L= (Vnm)ngl?ju%,

g = (vnx)*HZ, 0 = H2uZuy, (vox).

It will be shown (formula (13.)) that the form g is reducible, and hence that System II consists of only five
forms.

In the course of the calculation the quadratic forms

o= uz = Hffug, t= ti = a%Hﬁ

are adjoined as moduli, so that one obtains a relatively complete system modulo (s, g,t); and the modulus
(0,t) is to be regarded as a higher modulus than the modulus s.

The arrangement of the individual forms is to follow the order in the coefficients. We normalize the folding

0,(K,,0,,...)

as higher than the folding
Hy(Hyv Ly> e )

Consequently, by § 1 and § 3b, the order of the individual forms of the same order is uniquely determined.
The formation of the forms of the same order is carried out in tabular form:
I. Indication of which forms of Systems I and II are to be folded with each other in order to obtain the
prescribed order in the coefficients.

26 Gordan—Kerschensteiner, loc. cit., p. 181.
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II. Listing of the irreducible forms according to the scheme of the form sequence.
III. Reduction of the reducible or decomposable form sequences or forms, that is, of those places where

the total form sequence breaks off, thereby proving that all irreducible constructions have been exhausted
by those indicated.

IV. Consequences: 1) indication of newly arising reducers; 2) indication of those forms which do not enter,

in products with forms of the same system, into folding with forms of the other system.

It will be shown that only the following occur:
1) foldings of one form of System I with one form of System II;
2) foldings of powers of 6, respectively H, or of two forms of one system with one form of the second

system.

We shall obtain the following scheme for folding:

System I folded with System 11
1. order f 2. order v
2. ,, 6 4. ,, H
3. ,, K,j,A 6. ,, Lo
4. ,, N,0% f-j 8. ,, (vox), H?
5. ,, 0-K 10. ,, H-L
6. ,, O3A-j 12. ,, HS3.

For checking the calculation, besides the “double reduction”, the two special forms serve:

f = Zl’?l‘g, U, = %U§7 s = %f’
3
a% = —ézﬁ, H?2 = g0, o =—%J
g = —3iA, o =0, t =0,
f = szllv s = %Zfa a727 = %,Lg?
1I AQ _130 _ 4., _4-A

v T5Z ) g = gl_], g = gll )
o =0, t =0.

Supplementary remark: for the ground form v, formulas (1.), (2.), (3.), (4.) correspond to the following:
(vnz)? =A| H,(vnz) =0 H2 =0
(vnz)® =0 | Hy(vnz)? = B | HZ(vnz)=0 (5)
(vna)t =g | Hy(vnz)® =0 | Hy(vnz)* = C,

1 2 5) 2 J
A= g% ~ glasy + 3u§ 2 _ 18ui, =55 + 6uxs,2j — 9ui, C= 5312, - §u§
1 1
$31y8, = gUxS,, gJux. (6)
1 2 4 1 1
a) (voz)?= i(stu)2 — gV 52— sl sn(Hsu)? 4+ u2 {6J V= 40(38’11,)4} ,
3
b) (vox)d = —TOSH(HSU), (7)
21 3 6 1
¢) (vox)t= ES% - TOZ - 5%«83’7 + Euisf].
9 1 1
a) gy = —8y+uy (23727 - 22) - 3u32682 + iuisﬁ,
21 3 1
= Es% - EZ - 2u$8737 + §u§sf7,
8
5_ (3,1 4 ®)
c) g, TR, + 2 Uasn;
3
d) g, = 55%

§ 8. Forms of the third order (System III).
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Folding of f with v.
Irreducible forms:

a, -
. a,%
at =i.
Reduction: !
ad = gzum (formula (2.)).

Consequences: 1) a; is a reducer. 2) f enters into folding with v only in products with contragredient forms
(7). The same holds for v with respect to f.

§ 9. Forms of the fourth order (System III).

Folding of 6 with v.
Irreducible forms:
(Z3) 6, .
(Ovz)?  0,(0vx) 62 -
0,(0vx)®> - 3.

reductions: From the reducer a3, by double reduction of the expressions a3 (abu), a>b,, a>b,(abu) according
to the ansatz:

1 1
02 (Yvzx) = a’(abvz)(abu) — g(yylx)g’ = a, b, (abvz)(abu) + g(uylgv):3

2
= a3(abu) — a2b,(abu) = 2a2b, (abu) = gai(abu),

1 1
62 (Yvzx)? = a’(abvz)? — g(yulm)4 = a,b, (abvz)? + 6(1/1/1;r)4

1 1 2 2 1
—if — 263, + a2b% — =5 = 2a3b, — 2022 + ~s = Zif — Zadb, — =
if —2a,b, + a,b; 3 a,b a,b;, + 5 ng SaVb 55
03 (Vvz) = a2b, (abvz)(abu) = ab, (abu).
The formulas obtained are:
02(Ovz) =0 03(Ovz) =0 | Oju? = ul = 0 (adjoined modulus, § 7),

9
02(dvx)? = gif - és )

Consequences: 1) 62(Qvx)? is a reducer. 2) v enters into folding with § only in products with contragredient
forms (g).

§ 10. Forms of the fifth order (System III).

. K, j, A with v,
Folding of { F with H.
Irreducible forms:
Kl/ : (]V$) AV
(kvzx)? : K? (jvz)?
A) (kvx)® K, (kvz)? - B) (jvz)3 ©)
: K, (kvzx)3 .
(aHu) (aHu)?
D) ap  ap(aHu) ay(aHu)?
2
a
n

reductions:
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A) form sequence K32: reducer a3.

form K?2(kvr)?: reducer 02(dvz)?.
(kvz), K,(kvz), KZ2(kvz)

are decomposable forms according to § 3.
B) form
(jrx)t = (@fvx)t = a0 + 01 f — 4420, — 4a,{a,b, — (@vzx)}?

+ 6(1,2,{%91: _ (aﬁya:)}Q =of + gw — 6al2,(a(91/x)2 + 4au(at91/x)3,

and therefore 5
(jrvx)* = of + giﬁ mod(A,v), (cf. § 5 end).

C) form A%: reducer 2.

forms A2 and A3: reducer a or 02 by replacing the form A by lower forms of the form sequence (§ 5

end), i.e. by double reduction of the expressions

3 3 4
aya;,, ayasb,, ayl,,.

3

The double calculation of A3 gives rise to the reduction of the higher form a.

Reduction formulas:

3 3 1 1
a) A2 5a,2] — E(QSU)Q + gi@ + 51&,(2@2 —t),
3 3 13 2
3 _ 2
b Al = gt g (5 51).
2
c) Al = ag - gt.

Derivation of the formulas:

1 6 6 1
a) agal = giO = [aglys + =[a3],2 + =[ag(abu)?],2 Da? + %[a?g(aHU)Z]V vz’

7 )
6 a1 2] 5.2
7ux[a19]1,3 6ux[a19(a9u) |2 Dx”,
L. 2 2 3 2 2 o 2, 1 9o 2
gze =A; — gUmAy — ayay, (vv1x)* + gal,(uylx) + guxaual,l(uylx) ;
3 9 2 3 9 s 2, 179 2] 5.2
b) aga,f, =0 = [ay],+ + ﬁ[aﬁ]yzs + g[aﬂ(atgu) |2 Ux” 4+ m[aﬂ(aﬁu) |z
9 1 ~
— gl [a3],4 — o1l [a%(abu)?],2 D22,
a3 1 VT B
0= EA” — §UIAV — 1% + 50 Ve’
b)) aglih = a, = agf,{a, — (abvz)}
3 3 37
= —§[ag]ys + g[&ﬁ(@@ﬂ)Q]VQ vr? — m[ag(aﬁu)z]y D’
3 49 ~
4 2w lal+ o uelad atu)) e 9,
3 3 11 7
ap, = _iAi + §UIA§ — %ag + %uxa%;

3
O 30— ) + a3 a0 5
2

D) reduction of a% by double reduction of A3 (C).
The remaining reductions are obtained by a computation dualistically opposite to that of § 9.
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Reduction formulas:

1 4 1
a%(aHu) = —é(asu)3, a?](aHu)2 = §i1/ - é(asu)‘l,
3 1
a% =—ay,+ guxag + 5u5,;t, af’](aHu) =0, (11)
ay =t (adjoined as a modulus).

Consequences:

1) (juz)t, A2, a;(aHu) are reducers.

2) v enters only in products with contragredient forms in foldings with K, j, A; the same holds for f in
relation to H, and for j in relation to v, since 0,(6 - j, v, 2%) becomes reducible according to § 11 B.

§ 11. Forms of the sixth order (System III).

6%, f -4, N with v,

Folding of { 0 with I,

Irreducible forms:
A) (Wvz)3,  0,(9*vx)® B) a,(jvz), o (jvx) C) N,

(0Hu) (0Hu)? .
D) (Inx) 6, Hy(0Huw), 0,(0Hu) | 0,(0Hu)?
(09 | Ho(0ne), 8, (9z) 0 02 (0Hu)

On (Inz)? ) )

reductions:
A) (9?vz)* decomposes according to formula (3.)a:

1 1
(aAYz)* = 5(1921/:15)4 - gf -aX(vix)? = §A2 + fA2.

B) a,(jvr)? decomposes according to formula (9.)a, indem wir according to § 6 end f - j by (00'u)? ersetzen,
and the reducibility of 0}, take account of:

%ay(jux)Q = (00'vx)20, = 030 — 020!, = 030 + 02 (jub'u) = 630 — geia.

forms a, (jvr)® and a2 (jvz)?: reducer a; and (jrz):

3

CLZ,(jl/fL‘)?) = a;(jvr)° — (jyx)?’(jyau),

ay(jve)’ = aj(jve)* = 2a;(jve)* (jvau) + (jva)* (jra)®.
C) form sequence N2; reducer AZ. (nvx) and N,(nvz) decompose as a transvection over functional deter-
minants according to § 3.
D) Overview of the reductions:
a) form sequence G%H,gz reducer az(aH u). (Leads to forms with higher symbols.)
b) form sequence 0, Hy: reducer a;(aHu) by double reduction. (Leads to forms with higher symbols and
to higher forms of the total form sequence, i.e. to the form sequence 9727) Instead of 6, Hy we consider the

form sequence

6, (Inz)(0Hu) = 6,Hy + 9,2],
ersetzen in it the symbols 6 by the lower form (abu), gelangen so to the double reduction of the form sequence
3
afz(aHu)(abu) = 0,Hy + 59,27 mod s

up to the terminal form
1
ajby(bHu)(abu) = 63 Hy + 50;;

¢) form sequence 02: By double reduction of those forms which simultaneously belong to the form sequences
0,Hy and 9727H19 - i.e. the forms of the form sequence Q%Hﬂ - to forms with higher symbols on the one hand,
and to forms with higher symbols and to the higher form sequence 92 on the other hand.
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d) forms (9727 (Inx), 9727(19771‘)2, 9%(’[97]1‘)2 By double reduction by means of the reducers a analogous to the
computation of § 9.

e) forms 0727(0H u)? and 0%(19171:)2: By double reduction of the expressions A2(aAu)* and (aAvz)* by
means of the reducers A2 and (aAu)?.

f) forms Hy and Hg: Decomposition of forms. Is obtained for Hg by double reduction of the expression
A2(aAwu)? or also by direct calculation of the products (a2)?, a2b,, by forms of the system. (The analogous
calculation of (a,)? gives a relation between decomposable forms.)

g) Reduction of higher forms by the fact that forms of the form sequence 6 - H admit two reduction

possibilities (belong to two reducible form sequences), namely:
g: by double reduction of 67 (9nx)?; allows reduction d) and e) zu
s5(0su): by double reduction of 63 (¥nx); allows reduction c) and d) zu
s5(0su)?: by double reduction of 67 H3; allows reduction a) and has the reducers 67 (dvz)? as a factor.

s2: by double reduction of 8 Hy; allows reduction a) and ¢) zu

The proof of the independence of the remaining forms is obtained by double reduction of the form sequence
A2(alu)? = 02,
Ezecution of the reductions:

The existence of reductions a), b), c¢), d) is clear a priori, since according to the stated law of formation
the relations arising from double reduction are independent of one another. For reductions e), f), g), it must
be shown by computation that no identities arise.

Proceeding symmetrically with the diagonal term in the form sequence ¢ - H up to the form 6,, and partly
indicating the calculation, we also give the formulas obtained by reductions a), b), ¢), d), since they are used
partly in reductions e), f), g), and partly later.

1) Hy and H2 according to f). According to the ansatz?”

ayb?, = va,b? — (aHu)(bHu)b, ~ va,b2 — fay(aHu)* — (abu)(aHu)b, + (abu)?by,
a;, 62 = b {a,u, — (avviu)}? ~ v{a2b? — 2a,b, (aHu)(bHu) — é(asu)Q(bsu)Q}
~ va2b? — 202 (aHu)(abu) — %(asu)2(bsu)2 + (Inz)?(0Hu)?
after substitution of the value of 0, Hy, the formulas arise:

a) Hy~ 2al,a§ + 2vb, (Inz)* + 2fan(aH u)? —
2(03u)2 + iSV — 1zfl/ — ff(asu) 12)

2 2\2 2
b) Hj~ (a®) +26; + 3 5

2) 6,,Hy according to b):

a%(aHu)(abu) ~ [a?](aHu)]bu + %f[a% (aHu)?| = apb,(aHu)(abu)

~ 1 1
+ ay(abnz)(abu)(aHw) ~ 0, (Inx)(0Hu) + 59127 + Z(W)x)2.

According to the formulas (5.) and (11.) follows:

3 1 1 2
0, Hy ~ —50,27 - Z(@su) st fzfu

3) 6,Hy(0Hu) is computed according to b), analogously to 6, Hy:
1
OpHy(0Hu) ~ —07 (0 Hu) — 6(9su)3.

4) 0, Hy(VInz) according to b); 972,(191717) according to d) (cf. § 9):

1 1 1
0, Hy(VUnz) ~ —0%(1977:5) - 6519(0810 ~ —5(19@90) - gslg(c%u),

27The sign ~ in place of the equality sign means that products arising from wu, with higher forms, other than those arising by foldings III and IV,
are omitted.

20



2 1
2 3
0, (Inz) ~ gan(abu) ~ —g(ﬁgx).

2 .
9 . 9 . 02 Hy according to b)
0, Hy according to b) 6 Hy according to a) and thereby 63 according to c)

from a;(aHb)(bHu)  from a(Hab)(abu) from a;}(bHu)(abu)
1 1 4 1 1
977H§ ~ —gezHﬁ — 1879(98/&)2 + ESV - §iay ~ —99 - 651/ — §7:CLV,
2 1 2
G%Hﬁ ~ geg — 6879(08”)2 + §Sy — §i@y,
2 2 ) 1 1 1
3 3 3 2 :
Hy~ 20, 203+ 2, 0%~ —s9(05u)? — =5, + ~ian.
0, Hy 00 = 50n + 555 i 4519( su) gSv T 3ia
6) 9727(9Hu)2 according to e):
2 2 4 12 5 2 3 1 4 -
A7 (aAu)” = [(aAu)®],2 = —FQU(HHU) ~ 1% %(Hsu) +vo (according to formula (3.)c),
2 4 214 3 2 9 1 3 4 1. .
A7 (aAu)* = [A7]. = —gﬁn(ﬁHU) + g0~ E(Gsu) + 3% (according to formula (10.)a),
1 1 1 1
2 2 4 ..
Hu)? = ——g+ — - - ~vo.
0, (0 Hu) 57 + b (Osu) ol + V0

7) 9727(1977:(})2 according to d) and e). From this reduction of the higher form g.
By a computation analogous to that in § 9, it follows:

1 1 1 2 2 1
2 2 ; 2 3
0, (Inz)” = 22f 2czv7b77 9= 3tf 3@,7b,7 9

1 1

673

4 8
(Dox)? + 1—5fa§ + 1—5ft (according to formula (11.)).

By the corresponding computation as above follows:

21

((aAvz)*) = [(aAu)*], p0 = Eﬁg(ﬁnx)Q + %5129 — 1—309 (according to formula (3.)c),

1
(aAvz)*t = —giA + 6[A2)a? — 4[A3]a + ALf

36 9 945 3 3 9

= —3977(197795) - 5579 - 59 - 5(19093)
5. 37, T4 .
+ ng + %fag + 2—5ft (according to formula (10.)).

Thus 93 3 5, 3
99 2 2__ 92 22 9 2
1000 () 109~ %0 — g (Uex)
5 37 74
TN+ gt =
+ 5 + 25fa,9 + 25ft,
and by comparing the two values of 0,2] (Inz)? according to g):
4 4
0=g—2s3+2(0ox)* + §ZA_ 5fa2— %ft. (13)

8) G%H,g(HHu) according to a) and b), from this Qg(HHu) according to ¢) (forms with the Faktor u, vanish):
62Hy(0Hu) = —1819(9821)3 - 1(Vgac)
n 6 3 )
62Hy(6 103 0 L
ZHo(0Hu) = ~3 (OHu) — g(VW%

1
973;(«9Hu) = 5319(9311)3.

21



9) 9727H19(197733) according to a) and b), from this 03’7(29773:) according to c). Qg(ﬁnm) according to d), from this
reduction of the higher form s3(fsu) according to g) (forms with the Faktor u, vanish):

1
(9727H19 (Inzx) = 3 (atu),

1 1 1
H%Hg(ﬁnm) = g(atu) + 592(197]56) - 65%(9811),
1
Giima) = L3 (6su).

2 1
0, () = 599(?9996) + g(atu),
sp(Osu) = 599(19gx) + g(atu). (14)
10) G%Hg according to a) and by reducer 02(dJvz)?, Q%Hﬁ according to a) and c), 9;17 according to c), from
this reduction of the higher forms s(fsu)? and s2 according to g):

1 1
According to a) H%Hg = [a727(aHu)2]b2 + g[ag]buz - gﬂf(w;x)Q

4. 1 5) 1 1
= §w,2j - gsg(esu)z - 1—8812, + g(atu)2 + 5—4Ju326

1 1
By 62(9vz)? : 9727H§ = [62(Vvz)?],, + g[Gﬁ]ylf/le - gs?g(Hsu)Q

4 1 1 1
= —ia? — ~s> — ~s%(0su)® + = (vox)*

9 6 3 3
. 3 2 2 1. opo L3 L
According to a) 0, Hy = —[a;(aHu)]p,b” — §[an(aHu) 167 — g[an]b + ﬁ[an]bUQ
1
+ iux[a%(aHu)Q]bg
2.9 1 o 45 7 2 1 2 2 2 2
=gl + 55t BQQ — %(yga:) + %(atu) + oot — %Jum

1 1
According to c) Gf’]Hﬂ : a%(Hab)(bHu) = i(atu)2 = «9,27H19(0Hu)(19m:) + EHB(V’I’]x)z
1 3
+ iﬁgHg = 59727H§ + 9;37H19 - ux[a%(aHu)z]b?’

1
+ L2

and therefore 5 5 1 1
Qf’ng = —giaz + Esg + Q(ugac)2 - i(atu)2
4 1
+ 2—7121@ — EJui
According to ¢)
4 1 16
4_ 2.2 2 2
9,,7 §ZQV — ESV 1—599
- E(V@i) + ﬁ(atu)
According to g), from the two values for G%Hg:
2 29 2 1.9
sg(fsu)” = 35~ 2(atu)” + 2(vox)” — §Jux :
15
:§za2+— 2—E(a )2+§(Vgﬂs) —iiz 2, )
9 7 159 15 45 271 7

According to g), from the two values for H%ng
4. 4 8 26 1 2.
st = §Za12/ + 595 + g(atu)2 — B(Vgx)Q + éJufc - 622u§. (16)
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Formula (16.) gives the basis for the reduction of the modulus (ss'u)*, and formula (13.) gives the basis for
the reduction of the system of s. (§ 17.)
Consequences:

1) a,(jvx)?, 0,Hy, 07(Inx), 07(0Hu)? are reducers, a,(jvx)?, Hy and Hj decomposable forms.

2) The form of the system II: j(v) = g = (vnz)*H? is reducible.

3) Since the only contragredient form g becomes reducible, v does not enter at all in powers or in products
with forms of the same system in folding with System I.

f enters into foldings only as a contravariant in products or powers; correspondingly, H enters only as a
covariant (cf. § 13 B).

§ 12. Forms of the seventh order.

0 - K with v,
Folding of ¢ K,j, A with H,
f with L, o.
Irreducible forms:
: (K Hu)? -
. ) K, -2 KH(KHU)Q
B) (knz) . K, .
(knx)* | Hy(knz)?, K,(knz)? :
Kn(km’)3
(jnz)  Hj
¢ - HGw) ) GHY
. H? Ay
J
a; (aLu)® (aLu)?
E) - . ai(aLu)? a;(alu)?
L2 . .

1

reductions:
A) (9 - k,v,x)* decomposes as single Uberschiebung over the decomposable form (9?vz)?.
B) form sequence HyK,: reducer Hyb,,.

form sequence K7 (K Hu): reducer a7 (aHu).

form sequence K%(k:mc): reducer 9727(1977:1:).

The from this arising double reduction of the form sequence Kg gives rise to the reduction of the higher
form sequence (jnx)3.

(KHu), (knz), K, (knz) decomposable forms according to § 3.

Hy(KHu), K, (KHu) decompose as arising by single folding with the decomposable form K, (kvx) and
the functional determinant

K2 = 0%(abu) = a?(abu) mod v2.

A relation between decomposable forms corresponds to the double representation of K2. One obtains:
Hy(KHu) = 2K, (vink) = 20, (vv1ab) = 202a, — a20, + f0,(0Hu)? — fv0) modv?,
Ky(KHu) = —K2(vviz) = —a2(abu)(vviz)
= ay(aHu)?0 + a20, = —0,(0Hu)?f — 02a,.

Therefore
0= a0, + 02a,, + f0,(0Hu)? + fa,(aHu)* modv’. (17)

The forms Hy, Hy(knz), H?, H?(knz) decompose as arising by single folding with the decomposable forms
Hy and H3 (cf. § 3. 2), a) and b)).
Es is
Hy, = Hy(aOu) ~ [Hylua — fHy(0Hu)

(specialization y = uv of 2)a).

5 1
Hy(knz) = Hya, — Hyb, f, Hya, = Z[Hﬁ]a - ZHqgaqg (§ 3.2)b),
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Hg(aeu) = [Hg]ucw Hgan = [Hg]a = Hi?(kﬁfﬂ) + ngnf-
C) form sequence (jnx)3: Reducible by double reduction of the form sequence K,? according to B); according
to the ansatz:
0 = a’(abu) = 03(abu) = 6 Onx)3(ad 939—1'3d3 t,i,J
= a;(abu) = 0, (abu) = 0, + (abnz)”(abu) — 0, (adu) = 5(]7737) mod(v°, s, o,t,14,J).
The analogous ansatz holds up to the terminal form of the form sequence:

1
0= Hg(aﬁmc)af7 = Hg(aHU:v)Hg - illlg(jmv)4 mod(v2, s, 0,t,1, J).

form (jnz)?: decomposes 1) by twofold polarization of the relation for the decomposable form H3 ((12.) b);
2) by direct calculation of the products a,83; thereby Decomposition of the higher form (AHwu)?. One
obtains:

2 S(AHW? + 3 (jue)? = 6202

b) (J'WC)Z = 7930'1/17

mod(13, s, 0,t,1, J). (18)

according to the ansatz:

H2(abu)? (AHu)? = 29727(a9u)(aHu) +02a2, = (abu)(aHu){a, — (abnz)’} + 02a;

e 4

1
3
0,68 = —(aimw)62(0v1u) — %(uwlu)eyem (Iviru)
_ _geg(eﬂu)(aﬂu) - —;eg(eﬂu)(aau)
_ —%{an — (abnz)2}{(aHu) — (abu)}(abu).

D) form sequence A, (AHu): reducer AZ.
(AHu)? decomposable form according to C).
E) form sequence a7 (aLu): reducer a;(aHu). forms (aLu) and a;(aLu): Decomposition as a transvectionen
over functional determinants according to § 3.
F) form sequence a3: reducer ag.

forms a2 and a3: reducer a3 and a% by double reduction of the corresponding expressions
3 3 3 4
Hya;, and H,,an, Hya,a, and HVCL77

(cf. § 10. C) reduction of AZ and A3).
From this reduction for the higher forms a,s,(asu)?, a2s,(asu)? and for forms in symbolsn Q,t(ay,a%)

taking account of (16.):
1 1
ays,(asu)? = 5193 - —iH

18 7 » mod(p,t). (19)
a’s,(asu)® = 0,

form a,: decomposes by polarization of (12.)b or, more briefly, by direct expansion of the products a263
according to the ansatz:

a%@lg,l = (a20,,)ay, — (ab12)* = —2a,(aHu)(a0H)(abnz) + (abviz)*a26,,
and taking account of the reduction of H;(jnz)? (C):
a, = 2(13921 mod(s, o,t,1). (20)

Consequences:

1) (jnz)3, Ay(AHu), a? are reducers, (jnz)?, (AHu)?, a, decomposable forms.

2) f enters into folding with L only in products with contragredient forms; therefore f, and likewise K
and N, do not enter at all into folding with ¢ and consequently with (vox). The form j enters only in
products with contragredient forms; A does not enter at all in products in folding with H and L (this follows
from A, (AHu) and (AHu)?). Likewise o, and consequently (voz), do not enter in products in folding with
any form of System I. Thus, among products in System II, taking account of the consequences of § 11, there
remain only powers of H and products of H with L.
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§ 13. Forms of the eighth order (System III).

A - j with v,
Folding of { 62, f-j, N with H,
0 with L, o.
Irreducible forms:
‘ 92nz)?
A) A, (ve) B) (), Ho0no)’, 6,(0%no)’

C) (aHu)Hj, ay(aHu)H; D) H,, Ny,

(0 Lu)? (OLu)3 :
. Ly(0Lu)?, 0;(0Lu)? | 6;(0Lu)?
(Vlx)? 62 . :
reductions:
A) A, (jvx)3: reducer a,(jvz)3.
A, (jvz)? is reducible by the decomposable form a, (jvz)
reducer fy;. Indeed, according to § 11 B), one obtains:

2 according to § 3. 2)b, taking account of the

iay(jwzf)2 = §03019j + gﬁgﬁgjﬁgj,

B atvey? + 2auGraas (o) + sauiva)? = 26ias, + 261

10
(reducer a; and fy;).
B) The forms Hy(9'nz)?, H3(9'nz), H3(¥'nx)? decompose as arising by successive single folding with the
decomposable forms Hy and Hg, respectively Hya, and Hgan according to § 3. 2)b) and according to the
relation:
Hy(9'nx)* = 2Hga, f — 2Hgayby.

C) form sequence a,(jnz)?: reducers a; and (jnz)>.

form a,(jnz) decomposes: reducer a; and single folding with the decomposable form (jnz)? according to
§ 3, 2)a (specialization y = uv).

form a, H; decomposes: 1) by single folding with the decomposable form a, (jvz)

2) by a special twofold folding with the decomposable form (jnx)?; from this one obtains a relation
between decomposable forms.

From a, (jvz)?:

2.
3

0=40.0, + 2a,H; mod(s,o,t,i,.J).
From (jnz)?:
3
0=200,— §a"Hj mod(s, o,t,1,J)

(products with contravariants are omitted), according to the ansatz:

0= %a,,(abu)zﬁg + %ux(ubu)ﬁgl (Obu) — z(jnbu)2 + gHj(]’nbu) — %fHJ2

and by interchanging the symbols in a, (ubu)(6bu)6? .
D) form sequence N, (N Hu): reducer AZ.

(NHuw), (nnz), Ny(nnz), Hy(NHu) decomposable forms (cf. § 12 B), (NHu)? decomposes by single
folding with the form (AHu)?.
E) form sequences 0; Ly, 02(0Lu)?, 6?(9lz):

reducers: 60, Hy, 9727(9Hu)2, 9727(1977@.

forms (0Lu), (9lx), Ly, Ly(0Lu), 0;(0Lu), Ly(Ilx), 0;(9lx), L3, L3(0Lu), 6?(0Lu) decompose. (Dualisti-
cally opposite to the decomposable forms of § 12 B).
F) form sequence 6, (Jox): reducer a2.

forms (Jox) and (Jox)? decompose, as arising by single folding with the decomposable form a; 0,, by
twofold folding arising, decomposes, since the form sequence

2 3 — 72 — .
a,,(abu)0, = H; (jnxr) =0 modu.(s, 0,t,4,J) :
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Oy = ag(abu)? = a?(abu)?6>.

Consequences:

62 or 92K does not enter into folding with H; @ enters into folding with L only as a contravariant in
powers or products, and not at all into folding with o and (voz).

N does not enter in products in folding with irgend einer form of System II enters, ebensowenig wie with
powers or products of forms of System II. There remain an products in System I, taking account of the
consequences of the last paragraphs, only products f - j, A - j, powers of # and products of 0 - K.

§ 14. Forms of the ninth order (System III).

0 - K with H,
K,j,A with L,
j, A with o,

f with H?.

Folding of

Irreducible forms:
A (9-kym)t, Hy(9-k,n,z)* B) (KLu)®, Ki(KLu)®, K2, (kiz)3, K;(Klx)3,
E) (jox) G) (aH?u)?, (aH?u)?, a,(aH?u)3.
reductions:
A) the forms Hy(knz)3, H3(knz)?, H3(knz)® decompose as arising by successive single folding with
decomposable forms.
B) form sequences K;Ly, K2(KLu), K2(klx):
reducers: 0, Hy, a%(aHu), 072](1977:@.

forms L;, K;(KLu), K;(klz), (K Lu)?, (kix)? decompose as a transvectionen over functional determinants

(§ 3)-
forms Ly, Lip(KLu), Ly(KLu)?, Ly(klx), Lg(klz)?, L7, L2(KLu), Li(klz), L}, K;(KLu)? K;(kix)?
decompose as arising by single folding with the decomposable forms:

Ly, Hy(KHu), Ly(Wlz), Hp, L3, L3(0Lu), K,(KHu), 0;(Vlz)

according to § 3. 2), a) and b).
C) form sequence (jlz)3: reducer (jnz)3.
forms (jlz)? and L;(jlz): arising by single folding with the decomposable form (jnz)2.
D) form sequence A;(ALu): reducer A2,
forms (ALu)?, (ALu)3: Single folding with the decomposable form (AHu)?2.
E) form sequence (jox)?: reducer a? by replacing j by lower forms of the form sequence (§ 5):

1 1
a2 (abu)? = g(jax)Q, a2 (abox)? = g(jax)4.

F) form sequence A2: reducer a?.

form A,: reducer a2 by replacing A by lower forms of the form sequence:

Consequences: Only the form j enters in folding with o and (vox) enters.
N does not enter in folding with L enters, since the A; correspondinglye form N; decomposes.

§ 15. Forms of the tenth order (System III).

0%, f-j with L,

Folding of { 0 with H2.

Irreducible forms:
A)  (9%1x)4, 0;(0%1x)* B) (aLuw)?L;, aj(aLu)’L;,
C) (0H?u)3, (0H?uw)*, Hy(0H?u), 0,(0H?u)3.

26



reductions:

A) and B): Decomposition of the remaining forms by single folding with decomposable forms.

C) Decomposition of the remaining forms according to § 13 B) by the dualistically opposite consideration.
Consequences:

62K does not enter into folding with L; correspondingly, H2L does not enter into folding with K. The
forms H? and H?L do not enter into folding with 6. The folding scheme of § 7 is therefore proved.

§ 16. Forms of the 11th, 12th, 13th, and 15th orders (System III).

11th order.

0 - K with L,
K, j with H?,
j with (vox),
f with H - L.

Folding of

Irreducible forms:
A Ok, 1,2)°, 0;(0k,l,x)° B) (KH?u)!, K,(KH?u)4,
C) (vaj), D) (ayH - L,u)’

12th order.
63 with L,

Folding of { 0 with H - L.

Irreducible forms:
E) (91z)%,  F) (,H-L,u)*,  Lg(6,H- Lu").

13th order.
Folding of K with H - L.
Irreducible forms:
G) (K,H - L,u)®, Ky(K,H - L,u)’.
15th order.
Folding of K with H3.
Irreducible form:

H) (K H3u)S.

reductions:
The forms H jz, H ]2 have reducer L?, from the relation:

1
(viz)L3 = —§H2 mod(a, s).

Decomposition or reducibility of the remaining forms follows from the considerations of the earlier paragraphs.
Consequences:

According to the folding scheme of § 7 and the consequences of §§ 8-15, the irreducible forms of System
III (117 forms) are thereby exhausted.
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Chapter IV. The relatively complete system mod (p,t).
§ 17. Reduction of the modulus (ss'u)* and of the system of s.

For the formation of the next higher relatively complete system, one must, in analogy with § 7, form the
system of s with respect to the next modulus

v(s) = (ss'u)?
and fold it with the forms of the relatively complete system mod s. It will be shown that, after introduction
of the modulus (p,t) as the higher modulus,

A) the modulus (ss'u)* becomes reducible,

B) the system of s consists of the single form s.

A) The reduction of the modulus (ss'u)* follows at once from the reducer s? found by formula (16.), § 11.

trom 4, 4, 8 26 1 2
52 = gia?, + 593 + g(atu)2 - 1—5(Vgx)2 + 6J ul — §i2 u?

there follows, by polarization from x to vy,

128 %1
24 48
:F%%+Eﬁ

2
(ss'u)* = —§J v+ 65252
4 1
(atu)® — ZH?+ —i-(asu)* + =J -v — —i% v,

and with this the reduction of the modulus (ss'u)?.
B) The reduction of
Z = (ss'u)? = 6(s)

and hence the reduction of the system of s is obtained by replacing the form Z by the lower form g2, according
to formula (8.)b, § 7, taking into account the relation

1
2 _ 2 2
s, = s, (vniz)” — §Z'

The form g2 has, by formula (13.), § 11, the reducer s2 as a factor. By formula (8.) and (16.) one obtains

14 14
2 _ -2 , 2
9, =—7Z+ = lay + Ez(asu) mod(p, ),
and by formulas (13.), (14.), (15.), (16.),
4 4
GF = 2sie — 5iak = 253sE — 253 0su 7 - Gid}
4 2 1
= 51 . a% - gz - (asu)? + gJ -6 mod(p,1).
Thus
. o9 4 o 1
Z =2 a; + 3t (asu)® — §J -0 mod(p,1). (23)

The relatively complete system mod ((ss'u)?, o, t) therefore passes into a relatively complete system mod
(0,t), and from this, by transvection over the known system of two quadratic forms, the absolutely complete
system arises. In order to form the relatively complete system mod (g, ), since by formula (23.) the system
of s reduces to the form s, we must transvect the relatively complete system mod (s, 0,t) over s and over
powers of s. It will be shown that powers of s enter into folding only with System I.

The announced relation is

24 48 52 ) 4
(ass’)* = —6%602a%a® + —a2b2(tab)? — =H?a* +=J - i — =3,
) evte 5 5 ¢ 3 9 929
L, U4, 12, 5 4, (22)
(ass)* = & Uoly Et@ + §J = §7, .

27From formula (21.) there follows the relation, mentioned in the note to the introduction, between the three invariants of order 9, with use of
formula (10.)c.
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Among forms of the same order and the same degree, we define as “higher forms” those which have arisen
from higher forms of the relatively complete system mod (s, p,t) by folding with s, regarding the folding
with s merely as a polarization of the original forms. Thus the order of the individual forms is uniquely
determined (cf. § 1, form sequences 2). For instance,

(0,(0Hu), s,u)? is higher than s,((0Hu)?, s, u),

(0,(0Hu)?, s,u) is higher than (6, (0Hu), s, u)*.

We divide the resulting system into the four subsystems

System sy :

System sy :

System sy :

obtained by folding s and powers of s with System I;

obtained by folding s with System II;
obtained by folding s with the individual forms

(without products) of System III and with products of one
form each from Systems I and II;

obtained by folding s with products of one form each
from Systems I and III, II and III, III and III.

System syy :

It should also be noted that from now on all formulas are to be understood mod (g, t); from formula (27.)
on, they are to be understood mod (g, t,14,J, higher forms), without this being expressly stated each time.
For the reduction we collect the formulas obtained earlier:

4 1 2 1
83:§ia5+6J-ui—§i2-ui, s§:§J-um, st =,
2 4 2
g =2sy5 — ng, sg(fsu) =0,
8 4
s3(0su)? = —i-ad — —i? - u?

4 1 (24)
Z =2i- a,27 + gz'(asu)2 - §J -0,

. 2. 2
Gy = —Sy + Uz {2@@,27 - gz(asu)2 + §J . 0} ,

4. 2. 1
g2 = 3za727 - gz(asu)2 + §J -0, g9 =0, 9, =0
Consequences:
s3. s3(0su), sis,, s26,
are reducers.
§ 18. System sj.

Folding of { s with f; 0; K,5,A; f-5,N; A-j,

s3 with 6, K.
Irreducible forms.
Order 5:
(asu), (asu)?, (asu)?, (asu)t.
Order 6:
(Osu)  (Osu)®  (Osu)? (Osu)?
s9  sg(Osu) sg(Osu)? sy(fsu)’
52 .

Order 7: ) 5 .

. (Ksu) (K su) (Ksu) B) s,

A) s sk (K su) sp(Ksu)? sp(Ksu)3 )
. s . . C) (Asu), (Asu)*.
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Order &:

A) sj(asu), sj(asu)?, sj(asu)?,

B) (Nsu)?, sn,  sp(Nsu).

Order 10:
A) s;j(Asu), B) sg(fs'u)*.
Order 11:
(K su)®, sp (K s%u)®, sp (K s%u)S.
Reductions:

The form sequences

s2(0su), si(Ksu), s?, (Asu)®,  (Nsu)?

have the reducer s3(fsu) as a factor; s? and (Asu)? are obtained by going back from j and A to lower forms
of the form sequence:

52 (0su)(abu)® = —%sjz,
52 (0su)(abu)? = é(Asu)?’,
53 (0su)*(abu)? = é(Asu)4 + %s?

Forms s3sy and s3s%,: reducers s3(fsu) and O
sisg = 5309 — s5(0s0'x),
5253 = 535909 — 5559/ (0s0').

Form sequence s;j(Asu)?: reducers A; and (Asu)3.
Consequences:

s does not enter into powers in folding with f,j, A, N. The forms f,j, A, N enter into folding only in
products with contragredient forms; however, in products with f those forms may still be quadratic in z, and
in products with A they may still be linear in 2. Thus the following products of forms are to be considered:

f'(()v)‘)? f'(17)‘)7 f’(27)‘)’ j-(,u,()), N, A'(O’A)7 A'(la)‘) ()‘>O)a

where (i, A) denotes a form of degree p in = and of degree A in w.
Neither # nor K enters into powers or products with arbitrary forms in folding with s or s?. For products
with the functional determinant K, K - ¢, (¢ # f or 0), the relation between decomposing forms is

K -y = (abu)py = [ (pbu) — 0 - (pau).
The above scheme for folding System sy is thereby proved.
§ 19. System sjj.

Folding of s with v; H; L; H?.
Irreducible forms:

Order 6 Order 8 Order 10 Order 12
Sy (Hsu), (Hsu)? (Lsu)?, (Lsu)? (H?su)3
. ST] Sl .
st=17

v

Reductions:

Form sequences s, (Hsu) and s;(Lsu): reducer s2

-,
Form sequence s,: reducer s2 from H, s = 350
(H?su)* decomposes by formula (7.)a (cf. § 11 A). Hence (H - L, s, u)* also decomposes.
Consequences:

s? does not enter into folding with System II. The form v enters only in products with contragredient
forms. The form H, regarded as a covariant, enters into folding in products with forms (1, ), (2, A), (3, A),
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with arbitrary A. The forms o and (vox) do not enter at all, and L, as a functional determinant, does not
enter into products in folding; the full transvections over covariants of System III become reducible. The
products of Systems I and II that remain are

f-v, A,
§ 20. Forms of order 7 (System sjjj).

Folding of s with f - v, a,, a2.
Irreducible forms:

su(asu), ay(asu), s,(asu)?,  a,(asu)?, s,(asu)®, a,(asu)?,
aysy, ays,(asu), a2(asu), a>(asu)?
Reductions:
The evident reductions that arise by direct folding with the reducers s2 and s, (H su) will not be mentioned,
nor will the decomposition of transvections with functional determinants.
For the forms a,s,(asu)? and a2s,(asu)?, see formula (19.), § 12; moreover,

al,sl,(asu)3 = ay(aﬁlugu)3(ulugy) =0.

Form sequence a2s,: reducer s%(@su), obtained by going back from a2 to lower forms, i.e. by double reduction

of the expressions
s3(afs)(abu), 53 (afs)(abu)?

according to the Ansatz

52 (afs)(abu) = [(abu)?]s® + %[aﬁ(aeu)Q]sz + i[(1129(a¢9u)2]5

60
1 2
= 5(1351, - §a12/512/,
9 5 4 9 23
si(ads)(abu)* = g[a,g(aeu) Juss™ + @[aﬂ((wu) Juss
1
= ——a’s,(asu)
Here a2b, (abu) = 0.
The formulas obtained are
. 1. 1.
ats, = gt ab,, aysy(asu)? = gze,% - EZH’
aysy(asu)® = 0, aZs,(asu) = 0, (25)

2

a,

sy(asu)? = 0.

Consequences:

1) a,s,(asu)? and a?s, are reducers.

2) The values of the forms (Asu)3, (Asu)?, already recognized as reducible in § 19, are thereby obtained;
likewise for the corresponding form sequence (agu)?, which, when folded with v, gives rise to double reduction
through the reducer g,:

a) (Asu)® = —gai(asu) + 3ay, sy (asu) + 2i6, (6vx),

2 4, 1 (26)
b) (Asu)t = —Za%(asu)? + =0 + ~iH.
5 3 9
From formula (24.) and (26.), mod (i, J) (cf. p. 71),
2 4

a) (agu)? = g(Asu)2 ~ gavsy + %s a2,
b) (agu)® = 2a,s,(asu) — a’(asu)?, (27)
¢) (agu)t = —a%(asu)?.
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§ 21. Forms of 8th order (System sjjj).

Folding of s with the forms of 4th order (System III). (§ 9.)
Irreducible forms:

(Jvx)sy, ((Yvx), s, u)*,
((19Vm)2,s,u), ((ﬁl/x)z,s,u)z, 0s,,
(Yvz)?s,, ((Yvz)?,5,u)s,,
(191/37)75’11)3, (ausu) ) ((ﬂyx)asauyl? (01/5“)3’
((291/33)2’5’“)3’ (01/(197/:6)75’“)27 (912/‘9“)7 ((19V:E),S,U)3, (GBSU)Q’ (01/(197/1‘)’8’“)4'

Reductions:
((Yvz), s,u)s, decomposes as a transvection over functional determinants, by § 3.
Form sequence ((Yvz), s,u)?s,: reducers s and s20,:

(vsu)sy (Bsu) = s,s9(Osu) = —%(ﬁysu)Q(Hsu),

N 1 .
0, (Vvsu)s, = 0,8,89 = 7501,(19%9’&)2.
Form sequence 6,5, (0su): reducer a,s,(asu)? by double reduction of the expressions
ays,(asu)®(abu) and a5, (asu)?(abu)(sbu);

0,5, (0su)® by double reduction of (agu)3(abu)(bgu)?.

Form sequence 0, (9vx)s,: reducer a’s, from 6, (Jvz)s, = a2(abu)s,.

Form sequence (6, (9vz)2, s,u): double reduction of the forms of the sequence 6, (Jvsu)s,, which at the
same time belong to the form sequences ((Jvz)su)?s, and 0, (9vz)s,.

The form (6, (Jvz),s,u) decomposes as a single transvection over the functional determinant 6, (Jvz) =
a’(abu).

The form ((Yvz)?, s, u)*: double reduction of the expression (aAu)?(Asu)?, or also of (Agu)*, from formu-
las (27.) and analogously to the reduction of (jnx)* (§ 12 C)).

Double reduction gives the formulas:

1 -~ 1
0=0,s,(0su) — g(ﬁysu)Z(ﬁsu) - E(HSU)’
1 - 1
0= 0,5(0su)? — Z(ﬁysu)Q(Gsu)Q - ﬂ(Hsu)Q,
~ -~ 1
0 = (Vvsu)®(Osu)? + 20, (Vvsu)(Osu)? + 302(fsu)* — gH(su)Q, (28)

1
0 =0,s,(fsu)® + 59,,(191/5u)(93u)3,
1
0=20,s,89 — 15 0=0,s,89(0su), 0= 9,/81/819(08u)2.
The last group corresponds to ((6,(Jvz)?,s,u)?,...).
Consequences: R R
1) 0(Yvx)s,, (Jvsu)(Osu)s,, 0, (Vvsu)?, (Jvsu)?(fsu)? are reducers.
2) The forms of 4th order (5, ), (6,)) etc. do not enter into folding with s2.
3) For the form sequence (fgu)?, formulas (27.), with the reductions of this paragraph taken into account,
give the following formulas:
1

4 2 1 1 1
a) (Bgu)® = §0V3V + 35089 ~ 350?, - §SH - §f a?(asu)?® + ga?,(asu)Q,

b)  (Bgu)® = —%(ﬁysu)2(95u) — 6, (Jvsu)(fsu) — 6 (0su),

¢) (Ogu)* =20%(0su)? — é(Hsu){ (29)
g9(0gu) = (Yvsu)(Yvz)s, — 0, (Iva)(Jvsu),
gi6gu)® = 565, g9(Bgu)® = S63(0su), g9 (Bgu)* = 0.

32



§ 22. Forms of 9th order (System sjj7).

Folding of s with the forms of 5th order (System III) and the product A -v (§ 10).
Irreducible forms:

A)  (kvz)? Sl,,((kl/.CE) s,u),(kl/x)?’sy,((k:ya:)Q,s,u)Q,Kysy,
((kvzx)3, s,u)?, ((k?l/fL‘) s u)sl,,( y(kvx)3, s, u),
(K su)?, (K su)3, (K, su) ((kvx)?, s,u)?, (K2su),

C) su(Asu), (Aysu),

D) (aHu)s,, (aysu), (aHu), s, )2, (@Hu)?, s, u),
(aHw)2s,, (aysu), (a2su), (Huw), 5,0)%, (aHu)?, s oA
((aHw), ,u)", (aysu)®, (ay(aHu), s,u)2, (ay(aHu)?, 5, 0), (ay(aHu), s,u)?.

Reductions:

A) The reductions follow directly from the reductions of § 21 by single folding. The form sequence
K,s,(Ksu)? has the reducers a,s,(asu)? and 6,s,(0su)? as factors. Hence the higher forms K2(Ksu)?,
K2(Ksu)? decompose according to the Ansatz:

0 = a,s,(asu)*(abu) = K,s,(Ksu)? — 0,5,(0su)*(abu).
B) Form sequence (jvz)?s,: reducer a2s, from
(jrx)?s, = 3a’s,(abu)?.
((jvz)3, s,u)?: reducer aZs, from
((jvz)?3,s,u)? = —6a2s, (abu)?(Gsu).

C) Forms A, (Asu)? and s,(Asu)?: reducer g, from formula (27.)a.

Form A,s,: 1) reducer a?,sl, from aga,%sl, = %Aysy; 2) decomposes by formula (27.)a through double
reduction of the expression (Asvr)?.

Hence the higher form a,s, decomposes.

D) Form sequence (aHu)%s,(asu): reducer a,s,(asu)® by double reduction of the form sequence
laysy(asu)?],, z2; reduction of (aHu)?sy(asu)? from a,s,(asu)® and a,s,(asu)®. Hence the reduction of
(an, s,u).

Form sequence a,(aHu)s,: reducers a’s,, a%s77 by double reduction of the expression (Asx)3, since a%sn
does not arise by folding from the reducible term a2s, (vviz) of the form a,(aHu)s,.

Form sequence (a;su)?: reducer a’s, from
; =~ L(a2(Hsu))?
a; Sy Sy, = 2(%( su))<.

The form (a,(aHu),s,u) decomposes as a transvection over a functional determinant.
The reduction formulas obtained are:

a) 0= (aHu)?*(asu)s, — ay(asu)(Hsu)? — a,(aHu)(asu)(Hsu),
b) 0= (aHu)*(asu)’s, — a,(aHu)(asu)?(Hsu),
¢) 0=ay,(asu)?(Hsu)?,

(30)
L o Lo o
0 =ays, + 109 = g5
1
0= ay(aHu)s, — ia%(Hsu), 0= a%(Hsu)2, ., 0= a%sn.

Consequences:

1) (jvz)?s,, Aysy, Ay(Asu)?, and consequently N, (Nsu)?, (aHu)?(asu)sy, a,(aHu)s,, a%(Hsu)Q, are
reducers; a,s, is a decomposable form that passes into decomposable forms under all single and double
foldings.

2) The forms of 5th order (5,)), (6,)) etc. do not enter into folding with s2.
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§ 23. Forms of the tenth order (System sjjj).

Folding of s with the forms of the sixth order (System III) (§ 11).
Irreducible forms:

A) (DPvx)3s,, (9Pvz)3, s,u), (V2ve)?, s5,u)?, (9?vx)3s,sy, 0, (02 vx)3sy,
B) a,(jvz)s,, (a,(jvz),s,u)?, (a (]IJZL‘) s,u)3, (a,(jrz), s,u)?, (a2 (jvx), s,u)?, (a2 (jrr), s, u)?,
C) ((197737) S, u ,((1977%) S, ) 7(QHU)SW(0773“)7((01{’“)737“)27((HHU>2737U)7

((Onzx), s,u)3, (9 su)?, (Gflsu), ((0Hw), s,u)?, (0Hu)?,s,u)?, (Hy(0Hu), s,u)?,

(0,(0Hw), s,u)?, (0,(0Hu)?, s,u), (0Hu), s,u), (0,su)?, (0,(0Hu), s, u)3, (9127(9Hu), s,u)2.

Reductions: A) The forms ((9%vx)3,s,u)?, ((9%vr)3,s,u)? decompose:
(ﬁyx)(@)(@) = (Vvzx)sgs, — (Yvx)s,sy = —20(vx)s,sy + (Vvz)ss

The remaining forms either have reducers as factors or are single foldings with decomposed forms.

B) Reducer a2s, and (m)sy.

C) 1. The form sequence (§Hu)?s,: a) reducer (aHu)?(asu)sy; b) double reduction of the form sequences
(Ogu)3g, and g, (agu)?(bgu)3(abu). Hence reduction of the higher forms (6, s,u)3, (Hy(Hu),s,u)? and
(a b?/p u)* [the latter form replacing (Hysu)*].

(29171‘, s,u)t: reducer (a,su)?.

3. ((Wnz)?,s,u)3: reducer s3s, from (%)Z(Hsu) The forms (Inx)s,, (Inz)?s,, ((Inx)?, s,u)?, O,s,
decompose by folding with the decomposed form a,s,.

4. Form sequences Hy(0Hu)sy, 6,(0Hu)s,, Hy(Inx)sy, 0,(Inz)sy,: reducers a,(aHu)s, and a%sn.

The form sequence (6,(9nz), s, u)?: reducer a% (Hsu)? [except for (0%(9H u), s,u)?, which arises from the
term a%(@su)(Hsu) by folding].

5. (Hy(9Inzx), s,u), (Hg(Inzx),s,u)?: double reduction of a,(aHu)s,(abu) and gy(0gu)g,

The form sequence (Hy(9nz), s, u)?: reducer ((Jvx)?, s, u)?s,.

6. (Hy(0Hu),s,u) decomposes by single folding with the decomposed form (0, (Yvz), s, u) according to §
3. 2), c), that is, by double reduction of the lower decomposed form (Hysu)?:2

=60, (Yv1)(0su) + %912,(191/1x)(93u) + 0, (Yvzx)(fsu)s,,

= —%Hg(QHU)(QSU) + 0, (0su)(Hsu) + %Hg(esu)(Hsu)

ST, — 5 Ho(0Hu)(Bsu)

= _%Hﬂ(GHu)(Gsu) + 0, (0su)(Hsu) + ~ 35

= —%Hg(@Hu)(Gsu).

By double reduction, according to 1. and 5., the following formulae arise:

0 = 6, (9su)(Hsu)? + iH,g(@Hu)(Hsu)Q

— 20,(0Hu) (Bsu)(Hsu) — 26, (0Hu)?(05u)°

— (asu)3b, (0 Hu)? — a,(asu)®b2,
0 = Hy(0Hu)(0su)® — 76, (0 Hu)(0su)*(Hsu),
0 = a,(asu)?b?, (bsu)? — 0, (0su)?(H su)?
+ 60, (0Hu) (0su)?(Hsu),
0 = (Hy(VInx),s,u), 0= Hﬁ(%)(HSU) - 49,27(Hsu).

Consequences:

L. (GHU)2S777 Hﬂ(eHu)Sﬁa QU(QHU)S% Hﬂ(ﬁn‘r)snv 977(197]:6)877’ (Hﬂ(ﬁnﬁ)a&u), (077(7977‘/1")75’“)2 are reduc-

ers.

28The sign = means that products of forms of lower degree have been omitted.
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2. 52 does not enter into folding with the forms (5, \), etc., of order 6.
§ 24. Forms of the 11th order (System sj;7).

Folding of s with the forms of the 7th order (System III) (§ 12).
Irreducible forms:

(knx)3, s,u), (Kn(knx)?’,s,u), (Knsu)z, (K Hu)?su)?,
(KHu)?, s,u)3, (KHu)? s,u)t, (K,(KHu)? s,u)3,
(

gnx),s,u)?,  (Hisu), ((jnx), s, u)?,

aLu)?sy, (apsu)?, ((aLu)? s,u)?, ((aLu)? s,u)?,  ((aLu)3,s,u)®, (a;(aLu)?, s, u)?

Reductions:

A) Reduction or decomposition by single folding with the corresponding forms in the symbols  — H.

(K,(KHu)? s,u) and (K,(KHu)? s,u)*: decomposition according to § 3. 2), a), by folding with
K2(Ksu), K2(Ksu)?.

(K, (KHu),s,u)* = (a20,,,s,u)*: decomposition according to § 3. 2), b), from the decomposed form
K2(Ksu)3.

B) Form sequence (jnz)s,: reducer (jvx)%s,.

Form H](j/n;;)(Hsu) reducer (jwv)(]/uzt)2

Form H;(jnz)(Hsu): decomposes by reducing the decomposed form ((jnz)?, s,u)? by the reducer (jvz)%s,
(formula (18.)a):

0= —2(jva)’sysy, = [(j12)’]sue + Hj(jnz) (Hsu).

C) Reducers A, s, and A, (Asu)?.

D) Reduction and decomposition by single folding with the corresponding forms in the symbols f — H.

E) From (30.)c one obtains the reduction of the decomposed form sequence (a,su)?:

1
0 = ay(Hsu)*(asvz)? = ay(Hsu)?(aviu)? + 2a,(aviu)(now)(Hsu)* = gag(asu)2,

0 = aya, (Hsu)?(asvz)(asu) = a,(aviu)?(Hsu)?(asu) + a,(avnu)(fow) (Hsu)? (asu) = %ag(asu)?’.

Consequence: s> does not enter into folding with the forms of order 7.

§ 25. Forms of the 12th, 13th, 14th, and 15th orders (System sj;7).

Folding of s with the forms of orders 8, 9, 10, 11 (System III) (§§ 13-16).
Irreducible forms:
12th order.

A) ((7927751;)4757107 977(1927737)35197
B) ((CLHU)Hj,S,U)z, (((IH'U)HJ',S,U)S,
C) (Oysu)?, ((0Lu)? s,u)?, ((0Lu)?,s,u), ((0Lu)? s,u)®, (0;(0Lu)?, s,u)?

Reductions: The reductions arising by direct folding with reducers or decomposed forms are no longer to be
mentioned.
B) Decomposition of ((aHw)Hj, s, u) and (a,(aHu)Hj, s, u) as transvections over functional determinants.
Decomposition of (a,(aHu)Hj,s,u)?: double reduction of the decomposed form [0,63 ].,s (§ 13. C):

0=1[02 0,0 = _zey(asu)Q(ee’u)egl
= —g(09'17$u)(09’u)(0Hu)(9’Hu)9{,(95u) = —gan(aHu)Hj (asu)?.

C) From formulae (31.) follows the reduction of the decomposed forms

[Ly(0Lu)]ss and [0;(0Lu)]2,3,
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that is, of the products [#2H],,s and [a2(bHu)?],s:

0 = 0%(fsu)?*(Hsu),0 = [Ly(0Lu)]gya — T[01(0Lw)] g4,
0 = a?(asu)?(bHu)? (bsu)
+ 60, (0Lu)? (0su)(Lsu),

0 = 03(0su)(Hsu)? (32)

from 0 = 67 (6Lu)(0su)(Lsu)?
(reducer a% (Hsu)?).

13th order.
A) (KLu)?,s,u)?, ((KLu)3, s,u)3, B) (L;su)?, Q) ((aH?u)3,s,u)?.
14th order.
A) ((aLu)*Lj, s,u)?, B) ((0H?u)3, s, u)?.
15th order.

(K H?u), s,u)?.

Reductions: Decomposition of (K;(K Lu)3,s,u)?, (Hg(0H?u)3, s,u), (K, H-L,u)®, s,u) according to § 3. 2),
c); that is, with simultaneous consideration of the decomposed forms (K;(K Lu)?,s,u)3, (Hg(0H'u)?, s, u)?,
(K, H - L,u)*, s,u)%

Consequence: s> does not enter into folding with individual forms of System III.
§ 26. System sjy.

1) Folding of s with System I-III.
Reductions: According to the reductions of the last paragraphs (a2s,(aHu)?(asu)s,, etc.), the forms (0, \),
(1,A), (2,\) do not permit foldings I and IIT simultaneously; hence, by § 18, the forms f, A, N do not enter
in products in folding to form System sjy .

The form j does not enter into folding, since, by the same reductions, the foldings contragredient to j,

(Ky(kva)®,s,u),  (0*n2)ts,u) ete.,
correspond to the foldings cogredient to j:
K, (kvz)?sy, (9*nz)3sy  etc.

2) Folding of s with System II-III, that is, of s with H - (1,A), H - (2,A), H - (3, A).
Irreducible forms:
(a,H, s,u)4, ((aHu)zH s,u)3, ((aHu)QH s, u)4,
((aLu)QH s,u)4, ((aLu)3H s,u)3, ((aH?u )3H,s,u)4,
(a2H, s,u)3, (ay(aHu)?H, s,u)3, (a;(aLu)?H, s, u)*,
C) (0,H,s,u)* (0Hu)*H, s,u)3, (0Hu)>H, s,u)*,
((0Lu)2H s,u)4, ((9Lu)3H s,u)3, ((0H?u )3H,s,u)4,
(0,(0Hu)?H, s,u)3, (0,(0Lu)?H, s, u)?,
(KLu)*H, s,u)*, ((KH?u)*H, s,u)*,

((jve)*H, s,u), ((jva)*H, s,u)", ((ine) H, s,u)*,
(H;H,s,u)3, (LjH,s,u).

Reductions: v does not enter into folding, analogously to j.
B) and D). (a2H,s,u)* and (#>H, s,u)* decompose by formula (27.)c) and (29.)c), taking into account
(gHu)? = —1s0:

1 1
((IEH, S, 'LL)4 = g(aSU)4O', (012/H7 S, u)4 = _6(95u)4a;

hence decomposition of (an(aHu)H s,u)t, (0,(0Hu)H, s, u)?.
(0%2H, s,u)3, (02H,s,u)3, and hence (QQ(GHU)H s,u)?, decompose according to § 25, forms of order 12,
C).
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3) Folding of s with System III-III, that is, of s with forms of System III:
(37 >\)(3’ )\)? (3? )\)(27 )\)7 (37 A)(]‘?A)7 (2’ )\)(27 A)? (27 >\)(]" )\)? (1?)\)(17)\)'
Irreducible forms:

A) (a2a2,s,u)3, (a2a2, s,u)?, (a®a,(aHu)?, s,u)?,

v 1 2t 7]

B) (ayHj,s,u)*, ((aHu)>Hj, s,u)3, ((aLu)?Hj, s,u)*, ((aLu)3Hj, s,u)?, (aH?*u)3Hj, s,u)3.

Reductions:

Products II-1I1I, for the same order in the symbols v and f, are to be considered higher than products
TIT-TII.

The reductions arise partly from relations between products (syzygies), partly by replacing the products
by the corresponding decomposed forms and reducing the folding of these forms with s. Products containing
contravariants are always omitted, since they pass into products.

A) f quadratic, symbols v of arbitrary order. By § 11, formulae (12.), and by analogous computation,
one has:

1) 0=ayb,, + 1f(aHu)2 Loy lquﬁ — luiﬂg,
2 4 2 4
2) 0= a,,b?,l + fay(aHu)?* — 6, — %Hg,

3) 0=agbl, — Hyj+20;.

vl

It follows that

4) 0=a’b? (jrx),

v

3 3
5) Ly(0Lu) = —a,b,(bHu)? + faz(bHu)Z + ZQEH

6) Lg(0Lu) = —6a,b,(bHu)? + 2a%(bHu)? — %GEH,
0= a,(bHu)? + f(aLu)® + 6, H,

)
8) 0=ay,(bLu)® + Z(@Hu)QH
9) 0= (aHu)*(bHu)? +2(0Hu)*H
10) 0 = ay(aHu)?b,(bHu)?,
11) 0= [a?,bn(blLIu)]sfu\4
The reductions of
(Hgsu)?, (Ly(0Lu), s, u)?, (Ly(0Lu), s, u)*

(formulae (31.) and (32.)) together with formulae 1) to 11) give the reduction of all foldings of s with
products that are quadratic in the symbols f and arbitrary in v.

B) Products of two of the symbols f,0, j; v in arbitrary order. By formulae (17.), (18.), (20.), and by
direct computation, the relations are:

1) 0=a,b,, + 1(9(aHu)2 + if(ﬁHuF7

4
2) 0=0,0,, + %G(HHu)Z.

Therefore:

3) 0=3a,(0Hu)? + 0(aLu)® + 2f (0 Lu)?,
0 =360, (aHu)* + f(0Lu)® + 20(aLu)?,

)
)
) 0=a,(0Lu)?, 0 = 6,(aLu)?, 0 = (aHu)*(0Hu)?,
)
)

S U

0= a,02 + 0,02 + f0,(0Hu)? + 0a,(aHu)?,

1
7)) 0=0,02+00,(0Hu)* + R
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8) 0= a,,(jyx)2 + ija
9) 0= (aHu)*(jvz)* — 20, H;
10) 0:91,(3'1/3:)2, 0=0H;,
1) 0= 0,6~ (ne)’
1 1
12) 0= a2~ S(jne)’ — S(AHuP,
1
13) 0=a203 — 540
14) 0=0,0, 0 = a,H;.

The formulae have been carried far enough for the products to become polarizable: that is, by folding only
one new product arises, because a) the folding of the product into itself becomes reducible, and b) the
remaining products arising by folding become reducible or lead to contravariants (cf. § 3. 2), a) and b)).
Formulae 1) to 5) give the reduction of all foldings of s with products arising from a0, by folding.
Formulae 6) to 10) give the reduction of those products arising from a,6? by folding. By § 24 A), taking
formulae 6) to 10) into account, the foldings of s with products arising from a2, decompose.
One has:

0 = a?(asu)?0,, (Osu)?, 0 = aZ(asu)b,, (0su)® — K, (K Hu)?*(Ksu)?,

0 = a’(asu)?6,, (9su), a2 (asu),, (0su)?,

v

0 = a?(asu)b,, (Osu).

RN

The reducers -
((jnx)?, s,u)? [from (Insu)?(Hsu), § 23. C3),

(HJ(J'W),SaU)2 [§ 24, BL ((AHU)Q,S,U)2 [§ 24, C]? (aasu)Q [§ 24, E]

together with formulae 11) to 14) give the reduction of all products arising from a, 83 , a262 , a263 .

Our preceding computations can be summarized in the following conclusion:

The relatively complete system modulo (p,t) consists of the following 331 forms and subsystems, which
are also reproduced below in tabular order.
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Table I (cf. p. 90)

z 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19|20 21
0 i / A K, (kv)® Ky (kna)® (93 n2)* [ Hy(k9, na)® 0,(k, lx)°
B - E 5 | Ho(07nz) S
1 g 0, (Yva)? 0, (9nz)? N (kva)® |0, (0%va)® | (kna)® o 5 )J 0,(9%12)* (0k,n,z)* 9k, 1, z)°
6, (9%nz)
N 0 . N L | Hi(kne (Vv . p
2 o? 2 (Wva)? | K, (kva)?| (9nz)? ( ')5 >3 (9%na)® (9212)*
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(The numbers in the uppermost horizontal row denote the degree in the z; the numbers in the first vertical row denote the degree in the u.)
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Table II (cf. p. 90)
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(The numbers in the uppermost horizontal row denote the degree in the x; the numbers in the first vertical row denote the degree in the u.)




