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Lesson 5

Pinnings and the classification of split
reductive groups

Written by GPT-6.1 Sol (OpenAl) in Codex, Ultra setting, October 2026. Self-checked by the writing
Al GPT-6.1 Sol (OpenAl). Original text: public domain (CCO).

The integral root datum remembers a reductive group up to isomorphism. A pinning removes the
conjugation ambiguity and makes this assertion functorial. The main work is to show that the
multiplication of root groups is forced by the datum, including over rings in which two or three
vanish. We first do those calculations and glue them across the open cell. We then construct groups
in characteristic zero and pass to an integral model.

Throughout, a split group has a specified split maximal torus, a constant identification of its
character lattice, and trivial root lines. All assertions about a base scheme allow nilpotents and
arbitrary characteristic. On a disconnected base, maps of constant data are locally constant; they
need not have one value on every component. The purely combinatorial Coxeter presentation and
length formula are proved in the preceding AG-RG-04, Proposition 3.1 and Theorem 3.4, before
their use here.

1. What a pinning fixes

Let G/S be reductive, let T = Dg(X) be a split maximal torus, and choose a positive system ®*
with simple roots A. A pinning consists of a frame FE, in every simple root line g,, a € A. The
canonical root parametrization from the preceding lesson gives

Tt Gy — Uy, zo(u) = exp, (uEy).

The perfect rank-one pairing gives a unique frame E_, with E,F_, = 1. Put

No = Ta()x_o(—1)za(1), to = a’(—1). (1.1)

The rank-one homomorphism SLs — G proves

n2 =tq, mnatng' =sq(t), Ad(ng)Eq=—FE_,. (1.2)

«

It also proves (na7a(1))® = 1. These are identities of group schemes, including in characteristic two.
Explicitly, in SLy the matrix naq (1) is (° 1;), its square is (7' '), and its cube is the identity.
Also n? = —1I, ndiag(z,2z7)n~! = diag(z7!,2) and nEjan~! = —Ey; by matrix multiplication.

The rank-one homomorphism transports each of these identities on every test ring.



For example, the usual pinning of SLo uses the diagonal torus, the upper triangular Borel, and

Then a(diag(z, 271)) = 22, aV(z) = diag(z,271), and ny = (% }). The frame, rather than just its
line, is part of the pinning.

A based root datum includes X, XV, ®,®" and A. An isomorphism of based data induces the
corresponding torus isomorphism, and matches roots and coroots. We use this covariant formulation;
its map on character lattices runs in the opposite direction.

Integral Weyl representatives

The pinned representatives also determine the full arithmetic normalizer, including the signs from
the central torus.

Proposition 1.1 (the integral normalizer). Let G/Z be a pinned split reductive group, with
split maximal torus T' = Dyz(X), constant reduced root datum and Weyl group W. Put r = rank X
and N = Ng(T'). Then N/T ~ W, and

1 — Hom(X, {£1}) — N(Z) — W —> 1

is an exact sequence of finite groups. Thus |N(Z)| = 2"|W|. For every ring A, an integral element
n above w acts on T'(A) by

(nhn™")(x) = h(w™"x).

Moreover
N(A)/T(A) ~ W(A) = LC(Spec A, W).

The representatives of W need not form a subgroup of N(Z).

Proof. Choose the negative parameter linked to each pinned simple-root parameter. The rank-one
homomorphism SLy — G gives

No = Ta(1)x_o(—1)za(1), n? =a"(-1), Int(ng)|r = sa-

These identities are proved in AG-RG-03 Theorem 7.1 and AG-RG-05 (1.1)—(1.2). Since the simple
reflections generate the Weyl group, selecting one reflection word for each w and multiplying these
elements yields n,, € N(Z). This choice uses no word-independence assertion.

AG-RG-04 Theorem 4.2 makes Q = N/T finite étale. The chosen classes define a map
[Hwew SpecZ — Q. By AG-RG-04 Theorem 4.1, on every geometric fibre these classes are distinct
and exhaust its Weyl group. Its coordinate algebras are finite projective over Z, by the complete
finite-projective construction in RG04 Theorem 4.2. Locally at each prime, choose bases using
CAO07 Theorem 5.3. The algebra map is a square matrix and is an isomorphism on the residue-field
fibre, since this can be tested after an algebraic closure by S06 Section 1. Its determinant is
consequently a unit in that local ring, and the adjugate calculation in S06 Section 8 gives an
inverse. Its kernel and cokernel vanish at every prime and thus vanish: a nonzero module element
has a proper annihilator, contained in a maximal ideal, where its localization is nonzero. Hence the
scheme map is an isomorphism. The group laws also agree. A map from a component SpecZ of the
constant source to the constant finite target has one label, since SpecZ is connected. Indeed its
basic nonempty opens all contain the generic point, so it is irreducible. The labels of multiplication
and inversion agree on the geometric fibres, and hence everywhere. This identifies () with W as a
group scheme.



A section of N maps to the identity section of @) exactly when it factors through the kernel T'. The
chosen representatives prove surjectivity on Z-points. Since

T(Z) = Hom(X,Z*) = Hom(X, {£1}),

the displayed extension and its order follow. Retain all these torus signs, including those arising
from the central torus; the subgroup generated by coroot signs can be smaller.

The convention wy = x o Int(n~!) gives x(nhn=!) = (w='x)(h) after every base change. This
proves the stated action.

Finally a section of W over A is a locally constant map from Spec A to W. Its finitely many fibres
are clopen. On the fibre with value w, base change n,; these sections glue to an element of N(A).
Thus the map N(A) — W (A) is surjective, with kernel T'(A). This proves the quotient formula
without a hypothesis on Pic(A4). O

For SLy, T(Z) = {£I}, and both lifts of the nonidentity Weyl element square to —I. Hence this
extension is Cy — C9, and has no group-homomorphic section.

Lifting scope. For a general normalizer extension over a scheme, the fibre over a Weyl section is
a T-torsor. That section lifts precisely when this torsor has a global section, equivalently when its
class in Hflppf(A, T) is trivial. A sheaf quotient alone does not assert surjectivity on A-points. For
the pinned split model above, the explicit integral representatives trivialize every such fibre; the
obstruction is zero even when Pic(A) # 0. This is a torsor trivialization argument, not an assertion
that H'(A, T) vanishes.

2. Reducing comparisons to two simple roots

We need two facts about root systems. The first explains why rank-two calculations control
commutators even when the two roots under consideration are not simple.

Lemma 2.1. For independent roots «, -y, there is a base of the root system containing o and
another root 8 such that v = aa + b3, with a, b nonnegative integers.

Proof. In the plane E = Ra + Ry, take a functional pg with po(a) = 0 and po(y) = 1; prescribing
these values on the independent pair defines it. Its only root zeros in the plane are +«, by
reducedness. Choose p; with p;(«) = 1, and put p = po + ep;. For a sufficiently small positive ¢,
its values on all other plane roots keep their pg-signs, and its values on «,y are positive. Explicitly,
choose ¢ smaller than every positive |po(d)|/(|p1(6)| + 1) for the finitely many roots with py(d) # 0,
and small enough to keep p(y) > 0. Thus this is a positive system. Every positive root has
nonnegative po-value. A decomposition of « into two positive roots would force both values to be
zero; both roots would then be a;, which cannot sum to . Hence « is simple. The plane-root proof
in RG04 Section 3 supplies exactly one other simple root 3, and the positive-root expansion gives
the asserted nonnegative integers for ~.

Extend this positive system to the whole root system as follows. Extend a basis of E to the full
root space, using S06 Section 1. Every root outside E has a nonzero image in the quotient, so its
vanishing equation is a proper hyperplane in the dual quotient. The finite polynomial avoidance
proof in RG04 Section 3 supplies a functional ¢ vanishing on E and nonzero on every such root.
Then extend p by setting its values on the added basis vectors to zero and take g + &'p. Choose
positive ¢’ smaller than every |q(d)|/(|p(d)| + 1) for roots § outside E. Roots outside E keep the
sign of g. A sum of positive roots involving any root outside F has positive g-value and cannot
equal o or 8. Their indecomposability in the plane therefore implies their indecomposability in
the full positive system. They belong to its base. If E is the full root space, the extension step is
unnecessary. [

The next fact controls different choices for transporting a simple root to another root. Write



l(w) =#{yedT:wyec -oT}.

Lemma 2.2 (root transport). If wa = § for simple roots «, 8, then w is a product of elements
of standard rank-two Weyl groups, each carrying the current simple root to the next simple root.
A factor fixing that root belongs to a rank-two subgroup containing it.

Proof. Induct on ¢(w). Length zero means w = 1. Otherwise some simple root ¢ has wé < 0: if all
simple roots had positive images, all positive roots would. Here § # «. Let E be their plane and set

A=w ot NE.

This is a positive system of ® N E. Choose v € W, 5 with vA = & N E, and put v’ = wv™'. An
element of this rank-two subgroup permutes the positive roots outside E: their positive coefficients
at the other simple roots are unchanged. Thus w’ has the same number of inversions outside E as
w, and no inversions inside E. At least § was an inversion of w, so £(w') < £(w).

The root « is simple for A, since wa = B is simple in the full positive system. Consequently va is
either a or . Apply induction to w’, which carries this simple root to /3, and prepend the factor v.
O

These arguments apply to the root space; central directions in a reductive datum are fixed by its
Weyl group.

3. The multiplication forced in rank two

Fix two distinct simple roots «, 3, taking « short in the unequal-length cases. In the formulas
below all parameters are sections over an arbitrary S-scheme. We choose frames for the remaining
positive roots by the indicated conjugations:

Type Positive roots besides «, 3 Chosen frames
As c=a+p E. = Ad(ng)Eq
Bs c=a+p, d=2a+p EC:Ad(TL/B)Ea, E; =
Ad(nq)Es
Go c=a+p,d=2a+p, e= E.=Ad(ng)Es, Eq =
3a+ 8, f=3a+26 Ad(ng)E., E. =

—Ad(na)Es, Ey = Ad(ng)FE:

Write z., 24, . . . for the corresponding root parametrizations. The complete noncommuting positive-
root relations are

AQZ T
BQ: T

Gt 25(y)za(®) = zal(@)rs(y)zc(zy)Ta(z?y)ze(2%y )2 1 (2°97), (3.1)
) (y)za(2zy)ze(3a>y)z £ (3ay?),
() z)za(y)ze(3zy),
ze(y)rp() = xp(x)ze(y)rs(—2y),
(W)ae(x) = ze(x)xa(y)z s (3TY).
All other positive-root pairs commute. The powers in these formulas are forced by torus weights,

and the coeflicient integers are independent of the base. In particular, the terms with coefficient
two or three disappear in the relevant characteristics; the proof never divides by them.



Here are the conjugation rules needed along with (3.1):

Type Ad(nq) Ad(ng)

Ao Eg— —E., E.— Ej E,— E. E.— —FE,

By Eg— Eq, Eq— Eg, E.— E,—FE., E.— —FE,, E;j—
_Ec Ed

Gy E.— Ey, Eq— —E., Eg E,—E., E.— —FE,, Ej—
—Ee, E, — Eﬁ, Ef — Ef Ed, E.— Ef, Ef — —F,

In A; x Aj, the two rank-one groups commute. The normalizer relations are

tatﬁ, m = 2, A1 X Al,
17 m = 3a A27
(nang)™ = . (3.2)
ta, m = 4, Bs with « short,
1, m = 6, GQ.

Deriving the coefficients

We give the calculations over an affine open of S, where all unknown coefficients lie in its ring
R. Since root-product coordinates are unique, identities with indeterminate parameters in R[z,y]
determine coeflicients even when R has nilpotents.

If no root is a positive integral combination of two roots, their root groups commute, by the weight
calculation in the preceding lesson. A rank-one group therefore acts trivially on a root line g, when
neither 7 + a nor v — « is a root. The definition of the frames and n? = t, give every entry in the
conjugation table except the scalar on E. in By and the scalar carrying Eg to E. in As.

For A, put an unknown A in the last parameter of the first formula of (3.1). Conjugating that
formula by ng gives

x_g(—y)xc(x) = :ZJC(ZL‘)CC_g (—y)za(—Azy).

The identity ngzq (a:)ngl = z.(z), after cancelling commuting end factors, becomes

ws()za(@)rs(—1) = z-p(1)ze(z)r_5(-1).

Reordering its two sides gives respectively z,(x)z.(Ax) and z,(Ax)zc(z). Thus A = 1. If
Ad(na)Eg = zE,, apply the same cancellation with «, 5 interchanged. It gives

1

z5(y)re(—y) = 25(—2" y)zc(29).

Hence z = —1. This proves both tables for As.

For By, use unknown coefficients A, B, C in place of 1,1, 2 in its two relations, and write Ad(ny)E. =
kE.. Conjugating the first relation by ng, and cancelling as above, gives

Lo (2)Te(Az)2g(Br?) = 20(A2)z(2)24((AC — B)2?).

Thus A =1 and C = 2B. Conjugate the first relation by n, and use nazg(y)ng' = z4(y). The
resulting cancellation gives

25(y)re(—Ay)ra(By) = 25(By)zc(Aky)Ta(y).



The three groups on each side commute. Therefore B=1, k= -1, C' = 2.

For Gs, put coefficients A, B, C, D in the four extra parameters of the first relation, E, F, G in the
second, H in the third, and J in the fourth. Conjugation by ng makes the coefficient in the fifth
relation also H. The frame choices and the square relations already give its full conjugation table.

The cancellation identity for ng:ca(ac)ngl = z.(x) gives the following two normal forms:

To(2)ro(Ax)z4(Br?)z(C2®)a (D — CJ)a?),
To(A2)zo(2)24((AE — B)2?)2e((A*F 4+ CJ — D)3*)2 4 ((AG — C)2%).

Comparison gives

A=1, E=2B, C+D=F+CJ, F=0G. (3.3)

The identity nazs(y)ngt = xe(—y) similarly gives

25(y)we(—Ay)zq(By)ze(—Cy)z s (—Dy?),
25(Cy)xe(—By)xq(Ay)ze(—y)z (D — CJ — ABH)y?).

Consequently C =1, A=B, D—-CJ — ABH = —D. Together with (3.3) this says

A=B=C=1, E=2, F=G, D+1=F+J, 2D=H+J (3.4)

The cancellation identity carrying E, to Ey under ng reduces to

ze(x)rf(—J) = 2(—J2)T £ (2);

thus J = —1. Finally use noz.(y)n,t = x4(y). The left side, after cancelling its rank-one end

(6%
factors, has normal form

zo(y)za(—Ey)xe(Fy)zs(—Gy?).

The right side is z_4(1)z4(y)ze(Hy)x—o(—1). Move z_, past these factors, using the conjugates
by n, of the already written relations. Here is the full coordinate check for the coefficient being
extracted. The only roots of the form —ia + jd with ¢,5 > 0 are ¢, 3, f, and the only roots of
the form —ia + je are d, c, 3, f; these lists follow by substituting d = 2a + 3, e = 3o + 8 in the
complete G2 root list. The —a-factor therefore creates only 8, ¢, d, f-factors, never an e-factor
or an a-factor. It commutes with 5 and f, since no positive integral combination with —« is a
root. Among S, ¢, d, f, the only noncommuting pair is ¢, d, whose extra coordinate is f by the fifth
written relation. Collecting these factors therefore never creates e either. After the negative end
factors cancel, the e-coordinate is exactly the original Hy. Comparing it with the left normal form
gives ' = H. Equations (3.4) now imply F' = D + 2 and 2D = F — 1, so subtraction gives D = 1,
and F' = G = H = 3. No cancellation by two or three has occurred. This proves (3.1).

Checking the normalizer powers

For a frame E., write n, for its rank-one representative. If n carries E, to zEs, direct substitution
in (1.1) gives

nnyn~t =8V (2)ns. (3.5)



For z = —1 this is ngl. In moving torus factors through representatives use nat = sq(t)nq; in
particular

\%
Salts) = tgtiel). (3.6)
These formulas give (3.2) without assuming that torus two-torsion is central. For clarity, here are
reductions of the alternating words. In As,
NaNgNa = n;ltm NgNaNgNang = n;l.
In BQ,
NaNpNa = Nglea,

NENNANaNE = Nglats,

NaNENaNENNENe = nglta.

na(nﬁna)?’ = n;l,
ng(nang)* = netg,
Na(ngna)® = ngl

Multiplying the last word by ng proves the sixth-power relation. The commuting case follows at once
from n? = t, and n% = tg. This completes all the rank-two assertions. The successive reductions
can be verified explicitly with A = n,, B =ng, a =t,, b =tg, and C, D, E, F' the representatives
of c,d,e, f. Always a®> = 1> =1, A2 =a, B> =b. In Ay, ABA = C'a, BCB™! = A~! and
sg(a) = ab, so BABAB = Aa = A™'. In By, ABA = Da, BDB™! = D and sg(a) = a, giving
BABAB = Dab. Also ADA™! = B and s, (ab) = b, so ABABABA = Bba = B~'a. The simple
pairings of the short coroot are 2, —2, so a commutes with the torus and every root group of this
rank-two group; multiplying the last word by B gives a. In Gy, start with ABA = E~'a. Since
BEB™! = F and sg(a) = ab, the next word is BABAB = F~la. Since AFA™! = F and s,(a) = a,
the next word is ABABABA = F~!. Since BFB~! = E~!, the next is BABABABAB = Eb.
Finally AEA™! = B and s,(b) = ba, so ABABABABABA = Bba? = B~!. These substitutions
prove every displayed alternating-word reduction over all test rings.

4. From local multiplication to the entire group

We first prove the extension on all test schemes, and then prove the cell identities to which it will
be applied.

Lemma 4.1 (extension from the open cell). Let K/S be a smooth group with geometrically
connected fibres, let Q C K be a fibrewise dense open containing the identity, and let H/S be a
separated group scheme. A morphism f:Q — H with f(1) =1 and

Flay) = F()f(y) whenever z,y, 2y € O (4.1)

extends uniquely to a homomorphism K — H.



Proof. The full regular-component and affine-chart argument in the earlier RG03 Lemma 8.B
proves that a smooth geometrically connected field group is geometrically irreducible, without a
quasi-compactness assumption. For any test scheme R — S and any finite list g1,...,94 € K(R),
the open

d
QrN ﬂ QRgi_l
=1

has a nonempty open in every geometric fibre. Indeed each translate is open dense in the same
irreducible fibre, and a finite intersection of nonempty opens in an irreducible space is nonempty. Its
morphism to R is smooth and surjective, being an open of Kg. Its affine smooth neighbourhoods,
covering the base, give an fppf cover with a section: take these neighbourhoods themselves as the
covering schemes. This argument also permits intersecting with the open le.

For g € K(R), choose on such a cover ¢,c !, cg € Qr. Then g = ¢ !(cg) is a word in cell points. To
a word x7 - -- x4, assign f(x1)--- f(xg). This assignment is independent of the word. For two words
with the same endpoint g, choose a so that a, every ax - - - z;, and every translated prefix of the
other word belong to Qg. There are finitely many conditions of the preceding form. At each step
the two successive translated prefixes and the next letter are in g, so (4.1) applies. Multiplying
either assigned image word on the left by f(a) gives f(ag). Group cancellation proves equality
after the cover, and hence before it, since equality of morphisms is fpqc local by S04 Lemma A1.5.

The empty word at the identity has image 1. The same comparison consequently gives image 1 to
every identity word. An inverse word has the inverse image, by comparing its concatenation with
the original word to that empty word. Pullback of test schemes preserves all words, comparisons
and their values. On overlaps of the covers the assigned values therefore agree. The sheaf property
for scheme-valued points, proved in S04 Lemma A1.5, glues them to a natural transformation
K(—) — H(—). Concatenation gives multiplication and the empty word gives the identity. Yoneda
then gives a scheme homomorphism. Every extension must have these values on all local generating
words, proving uniqueness. This is the full word-extension argument also proved in RG03 Lemma
8.B. O

We need a scheme-level density argument for the normalizer identities.

Lemma 4.2 (density in a cell over arbitrary rings). Put

A:R[ql,...,qN,zlil,...,zfl], e: ¢ =0, z; =1
If d(e) € R*, then D(d) is universally schematically dense in Spec A and in every open subscheme.
Two maps from an open containing the section e to a separated scheme, agreeing on a smaller open

containing e, therefore agree on the entire common domain, locally on Spec R.

Proof. Substitute z; = 14+ w; in R[[q1,...,qn,w1,...,w,y]]. This embeds A in that ring. To
check injectivity, multiply a Laurent polynomial by a Laurent monomial to make it an ordinary
polynomial. Its substituted multiplier is an invertible formal series. Translation z; — 1 + wj;
identifies the ordinary polynomial algebra with the polynomial algebra in w;, and a polynomial
has zero formal series exactly when every coefficient is zero. This argument is valid over any R,
including rings with nilpotents.

The series of d has invertible constant term, so it is a unit. Its inverse is obtained recursively by
total degree, using only that constant unit. Multiplication by d is consequently injective on A.
On any localization Aj, it remains injective: if da/h™ = 0, some power of h annihilates da, and
injectivity on A makes the same power annihilate a. Thus A — (Ap)q is injective. Every open
is covered by these principal charts. The identical proof works after every R-algebra extension,
proving the asserted universal schematic density.

For the last assertion, let U C V be the smaller and larger domains. Around the identity over any



base point, choose a principal D(d) C U in the cell, then restrict the base to D(d(e)). This is a
neighbourhood of that base point, and d(e) is a unit there. The equalizer of the two maps is closed
in V, by separatedness of the target. Each element of its ideal vanishes after localization at d. The
injection just proved on every principal chart makes the ideal zero. Hence the equalizer is all of V.
The base neighbourhoods cover, giving equality everywhere. [

Now let K be split reductive and let the maps on its torus and canonical root groups have values in H.
Suppose they intertwine torus characters, linked rank-one multiplication, normalizer conjugations
and the positive rank-two relations of Section 3. We prove that their ordered product on

Q=U"TU"

satisfies (4.1). All the maps and identities below are identities on their test schemes, not just on
geometric points.

First they give homomorphisms fy : U™ — H and f_ : U~ — H. Lemma 2.1 embeds the plane
of any independent root pair into a base; the chamber transitivity proved in RGO04 transports
that base to the specified one. Thus the assumed normalizer conjugations transport (3.1) to every
nonopposite root pair. Collinear positive roots are equal, by reducedness, and their factors combine
by the additive root-group law. A pair with no positive combination that is a root commutes by
the full weight-coordinate proof in RG04 Section 5.

Here is why these pair identities suffice. Give a positive root the sum of its simple-root coefficients as
height. A commutator term ia+ 53, ©,j > 0, has height strictly larger than each input root. Collect
the height-one factors first, then height two, and so on. Moving a factor past another introduces
only factors of larger height; at each fixed height no new factor of that height is created, and only
finitely many original or previously created factors remain. The maximum root height is finite,
so this process terminates. Equal-root factors add their parameters. The ordered root-product
isomorphism in RG04 Section 5 gives a unique final coordinate expression. The identical collection,
with the identical parameter polynomials, holds for the images in H. It proves multiplicativity and
independence of order for fi. Apply the same argument to negative roots to prove it for f_.

Define f(vtu) = f_(v) fr(t) f+(u) by the cell product isomorphism. Torus-equivariance and the just
proved homomorphisms give

flb_gby) = fb_)f(9)f(by), b €B, by €B*, geq (4.2)

The domain is stable under these two triangular multiplications: multiply the negative factors on
the left and the positive factors on the right, moving torus factors by their characters.

For a simple «, choose the root orders with its negative factor last and its positive factor first.
Write

g = vg hug, heU_,TU,,

where vg, ug use the other negative and positive roots. Reflection s, preserves those other two root
sets, by the simple-root coefficient calculation in RG04. Conjugation by n, therefore keeps the
exterior factors triangular. By (4.2), membership of the conjugate in the cell reduces exactly to its
middle rank-one factor.

This middle domain is a scheme domain. For the subtorus T, of the rank-one construction, the
full torus action fixes exactly the +« root coordinates in §2: every other root restricts nontrivially
to Ty, and coefficient comparison with its universal character makes its coordinate zero. Thus
QN Ck(Ty) = U_,TU, on every test algebra. In its rank-one cover, the required multiplication is
the explicit identity



Ta(a)r—a(b) = 2_a(b/q) av(Q) zala/q), q=1+abe R”.

Direct multiplication of the two-by-two matrices proves this identity; its upper left entry is ¢, so
invertibility is exactly the Gauss-cell condition. Pull back the torus factor along the fppf torus
cover of RG04 Theorem 2.1. RG03 Theorem 7.1 supplies the linked rank-one homomorphism and
this exact unit criterion on the middle cell. The pulled-back identities descend by S04 Lemma
A1.5. The assumed maps preserve the two root parameters, the coroot and torus characters; they
consequently preserve this full Gauss identity. Together with (4.2) it gives

f(nagny®) = fn(na)f(9)fn(ne) ™" (4.3)

on the entire common cell domain.

For a word in simple representatives, impose that all its intermediate conjugates lie in €2. This is
an open containing the identity section. Induction proves (4.3) there. Its full common domain is
also an open in the cell containing that section. Lemma 4.2 therefore extends the identity to that
full domain, including every nilpotent base change. Torus conjugations already intertwine by their
characters; multiplying with a torus element gives the corresponding identity for every normalizer
section.

Choose a word for the longest Weyl element wg, using the Coxeter theorem in RGO04; letters
may repeat. Its representative ng interchanges U™ and U~. For u € UT, v € U~ with uv € Q,
conjugation makes uv a negative-positive product. Its cell map is the product of the two factor
maps. Apply (4.3) and cancel the two normalizer factors to obtain f(uv) = fi(u)f—(v).

Finally, for x = vtu and 2’ = v't’v/ in the cell,

2’ = vt(u' )t

If z2' € Q, triangular stability and its inverse give uv’ € Q. Apply (4.2) and the preceding
mixed-product identity. The resulting value is precisely f(z)f(z). This proves (4.1) on its full
open domain. Lemma 4.1 extends the cell map uniquely to K — H.

5. The isomorphism theorem

Theorem 5.1. For pinned split reductive groups over a scheme .S, isomorphisms preserving the
pinnings correspond bijectively to isomorphisms of their based root data. The correspondence
commutes with every base change. Over a disconnected base, the datum isomorphism is allowed to
be locally constant.

Proof. A pinning-preserving group isomorphism identifies its split torus, root characters, coroots
and simple frames, hence gives an isomorphism of based root data. We prove the converse and
uniqueness over the entire base, including its nilpotents. Work locally where the given datum map
is constant; the final uniqueness will glue these local constructions.

Match T with T by the group-algebra character map, using AG-GS, Diagonalizable groups, Theorem
2.2. Match the pinned simple additive parameters. RG03 Theorem 7.1 gives their linked negative
parameters and full rank-one homomorphisms. Thus the maps preserve n,, n2 = aV(—1), all torus
conjugations, and the rank-one Gauss formulas. They also match the root lattices with their central

directions; all torus elements, not only coroot signs, must be retained.

We first identify the normalizer presentation as an actual sheaf. Form the presheaf of groups
generated by T'(R) and symbols n,, for every test scheme R, with their torus conjugation rules,
square rules and rank-two power rules (3.2). Sheafify for the fppf topology and call the result A
The torus is normal in this presentation, because conjugation by each generator has the prescribed
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torus automorphism. Killing it leaves exactly the Coxeter presentation in RG04 Theorem 3.4.
Consequently the quotient sheaf is the constant Weyl sheaf W.

There is a homomorphism N — Ng(T'), since all its relations were proved in Section 3. The
copy of T has no collapse: its composite into Ng(7T') is the original closed torus inclusion. The
actual quotient Ng(7')/T is also W. To verify this last identification over the base, choose one
simple-reflection word for each w and its product n,,. RG04 Theorem 4.2 makes the quotient finite
étale. The sections n,,T" give a map from [[,, S, which is an isomorphism on every geometric fibre
by RG04 Theorem 4.1. On an affine base its algebra map is between finite projective modules and
is an isomorphism on every residue-field fibre. Its cokernel vanishes by Nakayama; the surjection
splits, and the same argument kills its finite projective kernel. Thus it is an isomorphism on the
full base. The multiplication labels agree on fibres; their equality locus is open and closed, since
the finite étale target has open-and-closed diagonal. It contains every point and hence is the entire
source. This proves the group-sheaf identification with nilpotents included.

The map N' — Ng(T) is surjective as a sheaf. A normalizer section locally has label w, and
multiplication by n,! puts it in the kernel T’; these expressions glue on the clopen label fibres.
If a section of N maps to the identity, its image in W is trivial, so fppf locally it belongs to T.
The unchanged injection of T' then makes it trivial. Sheaf descent proves that the kernel is zero.
Hence N ~ Ng(T). The datum map identifies this presentation with the target presentation: it
preserves all torus characters, coroot signs and the types in (3.2). We obtain an actual normalizer
isomorphism fy.

Every root can be transported from a simple root. For completeness, let v = > ¢;a; > 0. If it is not
simple, the invariant form gives some (7, a;) > 0, because (v,7) = >_ ¢i(7y, ;) > 0. The reflection
subtracts the positive integer (v, )c;. It keeps a positive coefficient at another simple root, so
remains positive, by the common-sign root expansion in RG04. Its integer height strictly decreases.
Iteration reaches a simple root. A negative root is first transported from its positive opposite by
the corresponding reflection. This is a finite integer argument independent of the characteristic.

Choose such a normalizer word to transport each pinned simple parameter to a parameter at -,
and perform the same transport through fx in the target. We check independence. Two choices
reduce, after their Weyl words are compared, to a word carrying one simple root to another,
with a remaining torus factor. Lemma 2.2 decomposes that word into standard rank-two factors,
each carrying the current simple root to the next one; fixing factors are included. The complete
conjugation table of Section 3 intertwines the parameter maps for each factor, with the indicated
coefficients 1 or —1. Linked negative parameters obey the same square rule. The remaining torus
acts by the same root character in the two groups, since fr comes from the given datum map.
Thus both transports give the same root-group map. This proves every transport independence
and every normalizer-conjugation identity, on all test schemes.

Lemma 2.1 places any independent pair in a conjugate standard rank-two subsystem. The paired
root maps just constructed therefore preserve all relations (3.1); the commuting and equal-root cases
are the weight-coordinate and additive identities. The frame maps preserve the linked rank-one
formulas as well. These are exactly the hypotheses of the full cell-multiplicativity construction of
Section 4. Use any ordered root-product coordinates of RG04 Section 5 to define

fa(vtu) = f—(v) fr(t) f+(u).

The finite height collection there proves that the two unipotent maps are homomorphisms; the
rank-one calculation and Lemma 4.2 prove normalizer equivariance on the whole common domain.
The longest-element calculation proves mixed multiplicativity, and Lemma 4.1 extends fo uniquely
to a group homomorphism f : G — G’.

Apply this construction to the inverse datum map. Its cell map is the inverse of fq, so the two
extended composites restrict to the identity on their big cells. Uniqueness in Lemma 4.1 makes
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each composite the identity on the whole group. Thus f is an isomorphism.

Any pinning-preserving isomorphism inducing the specified datum map has the same torus and
simple parameters. The rank-one and normalizer formulas force its linked negative and transported
root maps. Its cell map is therefore fq; Lemma 4.1 makes it equal to f. This proves the required
bijection.

Group-algebra maps, root parameters, finite collection identities, Gauss identities and scheme
morphism descent all commute with base change. The uniqueness just proved consequently gives
compatibility after every base change. On a disconnected or non-quasi-compact base the datum map
may have different locally constant values, with no finite-image assumption. Apply the construction
on affine neighbourhoods where all finitely many lattice-generator images are fixed. On overlaps
the datum maps agree, so uniqueness identifies the group maps; S04 Lemma A1.5 glues them and
their inverses. This proves the theorem over the original S. [J

The pinning is essential for uniqueness. Conjugation by an element of 1" preserves the torus and
positive system and scales E, by «(t). It preserves every frame precisely when it belongs to the
centre.

6. Constructing the simply connected group in characteristic zero

The preceding supporting lesson Lie proofs for the characteristic-zero group construction proves
the rational Serre algebra and its integrable highest-weight modules. We use those complete proofs
before constructing any algebraic group. The construction below includes its finite-presentation,
group-law, geometric connectedness, Lie-algebra and root-datum arguments.

The finite modules and their matrix parameters

Let ® be a reduced semisimple root system, QQ = Z®, and P its weight lattice. Write ) for the
simple coroots and w; for their dual fundamental weights, so P = @, Zw;. S06 Theorem 6.2 supplies
the rational split semisimple algebra

g=n"@hon", h:EBth,

with exactly the prescribed one-dimensional root spaces and the simple rank-one brackets. It
remains semisimple after every characteristic-zero field extension, as the whole proof there verifies.

For a dominant integral A, SO06 Section 7 constructs the cyclic module with relations
\
eiv =0, hiv = (\, o)), fﬂA’a" "y =o0.

)

Its proof first uses the complete ordered-word theorem, S06 Theorem 1.A, to identify the induced
module with U(n™). The additional singular-vector submodules have no top A-component. Thus
this quotient has a nonzero cyclic vector and a one-dimensional top before finite-dimensional
complete reducibility is applied.

The same proof establishes local nilpotence and Weyl symmetry before finiteness: the finite-on-
each-vector operators exp(e;) exp(—f;) exp(e;) carry a weight to its simple reflection. Every weight
1t consequently satisfies

A—peQT, pw—wol € QT

Write A — woA = > b;a; and A — = > d;;. Since A and its Weyl translates occur, the b; are
nonnegative integers; the two inequalities say 0 < d; < b;. There are only finitely many such tuples.
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For each fixed tuple, a negative-root PBW monomial has exponents mg with >3- mg ht(B8) = > d;.
All positive heights are at least one, so only finitely many monomials occur. Each weight space,
and hence the whole quotient, is finite-dimensional.

Now S06 Theorem 4.2 gives complete reducibility. If a proper submodule had a nonzero top
component, it would contain the cyclic generator and would be the whole module. It therefore has
top component zero. An invariant complement contains the generator, since projection preserves
weights, and cyclicity makes that complement the entire module. Thus the proper submodule is
zero. Denote the resulting irreducible module by Lq(A). Tensoring its left-ideal presentation with
any characteristic-zero field is exact; the top stays nonzero and one-dimensional, cyclicity stays true,
and the same complement argument applies. These particular modules are absolutely irreducible.

Put V; = Lq(w;) and V = @, V;. They remain pairwise nonisomorphic after field extension: an
isomorphism between top weights A, iz would force both A\ — 1 and p — X to belong to Q, hence
A = p. The representation p : g — End(V) is faithful by S06 Section 8: its kernel is a sum of simple
diagram ideals, and an ideal containing index ¢ acts nontrivially on V;, since h; acts by one on its
top.

Choose a rational root vector e, in each root line, with e,, = e; and e_,, = f; for the linked simple
choices. It raises a weight by a. The finite weight set contains no arbitrarily long sequence p + ja,
so E, = p(eq) is nilpotent. The finite matrix series

u B,

zo(u) = exp(uFEy) = Z

1l
>0 I

is a morphism over Q on every test algebra. Multiplying two such series and collecting the coefficient
of EJ gives the binomial formula, hence z,(u)x(v) = z4(u + v) and inverse zq4(—u).

Lemma 6.1 (polynomial rank-one actions). Over any algebraically closed field k of charac-
teristic zero, the irreducible finite-dimensional slp-modules are Sym”(k?), for n > 0, with weights
n,m — 2,...,—n; every finite-dimensional module is their direct sum. Every finite-dimensional
rational representation of sly integrates to a polynomial representation of SLy . On its summands
of highest weight n, the upper and lower root groups act by exp(xe) and exp(xf), and the diagonal
torus acts on weight m by 2™.

Proof. The trace-zero algebra with basis e, f, h and brackets [h,e] = 2e, [h, f] = =2f, [e, f]=h
is simple in characteristic zero. An ideal is stable under ad h, whose three eigenvalues 2, —2,0
are distinct. Polynomial projections isolate any nonzero basis component, and bracketing that
component with the other generators gives all three. Thus S06 Theorem 4.2 applies to its finite-
dimensional modules.

Let W,, = Sym"(Q?), with basis the degree-n monomials in u,v. On every Q-algebra, the matrix
(2%) acts by

u — au + cv, v +— bu + dw.

The resulting matrix entries are polynomials in a, b, ¢, d. Composing the substitutions gives matrix
multiplication, the identity substitution is the identity, and the substitution for the inverse matrix
is inverse. For determinant one, the inverse entries are again polynomials in these four entries. This
defines a group-scheme representation. Its differential is

e = uOy, f =00y, h = udy, — v0y.

Upper and lower unipotent substitutions give the finite Taylor series exp(ze), exp(zf), and the
diagonal multiplies u"Jv7 by 2"~2/. All these are identities over every Q-algebra.
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In a nonzero irreducible module over k choose an h-eigenvector. Applying e repeatedly raises its
eigenvalue by two; finitely many eigenvalues force a last nonzero vector w, with ew = 0, hw = Aw.
Commutator induction gives

hfiw=(\=2))flw,  eflw=jA—j+1)f " w

For the second induction step, commuting past one further f adds A — 23 to the preceding coefficient
and gives (j + 1)(A — j). Lowering also ends, since nonzero f/w have distinct eigenvalues. If
f"w # 0 and f*Ttw = 0, the second equation at n + 1 gives (n + 1)(A — n)f"w = 0, hence A\ = n.
The string spans a nonzero invariant submodule and is therefore the whole irreducible module. The
map fiu™ — flw, 0 < j < n, identifies its operators with those of W,,. These vectors are a basis:
the coefficients of f/u™ are n!/(n — j)! # 0.

Conversely W, is irreducible. Polynomial projections in its distinct h-eigenvalues split any invariant
subspace into weight components. Repeated e takes any nonzero such component to u", with
nonzero coefficients in characteristic zero, and repeated f generates all basis vectors. Complete
reducibility now proves the decomposition of every finite-dimensional module over k.

For a rational module M, let €2 be an algebraic closure of Q, whose existence is proved in S06
Section 1, and put K, = ker e Nker(h —n). Kernels of these rational linear maps commute with
field extension. Over €2, only finitely many K,, with n > 0, occur. The string equations give an
equivariant map

@Wn@)qKnHM, flu @ w— flw.
n>0

The relation f"*lw = 0 follows over § from its decomposition, and hence over Q. That decomposi-
tion makes the displayed map an isomorphism after extension. A rational kernel or cokernel with
zero faithful field extension is zero, so it is an isomorphism over Q. Transport the polynomial actions
on its finitely many summands. Their differentials, diagonal weights and unipotent exponentials
are the prescribed ones. This proves every assertion of the lemma. [J

The closed group generated by the matrices

Let T'= Dq(P) act on V,, by p. This is a closed torus embedding. Indeed choose a weight basis
containing the fundamental highest vectors. Their diagonal matrix entries restrict to the basis
characters w;, and the corresponding inverse-matrix entries restrict to their inverses. Inverse entries
are regular on GL(V'), by the adjugate formula. These restricted functions generate Q[P], so the
coordinate map onto the torus algebra is surjective, as also proved in S06 Section 8.

If @ is empty, then P =g =V = 0; take G = 1, with its empty pinning and datum. Henceforth
suppose ¢ # J.

Let I' € GL(V)(Q) be the subgroup generated by T'(Q) and all z,(Q). In B = Q[GL(V)], let I be
the ideal of functions vanishing at every element of I'; and put C'= B/I, G = Spec C. Explicitly
B = Q[mgp, z|/(z det(mgyp) — 1), so its presentation is finite. Evaluation embeds C' into the Q-valued
functions on I', so I is radical.

This closed subscheme is of finite presentation. Here is the algebra input explicitly. A field is
Noetherian. If R is Noetherian and J C R[z], let L,, be the ideal of coefficients of 2™ in elements of
J of degree at most n. Multiplication by « gives L,, C Lyy1. This chain stabilizes: its union is an
ideal with finitely many generators, all lying at a single finite stage. Choose polynomials furnishing
generators of each L,, up to the stabilizing stage IN. For a polynomial of degree m > N, subtract
multiples of 2™ times the chosen degree-N polynomials to remove its leading coefficient. For
m < N, use the chosen degree-m polynomials. Induction on degree shows that this finite collection
generates J. Thus R[z] is Noetherian. Induct on the variables. Quotients preserve this property by
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taking ideal inverse images; localization preserves it because any localized ideal is generated by
the extension of its contraction. Hence B, a localization of a finite polynomial algebra over Q, is
Noetherian. The ideal [ is finitely generated, and its quotient is finitely presented.

We prove the group law on this scheme rather than assume it from a point closure. The set I' x I'
is schematically dense in G x G. To see this, write an element of C ® C as Y a; ® b;, with the b;
linearly independent. The vectors (b;(7))i, v € I', span the full finite-dimensional coordinate space.
Otherwise a nonzero linear functional would make a nontrivial linear combination of the b; vanish
on all of ', contradicting the evaluation injection. Choose finitely many such vectors as a basis. If
the tensor vanishes at every pair, evaluation at this chosen second-variable basis makes each a;
vanish at every =, so a; = 0. This proves the injection into functions on I' x I".

Multiplication in GL(V') pulls every element of I to a function zero on I' x T'; so it factors through
G x G — @G. Inversion pulls I into I, because I' is a subgroup. The identity belongs to G. All
group axioms are the restrictions of the matrix identities. Thus G is an affine finite-presentation
group scheme over Q.

The given torus and additive matrix morphisms factor through G. A Laurent polynomial vanishing
on (Q*)" is zero: multiply by a monomial, then induct on the variables using the bound of the
degree on the number of roots of a nonzero one-variable polynomial. The same argument applies to
the ordinary polynomial parameter of x,. Pullbacks of I along these morphisms are consequently
Z€ero.

S08 Theorem G.3.4, with its complete Cartier proof, makes G smooth. It is geometrically connected.
For any field extension k/Q, the same rational points I' are schematically dense in Gj: write a
function as a finite sum ) ¢;a; with the ¢; € k linearly independent over Q. Its values at ' have
ai(y) € Q; vanishing forces each a;(y) = 0, hence each a; = 0. Over an algebraic closure, the
complete component argument of RG03 Lemma 1.C makes the identity component an open-and-
closed subgroup. The connected torus and additive images lie in it. Their rational products contain
I', so schematic density makes that component all of Gy.

Each root parameter is a closed immersion into GG. For a nonzero nilpotent £ = E, of index d, the
matrices 1, F, ..., E9 1 are linearly independent. In a proposed relation take the smallest nonzero
power coefficient; its remaining polynomial factor has nonzero constant term and is invertible at F,
forcing that power of E to be zero, contrary to its index. A rational linear functional on matrices
can therefore take value one on E and zero on the other listed powers. Its value on exp(uFE) is
exactly u. Matrix-entry functions consequently surject onto Q[u], proving the closed immersion,
including on nonreduced test algebras.

Its Lie algebra, centre and root datum

Put [ = p(g) C End(V). Its matrix normalizer is closed: on a basis of [, require the images under
conjugation by g and by g~! to have zero components in the quotient space End(V)/I. These are
finitely many regular equations on GL(V'), and both conditions give equality of the submodules
after every test-algebra extension. The torus preserves [ by its root weights. For a root exponential,
binomial expansion gives

w(adey )z
exp(uFq)p(x) exp(—uFy) = p Z (]')
Jj=0 )

Both sides are finite sums: nilpotence on the finite root-weight decomposition bounds the adjoint
sum. Thus these generators normalize [ as schemes. Their rational subgroup I' does too, and its
defining density puts G in this closed normalizer.

At the identity, conjugation by 1+ A, €2 = 0, changes p(x) by €[4, p(z)]. Thus a tangent vector
A € Lie(G) satisfies [A,[] C I. Faithfulness defines a derivation D4 of g; the derivation equation
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follows directly by expanding the matrix Jacobi identity.

For clarity, the entire inner-derivation calculation of S06 Proposition 3.3 is as follows. Its Proposition
3.1 makes the Killing form s nondegenerate. Choose z with k(z,z) = tr(Dgadx), and set
E =Dy —adz. Then tr(Eadx) = 0. The derivation identity gives [E,ad z] = ad(Ez), and cyclic
trace gives

0 =tr(Eadlz,y]) = tr([F,adz]ad y) = k(Ex,y).

Hence £ =0, so

A € p(g) + Endg(V). (6.1)

Over an algebraic closure k, the commutant is one scalar on each V;. A nonzero map between two
irreducible summands has zero kernel and full image and would be an isomorphism; their distinct
top weights rule this out. On one irreducible summand, subtract an eigenvalue of a commuting
endomorphism. Its nonzero kernel is invariant and hence the whole summand, so the endomorphism
is scalar. This proves the full commutant assertion.

Every generator has determinant one on each V;. For a root exponential, a basis adapted to kernels
of powers of its nilpotent generator makes the matrix upper triangular with all diagonal entries
one. For T', let o; € P be the sum of its weights with multiplicities. Its pairing with every simple
coroot is the trace of h; on V;. This trace is zero: S06 Proposition 3.2 gives g = [g, g], and a matrix
commutator has trace zero. The simple coroots are the dual basis of P, so o; = 0 in the lattice.
Thus G C []; SL(V;), by the same defining density.

For a tangent matrix, det(1 4+ €A4;) = 1 + e tr(A4;). Each block trace is therefore zero. In (6.1) the
block trace of p(z) is zero by perfectness, and a scalar ¢; has trace (dim V;)¢;. Characteristic zero
makes every ¢; = 0. This proves Lie(Gg) C p(gx). Conversely the torus tangent vectors give p(hy),
and each additive parameter has tangent F,. They span the whole algebra. Consequently

Lie(Gr) = p(gr)-

The rational equality follows as well: tangent equations are rational linear equations, and a kernel
or quotient with zero faithful field extension is zero.

The group is reductive. Let N C G be a smooth connected normal unipotent subgroup. Use a
faithful closed unitriangular realization of IV, as in the unipotent convention of RGOl Lemma 2.A.
Its Lie algebra is nilpotent: commutators of strictly upper triangular matrices lie in successive
powers of that associative algebra, which eventually vanish. Normality makes Lie N an ideal
of Lie Gi. Explicitly, for X € LieGy and Y € Lie N, normality and the subgroup law put the
commutator of 1+eX and 1+7Y in N(k[e,n]/(e%,7?)). Matrix multiplication makes it 1+en[X,Y].
Every defining equation of N has zero constant term at the identity; its value on this matrix is
its linear differential on [X, Y] times the nonzero basis coefficient en). Thus all those differentials
vanish on [X, Y], which says [X,Y] € Lie N. A nilpotent Lie algebra is solvable, since its successive
derived brackets have lengths at least 27. Semisimplicity of g therefore forces Lie N = 0.

Smoothness makes every tangent rank of N zero, by translation, so its locally free cotangent sheaf
is zero. This closed subgroup of the finite-type affine Gy, is affine and of finite type: the ambient
coordinate ring is Noetherian by the polynomial-ideal proof above, so its defining ideal is finite. It
is flat over the field. The complete arbitrary-base criterion in S07 Lemma 5.3A therefore makes N
étale. The field calculation in the same lemma, including its nilpotent local-ring argument and
finite Artinian decomposition, expresses its coordinate algebra as a finite product of finite separable
field extensions of k. Since k is algebraically closed, all those fields are k. Connectedness leaves
one factor, and its identity point identifies that factor with the trivial group. Thus no nontrivial
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smooth connected normal unipotent subgroup exists, which is precisely geometric reductivity in
RGO1 Section 1.

The closed torus T is geometrically maximal. The exhaustive Lie grading just obtained has zero-
weight part p(bhy) = Lie Ty and nonzero characters exactly ®. If a torus 7" contains T}, its tangent
vectors centralize T}, so they lie in this zero-weight part. The reverse tangent inclusion comes from
Ty, C T'; their ranks agree. Over k both tori are split. Their closed inclusion induces a surjection of
free character lattices, by exponent-basis comparison in their group algebras, as in AG-GS Theorem
2.2. Equal ranks make every element of the kernel zero after tensoring with Q, hence torsion. The
domain character lattice is torsion-free, so that kernel is zero. The inclusion is an isomorphism.
This proves maximality on every geometric fibre.

Now apply the complete centre calculation in RG03 Section 1 to this reductive group and maximal
torus. It gives

Z(G) = Dq(P/Q).

This is finite. In the fundamental-weight basis the simple roots form an integral square matrix
with nonzero determinant d, since they span the rational root space. The adjugate identity gives
dP C Q; therefore P/Q is a quotient of the finite group P/dP. Its group algebra has the finite
exponent basis, so the diagonalizable centre is finite over Q. The radical formula in RG03 Section 1
then gives trivial radical and proves that G is semisimple. This also identifies its entire centre as a
scheme.

The closed parameters x,, have the required characters and identity differential on their root lines.
RGO03 Theorem 4.1 identifies them with the canonical root groups of G. For a simple root, Lemma
6.1 integrates the (e;, f;, h;)-action on V to SLy. Its image lies in G on all test schemes: on the
open where the upper-left matrix entry a is invertible, the Gauss decomposition is a product of its
two root parameters and its diagonal. The diagonal acts on weight u by Zed) hence is the stated
cocharacter of T. On the other open D(c), left multiplication by (% ), itself a product of the two
root matrices, reduces to D(a). These opens cover because ad — bc = 1 makes (a, c) the unit ideal.
Thus the whole polynomial action factors through G.

The linked Gauss formula in RG03 Theorem 7.1 identifies that diagonal cocharacter with the
canonical group coroot. For every root, transport a simple root by a Weyl word, using the
finite height descent in Section 5. RG04 Theorem 2.1 gives the action of each integrated simple
representative on P by the prescribed simple reflection. Conjugating the linked Gauss identity
and applying its uniqueness in RG03 Theorem 7.1 transports each coroot with its root. Successive
conjugation therefore gives precisely the prescribed ®V. Consequently

R(G,T) = (P, ®, P*,®Y). (6.2)

Its simple root frames are E,,, so G is pinned split. Since the w; are the dual basis of the simple
coroots, P* is exactly the coroot lattice. This is the simply connected semisimple datum. The
empty-root case specified above has the same conclusion. Everything was constructed over Q,
before any integral model, and all polynomial identities hold on arbitrary commutative Q-algebras.

7. Integral coordinates and a partial group law

Continue with the simply connected group of Section 6. Choose its simple-root pinning. Choose a
frame in every other root line by transporting a simple frame with a word in the n,, and use the
dual frame in the negative line. Such frames form a Chevalley system: a simple representative
carries each chosen root frame to the chosen frame of the reflected root, up to a sign.
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Here is why the signs really are integral and independent of the field. Compare two transport words.
Lemma 2.2 reduces their comparison to the conjugation tables in Section 3 and torus factors arising
from (1.2) and (3.2). Those tables have coefficients 1 or —1. The torus factors lie in T'[2]; the
representatives normalize T'[2], and every root has value 1 or —1 on it. Moving such factors through
a word changes only these signs. There is no assertion that 7'[2] centralizes the representatives.

It follows that all root reordering polynomials have integer coefficients. Indeed, Lemma 2.1 moves
a pair into a standard rank-two system; the chosen frames there differ from those of Section 3 only
by signs. Its commutator formulas are (3.1). Repeatedly apply these formulas in an order refining
root height. A new factor has greater height than the factors it corrects, so reordering terminates.
For the negative roots use negative height. Thus the positive and negative unipotent groups extend
to groups U; ,Uy , each an affine space in its ordered root coordinates. Their multiplication and
inverse are triangular integral polynomials. Associativity holds because it is a polynomial identity
true over Q.

Changing the root order still gives a polynomial isomorphism: reorder using the same relations,
and reorder back. Both compositions are the identity over Q, hence over Z. Let

Tz = Dz(P), X =U; xTz xUj. (7.1)

This smooth affine scheme has geometrically irreducible fibres. The torus acts on each root
coordinate through the prescribed character. We write e = (1,1,1).

We next give the partial conjugations on X. For a simple root «, reorder the coordinates as

H Ty (vy) | T-a(v) tza(u) H Ty (uy)

yEPT\{a} vedt\{a}

Put a = a(t) and D = 1+ auv. On the principal open D # 0, conjugation by n, has the integral
cell formula obtained by reflecting and changing signs in the outer root factors, and replacing the
middle three factors by

—au —av

. <D> 0¥ (D)sa(t)7a (D). (7.2)

This is exactly the rank-one Gauss identity applied after conjugation. It fixes the identity, acts by
Se. on the torus, and is defined on each individual root group.

One can check the torus and denominator directly for SLy. Conjugating y(v)h(2)z(u) by (%)
gives an upper-left entry 271(1 + 2%uv). Thus the torus factor is h(z71(1 + z%uv)), as in (7.2).

Choose a reduced word for the longest Weyl element wg, and compose these partial conjugations
along that word. Call the resulting map h : V' — X. Reverse the word and use inverse representatives
to obtain A’ : V! — X. These are inverse rational maps, and

U-, T, U T cvnV, WU =UTF, WT)=T. (7.3)

To justify that the whole unipotent subgroups, and not just the separate root axes, are in the
domains, consider an intermediate conjugate of UT. Its roots form a positive system. Reordering
its root factors into negative and positive order never uses opposite roots: every root created
by a commutator is still positive in that system. It therefore needs only the integral reordering
polynomials, with torus component one. In (7.2) at most one of the two opposite-root coordinates
is nonzero, so the denominator is one. The same argument applies to U~ and the inverse word.
This proves (7.3). Equality h’h = 1 on its common domain follows over Q and then over Z, because
that domain is flat.
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For z = (v,t,u) and 2/ = (v/,¢,u’), impose the open condition

(h(u),1,h(v)) € V.

Write B/ (h(u), 1, h(v")) = (v",t",4"). Define

m(z,x’) = (v(t"t™h), t"t, ¢, (7.4)

The condition and formula are integral; over Q they say precisely that uz’ = wv’ has been rewritten
in the cell before multiplying the outer factors. The domain contains e x X, X xe, B~ x X,
X x Bt and the pairs within U* or 7. Here B~ = U~ T and Bt = TU™. Partial inversion is
obtained on the open where the following expression exists:

(v t,u) = B (h(u™t),R(tY), h(v™h)). (7.5)

This domain contains T,U~,U*. Associativity on common domains, the identity rule, and the
inverse rule hold as integral identities: they hold in the characteristic-zero group, and the domains
in question are flat open subschemes of products of X.

For the next construction we need open partial translations with dense domains and images in
every fibre. Write D C X xz X for the multiplication domain just constructed. Its two universal
translation maps are

(z,y) — (z,m(z,y)), (z,y) — (m(z,y),y). (7.6)

Both maps are local isomorphisms along both identity axes. At (e,y), the first map has identity
differential in the y-direction; at (x,e), the second has identity differential in the z-direction. We
give the other two assertions explicitly. Factor the universal x into its ordered negative root factors,
torus factor and ordered positive root factors. For left translation, apply these factors from right
to left to successive suffixes, starting at e. A positive factor and its suffix are in Ut x U™T; a
torus or negative factor uses B~ x X. Translation by the inverse factor is defined at the resulting
suffix: the positive case stays in U™, and the other cases again use B~ x X. On the common
open neighbourhoods the two maps are inverse. Indeed their compositions are the identity over Q,
and the coordinate rings of their open domains are Z-flat, so equality holds over Z. Composing
gives left translation by x as a local isomorphism at e. Associativity identifies this composition
with the existing m(z, —) on their common neighbourhood of e. For right translation, start at e,
apply factors from left to right to successive prefixes, and use U~ x U~ or X x BT and the inverse
factors. This gives right translation by = as a local isomorphism at e. All the points, factors and
neighbourhoods here use universal coordinates; thus the assertions hold after every base change,
rather than only at rational points.

The same inverse-factor argument works at every pair in U~ x U™, UT x Ut and T x T: the
intermediate products and inverse products stay in that subgroup. The two maps in (7.6) are
therefore étale at all those pairs as well. Let D° C D be the intersection of their étale loci. It
contains both identity axes and those three whole pair subschemes. Retain m on D°.

The two restricted maps in (7.6) are open immersions. Here their sources and targets are integral
normal Noetherian schemes. Their coordinate algebras are localizations of finite polynomial
algebras over Z. The complete integer-factorization proof in S04 Lemma B1.1 and the reduced-
fraction proof in Lemma P0.5 make Z normal. S04 Corollary B1.2 gives polynomial normality by
induction on the variables, and Lemma P0.3 gives normality after localization. Every integer ideal
is principal by the least-positive-generator argument in S04 Lemma P0.10; thus Z is Noetherian,
and the complete leading-coefficient proof in Section 6 makes these polynomial algebras and their
localizations Noetherian. These properties pass to their open subschemes. Each restricted map is
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separated, since it is a morphism between separated Z-schemes; it is quasi-finite, since it is étale
and its Noetherian open domain is quasi-compact. It is birational: over Q it is the restriction of
multiplication in the group constructed in Section 6, whose big cell is Xq, so the generic translation
has the inverse supplied by the group law. The exact normal birational consequence, S04 Corollary
D7.4, consequently applies to each map over Z. Denote their open images by D13, Das.

Every slice of each of D°, D3, D3 over either coordinate projection is a nonempty open in the
corresponding geometrically irreducible fibre of X, and hence is dense. For D° this follows from
its two identity axes. The first translation sends (z,e) to (z,z) and (e,y) to (e,y), so both types
of slices of Dq3 have a point. The second sends these axes to (z,e) and (y,y), giving the same
conclusion for Dog. These are statements on geometric fibres and remain true after arbitrary base
change. The graph

W = {(z,y,m(z,y)) : (x,y) € D°} C X°

therefore projects isomorphically onto each of the three open subschemes D°, Di3, Doz C X2,
with the required dense slices. Associativity, identity and partial inversion remain the already
verified integral identities on common domains. This is the strict partial group law used below. Its
restriction to each torus or root subgroup still contains the entire multiplication law.

8. Completing a strict partial group law

We give the construction rather than assuming a group already exists. This is the translation
method of Weil and Artin; the algebraic-space quotient in the final step is constructed in the earlier
supporting S07 Theorem 8.2.

Lemma 8.1. Suppose X/S is smooth, separated and of finite presentation, with geometrically
irreducible nonempty fibres. Suppose X has a strict associative partial group law, an identity
section, and partial inversion, with the translation maps defined and invertible locally along both
identity axes. Then there is a unique smooth separated group algebraic space K/S of finite
presentation containing X as a fibrewise dense open and extending its partial group law. Formation
of K commutes with base change.

Proof. Write Dis, D13, Dag C X xXg X for the three open images of the strict multiplication
graph, ordering the pair for Ds3 as output followed by second input. Projection to any pair is an
isomorphism from that graph. Fixing either entry in any pair leaves a fibrewise dense open in X.
In particular the left and right partial translations are isomorphisms between fibrewise dense opens.
Denote the inverse of the right-translation pair map by partial right division:

q:Dog — X, q(z,b) =a <= (a,b,z) € W.

The pair order here is (z,b); it is obtained from the usual (b, z) projection by exchanging its two
entries.

Germs and their descent. On an S-scheme R, take isomorphisms between fibrewise dense opens
of Xp, identifying two when they agree on a fibrewise dense common open. Intersections of finitely
many such opens are dense in every geometric fibre. Composition is defined on the inverse image of
the intersection of the intermediate image and domain; inversion reverses a representative. These
constructions give a group of germs and commute with pullback.

Whenever two representatives of the same germ have a common domain, they agree on that entire
domain. Apply S08 Lemma G.3.5 to the common open: it is smooth, and each nonempty geometric
fibre is an open of a geometrically irreducible fibre of X. Restrict the base to its open image when
necessary. The separated target Xpr and universal schematic density give equality, including on
nonreduced tests. This also proves that the maps and their inverse maps glue across compatible
representative domains.
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The germs are an fppf sheaf. To prove effectivity, represent a compatible germ over a covering
R — Rby I : A’ = B, with both opens fibrewise dense. A covering family is treated by
the disjoint union of its members. Let A, B C Xy be their images. They are open because flat
locally finitely presented maps are universally open, with the complete proof in S04, the flat
finite-presentation openness proof in Section E5. The maps A’ — A, B’ — B are surjective flat and
locally finitely presented. The two representatives agree on A’ x x, A’: compatibility gives equality
as germs on the base overlap, and the preceding density argument gives equality on the entire
intersection of domains. S04 Lemma A1.5 therefore descends h' to A — Xg. Its image is in B, as
can be checked after the covering. Descend its inverse to B — A; both inverse equations hold after
the covers and hence before them. The opens A, B are fibrewise dense, since their fibres contain the
images of the dense covering fibres after a residue-field extension. Thus this is the descended germ.
The same whole-common-domain argument and morphism descent prove uniqueness. Write Bir(X)
for this sheaf. No assertion about base change of maximal representative domains has been used.

Translation germs and one-point faithfulness. For a € X(R), let L, and R, be its partial
left and right translation germs. Associativity gives

LRy = RyLg, LoLy = Lm(a,b)

when the displayed partial product exists. For these germ equalities the composed domains are
fibrewise dense: each translation is an isomorphism between dense opens, and finite intersections
stay dense. Associativity gives equality on their common triple-product domain, and the preceding
schematic-density argument extends it over each whole common domain. Let K be the subgroup
sheaf of Bir(X) generated by the L,; concretely its sections are fppf locally finite words in these
germs and their inverses. They commute with every Ry, after every test-scheme extension.

If a representative of g € K(R) is defined at a section x and satisfies g(x) = x, then g = 1. To see
this on all tests, let b vary in Xg. Retain the open on which xb exists and belongs to the chosen
domain of g. It is fibrewise dense: L, is a dense-open isomorphism, and its image meets that
domain densely. On this open the two compositions gR, and Rpg are both defined at x. Their
equality on the whole common domain gives

g(zb) = g(x)b = xb.

The points zb range over a fibrewise dense open via L., so ¢ is the identity germ. This argument
uses the universal b, rather than a choice of rational points.

The map j : X = K, a — Lg, is injective. For L, = L, choose z in the intersection of their
dense domains fppf locally; that intersection is smooth and surjective over R. Then az = bz, and
the open-immersion right-translation pair map makes a = b. Morphism descent gives the original
equality on R.

The open chart. This injection is representable by open immersions. Fix ¢ € K(R) and one
dense-open representative g : A; — B,. Let

E,={z¢€ Ay:(9(2),2) € Das r}, Oy = image(Ey; — R).

Both are open; the latter follows from smooth openness. On E; put a = ¢(g(z),z). The germ L g
is defined at z and fixes it, so one-point faithfulness gives L, = ¢. Injectivity of j makes these a’s
agree on Ey xo, Ey. The smooth surjection E; — O, together with S04 Lemma A1.5, descends
them to a unique section a € X (Oy4) with j(a) = g.

This open has the required property after every R’ — R. If ggrr = L, intersect the pullback of the
fixed original domain A, with the partial left-translation domain of a. This is fibrewise dense and
smooth-surjective over R’. On it g(z) = az, by equality of representatives on their whole common
domain; hence (g(2),2) € Dag, and a = ¢(g(z),2). The cover therefore factors through Eg, so
R’ — R factors through O,. Conversely a map through Oy pulls back its unique section. Thus

RXKX:Og
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as functors on all schemes. In particular this proves the open-immersion claim without assuming
that a maximal domain commutes with base change.

Translated charts and the quotient. A translate j, = (¢-)jr : Xr — KRr is again a representable
open immersion of sheaves. Define the intersection chart

Qg :XRﬂg_lXR.

Precisely, it is the inverse image of the open subfunctor jr(Xpg) under j,. It is an open subscheme
of Xg, and its formation commutes with every base change by this fibre-product definition. The
corresponding unique section in Xg gives an isomorphism

Vg1 Qg = Q1, (b)) = g5(b).

Every dense-open representative g : A; — By maps into this chart. Indeed on the scheme A,, take
its universal section b and put a = g(b). The local identity-axis hypothesis makes L; defined and
invertible near e, with Ly(e) = b, and gives the same assertion for L,. Thus L, gL, is defined at
e and fixes it. One-point faithfulness gives gL, = L,. This is exactly b € Qg4 and v4(b) = g(b).
Consequently (), is fibrewise dense and smooth-surjective over R, including after arbitrary base
change. We have not identified it with a maximal domain of an arbitrary birational map; its
represented intersection is what proves the required base-change property.

It follows that every section of K is fppf locally
g=LyL;'  (a,b€X). (8.1)
Choose b in Qg on its smooth covering and let a = ~4(b). More precisely the fibre over g of
§: X x5 X — K, (a,b) — LoL; ! (8.2)

is the graph of ,, with coordinates (a,b) = (74(b),b). This is an equality on every further test
scheme, since its defining equality is exactly j(a) = ¢gj(b). Thus ¢ is representable by schemes,
smooth and surjective.

Its equality relation is a scheme with an explicit chart. Over the parameter scheme X? with
coordinates (¢, d), take the universal g = Lchl and its represented open €, C X 3 whose third
coordinate is b. The graph a = 74(b) identifies this open with the relation between (a,b) and (c, d).
Both relation projections are smooth, as base changes of d; its endpoint map is a monomorphism
on all tests. S07 Theorem 8.2 now applies to this flat locally finitely presented equivalence relation.
Its fppf quotient is an algebraic space, and (8.1) and the equality relation identify that quotient
with K.

The group operations are already operations of its sheaf, so Yoneda gives operations on this algebraic
space satisfying the group axioms. Smoothness of K/S follows from the representable smooth
covering (8.2) with smooth source. Each geometric fibre is irreducible, as the continuous surjective
image of the irreducible X x Xs. The open X is therefore dense in it.

Separation, finiteness and uniqueness. On any scheme test R — K xg K, write its sections
as u,v. The two translated opens

F:uilXRﬂ’UilXR C Kpgr

meet in every geometric fibre, by irreducibility. This open is smooth-surjective over R. A scheme
atlas and its affine opens give an fppf scheme covering R; — R with sections t; € F'(R;). Both ut;
and vt; lie in X (R;). Cancellation identifies the equalizer of u,v on every further test with the
equalizer of ut;, vt;, which is closed because X/S is separated. S04 Corollary A3.2 descends this
closed immersion. Since the original scheme test was arbitrary, the diagonal of K/S is a closed
immersion and K/S is separated.
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It is locally of finite presentation by smoothness. Over every affine open of S, X xg¢ X is quasi-
compact because X/S is of finite presentation. Surjectivity of (8.2) makes K quasi-compact there.
The closed diagonal is quasi-compact, being an affine closed immersion, so K/S is quasi-separated.
These three properties give finite presentation. No quasi-compactness of the open relation in X3
was assumed.

For any second extension K’, each geometric fibre has the dense irreducible open X, and hence is
irreducible. Every section ¢ is fppf locally ab~!: the open Xz N (¢') "' Xg is smooth-surjective, so
choose b there and set a = ¢'b. Left translation restricts to a dense-open isomorphism of X, giving
a homomorphism K’ — Bir(X). It is faithful: an identity germ fixes a section on a dense-open
smooth cover, and cancellation in K’ gives ¢’ = 1. Its restriction to X is a — L,, since the original
partial product is extended. The local difference expression identifies its image with K. This
gives the unique isomorphism fixing X; uniqueness also follows because those differences generate
the whole sheaf. After every S’ — S, the constructed Kg is another such extension of Xg/, with
the same translated-chart fibre products and multiplication. Uniqueness supplies the canonical
base-change identification and its cocycle. This proves the entire lemma. [

Apply the lemma to (7.1) and its strict graph. We obtain a smooth separated finite-presentation
group algebraic space Gz containing X as an open. Its generic fibre is canonically the characteristic-
zero group of Section 6: that group has this same dense big cell and partial law, so the uniqueness
just proved identifies the two extensions. The torus and root axes are closed subschemes of X,
hence are locally closed immersions into GGz. The whole pair laws retained in Section 7 make
them subgroup morphisms with their prescribed multiplication and inverse. Their characters and
parameter differentials are the specified ones on the identity cell.

The required conjugation and Gauss relations hold as morphisms over Z on their stated domains.
Their parameter sources are flat over Z; localization to Q is injective on their structure sheaves.
The target is separated, so the equalizer ideal of the two morphisms is zero if it is zero after
this localization. The characteristic-zero relations thus give the integral identities, including
over nonreduced test rings. Affineness, closedness of the eventual canonical root groups and
positive-characteristic reductivity are the separate arguments of Section 9.

9. Why the completed integral group is affine and reductive

There are two separate issues: an algebraic space must be shown to be an affine scheme, and its
positive-characteristic fibres must be reductive.

Field-group inputs without an affineness assumption

Lemma 9.A (components and smooth reduction). A finite-type group scheme over a field is
separated. Over an algebraically closed field, its irreducible components are disjoint open-and-closed
translates of the component through the identity. Its reduction is a smooth group scheme; its
reduced identity component is smooth, irreducible and normal in that reduction. In particular all
components have the same dimension. The group scheme in this statement need not be affine or
smooth initially.

Proof. The rational identity is a closed point. If it specialized to a point ¥, an affine neighbourhood
of y would also contain the identity. Evaluation on that chart surjects onto the base field, so its
maximal kernel makes the identity closed there, excluding any distinct specialization. The rational
point is a closed immersion on these charts. The diagonal is the pullback of this closed identity
immersion under (g,h) + g~ 'h: on every test scheme the equation g='h = 1 is exactly g = h.
Thus the group is separated.

Now let the field k be algebraically closed. The finite-type scheme is Noetherian and has finitely
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many irreducible components. The algebra input is the complete polynomial-ideal proof in Section 6,
valid over every field. Finiteness of components follows by induction on closed subsets: a reducible
counterexample splits into two strictly smaller counterexamples. Give two components through the
identity their reduced closed structures. Their product is irreducible by the full coefficient proof
in S08 Lemma G.4.1. The closure of its multiplication image lies in one component and contains
both original components, since either factor can be the identity. Maximality forces those two
components to be equal. If two components met elsewhere, their nonempty closed intersection
would have a k-point by the proved Nullstellensatz. Translation to the identity would contradict
that uniqueness. Hence components are disjoint; being finite in number, each is open and closed. A
k-point in each component translates the identity component onto it. The component through the
identity is a subgroup because its product is irreducible and contains the identity, and inversion
preserves it; maps factor through the corresponding open-and-closed subscheme.

S08 Lemma G.4.1 makes the product of the two reduced finite-type sources reduced. Consequently
multiplication of the group reduction factors through the reduction: every nilpotent defining
equation pulls back to zero. Inversion and the identity factor too, and the group identities restrict.
Its components have the same underlying spaces as those already obtained. We prove smoothness
of this reduced group on its affine charts, rather than assuming an affine group.

The complete translation calculation of AG-GS-03 Proposition 2.7 identifies the cotangent sheaf
with O ®j w, where w is its finite-dimensional identity cotangent space. Put r = dim;w. At a
component’s generic point the local ring is its function field K: on a chart, all other minimal primes
disappear and reducedness Kkills the remaining nilradical. If that component has dimension d, the
complete normalization and dimension proofs in AG-CA-09 Corollary 3.2 and Theorem 4.2 make K
finite over a rational function field on d variables. S02 Lemma 3.F gives dimg Qg /3, = d, including
characteristic p and without a separability assumption on the chosen finite extension. Localization of
differentials therefore gives r = d. All components have that dimension by their translations. At the
rational identity, AG-CA-09 Corollary 4.4 gives local dimension d, and AG-CA-18 Proposition 3.1
identifies embedding dimension with . The local ring is thus regular. The rational-point Jacobian
proof in that proposition makes the identity smooth. Translation makes every k-point smooth. The
open-locus proof in AG-CA-18 Corollary 2.2 and the Nullstellensatz exclude a nonempty nonsmooth
locus on any finite-type affine chart. Thus the reduction is smooth everywhere.

Its identity component is now smooth and irreducible. Conjugation by each k-point preserves it.
On the product of the reduction with this component, reducedness follows again from S08 Lemma
G.4.1. Each defining equation of the component consequently pulls back to zero: it vanishes at
every k-point, and the full Nullstellensatz detects functions on a reduced finite-type scheme. This
proves normality as a group-scheme morphism, including its infinitesimal tests. [J

Lemma 9.B (the reduced-source field image). Let f : E — H be a homomorphism of
finite-type group schemes over a field, with E reduced. Its schematic image is a closed reduced
subgroup I C H. The factor g : E — I is faithfully flat and of finite presentation. Its schematic
image commutes with every field extension. In particular a monomorphism with such a source is a
closed immersion. No affineness or perfectness assumption is imposed on either group.

Proof. Lemma 9.A makes both groups separated. The map is quasi-compact and quasi-separated:
inverse images of opens in its Noetherian source are quasi-compact, and separation gives its closed
diagonal. We first give the full direct-image calculation needed for its equations. On an affine
target open Spec R, choose finitely many affine opens U; covering the inverse image and finitely
many affine opens Vj;, covering each intersection U; N U;. For any quasi-coherent F there, the
sheaf condition expresses sections as the kernel of

i i,9,k

where the arrow subtracts the two restrictions. Flat tensor preserves this kernel and the finite
products. The full affine module—sheaf and pullback proof in SO1 Proposition 2.2 identifies base-
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changed sections on each affine with the corresponding tensor product. Thus sections commute
with every flat R-algebra. Taking principal localizations proves quasi-coherence of the direct image;
affine charts on a general flat target change prove flat base change for that sheaf. This proof
imposes no finite-generation assumption on F.

Put J = ker(Oyg — f:Op) and I = V(J). The preceding calculation makes this ideal quasi-
coherent and its formation compatible with flat base change. Its chart ideal is radical, because
every ring of sections of the reduced E is reduced. Hence I is reduced. The map ¢ : £ — [ is
schematically dominant by its definition. Such dominance is preserved by flat base change, by the
just-proved section calculation and exactness of flat tensor. Factor g x ¢ as the two base changes of
q through E x I. Both are flat base changes, since every scheme over the field is flat. The composite
is therefore schematically dominant. The homomorphism identity makes every equation of I pull
back to zero under multiplication after ¢ x ¢; schematic dominance makes it zero already on I x I.
Inversion is treated with ¢, and the identity is the image of the identity of E. Thus I is a closed
subgroup, with the restricted group laws. Its construction and equations commute with every field
extension by the same flat calculation.

We prove surjectivity and flatness of q. Schematic dominance first gives topological density: a
nonempty open missing its image would have a nonzero structure sheaf mapping injectively to zero.
It hits every generic point of I. Indeed take an affine neighbourhood Spec A of such a point p and
a finite affine cover with rings B; of its inverse image. The reduced ring A, is a field. If its fibre
were empty, every B; ® 4 A, would be zero. Some s; ¢ p would then kill 1 in each B;. The product
of these s; would make the full image in this chart lie in its vanishing set, contradicting density on
the nonempty principal open at p.

Every point h of the group [ is the multiplication image of a point of I x I with both projections
generic. Extend to K = k(h) and its rational lift hx. The fibre of multiplication there is isomorphic
to I by g — (hxgg™ !, g). Choose a generic point of a component of this fibre. Both projections are
generic upstairs, since they are isomorphisms in this identification. The field-extension projection
is flat, so the complete going-down proof in S04 Lemma A1.4 contracts their minimal primes to
minimal primes downstairs. Its image therefore gives the claimed point of I x I. The two fibres of
q at those generic projections are nonempty. After extension to the residue field of that product
point they stay nonempty, and their product is nonempty: residue fields at two points have nonzero
tensor product over the field, and a prime quotient supplies a common lift. Multiplication of that
liftt in £ maps to h. Hence ¢ is surjective.

At any point above a generic point of reduced I, the target local ring is a field, so ¢ is flat there.
Choose one such point g. For an arbitrary z € E, a prime quotient of the nonzero tensor product
of k(g) and k(z) gives a common field extension L and rational lifts g1, zr,. Flatness at g survives
this base change. Translation by a = nggl on E7, and by ¢(a) on I, intertwines qr, and both
translations are isomorphisms. Thus ¢z, is flat at z7,. The local map Og ., — OF, ., is faithfully
flat, and the latter local ring is flat over Oy 4(,), by that flatness and field base change. Faithful
descent proves that Op . is flat over this target ring: tensor any injection of target modules with
it, then with the faithfully flat local extension; the final kernel is zero, hence so is the preceding
kernel. This is the exact faithful kernel proof in S04 Lemmas A1.1-A1.3. Since z was arbitrary, ¢
is faithfully flat.

The closed I is of finite type over the field. On compatible affine charts, q is a finite-type algebra
map, and its target ring is Noetherian, so its relation ideal is finite by the polynomial-ideal proof in
Section 6. Thus it is locally finitely presented. Its quasi-compactness and separation make it of
finite presentation, so it is an fppf cover. If f is a monomorphism, then ¢ is one too. The identity
on this cover has identical pullbacks to E' x; F, because the diagonal is an isomorphism for a
monomorphism. The complete morphism descent in S04 Lemma A1.5 descends it to an inverse
I — E. Both inverse identities hold after this faithfully flat cover and hence before it. Thus ¢ is an
isomorphism and f is the closed inclusion of I. [J
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Geometric fibres are schemes

Fix an algebraically closed field k£, and write G = G'z ;. The whole completion proof gives a smooth
separated finite-presentation group algebraic space, its open cell X, and the smooth surjection
d : Xi Xk X — G. For a section g € G(k), its fibre under § is the nonempty open intersection
chart proved in Lemma 8.1. A nonempty finite-type k-scheme has a k-point, by the earlier Zariski
lemma and the algebraically closed hypothesis. Thus g = ab™! for a,b € X, (k), so g belongs to the
open scheme X;b™ 1.

These translates cover the entire algebraic space. Let O be their union. If its closed complement
were nonempty, its inverse image under § would be a nonempty closed subset of the finite-type
scheme X,%. Give it its reduced closed structure and choose a closed k-point. Its image is then a
k-point of G outside O, contradicting the preceding paragraph. The open schemes therefore cover
G their overlaps are open subschemes and their identifications glue. Hence G is a smooth separated
finite-type group scheme. Its geometric connectedness and irreducibility are already consequences
of Lemma 8.1.

The torus and every root parameter are closed immersions into this group scheme. They were locally
closed immersions and subgroup morphisms in Section 8. Their sources 7} and G are reduced
Noetherian schemes; their maps are quasi-compact, since inverse images of opens in these Noetherian
sources are quasi-compact. The complete reduced-source monomorphism conclusion of Lemma 9.B
makes them closed. This uses no reductivity or prior affineness of G. Write U, = x,(G,) for these
actual closed subgroup schemes.

The adjoint kernel and the integral scheme

The affine identity cell is stable under conjugation by Tj. Its exact characters and identity
coordinates give, as a full torus grading,

Lie(G) = Lie(T;) ® €P kEa. (9.1)
aced

These characters are the nonzero lattice elements «, even if their differentials vanish in the
characteristic of k. The integral Gauss identity gives

[En, E_o] = daV¥(1). (9.2)

One can see the bracket directly over ke, n]/(2,7?): in the linked Gauss identity put u = &,v = 7.
The unipotent quotients u/(1 4+ uv) and v/(1 + uv) are u,v. After cancellation, the commutator is
aV(1+¢en); conjugating this torus factor by the remaining root term changes only terms with 1 or
2, hence changes nothing. The coefficient of 7 is exactly (9.2).

Each coroot is primitive in P*. Simple coroots form its basis, and the integral Weyl reflections carry
every coroot to a simple one, as proved in the earlier root-datum and transport arguments. These
reflections are lattice automorphisms. A primitive integer vector has an integer linear combination
of its coordinates equal to one; hence its reduction is nonzero over every field. Thus the right
side of (9.2) never vanishes, including in characteristics two and three. The same primitive-vector
argument gives a character with pairing one and makes o" : G,, — T}, a closed one-dimensional
torus.

Let J = ker(Ad : G — GL(Lie G)). Differentiating conjugation on dual numbers gives
LieJ ={Z € LieG : [Z,Y] =0 for every Y € LieG}.

This is an equality of kernels of the actual tangent maps: the bracket is the mixed coefficient of the
group commutator, so the differential of Ad sends Z to Y + [Z,Y]. Its kernel is Tj-stable. Full
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character grading, rather than character differentials, splits that kernel into its weight subspaces.
Equation (9.2) excludes every root line. Therefore Lie J has only weight zero.

Let H = (Jyeq)?. Over the algebraically closed field this is a reduced subgroup: the complete
reduced-product proof in SO8 Lemma G.4.1 makes J.oq X Jreq reduced, so multiplication factors
through the reduction; inversion and identity do too. The full non-affine finite-type argument of
Lemma 9.A gives its open-and-closed identity subgroup and makes this reduction smooth. Its
component is geometrically irreducible. Conjugation by 7}, preserves H: it preserves J, its reduced
product with T} factors through Jieq, and the connected product T x H stays in the identity
component. No normality assertion about the reduction under an arbitrary nonreduced group is
needed.

Now use the actual affine neighbourhood H N X. It is closed in the affine X, open and smooth
in H, and stable under Tj. Its fixed locus is smooth, with invariant tangent space, by the entire
AG-GS, Diagonalizable groups, Theorem 3.4. Its tangent at the identity is all of Lie H, since this
Lie algebra lies in the weight-zero Lie J. S02 Lemma 3.A makes the fixed-locus inclusion étale
near that point; the whole étale-monomorphism argument in S04 Lemma E7.2 makes it an open
immersion there. Thus a nonempty open neighbourhood in H is fixed by Tj.

The fixed subscheme of X}, is exactly Ty. In its coordinate algebra, each root coordinate has a
nonzero character a. Invariance under the universal torus element forces that coordinate to be
zero by independence of the Laurent exponent basis; this remains true with nilpotent coefficients.
Hence that neighbourhood of H lies in the already closed T}. It is dense in the smooth irreducible
H. The full schematic-density argument of SO8 Lemma G.3.5 makes its closed-immersion equations
vanish on all of H, so H C T}.

On T}, = Dy(P), the full adjoint action on (9.1) has precisely the root characters. Its scheme kernel
is therefore Dy (P/Q). This is finite: in fundamental-weight coordinates the simple-root matrix has
nonzero integer determinant d; its adjugate gives dP C @, so P/Q is a quotient of the finite group
P/dP. The exponent basis of its group algebra is finite. Thus H, being smooth connected inside
this finite kernel, is the identity. Every component of J is a translate of its identity component
after choosing a closed k-point; the component theorem and the earlier Zariski lemma supply those
points. Its reduction has dimension zero, so J itself has dimension zero. S04 Lemma P0.9 supplies
the full Artinian finite-algebra calculation: a zero-dimensional finite-type scheme over k is a finite
disjoint union of finite local Artinian k-schemes. Consequently J is finite, retaining its possible
infinitesimal structure.

Return to the whole integral group algebraic space. Its Lie bundle is the finite free module furnished
by the identity cell, and conjugation defines

Ad: Gz — GL(Lie Gz) (9.3)

This is a finite-presentation separated morphism. Both spaces are of finite presentation over the
Noetherian Z; its graph is closed and finitely presented, and the product projection is finitely
presented. Separation also follows from the closed diagonal of Gz/Z. Every nonempty geometric
fibre of (9.3), after choosing a point in it, is isomorphic by translation to the just-computed finite
kernel. For all test algebras the inverse sends a fibre point ¢’ to ¢~ '¢’; the equality of adjoint
matrices is exactly the kernel condition. Its geometric fibres are therefore finite and zero-dimensional,
proving quasi-finiteness. The complete S04 Theorem E9.1, also stated with its proof in RG03
Section 5, now makes (9.3) representable and quasi-affine. Its target is an affine scheme, so Gz is a
scheme.

Affineness of the geometric fibres

For the already smooth finite-type group scheme G, apply the complete reduced-source image proof
of Lemma 9.B to its adjoint homomorphism. It is quasi-compact, and G is reduced. The image
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I is a closed reduced subgroup of the affine general linear group, and ¢ : G — [ is faithfully flat.
The image proof is scheme-theoretic: its ideal is the kernel of Ogr, — ¢.Og; flat base change gives
schematic dominance on the product, which makes multiplication and inversion preserve that ideal.
Reducedness makes it radical, and the full generic-point-and-translation flatness proof gives faithful
flatness. These are the earlier proved inputs, with their hypotheses verified here.

Its scheme kernel is the finite J, because I — GL is a closed immersion. Multiplication gives the
actual torsor isomorphism

Gxrd G x;G, (9.7) — (9,97),

with inverse (g,¢’) — (9,97 '¢’) on every test algebra. Thus after the faithfully flat covering G — I,
the map ¢ is the finite projection with fibre J. S04 Lemma A1.2 and Corollary A3.2 descend
affineness of this map; Lemma A1.3 descends finite generation of its coordinate module. Hence ¢ is
finite. Since [ is affine, GG is affine. No reductivity assumption has entered this argument.

Reductivity and the prescribed root datum

Let N be any smooth connected normal unipotent subgroup of this affine G. The complete
unitriangular representation proof in RG01 Lemma 2.A excludes every nontrivial diagonalizable
subgroup of N, including infinitesimal ones. A closed subgroup of the split torus over this field
is diagonalizable by the entire Hopf-quotient and group-like-basis proof in AG-GS Theorem 4.2.
Consequently N N7y = 1 as schemes, and its tangent space gives

Lie NNLieT = 0.

If N # 1, it has positive dimension: a smooth connected zero-dimensional finite-type group over
algebraically closed k is a single reduced point by the earlier Artinian calculation. Its nonzero Lie
algebra is Ty-stable by normality. Equation (9.1) and the zero intersection therefore give a root
line kE, C Lie N.

Let T, = (ker )® ;. Explicitly write a = nag with primitive ag € P; then T, = ker ag is a split
codimension-one torus. A character vanishes on it exactly when it is an integer multiple of «p.
Reducedness of the given root system consequently leaves only «, —a among the roots trivial on
T.. The full fixed-locus theorem applies to the smooth affine G and N, so

C= CG(TOé)7 C(N = CN(Ta)

are smooth closed subgroups with Lie algebras the corresponding invariant subspaces. Conjugation
by A = a" preserves both.

For C, the whole general cocharacter lemma RG01 Lemma 3.3 gives the smooth connected Uc ().
Its only positive tangent weight is kE,, because the two root pairings are 2, —2 as integer characters.
Thus it has dimension one. The already closed U, belongs to it on every test algebra: the action
on its parameter is u > t?u, extending at ¢t = 0 to the identity. Its inclusion has equal tangent
spaces. The full differential and étale-monomorphism proofs make it an open immersion; an open
subgroup is closed because its other cosets are open, and connectedness makes it all of Ug(\).

The cocharacter A need not lie in C'y. To apply the earlier theorem with its actual hypothesis,
form the smooth affine semidirect product C'y x G, for this conjugation action and use its internal
cocharacter t — (1,t). Its positive limit subgroup has second coordinate one: conjugation fixes that
coordinate, while a positive limit has value the identity at zero. It therefore lies in C'y. Denote
it by Un(A). The full lemma gives smoothness, connectedness and positive Lie weights; its Lie
algebra is exactly kFE,, since this line is in Lie NV and no other positive invariant root weight exists.
Inclusion into C' identifies it with the closed intersection N N Ug(A), by the same limit equations
on all tests. Equal tangent spaces again give an open subgroup of the connected Uc(A), hence
equality. We obtain U, C N.
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Normality and the integral simple/reflected root-conjugation identities give U_, C N, using the
representative n,, formed from the two root parameters. The full linked Gauss relation then forces
the whole coroot torus into N. On every k-algebra and for every unit d, substitute u =d—1,v =1,
sol4+uv=d,in

To(u)z_o(v) = xa( > a’ (14 uv)zq <1+uv) :

All three root factors and the left product belong to N; solving for the torus factor puts aV(d)
in N. This is a scheme assertion, even over fields with few rational units. The primitive coroot
defines a nontrivial closed torus in 7Ty, contradicting N NTy = 1. Thus every such N is trivial,
which proves reductivity.

1+ uwv

The given T}, is maximal. If a torus 7" contains it, LieT” is Ti-invariant and therefore lies in the
zero part of (9.1), namely Lie Ti. The reverse inclusion gives equal ranks. Over algebraically closed
k both tori are split. Their closed inclusion gives a surjection of free character lattices of equal
rank, by the whole exponent-basis/anti-equivalence proof in AG-GS Theorem 2.2. Every element
of its kernel is zero after tensoring with Q, hence is torsion; the domain lattice is torsion-free, so
the kernel is zero and the inclusion is an isomorphism.

Now RGO03 Theorem 4.1 applies with all its hypotheses: each closed U, has the prescribed character
and nonzero identity differential, hence is the canonical root group of the reductive G. Its linked
Gauss identity and RG03 Theorem 7.1 identify the given oV with the canonical coroot. Thus
every geometric fibre has the original simply connected datum and simple frames. The full centre
calculation in RG03 Section 1 gives Z(G) = D (P/Q); the finite lattice calculation above makes
this finite and makes its central torus trivial. The reductive fibre is therefore semisimple. The
conclusion holds in every characteristic.

To finish, we prove affineness over Z, rather than just in its fibres. We need the following small
geometric fact, included with its complete openly licensed proof.

Flat base change and localization of quasi-coherent cohomology

Statement. Let X be a quasi-compact quasi-separated scheme over Spec A, let F be quasi-coherent,
and let B be any flat A-algebra. Write g : Xp — X for the projection and Fp = ¢g*F. For every
q > 0, the canonical map is an isomorphism

HYX,F)®s B — HY(Xp,FB).

The earlier Algebra and sheaf cohomology before reductive groups supplies the complete proofs used
here: Lemmas 1.0-1.1 give the tensor, localization and filtered-colimit calculations; Proposition 2.2
gives the affine module—sheaf correspondence and pullback; Lemmas 3.1-3.2 construct injectives,
their open restrictions and acyclic resolutions; Section 4 constructs the finite filtered-complex
comparison; and Theorem 5.1 proves H9(Spec R, M ) = 0 for every ring R, every module M and
q > 0. Their full proofs precede this lesson. The comparison and base-change argument are written
below at their original generality: no finite generation, Noetherianity or finite presentation is
assumed for A, B or F.

The separated case and the ordered cover construction.

First suppose that X is separated over the affine base. Choose a finite affine open cover Uy, ..., U,.
For a strictly increasing tuple I = (ig < --- < ip) put Uy = U;, N---NU;,, and let j; : Uy — X.
Empty intersections contribute zero. Every Uy is affine: the intersection of two affine opens is the

inverse image of their affine product under the closed diagonal, and induction gives the assertion
for finite intersections.

We construct the cohomological comparison rather than assume that a section complex computes
it. For any sheaf of modules G, form the augmented alternating sheaf complex
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0—G—CUG) — -+ —CHG) —0, G = [ Gn:«Gluy).

o<+ <ip

The differential is the alternating sum of restriction maps. This complex is exact on stalks. Indeed,
near a point x choose a with « € U, and restrict to a neighbourhood V' C U,. Regard an ordered
cochain as alternating in all its indices, with repeated-index components zero. The map lowering
the degree is

(h)ig...ip—1 = Caig...ip-1-

It is well defined because V N U;NU, = V NU;. In degree zero it takes ¢, to a section on
V, the augmented term. Expanding the alternating differential cancels all terms except ¢, so
dh + hd = 1, including the augmented degree. This proves exactness even when a direct-image
stalk at a boundary point is nonzero.

Take an injective resolution F — Z* in sheaves of Ox-modules. Restriction to an open preserves
injectives: its left adjoint, extension by zero, is exact, as one checks on stalks. Direct image under
an open immersion also preserves injectives because it is right adjoint to exact restriction. Thus
each term of the augmented sheaf complex for 79 is injective. Its first injection splits, and successive
cokernels are injective direct summands; inductively the whole finite exact row splits. Applying
global sections therefore leaves it exact.

Consequently the augmentation from I'(X,Z®) to the total complex of

cri= [ TWULIZ,), 0<p<r, ¢>0,

o<+ <ip

is a quasi-isomorphism. Here the total differential is deover + (—1)Pdresolution- Exactness of the
augmented horizontal rows proves the assertion by the row filtration. Each total degree contains
finitely many terms.

The column filtration F? Tot™ = ,>, C“"~* gives the ordered-cover spectral sequence

EP? = H HY U, Fly,) = HPYYX,F),

i0< - <ip

with d; the alternating restriction differential. Explicitly, for s > 1 set

7/p:q
4 — +q . + +q+1 a4 s
704 = {z € FP Tot?Pt? : dz € FPTs TotPTat1} EPd = T T
s—1 + s—1

where ZJ'? = FPTotP™4. The total differential induces ds : EP4 — EPTS9=s+t1  Here is the
next-page calculation from the complete finite filtered-complex proof in AG-RG-S01, Section 4.
If ds[z] = 0, then dz = u + dv with u € foerl’q*S and v € ijll’qfl. Replace z by z — v; its
differential belongs to FPT5t! so it represents an element of Z%,. Conversely every such element
is a dg-cycle. Quotienting these representatives by the ds-boundaries and the old denominator gives
exactly Zp+tha—1 4 gzp=sa+s=1 the denominator for EP% . Thus the cohomology of d; is the next
displayed page. Extend the filtration by FP = Tot for p < 0 and FP = 0 for p > r. For sufficiently
large s, the cycle condition is dz = 0 and the denominator accounts for the next filtration piece and
all boundaries lying in F'P. Thus the stable terms are the associated graded pieces of cohomology.
There are only r columns, so each abutment has a finite filtration and convergence involves no
infinite-product or completion issue. This construction works for any finite open cover, including
covers with non-affine intersections.
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For our separated affine cover, affine vanishing makes every row with ¢ > 0 on Fy zero. The
augmentation therefore canonically identifies cohomology with that of the finite section complex

cru,F)y= [ rw.,F).

i< <ip

If Ur = Spec R and Fly, = ]\7, its base change has sections

M®R(R®AB):M®AB.

These identifications commute with restriction. Tensor also commutes with the finite products, so
the section complex on Xp is the section complex on X tensored with B. Flat tensor preserves
kernels and images and hence cohomology. This proves the claimed isomorphism in the separated
case.

Canonical comparison and nonseparated intersections.

To identify the preceding calculation with the canonical map and compare the general cover spectral
sequences, choose an injective resolution Fg — J°* on Xp. The projection g is flat, so g*Z°® is a
resolution of Fp. Target injectivity extends its identity on Fp degree by degree to a chain map
g*I* — J°*. The same extension argument makes any two choices chain homotopic. Pulling back
sections and multiplying by elements of B gives a map of augmented double complexes

CPUX,T)®4 B— CP4Xp,T).

Its augmentation is the usual cohomology base-change map; its column maps are the canonical
comparisons on the intersections. It is independent of the resolution choices and compatible with
restriction and successive base changes. Since B is flat, the source total complex has cohomology
H"(X,F)®a B. Flat tensor also commutes with the cycles, boundaries and finite sums defining
every spectral-sequence page.

Now let X be merely quasi-compact and quasi-separated. Choose a finite affine cover as before.
Each Uy is quasi-compact, by quasi-separatedness and finite intersection, and is separated over
Spec A, since it is an open subscheme of the affine U;,. It need not be affine. Apply the separated
result to each Uj. It shows that every term of the comparison on E; is an isomorphism, for all
q > 0. Therefore every subsequent page and every associated graded piece of the abutment is
an isomorphism. Induction through the finite filtrations gives an isomorphism of the abutments
themselves. This proves the statement for every flat A-algebra B.

Localization and higher direct images.

Taking B = S~'A for any multiplicative set gives, canonically,

STTHY(X,F) = HY(X x4 Spec S~ A, Fg-1,4).

This includes A — A, and A — A,.

For completeness, let f : X — Y be a quasi-compact quasi-separated morphism and let F be
quasi-coherent. The sheaf R?f,F is the sheafification of V +— HI(f~'V, F). Indeed, use an injective
resolution on X, restrict it to f~'V, and take stalks of f,Z°; filtered colimits of modules are
exact, so taking cohomology commutes with that stalk limit. On an affine V' = Spec A, put
M = HI(f~'V,F). The localization result identifies the presheaf on every distinguished D(a) C V
with M, compatibly with restriction. Its sheafification is therefore M. This proves quasi-coherence
of R1f,F and supplies the canonical identification of its sections on V with M.

If h: Y’ — Y is flat, cover Y’ by affines W = Spec B mapping into affines V = Spec A of Y. Here
B is flat over A. For the Cartesian base change f’ : X xy Y’ — Y’  the theorem identifies the
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modules describing both sides of

h*qu*]: — quify/ .

Naturality makes these identifications agree on overlaps, so this is an isomorphism of sheaves. In
particular, at y € V' corresponding to p,

(RIfF)y = Hq(f_lv x A Spec Ay, Fa, ).

This is the flat-localization identity needed for the stalk calculation in AG-RG-05, §9. [

One-dimensional affine-open lemma (Stacks, Tag 09N9). If Y is affine and all its local rings
are Noetherian of dimension at most one, then every quasi-compact open O C Y is affine.

Proof, with the Stacks statement retained and the cohomological steps written out.
Write Y = Spec A and let F be quasi-coherent on O. The open O is quasi-compact and separated.
The full flat-localization proof just given in this Section 9, with the earlier SO1 algebra and sheaf
foundations, gives, for every prime p C A,

H'(O,F)y = H'(O xy Spec Ay, Fa,).

An open in the spectrum of the Noetherian local ring A, either contains its closed point, and is
the whole spectrum, or contains only generic points. There are finitely many generic points: in a
Noetherian topological space every closed subset has finitely many irreducible components, by induc-
tion on closed subsets (a reducible counterexample splits into two strictly smaller counterexamples).
In dimension at most one no distinct nonclosed primes can specialize to one another. Thus the
latter open is a finite discrete space. Each of its singleton components has an affine neighbourhood
contained in that component, so it is affine; their finite disjoint union is the spectrum of the product
of their rings. Both possibilities are affine. The affine-vanishing proof of that supporting lesson,
Theorem 5.1, therefore makes the displayed localization zero for ¢ > 0.

A module with zero prime localizations is zero: a nonzero element has a proper annihilator contained
in a maximal ideal, at which its localization remains nonzero. Consequently H*(O,F) = 0 for
every ¢ > 0 and every quasi-coherent F. The full ideal-sheaf affine criterion in the supporting
lesson, Theorem 9.2, now proves that O is affine. This argument uses no separate Leray or
higher-direct-image theorem. [J

Lemma 9.1. A quasi-finite separated homomorphism f : K — H of finite-type group schemes over
a Dedekind base is affine if K is smooth with geometrically connected fibres of constant dimension.

Proof. Write d for the constant fibre dimension of K. We first prove the field calculation that will
be used for both fibres. Over any field F', smoothness makes the local rings of K regular domains
by AG-CA-18 Theorem 2.1 and AG-CA-14 Theorem 1.1. Distinct irreducible components cannot
meet, since a local domain has only one minimal prime. There are finitely many components, by
the Noetherian closed-subset induction in the preceding affine-open proof, so they are open and
closed. Geometric connectedness leaves one component. A nilpotent section has zero germ in every
local domain, and is zero. Thus K is geometrically integral; this is the whole component argument
of AG-RG-S02 Lemma 4.1 applied on affine charts, without assuming that Kp is affine.

The complete reduced-source schematic-image proof in Lemma 9.B gives a closed reduced subgroup
Ir C Hp and a faithfully flat quasi-compact factor qr : Kp — Irp. That proof constructs the
ideal as the kernel of the structure-sheaf map, whose formation commutes with flat field extension.
Consequently Ir is geometrically integral: after every algebraic closure it is reduced and is the
surjective image of the irreducible K. Its full scheme kernel Jr is zero-dimensional by quasi-
finiteness. A zero-dimensional finite-type field scheme has finitely many points, each open and
closed. Each singleton has an affine neighbourhood inside it, with a local zero-dimensional Artinian
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finite-type field algebra. The full proof of AG-RG-504 Lemma P0.9 makes this algebra finite-
dimensional, including all nilpotents. Taking the finite product of these algebras shows that Jr is
finite.

On every test scheme the maps

(9:9) — (9,99),  (9.9)— (9,979

are inverse isomorphisms
KrxpJr ~ Kp XIp Kp.

Hence the pullback of qr by its own faithfully flat cover is the finite projection Kr Xgp Jp — Kp.
The full affine-algebra and finite-module descent proofs of AG-RG-S04 Lemmas A1.2-A1.3 and
Corollary A3.2 descend its affineness and the finite module generating list. Therefore gr is finite.
On an affine chart of Ir, the coordinate map is a finite integral injection, the injection following
from faithful flatness. AG-RG-S04 Lemma P0.4 proves that lying over and going up lift every
prime chain, while incomparability makes contraction preserve strict chains. Thus the dimensions
of source and image are equal:
dimIp =dim Kgp = d.

This proves both finiteness and the image dimension directly, for every field, including an imperfect
field.

Affineness is local on the target and descends faithfully flatly by the same Corollary A3.2. We
may first restrict the base to an affine Dedekind scheme. Its ring is Noetherian, and K, H are
then Noetherian qcqgs schemes. Their finite-type maps over that ring are of finite presentation; the
homomorphism is also of finite presentation, since on compatible affine charts its source algebra is
finite type over the target algebra, which is Noetherian. These observations do not assume that H
is separated over the base. If f is affine after passage to the local ring at each base point, Limits
of schemes and Noetherian approximation, Theorem 4.2, spreads the property to an open base
neighbourhood: the local spectrum is the inverse limit of principal neighbourhoods, and its schemes
and map are the given finite-presentation models. Those neighbourhoods cover the base. The field
case has just been proved, since a finite map followed by a closed immersion is affine. It remains to
treat a local Dedekind ring Ry of dimension one. It is a DVR by AG-CA, Discrete valuation rings,
normal rings and Serre’s criterion, Theorem 1.2, whose full normal one-dimensional local-domain
proof precedes this lesson; fix its uniformizer .

We construct the required faithful local extension explicitly. Write kg = Ry/mRy. Choose an
algebraic closure of kg by the full field construction in S06 Section 1, and let k be its subfield of
elements separable over ky. The complete finite separable-generator calculation in SO7 Lemma
2.1 makes it a field and shows that it is separably closed: finitely many coefficients of a separable
equation over it lie in one finite separable extension of kg, and adjoining any root gives another
separable extension, by its successive distinct-root and embedding calculation.

Take all finitely presented etale Rg-algebras B with a specified residue map B — k extending
Ry — kg, and use their local rings at the kernels of those maps. These objects form a filtered system.
For two objects the tensor product of their original etale algebras is etale, and multiplication of
their two residue maps gives a map to k; localization at its kernel supplies a common object with
local transition maps. For two parallel arrows, the equalizer of their corresponding scheme maps
is an open containing the selected point: the diagonal of an affine etale algebra is a closed etale
monomorphism, and the complete S04 Lemmas D2.1 and A1.9 make it open. Choose a principal
neighbourhood of the point inside that equalizer; its local ring supplies a further object where the
arrows agree. Thus finite element and relation comparisons can always be moved to one object.
Localizing an original etale algebra at its selected prime is itself the filtered union of its principal
neighbourhoods, so these refinements use only the same objects.

Let R§" be their filtered colimit. Each transition is local and flat. Indeed the original finite-
presentation algebra map factors, after one principal refinement at the selected point, through
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two etale algebras over the base; S04 Lemma D2.1 makes that map etale. Localizing its source
and target at the selected primes gives the transition and preserves flatness. These localized maps
are essentially etale; no finite-presentation claim is made for a whole prime localization. Every
object is flat over Ry, and every transition is flat and local, hence faithfully flat by the faithful
local calculation in S04 Lemma Al.4. The colimit is flat, since flat tensor and filtered colimits
preserve injections as proved in SO1 Lemma 1.0. It is local: an element with nonzero residue is
already a unit in a representing local ring, while an element of zero residue lies in the union of
their maximal ideals. Its residue field is exactly k. Indeed every element of k generates a finite
separable extension of kg. Lift its monic separable minimal polynomial to Ry[T], and invert its
derivative in the quotient. The square-Jacobian calculation of SO7 Lemma 5.3A makes this etale
algebra; evaluation at the chosen root gives an object containing that residue element. Conversely
each object’s residue field is finite separable over kg by the same lemma, so embeds in k. Thus the
union is k. The local flat map Ry — R(S)h is faithfully flat by S04 Lemma A1.4. We need no further
universal property of henselization.

We verify its DVR property instead of assuming a general Noetherianity theorem for this colimit.
At a localized pointed etale neighbourhood A, the residue fibre is a finite separable field, so the
maximal ideal is TA. The ring is Noetherian and flat over Ry, and 7 is regular. AG-RG-S02 Section
1.1 proves ), 7 A = 0. Thus each nonzero a belongs to 7" A \ 7" A for a unique n and can be
written 7w with u a unit. Products of these expressions are nonzero, so A is a domain. Local
transition maps preserve m and units; they preserve valuations and are injective. Localizing the
pointed neighbourhoods does not change their colimit, since every element with nonzero residue
becomes a unit at a later principal neighbourhood. Therefore every nonzero element of Rgh has the
same valuation expression. Every nonzero ideal has an element of least valuation, which generates
it. This proves that Rg" is Noetherian and is a DVR.

Its completion R is faithfully flat by the entire completion proof of AG-RG-S02 Lemma 1.3. That
proof identifies R/7"™ R with R(S)h / 7TnR8h, makes R local with residue field k, and proves completeness,
separatedness and Noetherianity. Flatness keeps 7 regular. The same valuation expression and
least-valuation argument show that R is a complete DVR. The construction just proved makes
Ry — REM faithfully flat, so Ry — R is faithfully flat. All the hypotheses survive this base change.
The residue field k is separably closed; it need not be perfect.

Over R replace H by the schematic closure of the generic image I,,. On an affine chart with original
ring C, its ring is A = C/ ker(C' — C[1/7]/1I,), where I,, here denotes the generic chart’s defining
ideal. Thus A injects into its generic chart. If this chart is nonempty, its generic chart is a nonempty
open of the integral I,), so A is a domain. It is torsion-free over the DVR R, and hence flat by the
complete ideal criterion in AG-CA-07 Theorem 2.1: each nonzero finitely generated ideal of R is
generated by one nonzero element a, its free rank-one module identification makes I @ g A — A
multiplication by a, and torsion-freeness makes this injective. The zero ideal is immediate. This
checks every finitely generated ideal and proves flatness. The closure is Noetherian and finite type,
and is a subgroup: multiplication is checked on its flat product, inversion on the flat closure, and the
generic subgroup equations vanish everywhere because on each affine chart flatness gives injectivity
into localization at m. The unit factors through it by the same calculation on R. Flatness of K
similarly makes f factor through it. Proving that this factor is affine suffices, since its inclusion
into the original H is closed. Retain the name H for the closure.

We now calculate its special dimension. Over k, Lemma 9.A makes all components of the finite-type
H; have one dimension r and makes their reductions translates of its irreducible smooth reduced
identity component. AG-RG-S08 Lemma G.1.2 proves field-extension invariance of dimension. On
any affine chart Spec A meeting the special fibre, the nonzero finite-type algebra A/mA consequently
has dimension r: every nonempty open in a finite-type irreducible field component has its function
field’s dimension, by the earlier field dimension proof. Noether normalization, Krull dimension and
Noether normalization, Corollary 3.2, applies even if this algebra is nonreduced and gives a finite
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inclusion

kltr, ... t] — A/mA.

Lift these parameters to A. The map Rlti,...,t,] — A is injective: divide a proposed nonzero
relation by the least valuation of its finitely many coefficients; regularity of « then gives a relation
with a nonzero reduction, contradicting algebraic independence. The chart’s map to A, is quasi-
finite at every special-fibre point, because the special map is finite. AG-RG-S04 Theorem C5.1
makes its quasi-finite locus a nonempty open. Since A is a domain with nonzero 7, that open meets
its generic fibre. The generic map on this open is dominant, by the polynomial injection and density
of an open in an integral scheme, and quasi-finite. Its function field is therefore finite algebraic
over Frac(R)(t1,...,t,), by the zero-dimensional generic-fibre algebra calculation of Lemma P0.9.
The whole transcendence-degree proof in Krull dimension and Noether normalization, Theorem 4.2,
gives
r=dim I, =d.

Thus every geometric special component has dimension d.

Let z; be the generic points of the finitely many special components. In a domain affine chart, their
primes are minimal over (7). The complete principal-ideal height proof in Dimension theory of
Noetherian local rings, Theorem 3.1, gives height at most one. Since 7 is nonzero, the zero prime
does not contain it, so the height is one. Thus Op ,, is a one-dimensional Noetherian local ring.
Apply the full scheme factorization of AG-RG-S04 Theorem D7.1 to the quasi-finite separated base
change of f to this local spectrum. Its source is a quasi-compact open in a finite scheme over that
affine local base. Finite algebras are Noetherian, and integral incomparability makes every chain
in their spectra contract strictly into a chain of length at most one; this is Lemma P0.4. Their
local rings have dimension at most one. The complete affine-open lemma above makes the source
affine. AG-MO-03 Theorem 4.2, whose eventual-affineness proof is the finite affine-chart argument
of Lemma 2.3, spreads this affine morphism to an open neighbourhood of z; in an affine chart of H.

Let V C H be the union of all opens on which f is affine. Affineness is local on the target, so
f is affine over V. The field calculation makes f, finite, and hence puts H,, in V; the preceding
paragraph puts every z; there. Apply that same field calculation over k. The reduced special image
I is geometrically integral and has dimension d. In Hg it is a closed connected subgroup of the
irreducible reduced identity component, of the same dimension d. It equals that component: a
proper closed subset of a finite-type irreducible field scheme has smaller dimension, by the strict-
specialization calculation in Krull dimension and Noether normalization, Lemma 4.1. Translation
by it is transitive on the closed points of every component. Each component meets V3, so for every
geometric closed point y of Hg the open

{a € K5 : f(a)y € V5}

is nonempty. Surjectivity of Kz — Iz supplies that nonemptiness, including when H; is nonreduced.

We need a translator rational over k£ and lifting over R. Every nonempty open of the smooth
k-scheme K has a k-point. Indeed the full local standard-form proof of Formally smooth, unramified
and etale ring maps, Theorem 5.1, supplies a nonempty affine chart etale over affine space by its
free coordinates and invertible square Jacobian. That map is open by the complete flat finite-
presentation openness proof in S04 Section E5. The separably closed field k is infinite: in a field
with ¢ elements, multiplication by a nonzero element permutes the ¢ — 1 nonzero elements; taking
their product gives ¢ = z for every . The polynomial 77 — T'— 1 has no root in that field and
has derivative —1, so an irreducible factor gives a proper finite separable extension, contradicting
separable closedness. Induction using the one-variable root bound now gives a k-point in any
nonempty affine-space open. Its nonempty etale fibre has a closed point with finite separable
residue field by the full field calculation in S07 Lemma 5.3A. That field equals k. Moreover k/k
is purely inseparable, as proved by the derivative and separable-part calculation of AG-RG-504
Proposition D3.4. A principal open in an affine chart over k uses finitely many coefficients. In
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positive characteristic, a common p-power of them belongs to k; the same power of its defining
function lies in the original chart ring and defines exactly the same open after extension. In
characteristic zero k = k. Applying the preceding rational-point argument to this open proves that
Ks(k) is dense in K.

Every a € K;(k) lifts to K(R). Choose a smooth affine chart of K containing it. The complete
formal-smooth lifting proofs of the ring lesson, Theorems 3.1 and 4.1, lift the point successively
through R/7"*! — R/7™: these kernels are square-zero for n > 1. The chart has a finite
presentation. Completeness gives limits of its coordinate values; the finitely many equations vanish
in R because they vanish modulo every 7", and each inverted coordinate has nonzero residue and
is a unit. This is an R-point of that chart with residue a.

Choose a rational translator in the nonempty open for y, and lift it. The corresponding translations
on K and H intertwine f. They carry any open over which f is affine to another such open, and
their inverses do the same, so they preserve V. Since the lift sends y into V', the point y already lies
in V. Thus all geometric closed points of Hy lie in V. A nonempty closed subset of a finite-type
field scheme has a geometric closed point by the full Zariski-lemma proof in AG-RG-S04 Lemma
P0.9. Hence Hy, C V. Together with H, C V this gives H = V and proves affineness over R.
Faithfully flat descent gives it over Ry, and the finite-presentation neighbourhood argument gives it
over the original Dedekind base. [

Apply Lemma 9.1 to the adjoint homomorphism (9.3). The preceding full kernel argument proves
that it is quasi-finite and separated and that its source is a finite-type scheme. The identity cell
and its translates make Gz smooth with geometrically connected fibres of constant dimension
rank P + |®|. Its target GL(g) is affine over Z. Lemma 9.1 makes the adjoint map affine, so Gz is
affine.

The torus factor of the identity cell is a monic group homomorphism into this affine group. The
complete multiplicative-type closed-immersion criterion in AG-RG-01, Section 3, now applies.
Explicitly, grade its coordinate algebra C' by right translation by 7' = Dz(P). Pullback sends C,
into Zz™. Let I, C Z be the ideal of its coefficients. The full field closed-image proof already used
above makes the torus inclusion closed on every field fibre. Weight projections commute with base
change, so for every prime of Z the ideal I,,, has a coefficient nonzero modulo that prime. Hence it
is contained in no prime and equals Z, for every m. Thus C' — Z[P] is surjective, proving that T is
closed over the whole base.

The group is now affine, smooth and finitely presented, with connected reductive geometric fibres
by the complete preceding reductivity proof; it is therefore a reductive group scheme by definition.
The same proof makes this closed split torus geometrically maximal. The identity cell gives its
full integral Lie grading, with zero part LieT and free rank-one lines of precisely the prescribed
characters. The hypotheses of AG-RG-03 Theorem 4.1 all hold. Each constructed root parameter
is T-equivariant and has the inclusion of its framed root line as differential, so that theorem’s full
uniqueness proof identifies it with the canonical root homomorphism, over Z and after every base
change. The complete integral reflection and Gauss identities, including (9.1)—(9.2), identify the
coroots by AG-RG-03 Theorem 7.1. Its full scheme-centre calculation gives Dz(P/Q); the earlier
finite lattice calculation makes this centre finite, and every geometric fibre is semisimple. The
chosen simple-root line frames are therefore an integral pinning with exactly the original simply
connected root datum. This constructs the pinned split semisimple group over Z at the stated
generality.

10. The existence theorem for every reduced datum

Theorem 10.1. Every reduced root datum is the datum of a pinned split reductive group over
Z. For every nonempty scheme .S, pinned split groups of a specified constant datum over S are
obtained by base change from this integral group, up to a unique pinning-preserving isomorphism.

36



Proof. Let R = (X, ®, X*, ®") be reduced. The full reflection and metric calculation of AG-RG-04,
Section 1, proves

Xq=Vacl, V =Q2, C = {z:(z,a") =0 for every a}.

Write m, ¢ for these two projections. The coroots span the dual of V. The complete simple-root
argument of AG-RG-04, Section 3, applied to the dual root system, makes its simple coroots a
Z-basis of Q¥ = Z®". Thus the weight lattice

P={veV:(,Q") CZ}=Hom(Q" 2Z)

is free of rank dim V| with the pairing identifying its rational space with V. The roots lie in P and
all reflections preserve it. Consequently (P, ®,Q",®") is the simply connected semisimple reduced
datum. The entire construction through Section 9 has already produced its pinned split group Gg.
over Z.

We spell out the integer facts needed for the central directions. Every subgroup N C Z" is free of
rank at most r. For induction, its first-coordinate image is either zero or dZ for a least positive
integer d, by the integer division proof of AG-RG-S02 Lemma 4.A. In the second case choose
no with first coordinate d; subtracting the unique corresponding multiple of ng splits IV as Zng
plus its zero-first-coordinate subgroup. Apply induction in Z"~!; the zero-image case uses that
subgroup directly. The zero-rank case starts the induction. A finitely generated subgroup of a
finite-dimensional rational vector space becomes such a subgroup after choosing rational coordinates
and clearing the finitely many generator denominators, so is also free. Apply this to L = ¢(X). It
spans C, so its rank is dim C.

The map
j: X —FE=Pa®L, x+— (m(z),c(x))

is well-defined: every coroot pairing of 7(z) is that of z, hence an integer. It is injective because
its coordinates recover x, and its source and target have the same rank. In free bases its matrix
has nonzero integer determinant d. The adjugate identity puts dE in j(X), so M = E/j(X) is a
quotient of the finite group E/dE. For rank zero the determinant is one and the cokernel is zero.
Thus M is finite, without assuming saturation. Every root maps to («,0), and the dual map sends
(aV,0) to the prescribed coroot, since its pairing with x is (7(x),aV) = (x,aV).

The full character and torsor calculation of AG-RG-04 Theorem 7.1, or its written exponent-basis
inverse, makes
Dz(E) — Dz(X)

a finite faithfully flat map with kernel H = Dz(M). Its kernel has the finite free coordinate module
with basis the elements of M. Each root is in j(X) and is therefore trivial on H. The complete
scheme-centre calculation of AG-RG-03, Section 1, puts H in the centre of Gs. x Dz(L). Apply the
entire affine central-quotient proof of AG-RG-03 Theorem 1.1 and the whole torus/root-coordinate
proof of AG-RG-04 Theorem 7.1. They construct

G = (Gse X Dz(L))/H

as a smooth affine reductive group, with maximal torus of character lattice j(X). The canonical root
groups and their frames are unchanged, and the coroots are their images by the full pairing formula
of AG-RG-04, Section 8. The resulting pinned datum is exactly R. If ® is empty, V = P = 0,
L =X, M =0, and this formula is the torus Dz(X) directly.

All the quoted quotient and root-coordinate proofs commute with arbitrary base change, including
nonreduced bases. Thus this construction gives a pinned split group of datum R over every S. The
entire pinned-isomorphism proof of Theorem 5.1 gives the unique pinning-preserving isomorphism
to any other group of that specified constant datum; its non-quasi-compact gluing argument applies
to arbitrary S. This proves the original assertion. [J
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Without a pinning, two globally split groups with isomorphic constant data are still isomorphic.
Choose corresponding positive systems and nowhere-vanishing simple-root frames, which exist by
the split condition of AG-RG-04, Section 8, and apply Theorem 5.1. The isomorphism can depend
on the frames. If the type varies, its constant-type parts are open and closed because the datum
is locally constant. Apply the same argument on each such part and glue over this disjoint open
cover, even if the base is not quasi-compact. A base change of one group over the connected base
Spec Z has one constant datum, so cannot give a family with distinct data on different parts.

The derived group

Use the presentation of Theorem 10.1 and first work over Z; all formulas below use constant
character groups and commute with every base change. Put E =P @& L, M = E/j(X), and define

N =im(L — M), Ly = ker(L — M).

Here L — M sends ¢ to the class of (0,¢). These descriptions determine the scheme kernel and
image of the projection of H = D(M):

Hy = D(M/N) C Gse,  Hp = D(N) C D(L).

Indeed L — N is surjective and makes D(N) — D(L) closed on coordinate algebras. The injection
N — M makes D(M) — D(N) faithfully flat with kernel D(M/N); its algebra is free over Z[N]
on a list of coset representatives of IV in M. The same exponent-basis torsor map and inverse as in
AG-RG-04 Theorem 7.1 prove the full quotient identity, including nilpotent tests. Both N and
M/N are finite, so both displayed subgroup schemes are finite flat. In particular Hg. is a closed
finite central subgroup of Gy, not merely a set-theoretic intersection.

The whole central quotient theorem now constructs the smooth affine semisimple group
D = Gy /Hge. (10.2)

Its root groups are the canonical images of those of Gg.. Here semisimplicity follows from the
full centre calculation, not from an additional quotient assertion. The torus character lattice is
ker(P — M/N) by AG-RG-04 Theorem 7.1, and it has finite index in P because M /N is finite. The
root lattice @ lies in it by centrality and has full rank dim V. The determinant/adjugate proof above
therefore makes its quotient by @ finite. AG-RG-03, Section 1, identifies the scheme centre with
that finite diagonalizable character group, so each reductive geometric fibre has zero-dimensional
radical and is semisimple. Let K = Gs. x D(L) and let ¢ : K — G be the full H-torsor. Its
closed normal subgroup Y = Gy x Hp is the inverse image of Hy under the second projection.
We identify its quotient on all tests. A point (g, ) of Y locally lifts ¢ through the faithfully flat
map H — Hp; writing that lift as (h,¢), the point becomes (gh~1,1)(h,£). Its class modulo H is
therefore represented by a point of Gy, x 1, and two such representatives differ precisely by Hgc.
Thus Y/H = D as fppf sheaves, and ¢~1(D) = Y as schemes by the same torsor identities. The
complete affine and closed-immersion descent proofs of AG-RG-S04 Lemma A1.2 and Corollary
A3.2 descend the closed normal inclusion Y C K to a closed normal immersion D C G. This
identifies its descended scheme with (10.2), since both represent the quotient sheaf just calculated.

The inclusion Ly C L has finite quotient NV, and Ly is free of the same rank by the preceding subgroup
and determinant arguments. The full exponent-basis torsor calculation gives D(L)/Hy, = D(Ly).
The projection K — D(Lg) kills H and descends to G; its scheme kernel has inverse image Y, and
hence is D. It is an epimorphism of fppf sheaves, since the projection of K and the torus map are

such epimorphisms. Consequently
G/D = D(Lo)

is a torus over every base.
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Perfectness on arbitrary tests

The simply connected group is perfect as an fppf sheaf, with an argument valid over every test ring
A. Set
B=A[t,t™1 - 1)1

This is a smooth finitely presented flat A-algebra: it is a localization of one polynomial variable
by two elements, each inverse having a one-equation finite presentation. Its map on spectra is
surjective. At any prime of A, its fibre embeds in the rational-function field of the residue field and
is nonzero, so has a prime. Flatness and surjectivity make Spec B — Spec A an fppf cover, by the
full faithful-flatness calculation of AG-RG-S04, Section A. Over B, the full character identity, with
{a,aY) = 2, gives

[@"(8), za(v)] = za((1* = 1)0).

For any u € A, take v = u/(t?> — 1). Thus every root-group section becomes one commutator on
this cover. This uses the exponent two, including in characteristic two; no division by the integer
two occurs.

The complete rank-one Gauss identity of Section 7 also gives, for every unit d of any test algebra,
aV(d) = z_o(—d N za(d—1)z_o(1) zo(—(d — 1)d™).

It follows by substituting u = d — 1,v = 1 into that identity and moving the two outer root factors
to the other side. The simple coroots are a Z-basis of the simply connected cocharacter lattice QV,
so their unit-valued sections generate the whole split torus on affine tests. Hence the fppf subgroup
generated by commutators contains every root group, the entire torus and the full big cell. The
whole word-generation proof of Lemma 4.1 then supplies every group section fppf locally. Thus it
is all of Gg.. For the empty root system Gy = 1, the assertion is immediate.

The quotient Gy — D is an fppf cover, so D is perfect too: lift any section locally through this
cover, express its lift locally as a product of commutators, and take the images. Since G/D is
commutative, every commutator of G lies in D. Conversely, the perfection just proved writes every
section of D locally as a product of commutators of its own sections, which are also commutators
in G. Therefore the entire closed subgroup scheme (10.2) represents exactly the fppf subgroup
generated by commutators. This identifies the derived group on arbitrary tests, not only on
geometric points.

The central torus, isogeny and descent

Put Q = Z® and Qgay = X NV. An element x 4 @ is torsion precisely when some positive multiple
of x lies in @), equivalently when x € V' by clearing the finitely many rational root coefficients. Thus
the torsion of X/Q is exactly Qsat/Q. Moreover X/Qgat ~ ¢(X) = L is free. The full scheme-centre
proof of AG-RG-03, Section 1, gives

Z(G) = Ds(X/Q),  Z=Ds(X/Qsat) — Z(G).

The second map is closed because its character map is surjective, and Z is a torus. A homomorphism
from any torus into Z(G) factors through Z: after an etale splitting cover its character map takes
X/@Q into a free group and Kkills torsion. The entire group-like coefficient proof in Diagonalizable
groups, Lemma 2.1 and Theorem 2.2, makes this a statement about character sheaves on every
base, including disconnected and nonreduced bases. The local factorizations agree uniquely and
descend. Hence Z is intrinsically the maximal central torus.

We next calculate the torus Tp of D. Its character lattice is

Py =ker(P — M/N) = n(X).
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Indeed the class of (p,0) lies in N precisely when (p,¢) € j(X) for some ¢ € L, which is precisely
p = mw(z) for some x € X. AG-RG-04 Theorem 7.1 gives Tp = Tys./Hs. and the whole inverse-image
formula for quotient tori. In the covering K — G, the inverse images of T and D are Ty, x D(L)
and Ggc x Hp. Their scheme intersection is Ts. X Hy. The same quotient calculation used for Y/H
identifies its quotient by H with Ty./Hg.. Thus

DNT =1Tp

as subgroup schemes, including after arbitrary base change.

Multiplication m : Z x D — G is a homomorphism because Z is central. On its torus Z x Tp the
character map is
X — (X/Qsat) ® (X)), x +— ([z], 7(x)).

Its kernel is zero: [r] = 0 puts z in V, and w(x) = 0 then gives x = 0. The target is free
by the subgroup proof above. Its rank is dim C' + dim V' = rank X, since 7(X) spans V. The
determinant/adjugate argument makes its cokernel F' finite. The whole character-torsor calculation
therefore makes Z x Tp — T a finite faithfully flat map with kernel J = Dg(F), finite flat over S.

This is also the full kernel of m. On any test scheme, a kernel pair (z,d) satisfies d = 27! in G.
Since z € Z C T, this forces d € DNT =Tp as a scheme condition, by the exact intersection just
proved. Hence the kernel is exactly J, rather than just having the same field points. It is central
in Z x D: the D-coordinate of such a pair equals the inverse of a central element of G, and so
centralizes D on every test.

The map m is an epimorphism of fppf sheaves. Its torus map gives local lifts of all torus sections,
and its restriction to each canonical root group of D is the corresponding root group of G, by the full
central-quotient theorem. Thus it locally lifts all sections of the big cell. The entire word-generation
proof of Lemma 4.1 expresses any group section locally as a finite word in that cell; further fppf
covers lift its finitely many factors, and their product is the required lift. Apply this to the universal
section over G: an fppf covering W — G has a section b of (Z x D)y . On that cover the explicit
mutually inverse maps

Jw — (Z x D) xg W, j+— bj, y— b ly

identify the base change of m with J xg W — W. That projection is finite flat and faithfully
flat. The full algebra/finite-module descent of AG-RG-S04 Lemmas A1.2-A1.3, and detection of
exactness by faithfully flat tensoring, descend these properties to m. Hence m is a finite faithfully
flat central isogeny. This proof retains the full kernel scheme in every residue characteristic.

For an arbitrary reductive group G/S, the complete splitting proof of AG-RG-04, Section 8,
supplies etale neighbourhoods with split torus, constant datum, all root lines trivialized and a
pinning. Theorem 10.1 identifies the group there with the base change of its integral model. Make
the constructions above on those neighbourhoods. Their derived subgroup is the intrinsic fppf
subgroup generated by commutators. Their central torus is the intrinsic maximal torus in the centre.
Consequently any overlap isomorphism carries each entire subgroup scheme to its counterpart;
uniqueness makes their comparisons satisfy the triple cocycle. The whole affine algebra and closed-
subgroup descent proofs in AG-RG-S04, Section A, glue them to a smooth closed semisimple D
and a closed central torus Z over S. Smoothness, the torus property and semisimple geometric
fibres are checked on that etale cover. The multiplication maps and their exact finite-flat central
kernels agree on overlaps and descend as well.

All local formulas above are constant character calculations, canonical root maps and explicit
torsor identities, so they commute with arbitrary base change. The perfection proof was over every
test ring, so after any base change the pulled-back D still represents the new fppf commutator
subgroup. The torsion quotient and its character-sheaf factorization likewise identify the pulled-back
Z with the new maximal central torus. Uniqueness of these characterizations makes the descended
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identifications canonical. This establishes the derived group, central torus and central isogeny over
all bases, including nonreduced ones.

Finally this central torus is the radical in the geometric fibres. Over an algebraically closed field let
R be any smooth connected solvable normal subgroup of a reductive G. The entire solvable-structure
proof in AG-RG-01, Section 2, writes R = U x T with U smooth connected unitriangular and R/U
a torus. Lemma 2.A there shows that every homomorphism from a smooth connected unipotent
subgroup to this torus is trivial. Thus U contains every such subgroup and is characteristic in
R. Conjugation by each G(k)-point preserves it. This is scheme normality: the reduced-product
proof of AG-RG-S08 Lemma G.4.1 makes G x U reduced, and the full Nullstellensatz proof detects
vanishing of the closed-subgroup equations on all its closed points. The conjugation morphism
therefore factors through U. Reductivity gives U = 1, so R is a torus. Conjugation on R is a family
of torus automorphisms. The full group-like coefficient calculation makes its integer exponent
matrices locally constant on the connected G; their value at the identity is the identity matrix, so
the entire action is trivial. Hence R is central and lies in Z. Conversely Z is smooth connected
solvable normal. It is consequently the maximal such subgroup. The constructed relative torus has
these geometric fibres and supplies the asserted radical over the original base.

11. The dual group

Interchanging roots with coroots gives

RY = (XY, ®V, X, ®).

It is again a reduced root datum. Its integral group from Theorem 10.1, base changed to C, is the
dual group. A dual base determines its pinning up to the unique isomorphism of Theorem 5.1.
The construction reverses simply connected and adjoint semisimple data.

The dual datum assertion includes the axioms. Its pairing is the original perfect pairing in the
opposite order, and its reflection is the transpose of the original reflection: ¥ — zV — (a, V).
These reflections permute the coroots by RG04 Section 1. All integer Cartan pairings are the
original pairings transposed, and each root—coroot self-pairing is two. The dual root set spans its
rational root space and is reduced, by the positive-definite coroot identification in that same section.
Applying the already proved simple-root argument to it gives its base. Dualizing twice recovers
the original datum. The simply connected condition XV = Z®" consequently becomes the adjoint
condition that the dual character lattice is generated by its roots, and conversely.

Matrix proofs for the classical examples

We verify the group identifications used below over characteristic-zero fields, including every
geometric field extension. The algebraic closures and finite linear operations used in these arguments
have their complete proofs in S06 Section 1. All the displayed matrix parameters are polynomial
group morphisms, so the resulting root and coroot identifications hold on nonreduced test algebras
too.

For n > 2, GL,, is the principal determinant open in affine matrix space, and is smooth and
geometrically irreducible. The equation det = 1 defines a smooth affine SL,,: at any such matrix its
cofactor entries, namely the entries of its inverse transpose, cannot all vanish, so the complete square-
Jacobian criterion supplies a smooth chart. It is geometrically connected. Over an algebraically
closed field, row elimination expresses every determinant-one matrix as a product of the elementary
I +uF;j. A nonzero pivot can be moved by the determinant-one two-coordinate swap (_01 (1)),
already a product of the two elementary parameters by (1.1); row additions clear its column, and
column additions clear its row. The remaining diagonal units with product one are products of the
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two-coordinate h(d) = diag(d,d™!), each a product of four elementary parameters by the linked
Gauss formula (the displayed formula in Section 10). Induction on the remaining block proves
the elimination assertion, including the last block of size one. Every elementary one-parameter
image is connected and contains the identity, so every such product lies in the identity component.
Lemma 9.A and the Nullstellensatz show that these rational points exhaust all components; hence
the whole group is connected.

Their diagonal tori have respectively character lattices Z™ and Z"/Z(1,...,1), by their Laurent
coordinate algebras and the exponent-basis proof of AG-GS-05 Theorem 2.2. In their tangent
matrix algebras, conjugation gives the nonzero characters e; — e; on Ejj;; the zero part is exactly
the diagonal tangent space (trace zero for SL,). The two-coordinate SLg inclusion gives root

parameters I + uF;; and coroot z — diag(1,...,z2,... .z~ ..., 1), of lattice vector e; — ej.

Here is reductivity and maximality, rather than an assumption about these matrix groups. A
smooth connected normal unipotent NV intersects the diagonal torus trivially as a scheme, by
RGO1 Lemma 2.A and the closed-torus-subgroup proof of AG-GS-05 Theorem 4.2. Its Lie algebra
therefore has zero intersection with the diagonal Lie space and is torus-stable. The tangent assertion
follows on dual numbers: a tangent point of both closed subgroups satisfies the sum of their defining
ideals, hence is a tangent point of their scheme intersection. The intersection is the identity scheme,
whose tangent space is zero. If nonzero, the complete character projections give some E;; in it.
Normality gives the Lie ideal property by the explicit double-dual-parameter calculation in Section
6. Bracketing with Ej; then puts Ej; — Ej;, a nonzero diagonal vector, in it, a contradiction. A
smooth connected finite-type group with zero Lie algebra is trivial by the full field calculation of
S07 Lemma 5.3A. Thus N = 1. A containing torus has Lie algebra in the zero-weight part; equal
ranks and the full free-character-surjection argument of Section 6 make it the same torus. Both
groups are therefore reductive with these maximal tori. RG03 Theorems 4.1 and 7.1 identify the
displayed parameters and linked matrix coroots with their canonical roots and coroots.

The scalar Gy, is central in GL,, on every test algebra. RG03 Theorem 1.1 constructs its smooth
affine reductive quotient, denoted PGL,,, and RG04 Theorem 7.1 gives its diagonal quotient torus
and unchanged canonical root groups. Its character lattice is {(a;) € Z™ : Y a; = 0}, the monomials
trivial on scalars; its cocharacter lattice is Z"/Z(1,...,1) by the perfect pairing. The coroots are
the images of the same two-coordinate cocharacters, by the full quotient coroot formula in RG04
Section 8. This proves the entire claimed A,,_1 data and their duality. For n =1, GL; = G,;, by
its Laurent coordinate ring, and SL; and PGL; are the trivial group. Their data have no roots;
the torus case has already been proved in the diagonalizable-group lesson.

For the symplectic group use the alternating matrix J = (_Ojn Ig) and define Sps,, inside GLy,, by

M!'JM = J. It is smooth in characteristic zero by an explicit square-zero lift. Lift any matrix point
across a square-zero ideal; it remains invertible, since units lift across that ideal by the geometric
inverse. Its error E = M!JM — J is alternating and has entries in that ideal. Replace M by
M1 - %J ~1E). The two linear error corrections each equal —F/2, and all products of ideal entries
vanish, so the new matrix preserves J. This proves formal smoothness; the finite matrix equations
and the complete finite-presentation smoothness criterion in AG-CA-17 give smoothness.

We also prove geometric connectedness. For the alternating pairing, 7, o(z) = x4+ a(v, x)v preserves
it, has inverse 7, _,, and gives a polynomial one-parameter subgroup for each v. If nonzero vectors
x,y have (y,z) # 0, taking v =y —x and a = 1/(y, x) sends x to y. Otherwise choose a vector z
outside the two proper hyperplanes (z,z) = 0 and (y, z) = 0, using the finite polynomial avoidance
proof of S06 Section 1; two such transformations suffice. Thus an element can be brought to fix e;.
Write the symplectic space as ke; @ W @ kfi. The stabilizer acts symplectically on ej /ke; = W.
Induction makes that induced action lie in its embedded identity component. After removing it,
the remaining stabilizer matrix has the unique form

e+ eq, w— w+ (v, w)eq, firr fitv+tces (veW, cek).

Indeed the pairing with e; fixes the f; coefficient, the quotient fixes each w modulo ey, and the
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pairing with f; gives exactly its displayed coefficient; alternation imposes no further equation on
c. Conversely these formulas preserve every basis pairing and are invertible by triangular solving.
They give an affine-space family containing the identity, hence in that component. This induction
starts with W = 0. Every matrix point is therefore in the identity component, and Lemma 9.A
with the Nullstellensatz proves connectedness of the scheme.

The symplectic diagonal torus is diag(ti, ..., tn, tl_l, ..., t;1), with lattice Z". Differentiating the
matrix equation gives blocks (é _jit) with B, C symmetric. Their off-diagonal matrix units have

exactly the characters &(e; — €;), £(e; + e;), =-2e;, each on one line; the zero part is the diagonal
torus Lie space. A two-coordinate SLy on e;, f; gives coroot e; for 2e;. An SLa on e;,¢e; and
its contragredient on f;, f; gives coroot e; — e; for that root. Conjugating by the symplectic
swap of e;, fj gives coroot e; 4 ¢; for the corresponding sum root. These are polynomial matrix
homomorphisms preserving all pairings. Their positive and negative infinitesimal brackets are
respectively the nonzero diagonal vectors H; and H; & Hj, as direct two-block multiplication
shows. The same normal-unipotent Lie-ideal and torus-intersection proof just given therefore proves
reductivity; its zero-weight and equal-rank argument proves torus maximality. RGO03 identifies
these actual root parameters and coroots. The coroots include the basis e;, so their lattice is the
whole cocharacter lattice. This proves the simply connected C;, datum of this matrix group.

For the odd orthogonal group, on a basis eq,...,en, 2, f1,..., fn use the symmetric bilinear form
B(e;, f;) = 60ij, B(z,2) = —2, with other pairings zero. Define SOy,1 by preservation of this
form and determinant one. If @) is its invertible form matrix, the same square-zero correction
M(1 - %QflE), now for symmetric £ = M'QM — @, preserves it. The corrected determinant has
square one and residue one. Writing it 1 + ¢ in the square-zero ideal gives 2t = 0, hence t = 0.
Thus the determinant condition is retained and the group is smooth by the same finite-presentation
criterion.

For connectedness we give reflection generation. For any nonisotropic vector v, r,(x) = = —
2B(v, x)v/B(v,v) is an isometry with determinant —1: it is —1 on kv and the identity on v*. If z,y
have the same nonzero norm, reflection in « — y sends x to y whenever that vector is nonisotropic.
If it is isotropic, B(z,y) = B(x,z), so x + y has norm 4B(z,x) # 0; reflection in = + y sends x
to —y, and reflection in y sends it to y. A nondegenerate space has a nonisotropic vector, since
otherwise polarization with two invertible would make its bilinear form zero. Reducing an isometry
to fix such a vector leaves an isometry of its nondegenerate orthogonal complement; induction on
dimension therefore writes every isometry as a product of reflections. Determinant one means an
even number of factors. The nonisotropic parameter open is irreducible affine-space open, and the
morphism (v, w) — 7,7, on its product is regular and has the identity at v = w. Its image is in
the identity component. Pairing up an even reflection word puts every special-orthogonal matrix
point in that component. Lemma 9.A and the Nullstellensatz again prove scheme connectedness.

Its torus is diag(t1,...,tn, 1, tl_l, ..., t;1), again with lattice Z". Differentiating preservation of B
gives zero-weight diagonal space and one line for each +e;, +(e; — e;), £(e; +¢;). This follows entry
by entry from A'Q + QA = 0: the paired off-diagonal entries determine each other, the z, z entry
is zero, and an e;, z entry determines the paired z, f; entry. Long-root SLg blocks on e;, e; with
their contragredient blocks give coroot e; — ej; swapping e;, f; and negating z is a determinant-
one isometry and gives the sum-root coroot e; + e;. For the short root e;, use the polynomial
Sym? action of Lemma 6.1 on u?, 2uv, v?, identified with e;, z, f;. The preserved form has pairings
B(u?,v?) = 1 and B(2uv, 2uv) = —2. This invariance has an exact polynomial calculation. A vector
au? + b(2uv) + cv? has norm 2(ac — b?). Under u + Au + Cv, v — Bu + Du, its three coefficients
become a/ = aA? + 2bAB + ¢B?, bl = aAC + b(AD + BC) + ¢BD, and ¢/ = aC? + 2bCD + cD?.
Multiplication and cancellation give a’c/ — (b1)? = (AD — BC)?(ac — b?). For AD — BC = 1 this
preserves the norm and, by polarization with two invertible, the bilinear form over every test
algebra. Its determinant is (AD — BC)? = 1: expanding the three-by-three coefficient matrix gives
this identity, so the action takes values in the special orthogonal group. Its raising operator sends
z +— 2e;, fi — z; the lowering operator sends z +— 2f;, e¢; — z. Their bracket is 2H;, and their
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diagonal is diag(t?,1,t72), so the coroot is 2¢;. All other basis vectors are fixed. The root brackets
are nonzero in characteristic zero. The same torus-intersection, Lie-ideal and zero-weight arguments
prove reductivity and torus maximality, and RG03 gives the canonical roots and these coroots. The
short roots e; generate its whole character lattice, so this is the adjoint B,, datum. For n = 0 this
determinant-one group is trivial. These computations identify the matrix groups used in the dual
examples; positive-characteristic names below retain the stated root-datum meaning.

For SL,, X = Z"/Z(1,...,1) and X" = {(a;) : 3_a; = 0}, with roots e; — ¢; and the matching
coroots. For PGL,,, those two lattices are interchanged. Their complex groups are therefore dual.
For type C,,, the simply connected symplectic group has character lattice Z", roots *e; & e;, +-2¢;,
and coroots +e; +ej, +e;. Its dual datum is the adjoint datum of type B,,, the split odd orthogonal
group. In characteristic two this notation means the smooth split reductive group of that datum; a

naive odd-dimensional bilinear-form stabilizer need not be the correct smooth group scheme. Both
assertions about dual groups concern their characteristic-zero complex groups.

12. Exercises

Exercise 1 (easy). Write the pinning, coroot and simple Weyl representative of SLo, and check
its square.

Exercise 2 (medium). Verify that the data of SL,, and PGL,, are dual.

Exercise 3 (medium). Verify the duality between the symplectic and adjoint odd orthogonal
data, and explain which root becomes long.

Exercise 4 (hard). Deduce that two globally split reductive groups of the same constant root
datum over a nonempty scheme are isomorphic. Is the isomorphism canonical without pinnings?

Exercise 5 (medium). In SL3, show that a product using each simple reflection once need not
be the longest element, and that 7'[2] need not commute with a simple representative.

Solutions

Solution 1

Take T = {diag(z,27!)}, the upper triangular Borel, and E, = Ej2. Its paired negative frame is
By, its coroot is z — diag(z,z71), and (1.1) gives n, = (% §). The square is —I = oV (—1). The
same matrix identity holds over any ring.

Solution 2

A character of the determinant-one diagonal torus is a monomial modulo the relation []¢; = 1,
giving Xgr, = Z"/Z(1,...,1). A cocharacter must have )" a; = 0. In the scalar quotient torus, a
character is a monomial trivial on scalars, so has exponent sum zero, and its cocharacter lattice is
the quotient by the scalar vector. The roots and coroots in both descriptions are the differences of
the corresponding basis vectors. Exchanging the two lattices therefore exchanges the full data, not
just their common A, 1 root system.

Solution 3

The symplectic torus is diag(ty, . . ., t, tl_l, ..., t-1), with character lattice Z". Its long root 2e; has
coroot e;, while e; £ e; has the same-coordinate coroot e; £ e;. The dual roots are therefore the B,
roots e;, e; = e;. Its coroot corresponding to e; is 2e;. The lattice is the root lattice of B,,, so the
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dual group is adjoint. A long C,, root becomes a short B,, root; duality reverses the length ratio.
The rank-two roots-and-coroots figure in the preceding lesson shows this metric reversal explicitly.

Solution 4

Choose positive systems corresponding under the datum isomorphism, and choose frames in their
globally trivial simple root lines. Theorem 5.1 gives a unique isomorphism preserving these pinnings.
Forgetting the chosen frames gives an isomorphism of the original groups. It need not be unique:
conjugation by an element of the adjoint torus can scale the frames while preserving the datum.
For example SLo admits nontrivial diagonal conjugations.

Solution 5

The Weyl group is S3, with s1 = (12),s2 = (23). The product sjso is a three-cycle and has
length two, whereas wg = s15251 reverses the three positions and has length three. Over a field of
characteristic different from two, take ¢ = diag(—1, —1,1). It belongs to T'[2]. Conjugation by the
representative swapping positions two and three sends it to diag(—1,1, —1), which is different. The
representative does normalize T'[2], since it acts on the torus by the corresponding permutation.

The course prerequisite guide records the exact supporting statements and full proof routes.

References and exact prerequisite proofs

e Michel Demazure, Schémas en groupes, freely accessible Gille-Polo re-edition of 13 October
2024: Exposé XXI, §§3.5 and 5; Exposé XXIII, §§1-3; Exposé XXV. These editions provide
comparison material for the root transport, rank-two relations and base classification proved
here.

e Brian Conrad, Reductive group schemes, §§6.2-6.3 and Appendix D. The argument here gives
the rank-two calculations and uses a direct matrix construction in characteristic zero.

o Bas Edixhoven and Matthieu Romagny, Group schemes out of birational group laws, Néron
models, §3, for the translation-sheaf construction behind Section 8. The construction and
proof are written out here.

e The Stacks authors, Varieties, Tag 09N9, read in the Al Integrated Stacks Project English
source edition, for the one-dimensional affine-open lemma and its proof.

o Milne’s freely accessible Algebraic Groups, version 2.00 (2015). This exact free author edition
provides comparison material; its citations do not replace the programme proofs.

The complete Lie proof route is the preceding Lie lesson: Theorem 1.A (ordered words), Section 5
(root geometry), Theorem 6.2 (rational Serre construction), Section 7 (finite absolutely irreducible
highest-weight presentations), Theorem 4.2 (complete reducibility), and Proposition 3.3 (inner
derivations). Lemma 6.1 above also gives the polynomial rank-one actions explicitly. The Weyl-
group presentation for Sections 2 and 5 is proved in the preceding root-data lesson, Section 3. The
group isomorphism theorem is proved in this lesson.

The geometric prerequisites are likewise exact supporting lessons: Flat quotient bootstrap, Theorem
8.2, proving the algebraic-space quotient of an arbitrary-base flat locally finitely presented equiva-
lence relation; Zariski’s Main Theorem, the open-into-finite factorization and the normal birational
open-immersion consequence, proved in Affine descent, Zariski Main and recognition of spaces,
Theorem D7.1 and Corollary D7.4; Limits of schemes and Noetherian approximation, spreading
finite-presentation constructions and their affineness; Quasi-coherent cohomology, Sections 4-6
and 9, proving affine vanishing, the finite-cover and filtered-complex comparisons, arbitrary flat
cohomology base change and the complete ideal-sheaf affine criterion. Section 9 of the present
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prerequisites.html
https://webusers.imj-prg.fr/~patrick.polo/SGA3/Exp21-13oct24.pdf
https://webusers.imj-prg.fr/~patrick.polo/SGA3/Exp23-13oct24.pdf
https://webusers.imj-prg.fr/~patrick.polo/SGA3/Exp25-13oct24.pdf
https://math.stanford.edu/~conrad/papers/luminysga3.pdf
https://imag.umontpellier.fr/~romagny/articles/artin_birational_law.pdf
https://imag.umontpellier.fr/~romagny/articles/artin_birational_law.pdf
https://stacks.math.columbia.edu/tag/09N9
https://www.jmilne.org/math/CourseNotes/iAG200.pdf
https://github.com/KokunoYumeto/open-math-courses/blob/main/docs/courses/AG-RG/AG-RG-S06.md
https://github.com/KokunoYumeto/open-math-courses/blob/main/docs/courses/AG-RG/AG-RG-S07.md
https://github.com/KokunoYumeto/open-math-courses/blob/main/docs/courses/AG-MO/AG-MO-12.html
https://github.com/KokunoYumeto/open-math-courses/blob/main/docs/courses/AG-RG/AG-RG-S04.md
https://github.com/KokunoYumeto/open-math-courses/blob/main/docs/courses/AG-MO/AG-MO-03.html
https://github.com/KokunoYumeto/open-math-courses/blob/main/docs/courses/AG-RG/AG-RG-S01.md

lesson also writes out the entire flat-base-change and one-dimensional affine-open proofs. The
algebraic-space normalization proof used in Section 9 is present in the preceding rank-one lesson.
These are supporting results, not substitutes for the integral group construction in Sections 7-10.

Source credit

The Stacks Project Authors, Tag 09N9, with the consulted varieties chapter.

46


https://stacks.math.columbia.edu/tag/09N9
https://github.com/KokunoYumeto/unofficial-stacks-project-ai-drafts/blob/565b10e987aba5969b21145a0833f42d69f96790/varieties.tex

	Pinnings and the classification of split reductive groups
	1. What a pinning fixes
	2. Reducing comparisons to two simple roots
	3. The multiplication forced in rank two
	4. From local multiplication to the entire group
	5. The isomorphism theorem
	6. Constructing the simply connected group in characteristic zero
	7. Integral coordinates and a partial group law
	8. Completing a strict partial group law
	9. Why the completed integral group is affine and reductive
	10. The existence theorem for every reduced datum
	11. The dual group
	12. Exercises
	Solutions
	References and exact prerequisite proofs
	Source credit


